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The implication of Ruppeiner thermodynamic geometry theory to spherically symmetric black holes in
anti—de Sitter (AdS) spacetime produces an unavoidable singularity in the line element of thermodynamic
geometry. The singularity occurs due to the nonindependence of volume and entropy of black holes (BH) in
AdS spacetime. In this work, we present an efficient and easy approach to deal the thermodynamic
geometry of AdS BH in Einstein-Maxwell-scalars theory. We show that enthalpy instead of internal energy
is central thermodynamic quantity. We develop the particular forms of the line element of thermodynamic
geometry in different phase spaces. We find out that the curvatures in different phase spaces are identical
and positive which leads to the repulsive interaction information between black hole molecules. We also
analyze the thermal stability of AdS BH in Einstein-Maxwell-scalars theory and regularized Lovelock
theory in the presence of thermal fluctuations. We observed that momentum relaxation parameter and
coupling constants of Lovelock theory increase the thermal stability of the BHs. Finally, we also study the
Joule-Thomson expansion for black hole in regularized Lovelock theory.
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I. INTRODUCTION

According to Boltzmann, if an object has temperature
then it must posses microscopic structure, he proposed
an adequate technique to decide whether the system has
microstructure or not. Hawking and Bekenstein showed
that a black hole (BH) has temperature and entropy on the
event horizon, which confirms that is has microstructure
[1,2]. The microstructure of BH has major significance
in gravitation theory and BH physics. Recently, the
hypothesis of a BH molecule [3] and the proposition of
the thermodynamic geometry of BH [4-8] have promoted
the study of microstructure of BH. The extended phase
space with pressure P and volume V has attracted the
interest of many researchers [9]. It has been shown that in
extended phase space BHs show microstructure more
abundantly [10-13]. The extended phase space can be
introduced by interpreting the cosmological constant A as
the thermodynamic pressure P, P = 32 = 2 where [ is the
curvature radius.

The difference between the thermodynamic properties of
BHs in AdS spacetime like Reissner Nordstrom (RN)-AdS
BH, Gauss-Bonnet (GB) AdS BH, and Schwarzschild AdS
BH etc, and the ordinary thermodynamic systems is that the
heat capacity at constant volume becomes zero for BHs in
AdS spacetime while this does not happen for the ordinary
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thermodynamic systems. The reason for the zero specific
heat is the non independence of entropy S and volume V of
these BHs. One should be very careful when applying
Ruppeiner thermodynamic geometry (RTG) theory to this
kind of BH systems. The vanishing heat capacity at
constant volume makes the line element of RTG singular,
which produce divergence and it leads to the loss of
information of the associated BH. The normalized curva-
ture is used to fix this problem, which brings the heat
capacity at constant volume extremely close to zero but not
quite zero. Singh et al. [14] studied the thermodynamic
curvature of AdS BHs with dark energy. They showed that
dark energy significantly alters the BH microstructures.
Small Schwarzschild-AdS BHs have attractive interactions
while larger BHs have repulsive interactions which arise to
due dark energy. The microscopic structures of many AdS
BHs including RN and GB have been studied in literature
works through the normalized curvature [15-17].

In this work, we use another more efficient method for
the natural solution of singularity problem in the line
element of RTG. This is the most effective technique for
BHs in the AdS spacetime. We start with the basic and
useful thermodynamic differential relation for AdS BH,
dM = TdS + VdP. Using this basic relation for AdS BH
we find out the line element of RTG for AdS BH in
Einstein-Maxwell-scalars theory and the particular phase
spaces (T, P), (S,P), (T,V) and (S,V).

The corrected thermodynamics is very useful for the
study of P —V criticality, holographic duality and Joule
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Thomson expansion of the BHs. In background of matter
field corrected thermodynamics of BHs and the impact of
thermal corrections on charged AdS BHs have shown
significant results [18-20]. The quantum approach to
thermodynamics of BHs is inevitable which required
corrections in thermodynamical quantities. Frolov et al.
[21] discussed the quantum corrections for the first
time. According to them, the quantum gravity influences
the entropy area relationship which leads to S =S, +
Elog A +mA~" +nA~2..., where & 5y, #a,..., are coef-
ficients which depend upon BHs parameters [22]. Nozari
et al. [23], also studied the influence of quantum correc-
tions on the thermodynamics of BH.

Moradpour et al., [24] discussed BHs solutions and
Euler equation in modified theories of gravity. Moradpour
et al., [25] proposed dynamic BHs and by using Lematre
metrics they provided physical properties of the BHs.
Moradpour et al., [26] derived the third law of thermody-
namics for Schwarzschild BH. Nashed and Bamba [27]
showed that energy conditions in Taub-NUT spacetime
hold for charged BH. They also showed that charged (A)dS
BHs in conformal teleparallel are equivalent of general
relativity [28]. Ali er al., [29] evaluated the impact of
quantum gravity on stability of the BHs and proved that
temperature depend on geometry and quantum gravity.
Nashed and Bamba [30] found out the rotating BHs in
quadratic f(R) theory.

Recently new asymptotically AdS BH solutions in the
Einstein-Maxwell-scalar theory have been constructed
[31]. The Einstein-Maxwell-scalar theory has significant
role in context of Kaluza-Klein models [32], cosmology
[33] and supergravity/string theory [34]. In the past two
years, the spontaneous scalarization of charged BHs has
been discovered which motivated the number of studies
on many FEinstein-Maxwell-scalar models [35-37]. The
importance of these models in recent researches motivate
us to study Ruppeiner thermodynamic geometry and
corrected thermodynamics of BHs in Einstein-Maxwell-
scalar theory.

Joule-Thomson (JT) expansion is an important phe-
nomenon in BH physics which deals with the study of
change of temperature of a gas or fluid under adiabatical
expansion. The JT coefficient U7 finds out the change of
temperature which can be positive or negative depend upon
the fluid whether it is cooling or heating. In JT expansion
gas at higher pressure goes through a porous plug to a
section with a low pressure. A very important process
during the expansion is the division of 7—P plane in cooling
and heating phase with the help of inversion temperature.
The detail study of the isenthalpic and inversion curves
for the case of Kerr-AdS BHs has been discussed in
literature [38]. Chabab et al. [39], studied JT expansion
for Reissner-Nordstrom BHs in AdS spacetimes. Recently
JT expansion has been discussed for many BH solutions
including arbitrary dimensional charged AdS BH [40,41],

Gauss-Bonnet AdS BHs [42] and nonlinear electrodynamic
gravity. In Refs. [43,44], the JT effect of charged BH
in rainbow gravity and the JT effect in AdS BH with
momentum relaxation have been discussed.

Konoplya and Zhidenk generalizes the arbitrary
Lovelock theory and proposed regularized Lovelock theory
[45]. They discussed the charged static black objects in the
Lovelock theory with both positive or negative cosmologi-
cal constant curvature. They showed that metrics describe
the four dimensional, charged asymptotically flat, dS and
AdS BHs in the theory. Higher dimensional BH in the
generalized Lovelock gravity has gained a lot of intentions
recently [46]. Jawad and his collaborators have investigated
thermal stability with modified gravity, accretion process
and thermal fluctuations of some well-known black holes
[47-52]. The importance of these BH in recent works
motivates us to study temperature change of these BH
through the well known process of JT expansion.

This paper is arranged as follows: In Sec. II, we explain
RTG for AdS BH in Einstein-Maxwell-scalars theory.
In Sec. IIl, we investigate thermal corrections of BH in
Einstein-Maxwell-scalars theory. In Sec. IV, we study
Joule-Thomson expansion for BH in regularized
Lovelock theory. In Sec. V, we summarize our results in
the conclusion.

II. RUPPEINER THERMODYNAMIC GEOMETRY

The RTG introduces a new method for extracting micro-
scopic interaction information from thermodynamic axi-
oms [53-55]. The total entropy of the isolated system
including environment’s entropy S, (as an extensive infinite
thermodynamic system) and the BH’s entropy S is
Siotal = S + S.. The X* correspond to extensive variables
like mass M, angular momentum J, charge Q, etc of the BH
and X% are extensities for the environment. AX# = X* —
Xy represents the difference of X* and its equilibrium value
Xj. As the isolated thermodynamic system yields local
maximum entropy in equilibrium state. Thus, for small
fluctuations AX* and AX% from the equilibrium, we can
write change in total entropy as follows [56-58]

oS a8 1 0%S
AS g = =— AXH CAXh + = AXFAXY
total = xm *ox” 2 oxroxe
1 9%S
— C_NAXEAXY 4. 1
2 OXIOX" et (1)
Due to law of conservation AX* = —AX. and maximum
aS P 8S€

entropy must be F5 = Considering the fact that

X"
environment is very large such that § < S, & Sy, second
quadratic term in the above equation can be neglected as
compare to first one. Because the order of entropy S, is
same as the whole system, so the second derivatives with
respect to X* are very much lesser than S. Thus, the above

equation by ignoring the second term turns out to be
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%S

2 _ _
al OX+OXY

NSl = —%Alz, AXFAXY.  (2)
From the above equation, one can say that the entropy as
a thermodynamic potential yields thermodynamic line
element as similar to the geometric one, which directly
provides Ricci curvature scalar R. The thermodynamic
geometry is basically based on the Riemannian geometry
and its line element is defined as follows [56]

%S

2 _
Al = OX*OXY

AXFAXY = =AY, AXH, (3)

R =0 yields sign changing curvature while R = oo
provides the critical points of phase transitions [59].
Although, we know that the positive/negative curvature
corresponds to repulsive/ attractive microscopic interac-
tion is still an open problem but it has been verified
[56-58]. As BHs have temperature and entropy so they
must have microstructure, but due impact of quantum
gravity, some assumptions must be made while studying
the microscopic features of BHs. The recent research
works [60-64] have shown that based on well-established
BH thermodynamics, the above thermodynamics geom-
etry appears to be a plausible approach for extracting
information about BH interactions. Hence, we employ
this technique to study the properties of charged BH in
Einstein-Maxwell-scalars theory.

A. AdS black hole in Einstein-Maxwell-Scalars theory

Andrade and Withers [31] studied Einstein-Maxwell-
scalars gravity theory by homogeneously distributing 2
massless scalar fields with horizon coordinates. The action
of the proposed model in 4 dimensions is given by

1 1 14
_-—_ d —_ — —_— MY __ 2
So e dx./ g{R 2A 4F,“,F 215:1(81//,) }
4)

Here /> = —3/A is the relationship of cosmological and
AdS radius. We have used the field strength F = dA for
a U(1) gauge field A and the 2 massless scalar fields y;.
We set units such that gravitational constant satisfies
162G = 1. Using space-time with a planar base manifold
and taking scalar fields to depend on the 2 dimensional
spatial coordinates, the corresponding charged BH solution
and the Klein-Gordon equation can easily be obtained as
follows

ds?> = —f(r)dt* + (f(r))'dr?* + r*dx*dx*,
A= At(r)dt, Y = ﬂ,ax“, (5)

where a is the 2 spatial x* directions, [ is an internal index
that represents the 2 scalar fields, and f;, are arbitrary real

constants. One can verify the following f(r) for the above
solution

7(r) :r——ﬂ—z—ﬁJrq—z, A = (1—@>2—q,

r ro

P=5> B.ba (6)

provided ﬂ_; : ﬁ_;, = %5, V¥ a, b. Here, we have introduced

the vector notation (ﬁa), = f,, and ﬁa . Bb =Bl
These and related solutions have previously been explored

in [65], additionally see [66] for anisotropic examples with
a single scalar. m and g are mass and charge, the index a
goes to a= 1,2, and the horizon radius r, satisfies
f(ry) = 0. In boundary theory, the linear coefficient § of
scalar fields is used to define the strength of momentum
relaxation [67]. The first law of thermodynamics for the
charged BH is dM = TdS + VdP + ¢dQ, where the mass
and temperature for the considered BH are given by

P’”03+ ¢ P
3 8ary 167"

2 2
T——2(—P+'B—+ 1 )ro. (7)

167ry>  8ary*

M =

The relations for pressure, thermodynamic volume,
potential, and entropy for BH in Einstein-Maxwell-scalars
gravity theory can be obtained as follows [68]

=2 ©)
4”:%}’ (10)
s—”Tr%. (11)

Basic and useful thermodynamic differential relation for
AdS BH is dM = TdS + VdP. One can easily rewrite it as
follows [68]

1 14
= —dM — —dP. 12
dS = -dM ——d (12)

Considering S as thermodynamic potential, M and P can be
assumed as extensive variables. We use X¥ = (M, P) and
the intensive variables for X becomes Y, = 0S/0X* =
(1/T,-=V/T). This yield an isolated system of BH and
environment with same volume and temperature, where we
have My =M + M, and P, = P+ P,. The specific
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form of each components in Eq. (3) provides the following
relations

AYy= A ! = ! AT
o="\r) " 7
-V \% 1
AY, =A|— | =—=AT - (= |AV.

From the relation AM = TAS 4 VAP, one can easily
obtain the final form of the line element

(13)

1 1
A2 = —ATAS + —AVAP. 14

According to first law of thermodynamics there are four

coordinates spaces, which are {S, P}, {T,V}, {S,V} and
{T, P}. In coordinate space {S, P}, we can write

oT oT
ov v
AV = (ﬁ) PAS + <ﬁ> SAP.

Using the above relations into the Eq. (14), one can easily
find out the following major equation [68]

1 /0T 2 (oT 1 /oV
2 (2 2 2 2 I 2
or =1 (55) 25+ 7 (55) asep+ (5p) o

(16)

(15)

= guAX'AXY(x* = S, P),

where we have utilized the Maxwell relation (0T /OP)g =
(0V/0S)p, which is based on relation dM = TdS + VdP.
The differential equation of internal energy dU =
TdS — PdV along with Maxwell relation (0T/0V)s =
—(0P/0S), leads to the line element in coordinate space
{S,V}, given by

| /T | /oP
p—_ (% 2 L [(9F 2
4 T<8S>VAS +T(8V>SAV’

= guAXMAXY(x* =S, V). (17)

P

8 1 2727 = 2T\/7\/T*z + PB* + PS>
RTP—§\/3P<24T2<6—4 r-2Tyx T b+ Pp

Similarly, the Helmholtz free energy dF = —SdT — PdV
and the Maxwell relation (0S/0V); = (OP/0T),, provides
the line element in coordinate space {7, V} [68]

A2 ! oS AT2+E ) ATAV+l op AV?,
T\0T)y T\oV) T\0V)/q

(18)

The line element in coordinate space {T, P} by using Gibbs

free energy dG = —SdT + VdP and the Maxwell relation
(0S/0P); = —(0V/OT)p, turns out to be

Aﬂ:l 95 AT2+l ov AP?,
T\9T) p T\oP),

= guAx'axt(x* =T, P).

= guAX'AXY(x* =T, V).

(19)

The line element of thermodynamic geometry in the {S, ¢}
space takes the following form

1 /0T 2 (T 1 /04
2—_ (%% 2 2 (90 (99 2
ST <5S> qAS 7 <8C1>SASAQ T (3Q>5Aq ’

= guAX'AXY (X' = S, q). (20)

Due to the Legendre transformation between the thermo-
dynamic potential functions, one can say that the curvatures
created by the five line elements are comparable. Now, we
are able to apply the above mentioned coordinate spaces to
AdS BH in Einstein-Maxwell-scalars theory. Using Eq. (8)
for largest positive horizon into Egs. (11) and (9) yields the
following relations

G 1 2T%x = 2T+\/7\/T*x + PR* + Pp?
64 Pz

2v/2V/34° P32
v V2V/3q (22)

(2727 — 2T \/a\/T?x + PP + PB>)*/*

Now from Eq. (19), we can obtain the expression of
thermodynamic curvature

, (21

2
) 2P

64 Pr

2 _ 9} 5 )
+6ﬁ6P9/2<T2n+PﬂZ)%q3\/6(L2T n = 20\ay T+ PP 4 P )ﬂ

—184°P°2Tq’n <6 (61—4 (2T%7 = 2T\/7\/ T*% + P + Pﬂz)(Pzﬂ)_l) ) >% +4443°P3T4(164/((2T*x = 2T /7

x (T2z 4 PR2): + P2)(P2r)~1))2a5/2 — 1524°P3\/ T2x + PP*(((2T%n — 2T/%
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x m + Pp2)/64P )2 T3 7% — 5444 P12 2 [3((2T2x — 2T+/z[ T2 + Pp2)2
+ PP)/32P20) /T + 3344 P72 \/mcf V2v3 [(2T27r N

< \/T2x+ PP + PR) /(64P%x)|'2T2 = 71684 P2((27% = 2T V(T + PP

+ PB?)/64P2n) P TS 3 + 120844 P2TO[3((2T%x — 2T+/7([T2x + PB2J: + PB?)

x [32P*x) P’/ 4 4547 P2 Wf V2V3[((2T%7 — 2T+/a[T?x + PR

+ Pp?) /64P2 )22 T* — [(2T%z — 2T/7[T?x + PB2): 4+ PB2)/64P2x)]:

X [54,52 x PSR m3\2V3 TS — 18P 23 n*\/2\/3T7 + 18P3/2\/mq3\/§\/§ﬂ7/2T6}

+ [((2T%z = 2T\/z[T*x + PP} + PP?) /64P2x))? [1 15242 PT87%/% — 9604° P

x [Tz + PRRT a* — 3841/ T?x + Pﬁz} + 38471071 20\/2/[((2T%x — 2. T[Tz + PB)}

+ PB?)/64P2 )X (T?x + Pp?)? (—2Tﬂ\/m + 272732 + \/EPﬂ2>2Tq3. (23)

For the space {S, P}, Egs. (7), (9), and (11) yields temperature 7 and volume V in terms of entropy S and pressure P as

follow

64 S

T:—4<—P+1ﬂ2>\/§, 1%

__ Veg
256P32832 3%

Finally by using Eq. (16), the thermodynamic curvature corresponding to these relations takes the following form

Rgp = 128 (PﬂS(16384P27r2S4 1 6Sp (1 /3 (\/ —6p2S — 384PnSZ>>2 + 76842 PzS

+512Pxs? <1/3 (\/—6,62S - 3841%52))2 + 3q4>) (2428 + (1/3((—642S — 384

x PrS?)})? + 128PxS?)? (1281%52 — 2S5 - (1 /3 (\/ —64%S — 384P7r52))2>. (24)

For the coordinate space {7, V} and {S, V}, the analytical
relations are very lengthy and we have not shown here. One
can verify that Rtp = Rgp and we also verified the identity
Rtp = Rsp = Rty = Rgy. Moreover, for the extreme BH
T =0, the curvature becomes positive. Based on the
standard result, positive-negative thermodynamic curvature
is related with the repulsive-attractive microscopic inter-
actions, we can conclude that molecules of BH in Einstein-
Maxwell-scalars theory show repulsion. In addition with no
AdS background P =0 curvature becomes zero which
represents that the BH in Einstein-Maxwell-scalars theory
with no AdS background is Ruppeiner flat.

III. THERMAL CORRECTIONS OF BLACK HOLE
IN EINSTEIN-MAXWELL-SCALARS THEORY

The corrections to thermodynamics of BHs has become a
frequent subject of study and it has gained a prominent

|

place in BH physics. It is used to discuss stability/
instability, criticality, phase transitions and many other
features of BHs. In this section, we study various thermo-
dynamic quantities like corrected entropy, Helmholtz free
energy, internal energy, pressure, enthalpy, and Gibbs
free energy of BH in FEinstein-Maxwell-scalars theory.
According to area law, the entropy of the BH is defined
as § = A/4, where A is the area of horizon. The quantum
corrections alter the manifold structure near the Planck
scale which changes the holographic principle. This leads
to the change in area law of BH entropy. The modified
entropy-area law takes the following form [20-21]

S. =S — (b/2) In(ST?). (25)

Utilizing the values of S and T, the corrected entropy of BH
in Einstein-Maxwell-scalars theory turns out to be

024032-5
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5 . ﬂZ q2 2
SC = Tro- — b/21n (47'[7'0 (-P + 167[]'02 +Fr04> ) (26)

Helmbholtz free energy is the useful thermodynamical quantity which find out work done by the system. Helmholtz free energy
can be calculated from FF = M — T'S,.. Using mass, temperature and the corrected entropy of the BH, it turns out to be

Pr.3 2 2 2 2 b 2 %
F— ;0 + q ﬁr0+2<_p+ﬂ—+q—4)r0<7zr02—§1n<4ﬂr04<—P+ﬁ—+q—> >> (27)

8rry, 167 16xry2 ' 87y

1677:7'02 871'}’()4

The internal energy of BH in Einstein-Maxwell-scalars theory can be calculated from £ = F + T'S, and it becomes

P 167210 P + (=35> — 48bP)ry* + 61y2¢*)7 + 2bg?

1271y’

(28)

Another significant thermodynamical quantity is enthalpy which is used to evaluate the change in energy of the system. One can
obtain the enthalpy by using H = E + PV, which leads to the following form

H

- —471'Ar06 - 67r/}2r04 + 12bAr04 + 4-bqr2 + 127rq2r02 — Aro6

Figures 1 and 2 show the behavior of Helmholtz free
energy versus r, for different values of momentum relax-
ation parameter f and correction coefficient ». One can see
from the plot that Helmholtz free energy increases with
increasing values of momentum relaxation parameter f,
which mean more work can be extracted from the system
for higher values of parameter . For small BHs the
Helmholtz free energy is low while for large BHs it is
high. For the case f =0, the Helmholtz free energy
remains zero which show equilibrium state and no further
work can be obtained without momentum relaxation.
Figure 2 shows the influence of correction coefficient b.
The Helmbholtz free energy remains negative throughout the
range of r, for all the values of correction coefficient.

A. Thermal stability

The amount of heat required to change the temperature of
a BH is called heat capacity or thermal capacity. There are

15000 |
10000 |

5000 |

2.0 25 3.0 3.5 4.0 4.5 5.0

FIG. 1. Plot of Helmholtz free energy F versus r, for BH in
Einstein-Maxwell-scalars theory.

247”"03

(29)

|
two categories to measure the heat capacity, one is specific
heat at constant pressure in which heat is added to system at
constant pressure while the other is specific heat at constant
volume, which measure the heat when it is added to system at
constant volume. One can obtain the specific heat at the
constant volume by using the following relation

0S.\ [ Or
Cy=T ) (= ). 30
v ( or ) (GT) (30)
Using the relations of entropy and temperature, one can

easily obtain the specific heat for BH in Einstein-Maxwell-
scalars theory, given by

~ 2zr§(16bP + ) — 4bg* + 327°Pr§ — 4nq*r}

C
v pPri+ 16aPri + 64>

(31)

—200}
W 400/
-600 |

-800 |

FIG. 2. Plot of Helmholtz free energy F versus r, for BH in
Einstein-Maxwell-scalars theory.
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4000 |
3000 |
o :
2000 ¢
1000 f
FIG. 3. Plot of Gibbs free energy G versus r, for BH in

Einstein-Maxwell-scalars theory.

P —— =100 ]
40j B ]
| —— B=200 ]
20j ]
r—— pB=0 ]
S of
_20; ]
-40 | ]

0.0 0.5 1.0 1.5 2.0 25 3.0
Io

FIG. 5. Plot of specific heat Cy versus r, for BH in Einstein-
Maxwell-scalars theory.

In canonical ensemble, the free energy is known as the Gibbs free energy by using G = M — T'S,. + PV, the relation for Gibbs

free energy turns out to be

(B*r? — 162Pr* + 2¢°)?

G = (—3b(ﬂ2r2 —167Pr* + 2¢7) log(

PP ) +2r*((Br = 1)p?

+4zr(2(1 = 67)Pr+T)) +4(2 + 371)6]27‘2) (487r3)71.

Figures 3 and 4 show the Gibbs free energy of BH in
Einstein-Maxwell-scalars theory for different values of
momentum relaxation parameter f and correction coeffi-
cient b respectively. In Fig. 3 the positive Gibbs energy
corresponds to nonspontaneous reactions which occurs
with outside source of energy while the negative Gibbs
energy in Fig. 4 corresponds to spontaneous reactions
which occurs without any outside source of energy. BHs
with negative Gibbs free energy are thermodynamically
unstable and they release energy in the surroundings to get
the low energy state. For all the values of momentum
relaxation parameter f, the Gibbs free energy is positive
which show global stability while for all the values
(positive and negative) of correction coefficient b, the
Gibbs free energy is negative which show global instability.

200}
400

O _eoof
800
1000}

12000 LN
20 25 30 35 40 45 50

FIG. 4. Plot of Gibbs free energy G versus r, for BH in
Einstein-Maxwell-scalars theory.

|

Figures 5 and 6 demonstrate the behavior of specific
heat for different values of momentum relaxation param-
eter £ and correction coefficient b. Specific heat is used
to discuss the local stability of BHs, Cy > O represents
the local stability of BH while Cy, < 0 shows the local
instability. The influence of momentum relaxation para-
meter f is significant because it makes the BH stable. It
can be seen that for the case f =0 the BH becomes
unstable due to negative specific heat. The negative
correction coefficient b = —1 makes the specific heat
more positive as compared to b = 0,1 which means BH
becomes more stable for negative correction coefficient.
Small BH are locally unstable while large BHs becomes
locally stable.

80F
60

40}

Cy

00 05 10 15 20 25 30

FIG. 6. Plot of specific heat Cy, versus r, for BH in Einstein-
Maxwell-scalars theory.
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IV. JOULE-THOMSON EXPANSION FOR BH IN REGULARIZED LOVELOCK THEORY
Glavan and Lin recently formulated 4D Einstein GB theory of gravity which is different from the pure Einstein theory
[69]. The general form of D-dimensional static as well as maximally symmetric metric is given by

ds> = =f(1)dP + (f(r)) " dr* + Pyydday, 52

where dQ2 is (n = D — 2)-dimensional constant curvature space with curvature k = —1,0, 1. k = 1 represents spherically
symmetric BH solution. For detail solution of the BH in regularized Lovelock theory see [70]. There exist two branches of
f(r) for D = 4, which are given by [70]

)= 1= a1, A= \/F<r>2+<3%"§—1)3ﬂ<r>, (33)
a3 @
where
7@ (2M Q* A\ 94,
P =S (=% 3) 34

d, and d; are arbitrary constants of the theory. The higher-order Lovelock corrections yields more branches. However, there

is always only one branch which is perturbative for @ > ? [70]. We study the case a3 = %2 in our work. Taking f(r) =0
and solving the equation for M, the mass of BH in regularized Lovelock theory yields as

M = (87(d)* (5 Pr{ + 3(d)* (d5%) @ + () () () + 3(d) (d3)* ()
+3(d3) () /6(d)* (3% .
From the above equation, one can easily find the pressure of BH in terms of mass and charge as follows
P = (6(dy)* (d5°)Mrg = 3(d2)*(d5°) Q%1 — () (d3) () ry — 3(da) () (2 ) g = 3(a3)°
x (d2?))/8n(dy)’ (d5°)r.

Another important thermal quantity is Hawking temperature 7 = f'(r)/4x and for BH in regularized Lovelock theory it
turns out to be

. (2(072) <rg ((@3) ( <rg(0723 — 72x(d)P) :dzzé)lggz)Mro - 27(d32)Q2>2/3 B 1)

i 7zn<a~32>P) 272 Mry + 9<a~32>92>) (120(@) (R((@7) - T2(@2)P) + SH(E)M

—27(?)Q5")H) .

Using this temperature in Eq. (25), the first order corrected entropy of BH in regularized Lovelock theory becomes

1 ~ 2 3q 3\ 2/3
S, = nr3 —Eblog<<<&%r3 (95@@2 — 8xPrd) — 2agr3<<7(“2’0:6 @) ) - 1)) + 9y

ary

2 G2+ 3, )3\ 4/3)\ -1
+27a2a§agrg+27agag) >(14471&3&%(&%)21”8(7(a2r0~:_6a3>> ) >

Xy

The Helmholtz free energy for BH in regularized Lovelock theory takes the following form
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2 2(~2~ ~3_ 4 ~3~2.72 8P 4 3 2 3 ~2~3 2 3"‘3"‘3
= 2R T I (SaPrh + 307) ¥ ST T IGE) _ (o 3 ((awr + 30 @) - 1)
3

1
~ 93(Q? — 8nPr)) — Wnir - 21, 2163 (er — 1 blog ( ( (agrg <9a§<Q2 ~ 8nPrd)

~ 2 3~ 3
— 2@ ( (%}3;#%))2/3 - 1)) + 9Bt + 2TaEa 2 + 275@&;)2>
2°0

072 4 3. )3\ 4/3\ -1 0,72 - 3, )3 2/3
x<144ﬂ&3&%(&%)2r8(w> > >))<na3ag<w> )(12&3;»3)—1

xRy Ty
The Gibbs free energy for the considered model of the BH turns out to be

G124 3623\ 2/3
6 = (s (@ (2 (L20) T 1) 002 - saprl) ) - oasairt - 27a,

Xy

= 2 30 3
X B2 — 27&;&3) log ( ( (agrg <9a§(Q2 — 8xPrd) — 21 ( <(“2r0j 335 ars 1>>

ary
~3 6

arry

G124+ 36.)3\ 2/3 &, 12 -+ 3a,)3) 2/3
+2ﬂr%(6&§'(&%)2<w> +3a2a§ag(2a;rg(@r0&+a3)) +9a§>+a§a§

12 4 33 473\ -1
+9a§&3agrg+27a2a§a§rg+27agag)z>(144naga§(ag)2r§<7(“2r°+ “3)> > >

asr, 270
~ 2 ~ \3\ 2/3 ~ 2 ~ \3\ 2/3
a,r: + 3a / a,r: +3a /
X B (2&3;»3 (—( 20— 3) ) +27a§> + Bayadadr? (32nprg (7( 20— ) )
arg X

Gar2 1 3i.)3\ 2/3 G072 4 3i)3\ 2/3
+6Q2<(0’2roj6“3)) +9rg)+a§a§rg<9a§(g2—8nprg)—2agrg(((“2r0j6“3)> 4))))

'y axTy
) = \3\ 2/3\ -1
A Al a,rg + 3a
x | 24n@az i ((173)
203371 3,0

270

In order to discuss the local stability of the BH, the relation for specific heat by using Eq. (30), becomes

~ 2 3a 3
Cy = (zrg(mgagagrg(b _20) + & <_ <za;rg<b _2n) ((M)w _ 1) 402

XKy

2 4 33.)3) 2/3
x (br2(8zPri+ Q%) + nrd(Q? — 8nPrg))>> + 38 <—2agbrg < ((azr% ;6 @) > - 3)
270

a2 4 333 2/3
+ nayrf (2 <W> - 5) + 9a2b(Q? — 24nPrd) + 9n@2r3(8xPrd — Q2)> +27
270

52 36 3\ 2/3
x @@@d (b — 4nrd) — 8171&‘3‘55%)) (—3aga3r5 <agrg (7 —2 (W) ) +9@(0? - 40nprg)>
270
a2 4 36 )3) 2/3 -1
+ @ ( <M) = 1) + 9@ (82Prd + 3Q2)> + Sd4a,@Bar? + 81&;*&3)
Xl

|
Figures 7 and 8 show the behavior of Helmholtz free  constants. Moreover, the coupling constants makes the
energy versus r, for different values of correction coef-  Helmholtz free energy positive for higher values which
ficient b and coupling constants of the regularized  mean it makes the BH stable and more work can be
Lovelock theory @, and @;. One can see that the influence  extracted from the system for higher values of the coupling
of correction coefficient b is significant for large BH. The = constants. Moreover, when the Helmholtz free energy
Helmbholtz free energy becomes negative for large values r,  reaches to minimum value for ry — 0, the system shifts
for all the values of correction coefficient. The Helmholtz ~ toward equilibrium state and no further work can be
free energy increases with increasing values of coupling  extracted.
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FIG. 7. Plot of Helmholtz free energy F versus r, for BH in

FIG. 10. Plot of Gibbs free energy G versus r, for BH in
regularized Lovelock theory.

regularized Lovelock theory.

with outside source of energy. For all the values of correction

[ i '|‘ — ] coefficient and coupling constants Gibbs free energy is
soof | 11 %2=1,05=033 . positive, which shows global stability of the BHs in
I I —-- G=2,G3=133 ] Lovelock theory. The influence of the correction coefficient
a0l | 4 “‘ Cet Gy 7] is signiﬁcgnt 'for' large BHs while the impact of goupling
. ! \ JPiag constants is significant throughout the horizon radius. The
l‘ \\ -
1
\

Gibbs free energy is also helpful to find out the phase
transition points which exist at extreme values of Gibbs
energy. The existence of extreme values in Gibbs free energy
implies that phase transitions occurs in these type of BHs.
Figures 11 and 12 show the specific heat of BH in
regularized Lovelock theory for different values of correc-
tion coefficient » and coupling constants &, and @3,
respectively. The regions with Cy, > 0 represents the local
stability of BH while Cy < 0 shows the local instability.
The influence of coupling constants is significant because it
makes the BH stable as can be seen for the plot Fig. 12. The
negative correction coefficient » = —1 makes the specific
heat of BHs in Lovelock theory more positive as compared
to b =0, 1 which means BH becomes more stable for
negative correction coefficient.
The JT expansion is an isenthalpic process in which we
study the change of temperature of the fluid under expansion.

L P
~ - -
200 S a7 -~ ]
b - 4
\ -
E \ - 4
(N ——
r el - 4
e o o
0

o

FIG. 8. Plot of Helmholtz free energy F versus r, for BH in
regularized Lovelock theory.

Figures 9 and 10 demonstrate the behavior of Gibbs free
energy of BH in regularized Lovelock theory for different
values of correction coefficient » and coupling constants &,
and a5 respectively. For both the plots, Gibbs free energy is
positive which yield nonspontaneous reactions which occur

T T T T T T T T T T T T T T T T T
150 - .
| b=-1
100 -
G |
50
0F
1 1 1 1 " 1 1 1 1 1 1
0 1 2 3 4 0 1 2 3 4
) o
FIG. 9. Plot of Gibbs free energy G versus r, for BH in FIG. 11.

Plot of specific heat C, versus r, for BH in

regularized Lovelock theory. regularized Lovelock theory.
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FIG. 12. Plot of specific heat Cy versus r, for BH in

regularized Lovelock theory. FIG. 13. Plot of JT coefficient for BH in regularized Lovelock
theory.
The change depend upon the JT coefficient which is given
by [71] Setting Ut = 0 in the above equation yields the inversion
temperature given by
oT
oP)y oT
T,=V(—]) . (37)
This coefficient help us to find the heating and cooling phase. v/,

Ujr = 0 gives the inversion temperature 7'; which is impor-

tant point of temperature form which the temperature changes ~ Inversion temperature helps us to find the cold and hot phase
from cooling to heating or heating to cooling. It also defines ~ in the 7—P plane. The JT coefficient can also be written as
the inversion pressure P; and (T, P;) gives the inversion  follow [71]

transition point. By using generalized first law of BH

thermodynamic and isenthalpic nature of the process one Un — 3_T _ 3_T % M (38)
can rewrite the JT coefficient in term of the volume as [71] T=\opP Mg - \or, wg \OP 4

Uy = <8_T> — L {T (8_V> — V} (36) Using the temperature and pressure of BH in regularized
)y Cp T/, Lovelock theory, the JT coefficient turns out to be
|

UJT = —4d22d32r(3)(20?25d23r(1)0 + d24r8((210?3 - 2)(i23 + 727[d32p) - 271%(0?230?30732Q2 + 7d2d33d23)
+ 3(i23d3}’8((24(i3 - 5)d23 - 727[d32p) - 27d22r3(0?22(i23Q2 - 3d33d23 + 3(d3)2d23)
—162(d3)* @) [3dady’ (dpr + 3b)° (3rg (03> 0° + dydy* )
= 24nd, A3 Pr — (dh) a3 dr rg 4+ 9d33d3). (39)
Finally, the inversion temperature of BH (from which BH temperature changes the mode) turns out to be

T 1 [(dz)zr% +3(da) (d3)
L 36n(a)(d)((da)rg + 3(d))* (@)rg

o) (@) (@) + 3@ (@)r((@) (2(

(27(c)*(d5%) Q%7 = 27r5((2)° (3) (¢57) Q*

(@)rg +3(d3)

(az)ré

)2 — 7) + 36071(0?32)P>
+2(d)*r3((d,3) ((M)Z - 1> + 367r(d32)P> + 81(073)4(0?23))} .

(a)r§

Figures 13-15 show the behavior of JT coefficient for  leads to the inversion temperature of the BH. The important
increasing values of charge of BH in regularized Lovelock  result of these plots is that at the zero of JT coefficient the
theory. The zero of JT coefficient is important point which  influence of charge remains negligible and Ut always
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FIG. 14. Plot of JT coefficient for BH in regularized Lovelock
theory.
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FIG. 15.
theory.

Plot of JT coefficient for BH in regularized Lovelock

remains positive which indicate that the expansion leads to
cooling process. Figures 16-18 represent the inversion
temperature 7; and inversion pressure P; for increasing
values of charge. It can be seen from the figure that the
inversion curves are not closed and only one lowest

0.01174 -

0.01172

T, 001170 :
0.01168 - .
0.01166 - :

L L L L L L 1
0.0000  0.0005 0.0010 00015  0.0020 00025  0.0030
P;
FIG. 16. Inversion curves T; — P; for the heating and cooling

regions for (&3 > d, > d,° > d3?).

0.0198

0.0197 |

0.0196 |

Ti 00195}

0.0194

0.0193

[ L L L L L 1
0.000 0.002 0.004 0.006 0.008 0.010 0.012
Pi

FIG. 17. Inversion curves T; — P; for the heating and cooling
regions for (&5 > d&,° > &, > &32).

0.0112 -

0.0111 1
Ti
0.0110 1
0.0109 1
0.0000 0.0002 0.0004 0.0006 0.0008
]
FIG. 18. Inversion curves T; — P; for the heating and cooling

regions for (d3 > d3> > &> > ).

inversion curve is comparable with van der Waals fluids.
The inversion temperature is inversely related with the
charge of BH and it is used to separate the cooling and
heating regimes. In all the three trajectories the position of
inversion point (77, Pi) shifts to the higher values with
increase in charge Q of the BH.

Figures 19-21 represent the isenthalpic curves with
constant mass/enthalpy of BH in regularized Lovelock

055( ]
L 050

045} ]

*4%.00 002 004 0.62 008 o.‘10~ 0.12

FIG. 19. Isenthalpic curves in 7—P plane with increasing values
of M for BH in regularized Lovelock theory.
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FIG. 20. Isenthalpic curves in 7—P plane with increasing values

of M for BH in regularized Lovelock theory.
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FIG. 21. Isenthalpic curves in T—P plane with increasing values
of M for BH in regularized Lovelock theory.

theory in 7-P plane. The inversion curves along with
isenthalpic curves describe the cooling and heating regions.
The inversion curves splits the plane of isentalpic curves
into two regions. The left side portion of inversion curve
represents warm phase because the temperature increases
there and the right side portion of curves represent cooling
process. In order to discriminate the cooling / heating
phases one can also check the sign of the slope of the
isenthalpic curves. In the cooling region the slope remains
positive and it turns to negative in the heating phase.
Inversion curves play the role of barrier between the
heating and cooling regimes.

V. CONCLUSION

The most basic thermodynamic quantity is enthalpy
rather than internal energy due to non independence of
volume and entropy of AdS BHs. Using this statement, we
provided the general formalism for the line element of RTG
and specific forms in different phase spaces for AdS BH
in Einstein-Maxwell-scalars theory. We find out that the

curvatures in different spaces are same and positive, which
indicate that it contains repulsive interactions between BH
molecules in Einstein-Maxwell-scalars theory. In addition
with no AdS background P = 0, curvature becomes zero
which represents that the BH in Einstein-Maxwell-scalars
theory with no AdS background is Ruppeiner flat.

We discussed the thermal stability of AdS BH in
Einstein-Maxwell-scalars theory in the presence of thermal
fluctuations. We observed that Helmholtz free energy
increases with increasing values of momentum relaxation
parameter 3, which means more work can be extracted from
the system for higher values of parameter 5. For § = 0, the
Helmholtz free energy becomes zero which shows the
equilibrium state and no further work can be extracted
without momentum relaxation. We also analyzed that for
increasing values of the momentum relaxation parameter,
the positive Gibbs free energy corresponds to nonsponta-
neous reactions which occurs with outside source of energy
and BH remains globally stable. For all the values (positive
and negative) of correction coefficient b the Gibbs free
energy becomes negative which show global instability. We
concluded that the momentum relaxation parameter
increases the thermal stability of the BH.

We also discussed the thermal corrected thermodynam-
ics of BH in regularized Lovelock theory. We observed that
the coupling constants of regularized Lovelock theory
make the Helmholtz free energy positive for higher values
which means BH become stable and useful work can be
extracted from the system for higher values of the coupling
constants. Moreover, when the Helmholtz free energy
reaches to minimum value for r, — 0, the system shifts
toward equilibrium state and no further work can be
extracted. We also observed that Gibbs free energy is
positive for all the values of correction coefficient and
coupling constants, which show that BHs in Lovelock
theory are globally stable. We find out that the influence of
coupling constants is significant for the local stability of the
BHs. The negative correction coefficient » = —1 makes the
specific heat of BHs in Lovelock theory more positive as
compare to b = 0, 1 which means BH becomes more stable
for negative correction coefficient. We also studied the JT
expansion for static BH in regularized Lovelock theory. In
order to discuss the change in temperature for the consid-
ered BH, we obtained the relations for JT coefficient,
inversion and isenthalpic curves. We found out that the
inversion curve split the cooling and heating regions and it
works as barrier between the heating and cooling regimes.
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