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Many experiments have recently been proposed to test whether nonrelativistic gravitational interactions
can generate entanglement. In this paper, I consider the extent to which these experiments can test if the
graviton exists. Assuming unitarity and Lorentz invariance of the S-matrix, I demonstrate that this
“Newtonian entanglement” requires the existence of massless bosons, universally coupled to mass, in the
Hilbert space of low-energy scattering states. These bosons could be the usual spin-2 gravitons, but in
principle there are other possibilities like spin-0 scalar gravitons. I suggest a concept for a more refined
experiment to rule these out. The special role of d = 3 + 1 spacetime dimensions and the possibility that

unitarity is violated by gravity are highlighted.
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I. INTRODUCTION

Dyson and others have pointed out that detection of
individual gravitons is likely to be impossible [1-3].
Experimental proof of the existence of the graviton may
thus require a more subtle methodology.

Bell’s theorem provides a method to prove that a state of
nature does not admit a local, classical description [4-6].
There have been a plethora of experimental proposals to
determine if gravitational interactions can generate such a
nonclassical, entangled state [7-25]. A minimal realization
is depicted in Fig. 1.

These are nonrelativistic tabletop experiments. If we
assume that gravity generates a unitary channel on the
objects, then observation of entanglement generation con-
sistent with a 1/r law would tell us that the Hamiltonian
must be

Gymm,
Vy=—-——""7"-. 1
N X; — X, )

H = H 1 + H 2 + VN,
It is natural to ask [28-33] what we learn about any
gravitational degrees of freedom themselves, which do not
appear in (1). Of course, quantizing metric fluctuations into
gravitons produces a perfectly good effective quantum field
theory, and this model reproduces the Newton potential
operator [34-36]. The question these experiments probe is
whether this is the correct model of nature.

In this paper, I study the implications if we further
assume that (1) is the nonrelativistic limit of some Lorentz-
invariant model. A minimal S-matrix theory framework is
sufficient to encode unitarity and Lorentz invariance with-
out assuming that the fundamental degrees of freedom are
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quantum fields [37—40]. These assumptions are enough to
prove that one needs massless bosonic degrees of freedom
in the Hilbert space of scattering states to be consistent
with (1). These bosons must have a universal coupling to
mass with strength /Gym. They can however have any
integer spin, not only s = 2 like the usual graviton. Ruling
out these other possibilities requires a more refined experi-
ment, as discussed in Sec. III.

Perhaps the more interesting possibility is that gravity does
not generate a unitary interaction. For example, gravity could
emerge from interactions mediated by unobserved micro-
scopic degrees of freedom [41-47]. Models of this type in
which gravity emerges in a semiclassical fashion like G, =
82Gy(T,,) would be ruled out, since there gravity cannot
entangle objects [7]. However, it may be possible that gravity
could form an open system in a different manner, in which it
can produce entanglement observables consistent with (1).
Making a precise statement about gravitons in this context is
a difficult problem left to future work.

Before moving on, we note some previous results in this
direction [29,30]. In particular, Belenchia et al. [29] study a
gedankanexperiment in which Newtonian entanglement
enables superluminal signaling, and resolve the paradox
by introducing quantized metric fluctuations. The argu-
ments presented here are related, but precise enough to
demonstrate an exhaustive list of possibilities: the only way
to resolve these types of paradoxes within a unitary and
Lorentz-invariant model is to include radiative graviton, or
very gravitonlike, degrees of freedom.

II. UNITARY NEWTONIAN GRAVITY REQUIRES
QUANTIZED RADIATION

Our core assumption is unitarity. Specifically, we assume
that the gravitational interaction between massive objects
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FIG. 1. Top: two masses m,, m, are prepared in an initial
product state, interact gravitationally for a time A¢, and are read
out to check for entanglement. Left: unitary Newtonian inter-
action. Right: an effective Newtonian channel Ly emerges from
environmental interactions. Bottom: minimal experimental reali-
zation with free-falling masses. The Newton interaction would
squeeze the relative position x_ while preserving total momentum
p., leading to a violation of the Duan inequality [26,27] for
separable states (Ax2Ap?%) > #2. This can be read out with local
interferometers.

operates as a closed system. Within a unitary framework, a
demonstration of entanglement between masses, with the
right parametric dependences, means that we must have a
two-body potential of the form

V _ _GNmze_ﬂ‘Xl_XZ‘ (2)
N x; =X

Here p is a small parameter with dimensions of inverse
length which is useful as a regulator; we will take the y — 0
limit to recover the Newton potential.1 The real input from
the experiments is that this is a two-body operator in the full
sense of the term: the x; are local operators on a bipartite
Hilbert space. This is different from, for example, models
where gravity acts “semiclassically” through expectation
values (see the Appendix A).

We will consider scattering processes with the
Hamiltonian (2). Using the nonrelativistic matrix elements
as input to Lorentz-invariant extensions of this model, we
will find violations of unitarity in a variety of simple
scattering processes. Moreover, the precise form of this
unitarity violation is enough to conclude that the only
solution is to add radiative states of bosons with mass u
which couple to massive matter with strength /Gym.

Unitarity and Lorentz invariance can be defined in a
manner which is independent of the way we realize the
interactions, i.e., does not depend on the use of field theory.

'The experiments are done within some finite length scale,
typically a laboratory scale 107® m < # <1 m. Thus beyond its
regulatory benefits, this kind of potential would be a perfectly
viable explanation for the observed entanglement as long as we
assume a sufficiently small value p < #7!. For extensive dis-
cussion on the S-matrix inthe y — 01limit, see for example [48-52].

Consider scattering processes described by S-matrix ele-
ments S,_; = (B|S|a). The S-matrix elements are the
transition amplitudes for an initial state |@) prepared in
the asymptotic past t = —oo to evolve to a definite state |f3)
in the asymptotic future t — +o0. To begin, we will only
need the minimal postulates:

(A) Unitarity: S is a unitary operator, S'S = 1.

(B) Lorentz invariance: For A an element of the Lorentz
group, the scattering states transform in a unitary
representation U(A). Furthermore, the S-matrix is
invariant: U(A)SUT(A) = S.

Our implementation of (2) to compute S-matrix elements
nonrelativistically will be based on a Schrédinger equation
with past boundary conditions, and thus automatically
assumes the usual nonrelativistic notion of causality.

Gravity is a weak interaction, so that we can expand

S =1+1iT, where the 1 reflects the possibility of no
scattering occurring. Assumption (B) means in particular
that a spinless particle of momentum p transforms like

U(A)|p) = /(Ap)°/p°|Ap) under a boost.” Multiple-
particle states |a) = [p;p,---) are described by lists of

such momenta (as well as spins and any other internal
quantum numbers). Furthermore, spacetime translation
invariance implies that total four-momentum is conserved
in every process. Thus we will define the usual “Feynman
amplitudes” M by

Sa—>/)’ = 6(1/3 - i(2”)454(p(1 - pﬁ)BaB/)’Ma—»/)” (3)

where p,, ps are the total incoming and outgoing four-
momenta, respectively. We will only deal with spinless
massive objects, and so have factored out the Lorentz-
transformation factors B, = [[,c,[2(27)E;]"'/2, with
E; = p? the energy of the ith particle. Defined this way,
M,_ 5 should be invariant under the Lorentz group.

The main workhorse in what follows will be the unitarity
condition on the S matrix. We have S*S = 1, which implies
i(T—T") = T'T. Inserting a complete set of final states
|X) and comparing to (3), we have

M;—»(l - M(Z—>ﬁ = i(2”)4zB§Ma—>XM[9;’—>X64(pa - pX)
X

(4)

This is known as the optical theorem. In the special case of
forward scattering a = f3, this reduces to the usual optical
theorem Imf(0) = 6,4. This is a reflection of the fact that
the scattered wave function must have a specific interfer-
ence pattern with the unscattered wave function. For a

*This is our definition of a single-particle state; it could be a
field quanta, or a closed string mode, or whatever else, as long
as it transforms correctly. Following [53], we define single-
particle states to satisfy the nonrelativistic normalization (p'|p) =
83 (p’ —p), and use (—, +, +, +) signature.
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model to be unitary, Eq. (4) must be satisfied for all initial
and final states |a), |f).

A. Lorentzian bootstrap strategy

The strategy we will follow is to begin with a non-
relativistic expression for the scattering amplitude, then
bootstrap the answer into something Lorentz invariant.’
Scattering theory is the study of solutions to the
Schrodinger equation combined with boundary conditions
as t - —oo. Our starting point will thus be the time-
dependent perturbation series solution for this system.
Although the Born series is perhaps more familiar, consider
instead the Dyson series [58]

© (i)
S = ; nl!

Here 7 is the time-ordering operator, and the potential is
written in the interaction picture. To illustrate the
Lorentzian bootstrap idea, consider 2 — 2 scattering, so
|a) = |p1p2) and |B) = |pp,). We will write the inter-
action picture potential operator (2) explicitly in two-body
notation, in the lab frame:

[t an BTV V). ()

-1
(27)°
8 (k; +k, k| —K)

Vy(t)=

/d3k1d3k2d3k’1d3k’2|k’1k’2>(klk2|,

—i(Ek/ +Ey _Ekl —Ekz)l‘
Je R Vi) Kk,

(6)
where the Schrodinger-picture matrix elements are

47TGNm2 -

_ 4nGym” _ K-k ki -k
e 1T

2 ’

(7)

and q is the change in the relative momentum. The zeroth
order term n = 0 in (5) is just the identity operator in the
expansion S = 1 + iT. The first-order term gives the same
result as the first Born approximation:

(1) B 27
e (27[)36(Epl +Ep, — Ey — Ep)
47Gym?
x&(p +p,—p)— plz)Apzi:/_Hz’ (8)

with Ap = p}| — p; the momentum transfer.

The “bootstrap” terminology is inspired from the modern
S-matrix bootstrap program, where one derives constraints on
low-energy models by demanding that they are low-energy limits
of some high-energy model with certain restrictions [54]. Usually
this is used to relate a pair of relativistic field theories, but for a
few examples with nonrelativistic models, see [55-57].

Now we impose the requirement that (8) is the non-
relativistic limit of some Lorentz-invariant model. Thus we
need to write this as Lorentz-invariant function of the
external momenta py,p,,p),p5. Specifically, we want a
Feynman amplitude M with the property that S(V) =
limo_,, —i(27)*M&*(3_ p). There are 10 Lorentz genera-
tors and 12 independent variables in these four momenta,
leaving only two free variables. A convenient choice for these
are the invariant momentum transfer 1 = —(p} — p;)? and
total incoming mass-squared s = —(p; + p,)*. Clearly the
only Lorentz-invariant option is to replace the momentum
transfer Ap? with ¢, and combine the two delta functions into
a factor 6*(p, + p, — p} — p). Comparing to (3), we have
the bootstrapped amplitude

16”GNm4

Mplpz—m’.p’z == 2

(s,1). ©)

We had to rescale the coupling Gym? — Gym* in order
to cancel the relativistic wave function normalizations

~1/ \/? — 1/y/m in (3). The dimensionless function
f (s, ) must have the property that f — 1 in the nonrelativ-
istic limit s — 4m?, t — —Ap?. The two expressions for the
amplitude are depicted in Fig. 2. We have assumed that the
two massive particles are distinguishable so that we can
ignore the exchange channel p| <> p), and will continue to
do this in what follows.

Unitarity is trivially satisfied in (9). The amplitude is
manifestly real, so the left-hand side of (4) vanishes.
Similarly, there is no amplitude at order /Gy, so to order
Gy the right-hand side also vanishes. Notice that for
physical momenta p? = p3 = p?? = p%7 = —m?, we have
t <0, so the denominator is always nonzero.

To see how the unitarity condition can become nontrivial,
we have to go to higher order in perturbation theory. We next
show an example of how this works. We consider a 3 — 3
process which includes two nongravitational interactions
with coupling strength A. This is modeled directly after the
kind of Alice and Bob experiments of [29]. In this example,
the unitarity violation shows up at order Gy 4°. To emphasize
the generality of the core idea, we also show a purely
gravitational example in Appendix C. There we consider a
2 — 2 process with an incoming particle-antiparticle pair, in
which unitarity violations arise at order G%,.

B. Tree-level unitarity

Consider a process where two experimentalists Alice and
Bob each have a massive particle. At some early time Bob
interacts with his particle, say by hitting it with a photon.
The two particles proceed to scatter via the Newton
interaction. Long after this scattering event, Alice then
performs a measurement of her particle, say again by
hitting it with a photon. Let us model the photon inter-
actions with an interaction strength A (proportional to the
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FIG. 2.

Vn (t)

()

(a) Depiction of an S-matrix element for the process |a) — |3). The blob represents a sum over all possible intermediate

processes. (b) Diagram describing the gravitational, nonrelativistic scattering amplitude at lowest order in perturbation theory. The
interaction is given by the instantaneous potential matrix element ~[(p} — p;)? + #?]~". (c) Lorentzian bootstrap version of the same
amplitude. The dashed line represents a factor [(p} — p;)? + p?]~!, which at this stage in the argument has no interpretation in terms of

an intermediate particle.

charge of Alice and Bob’s particles). Following the logic
of the Lorentzian bootstrap given above, one obtains an
amplitude

A
Mkplpzék’p’,p; = ((p] Tk +m— ie)
(o) (o)
K4+ pu?—ie) \(ph+K)*+m?>—ie)
(10)

This is depicted diagrammatically in Fig. 3. The photon
momenta are kK, kK’ respectively. The four-momentum trans-
fer between Alice and Bob’s massive particles is now
k= p' —(p, + k). See Appendix B for some details of
this calculation.

Crucially, it is now possible that k> = —u2. This happens
when the photon momentum |k| 2 p. This is why we have
inserted the ie factors in the denominators: the poles are
now accessible to the experimentalist. When we use the
S-matrix to describe an actual scattering experiment, it
needs to be integrated against some momentum-space wave
packets describing the incoming and outgoing particles.

K
P1 P2
p1+k 77]{?777 Np'g-ﬁ-k,
P1 P2

(b)

FIG. 3. Scattering amplitude for the 3 — 3 process with
external photons, in the same notation as Fig. 2. (a) Nonrelativistic
amplitude; (b) its relativistic extension.

To make these integrals well defined, we have to say what
happens on the poles. The specific prescription used here
(the “Feynman prescription™) is the only possibility con-
sistent with our unitarity and Lorentz-invariance assump-
tions, as explained in Appendix B.

At points in phase space where k> = —u2, the pole in the
middle term has an imaginary residue, because

1
li =-——ind 11
=R =5 ) a

in the sense of distributions (for x real). Therefore, unitarity
is no longer trivial: the left-hand side of the optical theorem
(4) is now nonzero. Specifically, it has a pole singularity at
k* = —u? with residue of order A2G . Therefore, if unitarity
were to hold, we would need to have an amplitude M ~
O(Ay/Gy) to use in the right-hand side of (4). But if the full
set of scattering states is only massive particles and
photons, it is easy to see that there simply is no such
amplitude.4 Therefore the optical theorem fails and we have
a violation of unitarity.

What happened? The unitarity violation means that an
incoming 3-body state [yr) = |kp,p,) will evolve to some
state |w') = S|y) with a deficit in its norm |(y/|w')| < 1.
Inspecting the form of (4), and remembering that the
dynamics are fixed by assumption of (2), we see that there
is only one possible resolution: modify the sum over
final states |X). In more detail, notice that near the pole
k* = —u2, the imaginary part of the amplitude behaves like

*One could distribute the coupling factors differently between
the two amplitudes on the right-hand side of (4). In fact there are
some disconnected diagrams like this with the correct scalings of
the couplings, but they have the wrong detailed momentum
dependence.
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K ps L
P1 k p2 *
pP1 P2
Im LR ~ x
k= —p?
P1 P2
k p2 pi K P>
FIG. 4. Unitarity in the tree-level, six-point amplitude. The pole at k> = —u? has an imaginary residue. The form of this residue is

exactly equal to the product of a pair of amplitudes where the “graviton” line (dashed) is emitted into the final state. The disconnected

lines represent trivial propagators.

A
P1 +k)2 +m2)

x 8k +p?) (W) (12)

But this is essentially just the product of two amplitudes
with final state |X) = |kp)p,), where the k represents a
radiated particle of mass x coupled with strength /Gym.
See Fig. 4. To be precise, if we include such final states, the
optical theorem (4) will be satisfied

4
Ikaplpz—ﬂ(’p’,p’z - GNm <(

. M — M*
i( kp,p,—k'p|p) k’p’]p’z—>kp1Pz)

~ Mkplpz—’iip/]Plet’p’]p’z—ﬂ}p’lpz’ (13)
where the sum on final states | X) has collapsed into a single
outgoing state which includes this gravitationally coupled
radiation. (The ~ represents some awkward factors arising
from the disconnected propagators; see Appendix B for
the detailed equality). Thus we conclude that we need to
include such states in the Hilbert space of scattering states.
In the limit 4 — O this radiated particle is essentially a
graviton in terms of its masslessness and /G coupling to
matter. It must be a boson, otherwise the diagrams on the
right-hand side would violate angular momentum conser-
vation. However, nothing in this argument is sensitive to
which integer spin this boson carries.

The fact that we get a unitarity violation precisely when
k> = —u? has a simple physical interpretation. In the
language of field theory, k> = —u® occurs when the
momentum transfer k = Py — (p1 + k) is tuned so that
the “virtual graviton” mediating the interaction satisfies its
relativistic dispersion relation, i.e., “goes on shell.” This is
why we need the external photon to see the effect: if k = 0
then k> > 0, but including the photon allows us to reach the
pole at k%> = —p2.

This example bears some important similarities to the
Alice and Bob gedankenexperiment of [29]. There, cau-
sality (or rather faster-than-light signaling) was used as a
primary diagnosis of the issues arising if one neglects to
include final-state graviton radiation. Here we have instead

focused on a scattering calculation, in which boundary
conditions are imposed on both the past and future, which
obscures the causal properties of the process. We found a
unitarity violation instead of a causality violation. This
reflects the fact that unitarity and causality are intimately
linked in a relativistic model. Very similar considerations
have long been discussed in the context of a classic paradox
of Fermi [59], who incorrectly argued that perturbation
theory predicted superluminal communications. As is now
well known, the solution is that Fermi forgot to include
final-state radiation (see [60] for a review).

Itis interesting to note that the arguments given here for the
necessity of a gravitonlike particle depend strongly on the
dimensionality of space-time. Consider general relativity in
d =2 + 1 dimensions, defined as usual by the action

R
S = / d3xv ) [m + ‘Cmatter:| . (14)

This model is “topological” in the sense that is has no
propagating gravitational waves [61]. However, particles can
pick up braiding phases while scattering [62,63], and thus
can become entangled. The discrepancy with the argument
above is that the Newton potential, or rather its logarithmic
cousin in two spatial dimensions, is not the nonrelativistic
limit d = 2 + 1 Einstein gravity [61]. This exemplifies the
fact that entanglement generation alone does not require a
mediator—the key is the local form of the nonrelativistic
potential.

III. IMPLICATIONS AND INTERPRETATION

The bottom-up argument given above says that
Newtonian entanglement can only be explained within a
unitary, Lorentz-invariant model if that model includes
radiative gravitonlike degrees of freedom. Here I emphasize
the fact that this does not uniquely pick out the spin-2
graviton by constructing some top-down counterexamples.
A refined, non-Newtonian experiment is then outlined
which could distinguish the spin of the gravitational
mediator.
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A. Models which can explain the observation
of entanglement

We can certainly show that the graviton reproduces the
necessary entangling operation on the masses. To see this,
assume the metric is perturbatively expanded g,, = 1, +
\/327Gyh,, where 1, is flat spacetime. We have scaled
out a factor of the Planck mass my, ~ 1/1/Gy to give h
dimensions of mass. The graviton £, couples to matter in
the usual way

Lin = \/8xGy"*T,, + O(h?) (15)

with T the stress-energy tensor. We will not need the terms
quadratic and higher order in the gravitons. The Feynman
rules for calculating amplitudes in this model are given
in Appendix B. One finds the lowest-order S-matrix
element [34-36]

N,
M. 4nG 16
P\ P).Pip2 7 N(p’l—pl)z—ie (16)
where the numerator
Ny = 4[(p1 - ph) (P} - p2) —m*(py - pY)
— m?(p, - ph) —2m". (17)

This amplitude is depicted in Fig. 5(a). In the nonrelativistic
limit p° — m,p — 0 (so p> = —m?), we have N, — 4m>.
This recovers the Newtonian result for the scattering
amplitude (9). In other words, virtual graviton exchange
leads to the Newtonian potential operator.

However, this is not the only field theory model which
reproduces the Newtonian interaction. To make this clear,
let us study a simple model of scalar gravity [64]. Variants
on this model go back to the days before general relativity
[65]. Consider a scalar field ¢ coupled to matter through the
trace of the stress tensor:

Ling = v/ 877GN¢Tﬁ- (18)

This coupling is Lorentz invariant and has the same mass
dimensions as the usual graviton coupling. One way to
obtain this would be to write the usual metric interaction

P o3} P1 P2
b1 b2 p1 P2
(a) (b)

FIG. 5. Some tree-level scattering processes which can repro-

duce the Newton potential operator: (a) Standard spin-2 graviton
exchange; (b) exchange of a spin-0 “scalar graviton”.

but constrain the metric to be of the form g, = ¢n,,
(“conformally flat”). This model is equivalent to Einstein
gravity in the nonrelativistic limit. To see this, consider the
same 2 — 2 scattering matrix element:

(19)

The difference is the numerator,
No =4(py - py +2m?)(py - ph +2m?) — 4m*  (20)

which is in exact agreement with the spin-2 model in the
nonrelativistic limit. In other words, this spin-0 model
produces the exact same effective Newtonian potential as
the spin-2 model.

While this spin-0 mediator is a simple example, it is not
the only possibility. In fact, one could construct a model
like this using any integer spin. Even fermions are possible,
in some sense. The force mediator could be condensed
fermion pairs (like supercurrent fluctuations in a super-
conductor), if one could think of a palatable way to violate
the assumptions of the Weinberg-Witten theorem [66,67].

B. Measuring the mediator spin

This brings up the question: what would be needed to
further pin down the spin? Of course, one could try to
appeal to various classical observations, like the tensorial
nature of gravitational waves detected by LIGO. It may be
difficult to imagine that the world has spin-2 classical
radiation at astrophysical wavelengths but spin-0 radiation
at tabletop scales. However, precisely this kind of situation
could arise in a modified gravity scenario [68,69] or a
variety of dark matter models [70]. More to the point, we
are discussing experimental tests of quantum gravity, so
one should be careful.

In principle, the spin of the gravitational mediator can
be measured by a straightforward extension of currently
proposed experiments. However, in practice, this appears to
be exceedingly difficult. Consider for example generating
entanglement through the bending of light, as in Fig. 6. In
general relativity, the deflection angle of the light depends
on both the gy and g;; components of the metric. In a scalar
gravity model, one would typically get an incorrect
deflection angle (e.g., the famous “factor of 2” difference
with light bending in the m — 0 limit of Newtonian
gravity).5 More generally, different tensor structures in
the interaction will give rise to different dependence on the

°In the specific dilaton-type model considered here where
G = PNy, light actually does not bend at all, because it is
coupled to gravity through L =\/=detgg,zg,;F"F" =
Napl,sF™ FP [64]. In other scalar gravity examples, for example
Brans-Dicke gravity [71], the answer may not be so simple but
will still generically differ from general relativity.
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FIG. 6. Entanglement from the bending of light around a
superposed mass. A heavy mass (shaded) is prepared in a spatial
superposition |L) + |R), and a light beam prepared in some initial
wave packet |0) is scattered. This produces an entangled state
through evolution of the form (|L) + |R)) ® |0) — |[LZ) + |Rr).

momenta in the numerators of these scattering amplitudes,
as seen in comparing N, with N,,.

To understand why this is so hard in practice, let us
estimate the size of the entanglement in an experiment like
that depicted in Fig. 6. To detect the entanglement, one would
need at least to be able to differentiate between these two light
trajectories. The deflection angle of the light is classically
givenby @ = GyM /c*b where b is the impact parameter and
M is the heavy source mass, so the differential bending along
the two paths shown in Fig. 6 is of order

Gy M Ab
Ag =AY
c*b b

2
~74x 1077 x (M) (A0 (100km) o)
1 ¢/ \10 um b

where Ab is the distance over which the source mass M is
superposed. This would be impossible to detect. One could
improve the situation by having the light reflect back and
forth within a cavity N times. For a cavity of length L, the
differential movement of the two forward peaks during one
crossing would be AZ = LA#. To get the two peaks
separated by of order one laser wavelength 4 then requires
NA? = NLAO = 4, meaning N = 1/LA#, or a total inte-
gration time

T*NL* b%ic
¢ GyMAb

~ 10" s (22)
with the same parameters given above. This can be improved
by a factor ,/n, with n, photons in the cavity. Amusingly,
allowing for a one second integration time, this works
out to the requirement of ~10%? laser photons, each of
energy (1000 nm)~!' =0.2 eV. In terms of mass, this
is m=10°?x0.2 eV~ 10*m,.

This differential bending would be incredibly difficult to
detect. In particular, it would be substantially more difficult
than detecting the static Newtonian interaction between a pair

of macroscopic mechanical bodies, as used in most of the
current experimental proposals (see, however, [72] for some-
what optimistic estimates of an analogous technique using an
ultrarelativistic particle beam like the LHC). Nevertheless, if
one wanted to be sure that the Newtonian entanglement is
generated by the true spin-2 graviton, some experiment
sensitive to the spin would have to be done. It would be
extremely interesting if a method could be found to look for
entanglement with macroscopic masses that was sensitive to
the mediator spin.

IV. CONCLUSIONS

Experiments in the reasonably near future will be able to
test whether or not gravity can entangle pairs of non-
relativistic masses. Observation of this Newtonian entan-
glement would provide compelling but incomplete
evidence for the existence of the graviton. These experi-
ments would definitely rule out models where gravity
emerges in something like a semiclassical sense. Such a
model is a logical possibility consistent with all classical
gravitational phenomena observed to date.

However, to make a definitive statement about the
graviton itself, two key loopholes need to be closed. The
simplest is that the Newtonian experiments are insensitive
to the spin of the graviton. A more sophisticated experi-
ment, like the one described in Sec. III B, could resolve
this, if one could figure out a practical implementation.
It should be emphasized, however, that under the unitarity
assumption, Newtonian entanglement would still require
some quantized, gravitationally coupled degree of freedom.
The spin is perhaps a secondary concern.

The more difficult issue is that the specific unitarity
assumptions used in this paper could be too strong. It is
important to understand that we have imposed unitarity and
Lorentz invariance as conditions on arbitrary scattering
processes. It may be that an emergent gravitational inter-
action can still generate the appropriate entanglement
signatures these experiments seek without admitting a
unitary, Hamiltonian description like (1). Construction of
or no-go statements about such a model would be
extremely valuable. But even if a graviton were not
required in such a model, observation of Newtonian
entanglement would teach us something remarkable about
the detailed way in which gravity emerges: it would have to
be able to coherently communicate quantum information
between spatially disjoint systems.
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APPENDIX A: CLASSICAL AND
SEMICLASSICAL GRAVITY MODELS

In this Appendix we briefly review the idea that gravity
could be “classical.” The quotes represent the fact that this
could mean a variety of things in detail. There is a large
literature on these ideas, see for example [7,73] for much
more extensive discussion. Here I want to just highlight
why it is possible to formulate some kind of classical
gravity coupled to quantum matter in a way that can
avoid the classic no-go statements of Weinberg and
Polchinski [74,75].

The naive starting point for a classical gravity model
would be to source the Einstein equation with the expect-
ation value of the stress tensor G,, = 87Gy(T,,). This
does not specify the full dynamics because we need an
equation of motion for the matter state |y). Closing the
system with a simple Schrodinger equation leads to
fundamental problems. The Newtonian limit is sufficient
to see the basic issue. Imagine trying to define a model like®

O0) = B + Vi3 |1) (A1)
with the indices i, j = 1, ..., N running over some set of N

particles, H,oer describing any nongravitational evolution,
and a “semiclassical” gravitational potential

. Gym
Vi(%;) = —Zm

J#i

(A2)

In a limit where all the particle wave functions are strongly
peaked on classical trajectories, we can approximate
X; & X; as c-numbers, and the system (A1) exactly repro-
duces classical Newton gravity. However, the interaction in
general is a direct sum, and thus cannot generate entangle-
ment. In this sense, the model is “classical.”

The trouble is that this is a nonlinear modification of the
Schrodinger dynamics, since V depends quadratically on
|w). It was noted long ago that generic such modifications
lead to fundamental problems when applied to states

°In this section, and only this section, operators are written
with hats for clarity.

S |ir) Urp
Uent

A |g)

Az [¢)
Uent

S2: |2) Urs

FIG. 7. Adversarial measurement-and-feedback gravity, fol-
lowing [45]. The figure is taken from [7].

where the classical approximation fails. For example,
one can use Schrodinger-cat type states to superluminally
signal [75-77].

However, we can construct a model designed to evade
these difficulties [45]. The basic strategy is to realize the
nonlinearity in the Schrodinger equation as arising from a
normal quantum mechanical process. We might call this
approach “adversarial gravity.” We imagine that the uni-
verse is a quantum simulation designed specifically to
make it look like a classical gravitational force exists.
See Fig. 7 for a circuit diagram of one time step of the
simulation, with two masses for simplicity.

The computer begins by using some ancillae degrees of
freedom to weakly measure the positions of the masses,
allowing it to make estimates for (X;) with i = 1, 2. The
computer uses this information to compute a semiclassical
Newton potential (A2). This information is then used to
evolve the state of the masses through a feedback unitary

Up, = exp {—izi:v,»(ﬁi)dt}.

It is clear that this unitary is a product U = U; ® U,, so it
cannot generate any entanglement between the two masses.
This model produces a Schrodinger-like evolution for the
matter state of the form

(A3)

dly) = —iHmydtly) — iy _Vi(&;)dtly)

+ D VrEAWlw) + ) E&dily).  (A4)
i i,j

This is like (A1), except with the addition of the two final
terms. These represent noise due to the weak measurement
step. The differential dW is a classical stochastic process
satisfying the usual It6 rule dW? = dt, and y, £ represent
the strength of the noise. We have replaced the determin-
istic equations (A1), (A2) with a stochastic evolution law.
There are still nonlinear terms in (A4), but their origin
comes from quantum measurements via ancilla degrees of
freedom which are traced out [78]. Such nonlinear terms
are hardly pathological; they arise for example in any
experiment which uses a measurement-and-feedback pro-
tocol. The description here was nonrelativistic, but similar
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relativistic models of nonlinear quantum mechanics
also exist [79-81].

This model is a kind of emergent gravity scenario. In this
example the emergent gravitational force cannot entangle
objects. It is not at all clear that this is a general property of
emergent interactions. Indeed, one can construct models of
entropic forces which produce quantum coherent inter-
actions [82]. Moreover, in AdS/CFT, the bulk graviton
exists by construction, at least in the traditional sense of
AdS/CFT as a string duality [83], since the closed string
has a massless spin-2 excitation. This suggests an interest-
ing question as to whether one can realize emergent gravity
in the sense of Jacobson [41] or Verlinde [43] in such a way
that gravity can communicate quantum information but
remains a fundamentally open system.

APPENDIX B: DETAILS OF AMPLITUDE
CALCULATIONS

1. External probe interaction

The 3 — 3 process of Sec. II B used an external probe
system (a “photon”) to model the effect of the experimen-
talists interacting with the massive, gravitationally coupled
objects. Before moving to the detailed calculation of the
3 — 3 amplitude we thus need to provide some details
about this interaction. This will also provide an excellent
warmup to the 3 — 3 amplitude itself.

In our nonrelativistic language, we will model the
external probe as a massless scalar (i.e., a photon in the
limit that we can ignore the polarizations). In abuse of
language I will refer to these probe particles as photons
throughout. The coupling is, in the interaction picture,

V(1) =4 / PdPpdp'S(k +p —p')

X [Wippe' B 55! kp) (p'| + Hel.  (B1)

The coupling A has mass dimension one and the matrix
elements W are given by

1
N

Wkp.p/ — ) (B2)

thus carrying dimension mass /2. I will use k for the probe
momentum and p, p’ for the massive object. The form of
this matrix element can be derived for example by con-
sidering the massive object as a scalar particle and quantiz-
ing the interaction V, = 1 [ d*xy*¢ with ¢ the probe and y
the massive object.

To get a feel for this interaction, consider a process with a
single mass which absorbs and emits a probe photon. This
means we need to go to second order in the Dyson series

/

P K P K

p k p k

FIG. 8. Diagrams for the probe-system interactions, one for
each term in (B4).

_l'2 0
g0 _ ( 23 / _dndn TV (n)Vel)la).  (B3)

with initial state |a) = |kp) and final state |) = |k'p’).
There are two contributions to this due to the time-ordering

TV (11)Ve(r) = Ve(11)Ve(1)O(1 — 1)

+ Ve(122)Ve(11)O(12 — 1) (B4)
Each of these terms will further contribute two terms, one
for each ordering of the emission and absorption [i.e., one
each for either the W or W* term in (B1)]. Using the explicit
matrix element (B1), the two terms which contribute to the
first diagram in Fig. 8, representing absorption followed by
emission, are

22 [
SA = —2/ dlld12d3q
X Wk’p’-qei(Ek’+Ev"E‘l)t253(k/ +p' —q)

X Wi pe BB 53 (q -k — p)O(r, — 1)
+ (1) < 1), (B5)

where the last line just means a copy of the previous
term but with the time variables switched. To do the time
integrals, we can rewrite the step function using the identity

@(I) iE 1 o0 p eiwt
e = — w—
2wl J_os w—E+ie

which can be easily checked by contour integration. Here
and throughout, the limit ¢ — 0 is taken at the end of all

computations. Using this on the phase e *fa(2="1) and
evaluating the time integrals we obtain

2(27)2)2
SA :—L/da)(ﬁq

(B6)

4mi
X Wy ¢0(Ex + Ey —0)5* (K’ +p' —q)

1
W*

3
x w_Eq 1 ic axpd(@ — Ex — Ep)5°(q —k — p).

(B7)
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The overall factor of 2 appears because the (¢, <> 1,) term
contributes identically. The physical interpretation of the ie
here can be understood from (B6). This says that the
intermediate positive-energy state of energy E, has energy
flowing forward in time.

Now we would like to apply the Lorentzian bootstrap
idea to this expression. In other words, we want this to be a
Lorentz-invariant function times the overall wave function
rescaling ~1/,/E,ExEyEy as in (9). This rescaling is
already taken care of in the matrix elements (B2), which
also produce an additional factor 1/E,. Identifying & = q°,
the delta functions can be combined in the obvious way to
produce a pair of four-dimensional delta functions.

The tricky part is the nonrelativistic propagator
~1/(w— Eq + ie). To get something Lorentz invariant
we will need to make a quadratic function out of the
denominator, and the only option is to use g*. The function
q* +m? has precisely the same pole w = ¢° = +E4
(once we move to the relativistic dispersion relation

E, = v/m* + q*). Specifically, we have

I B 1
g*+m?> 2E,|q"-E, ¢"+E,]

(B8)

The remaining question is the prescription for handling
integration of the two poles ¢° = +Eq. In the nonrelativ-
istic propagator above, we saw that the positive-energy pole
was displaced Ey — E4 — i€, so the only issue is what to
do with this new negative-energy pole. We will see in the
next section that the only answer consistent with Lorentz
invariance and the optical theorem is to displace this pole
~E, — —(E, — ie).” We will thus identify

1 2E
o —Eq+ie q° +m” —ie

This is not Lorentz invariant, but the numerator cancels the
extra factor of 1/E, we picked up from the interaction
vertices, leaving an overall Lorentz-invariant expression.
With this identification, we can compute the integral
in (B7) using one set of the delta functions, and obtain

"This is not quite true. What is inconsistent would be to use the
retarded or advanced prescriptions, in which both poles are
shifted above the real axis or both are shifted below the real axis.
One could, however, use the prescription g> + m? + ie instead of
the usual Feynman ¢> + m? — ie. This would correspond to an
overall time reversal, i.e., a model in which the definition of
positive and negative energies are reversed. One can make
interesting models in which both conventions are used [84,85].
In what follows we will use the standard Feynman prescription.

Sp+k—p —k) 2 1
JRCA PEE, ey o (7 + =i

(B10)

SA:

By the exact same logic, the other two terms (absorption
followed by emission, the second part of Fig. 8) produce a
contribution S identical to S, except with the denominator
(p+k)?— (p—K)> In terms of our Feynman ampli-
tudes, this means we would identify

R 1
k=KD" 0m)3 [(p + k)% + m? —ie

1
+@—yy+mk44' (BI1)

This argument contains all the same pieces we will need to
evaluate the 3 — 3 amplitude of Sec. II B, to which we
now turn.

2. Six-point amplitude derivation

Consider the process involving two gravitationally
coupled masses m;, m, and some external “photons”
depicted in Fig. 3. For simplicity we will assume that
there are two distinguishable probes,

Vilt) =1 [ ki, + by - )

i(Ex+Ep,~Ey )t

X [Wkpi,p;€ |kpz> <pi| + H'C'] ® lj?éi

(B12)

which will simplify some combinatoric factors.

Starting from the Dyson series (5) we need to go to third
order in the couplings. More specifically we need to go to
order A>Gy and consider the S-matrix contribution

56 = / ™ dtydiydiy (BITV, (1) Va(ta) V(1)) (BI3)

o8]

This gives six independent terms from the time-ordering
symbol

TV]‘/ZVN:VIVNVZ@(tl —IN)G([N—lQ)"’“', (B14)
which can be represented by a sum of four Feynman
diagrams, as in Fig. 9. We will now proceed to compute one
of these in detail in terms of our Lorentzian bootstrap. After
we are done it will be clear that the others just add
essentially identical factors. Alternatively, one could inte-
grate against localized-in-time wave packets for the probes,
which would suppress the contributions from the other
diagrams.
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FIG. 9. Contributions to the scattering amplitude for the 3 — 3 process with external photons.

Let us study a particular term corresponding to the first diagram of Fig. 9, namely the S-matrix contribution

Sins = / ™ dnydtydty (BVA (1) Vi (1) V2 (1) [@)O (1 — 13)O(ty — 11). (B15)

[Se]

Inserting the explicit forms of the interactions (6), (B12) and using the states |a) = |kpp»), |#) = |k'p|p}), we have

i(E 1+E  —E )t
SIN2 = 12 / dtzdtthl d321 d322d3£]d3£2®(t2 - tN)G(tN — tl)Wk,plz'Bze K L) gz 253<kl + p/2 - 22)53 (pll - gl)

i(E, +E, —E, —E, )ty i(E, —Ex—E,
nglgz.E]EZe L7 R h 63(Bl+£2_gl_BZ)XWB|kaIe( B Tk “1)“53(21—k—p1)53(22—p2). (B16)

Using the step function identity (B6) in much the same way as before, the time integrals may be evaluated in terms of some
frequency integrals,

i(E, +E  —E, )t i(E, +E, —E, —E, )ty ; _E, —
i(Eyr+ p’2 gz>2 « el( gz+ e ", B])Nel(Egl Ey Epl)t|

/°° dtzdtNdIIG)(tz - IN)G(IN - tl)e

(e8]

da)2 da)]
/wz_EpHewl_Elee(kanz @) X 8(Ey + 0y =1 = Ep )3(w1 = Ep, — Ei). (BI7)
5 I

Performing the d3p1d3g2 momentum integrals with the simple delta functions then leaves free integrals over

dwlda)zd3gld322. Identifying w; = pY, w, = 22 and forming four-vectors we then obtain

1

Sinvg =4 [ d*pd*p Wiy p 8*(K +ph—p ) ————
IN2 / Py P, Wpyp, (K +ph gz)a)z—El,—l—ie

Vp’lgz,glp254(pll =+ gz -P,— Pz)

1

4
=y e p? 2y k ). (B18)

Again, everything in the above is simply a formal manipulation of the nonrelativistic amplitude.

Finally, we now make the same “bootstrap” identifications as in earlier sections. The energy denominators are replaced
according to (B9), while the Newton interaction matrix elements are replaced in line with the discussion of Sec. I A. We
include the various 1/+/E factors appropriately. Performing the two remaining momentum integrals, we then identify the
resulting S-matrix contribution:

Sy = 2GS KPP k=1 — ) < 1 ) < 1 ) < 1 ) B19)
2RV EEy By, Ex By By, \(P1 K7 —ie) AR 4 4 —ie) \(pa + K)o ” e
1 2

where k = P} — (p1 + k). Comparing to our S-matrix conventions (3) then leads to the identification of the Feynman
amplitude
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1 1
NN+ 0+ m2—ie ) \B + u? —ie

1
) <(p’2 +K)? +m* - ie>’ (B20)
precisely as in (10).

At this stage, we can close the loop and explain the need
for the specific ie pole prescription used here. In the
previous section, I claimed that this (or its —ie time-
reversed version) is the only prescription consistent with
Lorentz invariance and unitarity. To see this, consider what
would happen if we used instead a prescription like

1 1
¢" —Eq—ie ¢"+E —ic’

(B21)

in the notation of (BS), in which both poles are shifted
above the real ¢ axis. When we compute the left-hand side
of the optical theorem (4), we would pick up a term
proportional to the imaginary part of this factor, which is
8(¢" — E,) = 8(¢° + E4). This is not Lorentz invariant.
In contrast, the usual Feynman prescription produces an
imaginary part proportional to 5(¢° — Ey) + 6(¢° + E,)
5(q* +m?), as used in the main text. Thus the retarded
prescription (B21) or the advanced prescription where both
poles are shifted below the real axis would be incapable of
satisfying the optical theorem (4), since the right-hand side
is manifestly Lorentz invariant.

3. Optical theorem for the six-point amplitude

Finally, we spell out the details of the new amplitudes on
the right-hand side of (13). Everything is almost identical to
the 2 — 2 process of the previous subsection. The only

Pkdp,dp,

P, k P,
s

s

P1 k P2

FIG. 10. Disconnected diagram for Eq. (B22).

change is the /G ym coupling, and an additional factor for
the disconnected part:

RV GNmzﬂ

Pk R, T T — e

X 2E,, (271)353(22 - p,).

My,

(B22)

The final factor 2E, (27)° is needed to cancel out the
Lorentzian phase-space factors of Eq. (3) for the discon-
nected particle. See Fig. 10. To apply this amplitude in the
optical theorem (4) to reproduce the unitarity condition
(13), the nontrivial part of the sum over |X) (the sum over
final three-body states) can be written explicitly

ZB§(54(1)X - pa)

|X)
N / &I’kd’p d’p,
2(27)° T ExE, E,

§*(k+p,+p,—k—pi—pa).
(B23)

where |@) = |kp;p,). Using (B22) and (B23) on the right-
hand side of (4), with |f) = |k’p|p}), one finds

B35 (px — Pa)MqoxM;; :/ 5*(k —k—p,—
lZX; X (pX pa) a=XMpx [2(27[)3]3E5Ep|Ep2 (_+E|+Ez P1 p2>

% \/G]\ﬂ’nz}v
(p1+k)?>+m?—ie
&k

=G 4/12/754/{ h—k—
NI [2(27T>3]Ek (_+p1 pl)

VGym?2
5 (2, =226y, (20) Ly 87 (0~ P25y (2)]
1 1
+ +m-—ie + +m-—1ie
(pr+k)?+m?—ie(py+K ) +m? =i

1

= Gym*26(k> + i)

where we used the usual Lorentz phase space identity
[ &@k/((27)32Ey) = [ d*k&*(k* + p?)O(k") before com-
puting the integral to obtain the last line. Identifying k = k
in the notation of the main text, this verifies the optical

(p +k)2+m2—ie(p’2+k’)2+m2—ielkzk+”'_”ll

(B24)

theorem (4), as described in (13). The sum over final states
has collapsed to a discrete point in phase space, namely
the specific final state |X) = |kp;p,) with a radiated
“graviton.”
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>fm‘35 = /817G N [pabls + Paps — Nap(p - P’ + m?)]
p
af v ) o
_ Y88 | pad, By aB ve
! qg_ie[n % o7 = Py?]
p/

—2/87Gn [p-p' + 2m?]

e

1

q? — e

FIG. 11. Feynman rules used in Sec. III. Curly lines denote the
usual spin-2 gravitons, dotted lines represent a spin-O scalar
graviton, and the solid black lines represent massive external
particles.

4. Graviton and scalar graviton Feynman rules

Finally, we record in Fig. 11 the Feynman rules used in
Sec. III. We will use a scalar field for the matter for
simplicity. In transverse-traceless gauge, the graviton-
matter interactions lead to the Feynman rules given by
curly lines, as derived in e.g., [34-36]. The Feynman rules
for the scalar graviton model can be obtained by simply
tracing over the Lorentz indices in the spin-2 model.

APPENDIX C: UNITARITY VIOLATION IN
PARTICLE-ANTIPARTICLE SCATTERING

In the example of Sec. II, we stayed very close to the
basic premise of the actual experiments. The massive
“particles” there can be viewed directly as the massive,
composite objects used to demonstrate Newtonian entan-
glement in concrete experimental proposals. However, to
emphasize the generality of this argument, we now turn to a
more sophisticated example, in which we use the crossing
symmetry property of relativistic S-matrices to study
gravitational particle-antiparticle scattering.

We thus add another postulate to our S-matrix rules:

(C) Crossing symmetry. The matrix element for a process

A+ B — C+ D is given by the same function as
that for a process, like A + B + C — D, where an
incoming/outgoing particle is exchanged with an
outgoing/incoming antiparticle (and momenta
switched accordingly).
For example, the amplitude for electron-electron scattering
e~ e~ — e~ e~ determines the amplitude for e"e™ — e~e™.
In quantum field theory, crossing is a consequence of
microcausality, the requirement that field operators satisfy
[p(x),p(x')] =0 for x, x’ spacelike separated [86]. It is
rigorously satisfied in 2 — 2 scattering [87,88]. The same
property holds in string theory despite the absence of
microscopic local fields [88]. Following the analytic

S-matrix program [40] we thus will simply assume it as a
postulate of scattering processes.

Consider the 2 — 2, purely gravitational scattering
amplitude for two particles. I will refer to the massive
particles as y and antiparticles as y. From the second-order
term of (5), we have

Si’zl)l’Z"P'IP'z - —/dtldt2d3k1d3k2VP/]P/2.klk2®(;] — 1)
<50} + 0~y — ko)
x Vklkz-l’ll’253(k1 +ky —=p1 —p2)
e—i(Ep/] +Ep/2)t| o (Bxy TEiy)(1=12) p=i(Ey, +Epy )12
+(t; < 1p). 1)

To get the second line, we inserted a complete set of states
|k;k,). Now we insert an additional step function by
noting that ®(¢) = ®2(¢), and use the same Fourier trans-
form ©(t)e~" = (2xi)~" [ dwe™™'/(w — E + i€) on each
of the internal-line phase factors. Performing the time
integrals, we obtain

Sffli,ﬁp,lp,z = / do, K dwrd* K,V i,
X 8(wy + @y~ Ep — Ey )& (P} +p5— ki —k»)
1 1 v
W —Ek1 + iewz—Ek2 +ie kika.pip
X 8(w) + @y — Ep —Eyp, )5 (ki +ky —p; —p»)
+PiP2 < P|P3 (€2)

X

One can interpret this as the amplitude for the initial state to
transition to an intermediate state of two particles with
momenta k;, k, while conserving total energy and
momentum, followed by free propagation of the two
intermediate particles, followed by the transition to the
final state |p|p}). See the first panel of Fig. 12. The term
labeled p;p, <> p|p5, which comes from the V(z,)V(t;)
part of (C1), is the same up to complex-conjugating the V
matrix elements.

Following the same logic as in previous sections, we
promote this to a Lorentz-invariant amplitude:

My, p,—pip, = at / d*kd*ky8* (ky + ko — p1 — p2)

2

1 1
X
kt +m?* —ie k3 + m* — ie
y 1 1
(ki = p1)* + 42 —ie (P —k)* + p* —ie’

(C3)

We could have computed one of the integrals with the
remaining delta function to leave a single unconstrained
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P
Lorentz
e k1
P1 P2 P1

|
crossing |
— ki
|
|

P2 P1 P2

FIG. 12. Basic procedure to compute the elastic yj scattering amplitude. The left diagram represents the nonrelativistic yy — yy
scattering amplitude, computed to second order in perturbation theory. Its relativistic extension is depicted in the middle panel. Finally,
by crossing symmetry, the same mathematical expression can be used to compute the yy — yy amplitude to the same order, depicted in

the third panel.

loop integral, but it will become clear shortly why we write
things this way. In the language of field theory, this is a box
diagram with four scalars running in the loop. See Fig. 12.
This brings up an important point: this expression is correct
only in the very low-energy limit, i.e., the momentum
integrals should have a “UV” cutoff A < m. Above A, we
cannot know the detailed spectrum of the model (the
intermediate states, nonrelativistically included by inserting
1 =5 |k;k,)(k;k,| above). However, we will only need
the infrared part of this diagram in what follows, where the
expression (C3) is reliable.

It is easy to check that (C3) satisfies the optical theorem.
The imaginary part of the amplitude, which is of order G%,,
is determined precisely by the square of the elastic tree-
level yy — yy amplitude of order Gy. However, there will
be a problem when we now extend these results to yjy
scattering. By crossing symmetry, the amplitude for yy —
x should be given by the yy — yy amplitude, but with the
roles of some outgoing momenta switched with incoming
momenta (see Fig. 12). At lowest order in perturbation
theory, we simply get (9), but with the momentum transfer
t = —(p} — p1)? replaced by the total incoming energy-

momentum s = —(p; + p,)*:
)
XXX I = 47[a . (C4)
PIP2ZPIPy g gy
For physical momenta p? = p3 = pi2 = p? = —m?, we

have s > 4m?. Thus the pole in the denominator cannot be
reached, so the amplitude is purely real. Much like the
t-channel yy amplitude, the optical theorem is therefore
trivial at this order since ImM = 0 + O(a*).

However, at the next order in perturbation theory O(&*),
we will have unitarity problems. In particular, the ampli-
tude will contain a term given by (C3) but with external
momenta crossed:

XX=XT ~2
= (04
PiP2—P|P) (@)

+at / d*kd* k5 (ky + ky — py — pa)

1 1
x
K2+ p* —ie k3 + p? —ie
o 1 1
(ki = p1)* +m? —ie(p\ —ki)* +u* —ie’

(C5)

This looks almost identical to the part of the yy — yy
amplitude given in (C3), except that the roles of the particle
mass m? and Yukawa scattering parameter x> are switched.
To check unitarity, we can compute the imaginary part of the
forward limit p| — p;, p5 — P, of this amplitude. A classic
result of Cutkosky [89] says that the poles at k? = —u?
combine to form an overall branch cut in the complex
s-plane. The imaginary part of the diagram is computed as
the complex discontinuity across this cut, and is given by
replacing the two factors 1/(x + p? — ie) — ind(x + p?).
That is

ImM% 7 ()
— 25 / &k, &'k,
2E, 2E,,
1

2
5*(ky +ky— py = pa). C6
(pl—k1)2+m2—i€ ( 1+ 2~ D1 pZ) ( )

X

To satisfy the optical theorem, this would have to be given by
something of the form of the right-hand side of (4). But much
like the example of Sec. 11, if the outgoing states are made up
of y and j particles alone, there is simply no set of diagrams
that can satisfy this. In particular, the total elastic yj cross
section is given by
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- 2~4/d3k1d3k2

Oyysyy — —TT"

XX=XX 2Ek1 2Ek2
1

(p1—ki)> +p? —ie

2

X 8 (ky + ky — p1 — pa).

(C7)

While these look similar, note that the masses m?, u>
appearing in the denominators are different. Thus (4) is
not satisfied and we have a unitarity violation.

The solution is the same as before. We recognize that on
the right-hand side of

ImM; = |(X|S|yin) (C8)

we need to add some new states |X). In this case, what we
need to add is the process yy — “2 gravitons”. See Fig. 13.

! N\ 7/ ’
Im | | = fd3k1d3k2 m
| |
( 5( p1 P2
P1 P2
FIG. 13. Forward yjy scattering at second order in the gravi-

tational interaction. The imaginary part of the forward amplitude
has a branch cut singularity, which precisely equals the total cross
section for the process yjy — gravitons.

Inserting the amplitude M,;_,, on the right-hand side of
(C8) makes the equation precisely correct. Unlike the tree-
level example, the sum is not over a single isolated point of
phase space but rather a full integral over all possible

kinematically allowed annihilations to two gravitons.
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