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We study gravitational lensing by a generic extended mass distribution. For that, we consider the
diffraction of electromagnetic waves by an extended, weakly aspherical, gravitating object. We account for
the static gravitational field of such a lens by representing its exterior potential in the most generic form,
expressed via an infinite set of symmetric trace free (STF) tensor multipole mass moments. This yields the
most general form of the gravitational phase shift, which allows for a comprehensive description of the
optical properties of a generic gravitational lens. We found that at each order of the STF moments,
the gravitational phase shift is characterized by only two parameters: a magnitude and a rotation angle that
characterize the corresponding caustics, which form in the point spread function of the lens. Both of these
parameters are uniquely expressed in terms of the transverse-trace free (TT) projections of the multipole
moments on the lens plane. Not only does this result simplify the development of physically consistent
models of realistic lenses, it also drastically reduces the number of required parameters in the ultimate
model. To help with the interpretation of the results, we established the correspondence of the gravitational
phase shift expressed via the TT-projected STF multipole mass moments and its representation via
spherical harmonics. For axisymmetric mass distributions, the new results are consistent with those that we
obtained in previous studies. For arbitrary mass distributions, our results are novel and offer new insight
into gravitational lensing by realistic astrophysical systems. These findings are discussed in the context of
ongoing astrophysical gravitational lensing investigations as well as observations that are planned with the

solar gravitational lens.
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I. INTRODUCTION

Efforts to describe gravitational lensing are often limited
to spherically symmetric gravitational fields, where the
source of the field is a pointlike, structureless monopole.
While this approximation works well in cases of lensing
that involve compact lenses and large impact parameters,
realistic astrophysical lenses are extended objects with
complex structures that are not well approximated by a
point-mass representation. Despite the importance of going
beyond the point-mass approximation (or that of a
Schwarzschild lens), attempts to describe extended gravi-
tational lenses are few in number. They often utilize the
geometric optics approximation, which yields divergent
light amplification at the caustics of the lens. The presence
of caustics, which is a distinguishing feature of extended
lenses, requires a wave-optical treatment. Until recently,
such a treatment was not readily available in the literature.

To address this need, while investigating the solar
gravitational lens (SGL) [1], we developed an approach
to study the optical properties of a generic extended
gravitational lens [2]. We considered the propagation of
a high-frequency electromagnetic (EM) wave in the vicinity
of an extended gravitating body. Using the Mie theory,
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together with the eikonal approximation, we solved the
Maxwell equations on the background of a static gravita-
tional field, while working within the first post-Newtonian
approximation of the general theory of relativity. We
developed a new approach, called the angular eikonal
method, that allows us to study the diffraction pattern
formed in the image plane by EM radiation that passed
through the gravitational field in proximity to an extended
gravitating object.

Our solution is valid for a generic gravitational field. The
field is characterized by an infinite set of multipole
moments. Aiming at the potential practical applications
of the SGL for resolved imaging of faint distant objects
(such as distant exoplanets), we considered, in particular,
axisymmetric gravitational fields, such as the gravitational
field of the Sun. In this case, the Newtonian gravitational
potential is characterized by an infinite set of zonal
harmonics. We observed how these harmonics contribute
to the diffraction pattern of the EM field, modifying the
optical properties of the lens. The presence of gravitational
multipoles results in the formation of caustics in the point-
spread function (PSF) [2,3]. It also affects images formed in
the focal plane of an imaging telescope [4].

© 2022 American Physical Society
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In Refs. [2,5] we found the solution to describe the EM
field in the image plane, divided into various regions of
interest, including the regions of strong and weak inter-
ference and the region of geometric optics. For that, we
studied an optically opaque lens with an arbitrary axially
symmetric mass distribution, such as a large rotating star or
distant, compact spiral and elliptical galaxies. We have
shown that deviations from spherical symmetry in the
gravitational field of the lens are relevant only in the strong
interference region of the lens in close vicinity to its
primary optical axis (a line connecting the center of the
target and that of the lens) (see Fig. 1). Such asphericity
leads to the appearance of caustics of various order in the
PSF of the lens. In the two remaining regions, the optical
properties of the lens are consistent with those of a point
mass [1,6-9]. Hence, to capture the most interesting lensing
behavior by a generic lens, we focus on the strong
interference region.

As we have shown in [2] (see Appendix B therein), the
new angular eikonal method can be extended to describe
lensing by a generic extended lens, with a gravitational
field that is sourced by a mass distribution that is given in
the form of symmetric trace-free (STF) tensor moments.
Representing the gravitational potential of an extended
gravitating body in terms of STF tensors is equivalent to the
spherical harmonics representation. The advantage of using
STF moments is that they allow us to derive the gravita-
tional phase shift in the generic case for arbitrary mass
distributions, thus generalizing our previous results for
axisymmetric bodies. Recognizing the value of such a
major modeling improvement, there is strong motivation
to further develop this approach and demonstrate its value
for practical applications. This is the purpose of our
present paper.

This paper organized as follows: In Sec. II we summarize
the solution for the EM field that was obtained on the
background of a gravitational field with a generic mass
distribution. We also discuss the angular eikonal method
that can be used to study the optical properties of a lens. In
Sec. III we consider lensing by bodies of arbitrary compo-
sition, with their static gravitational fields represented by
STF tensor mass multipole moments. We derive the eikonal
gravitational phase shift and discuss the optical properties
of a generic gravitational lens. We compute results for

several low order moments. In Sec. IV we generalize the
results to describe gravitational lensing using the entire
infinite set of the STF multipole moments. In Sec. V we
discuss results and outline the next steps in our inves-
tigation. To streamline the main text, we moved some
computational details to the appendixes. Appendix A
presents the lowest order STF moments. The correspon-
dence between STF moments and spherical harmonics
is shown in Appendix B. In Appendix C we compute
specific derivatives with respect to the vector impact
parameter. Appendix D introduces the projection operators.
Polarization matrices of the corresponding order are shown
in Appendix E. Finally, the situation of light propagating at
large impact parameter with respect to a quadrupolar lens is
briefly explored in Appendix F.

II. OPTICAL PROPERTIES OF
AN EXTENDED LENS

We consider an isolated extended mass distribution,
acting as a gravitational lens. To characterize the gravita-
tional field of a generic lens, following [1,2], we use a static
harmonic metric in the first post-Newtonian approximation
of the general theory of relativity. The line element for this
metric in lens-centric spherical coordinates (7, 8, ¢), to the
accuracy sufficient to describe light propagation in a weak
gravitational field [10], may be given as

ds*=(1+c2U+O(c™))2c?dr?
— (142U +0O(c™))?(dr* + r*(d6* + sin® 0d¢?)),
(1)

where the Newtonian potential, U, generated by the mass
density p(r) characterizing the source, is given as usual:

p(r)dr

Ur)=G .
(1 —

(2)

We study the propagation of a high-frequency plane EM
wave [i.e., neglecting terms o (kr)~!, where k = 27/ is the
wave number and 4 is the wavelength] in the vicinity of the
lens. The high-frequency approximation was justified and
used in [1,2,8] to allow treatment of the Maxwell equations
on the background of (1) and (2). Defining the object’s
Schwarzschild radius as ry = 2GM/ ¢%, where M is the
object’s mass with 1/r, < 1, and R is the object’s radius with
re/R <1, we assume that the wave is emitted by a point
source that is located at a large distance r(, from the lens, so
rq/To < 1,anditis received in an image plane also located at
a large distance r from the lens, such that r,/r < 1.

A. Notations and lensing geometry

Before summarizing the solution derived in [2], we need
to present the geometry of the problem and introduce our
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basic notations. Following [1,2], we represent the incident
(unperturbed) trajectory of a light ray as

r(t) = ryg+ ke(t = ty) + O(ry). (3)

where K is a unit vector in the incident direction of the light
ray’s propagation path and r, represents the starting point.
Next, we define b = [[k X ry] x K] as the impact parameter
of the unperturbed trajectory of the light ray.

We introduce the parameter 7 = z(¢) along the path of
the light ray (see details in Appendix B in [1]):

1:(k-l‘)=(k‘r0)+c(t_t0>7 (4)

which may be positive or negative. Note that 7 = z when
the z axis of the chosen Cartesian coordinate system is
oriented along the incident direction of the light ray. We can
see that the quantity 7 = rcosa evolves from a negative
value (representing a source at a large distance from the lens,
a ~ 1), through 7 = 0 (the shortest distance from the lens
where a = 7/2), to positive values (with a ~ 0 at the image
plane.) The parameter 7 allows us to rewrite (3) as

r(zr) =b+kz+O(r,), with

(o)l = r(z) = Vb + 7 + O(r,). (5)

We use a lens-centric cylindrical coordinate system
(p,#,z) with its z coordinate oriented along the wave
vector K, a unit vector in the unperturbed direction of
the propagation of the incident wave. We also introduce a
light ray’s impact parameter, b, and coordinates in the
image plane, x, located in the strong interference region at
distance z from the lens. These quantities are given as

k =(0,0,1), (6)
b = b(cos ¢, sinp:,0) = bm, (7)
x = p(cos ¢, sing,0) = pn. (8)

With these definitions, we may now proceed with
summarizing the solution derived in [2].

B. The EM field on the image plane

As the EM wave travels through a gravitational field,
interaction with gravity causes the wave to scatter and
diffract [1]. In Refs. [2,5], while studying the Maxwell
equations on the background space-time (1), we developed
a solution to the Mie problem for the diffraction of the EM
waves on a large gravitating body (1/R < 1, see discussion
in [1,11]) and found the EM field at an image plane located
in any of the optical regions behind the lens (see Fig. 1).

In the cylindrical coordinate system and overall
lensing geometry presented above, within the paraxial

approximation, this EM field on an image plane takes
the following form [2,5]:

()= (%) =Snoe=(20)
H, —E, ) sin ¢
+0(rg.p?/2%), ©)

where E, is the constant amplitude of the field. The
remaining components are small, (E,, H,) « O(p/z).

In its general form, the complex amplitude of the EM
field A(x) from (9) is given as

k1
A(x) = ;Z// Phexpliph.x)],  (10)
where ¢ is the eikonal phase of the EM wave accumulated
as the wave travels on its path from the source to the image
plane. The eikonal phase is a scalar function invariant under
a set of general coordinate transformations. Within the
required approximation, the phase ¢ is found as a solution
to the eikonal equation [12,13]:

gmnam(pan(p =0, (11)

which is a direct consequence of Maxwell’s equations. The
solution of (11) describes the wavefront of an EM wave
propagating in curved spacetime. The solution’s geometric
properties are defined by the metric tensor g,,, from (1).

A solution to (11) is sought by expanding the eikonal ¢
with respect to the gravitational constant G while assuming
that the unperturbed solution is a plane wave (see, for
instance, [14] and references therein). Using the para-
metrization (6)—(8), the result is given as

#(x) = g0+ 3= (b= + o(b) + O(F). (12
where the first term, @y = k(ro + r + x2/2(ry + 1)), is the
phase accumulated by the EM if it were traveled in the
absence of gravity with 1/7 = 1/r + 1/r( (as discussed in
[6]). The second term, k(b — x)?/27, is the extra geometric
path resulted from gravitational lensing, treated within the
thin lens approximation [15].

The last quantity in the phase of this expression is the
gravitational phase shift, ¢(b), that is acquired by the EM
wave as it propagates along its geodetic path from the
source to the image plane on the background of the
gravitational field (1)—(2) with potential, U, from (2) that
has the form (see discussion in [2]):

¢p(b) = 2—]2(/: U(b,7)dr. (13)

c

Note that dependence on 7 in the Newtonian potential
comes from the fact that r = r(b, 7), as given by (5).
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Substituting these results in (10) yields the amplifi-
cation factor of the EM field in the image plane, A(x),
which exhibits the familiar structure of the Fermat
potential [2]:

AN =15 // &b
X X [ik (% (b—x)? + %/ U(b, f’)dr')] :

(14)

The integral of (14) is well known. Within the weak
field and slow motion approximation, it was obtained
previously using different methods and tools. For in-
stance, a similar integral formula for the lensed wave
amplitude was obtained using the scalar theory of light in
[16-19], by using the Fresnel-Kirchhoff diffraction for-
mula [11], and it was also obtained using the path
integral formalism [20,21] in [22,23]. We note that
due to the spherical symmetry of the monopole gravita-
tional field and its conceptual simplicity, the majority of
previous efforts considered primarily the case a point
mass, where the gravitational potential (2) is given only
by the monopole term. Only a handful of authors con-
sidered contributions from a quadrupole mass distribution
(see relevant discussion in [2,3]).

Our solution (9) with A(x) from (14) generalizes
previous results by treating the EM field as a genuine
vector field. It was presented in [2] and allows us to develop
a wave-optical treatment of gravitational lensing, which is
important for practical applications of this phenomenon
[24], relying on conventional tools of wave optics,
e.g., [25].

C. Optical properties of an axisymmetric lens

To explore the solution (9)-(14), in Refs. [2,5], we
considered the case of a lens with arbitrary multipole
structure. We used a form of U representing an axisym-
metric gravitational field of a body (such as the Sun) with
mass M and equatorial radius R, with its external gravi-
tational potential reduced to k = 0 spherical harmonics,
Cyp, and expressed [26,27] in terms of the usual dimen-
sionless zonal harmonic coefficients J, = —Cy:

U(r) = GTM{l - ff;Jf G) fpf (y) } +O(c™)

ol £ ()]
(15)

where P, are the Legendre polynomials [28], and s is the
unit vector along the axis of rotation. Furthermore, in

the case of an axisymmetric gravitational field that also
exhibits “north-south symmetry,” such as the Sun’s, the
expression (15) contains only the £ =2,4,6,8... even
zonal harmonics [26].

To derive the gravitational phase shift ¢(b) present in
(14) [and explicitly shown by (13)], we consider the fact
that the typical distances traveled by the EM wave from the
source to the lens, 7y = (k - ry), and from the lens to the
observer, 7 = (k -r), are much larger than the impact
parameter, namely b/|7y| < 1 and b/|7| < 1. Following
[2], we introduce a unit vector in the direction of the axial
symmetry (i.e., rotation axis), s, given as

s = (sin ff; cos ¢, sin f; sin ¢, cos f3,). (16)

As a result, using the light trajectory parametrization
r =r(b,7) from (5), we obtain the total accumulated
gravitational phase shift ¢(b) that takes the form (see
details in [2]):

2k [+
@(b) = cz/ U(b,7)dr = kr,In4k*rry — 2kr, <ln kb
To

3 o (R finf , (e — . 17
£ E(5) s cosictgs—0)). a7

The first two terms in (17) represent the phase shift due
to the monopole term of the gravitational field of the lens,
while the last term is that due to contributions from the
infinite set of the zonal harmonics, J,.

We recognize that in the case when lensing on a large
optically opaque body is considered, part of the incident
radiation is being absorbed by the body (see discussion of
the fully absorbing boundary conditions, e.g., in [1,2]).
This results in the fact that the radial components of the
impact parameter in the integral (14) varies as b € [R, o[
with R being the characteristic size of the lensing object,
while its angular coordinate varies as ¢, € [0,27].
Furthermore, given the fact that » > R, in the case of a
typical astrophysical body (i.e., star, compact galaxy, etc.),
the magnitude of the logarithmic term in (17) is much larger
than that of the J, term.

These considerations allow us to evaluate the radial
integral in (14) by the method of stationary phase.
As a result, in the case of an axisymmetric lens, the
complex amplitude of the EM field (14) takes the form
(see [2,5]):

A(X) _ /zﬂkrgeiaoeik(ro+r+rgln4k2rr0)Bal(X)’ (18)

where oy = —kr,Inkr,/e —7% is constant, discussed in
[28,29], and B, (x) is the remaining angular integral of
complex amplitude of the EM field for an axisymmetric

lens [2,5] (denoted with a subscript “al”):
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x 2
Balx) = [ dpsexp [—ik(@pcos@g—d))

o Jf( R >'f’ ., )]
) -z — | sin?Bcos|C(p:— )] | |.
rgfzzz 4 V/2rgf :

(19)

Equation (19) is a new diffraction integral formula that was
first reported in [2]. It extends previous wave-theoretical
descriptions of gravitational lensing phenomena to the case
of a lens with an arbitrary axisymmetric structure.

This quantity allows one to compute the point-spread
function (PSF) of an axisymmetric lens in the strong
interference region behind the lens [2,4]:

PSF(x) = [B. (x)*. (20)
The PSF, which represents the impulse-response of the
gravitational lens, is the fundamental expression that is
used in practical models of gravitational lenses, especially
when imaging is concerned [4].

D. Eikonal phase shift for an axisymmetric body

To capture the difference between various Newtonian
potential models, we introduce the multipolar eikonal phase
shift, &, (b, s). This shift is acquired by the EM wave as it
interacts with the extended gravitational field of an axi-
symmetric body in its vicinity. In the majority of practically
important cases, the contribution of the monopole term
within any model of the gravitational potential will result in
the same structure of the first term in the phase of (19). To
quantify the difference between the models, we focus on
the contributions of multipoles to the total gravitational
phase shift that is responsible for the second term in the
phase of (19).

Therefore, the quantity of interest—the eikonal gravita-
tional phase shift, 2&,(b,s)—is obtained by dropping
the monopole term from (17), or by presenting (17) as
@(b) = kryIndk*rro —2kr,Inkb +2&,(b,s), which yields
the following result [2]:

Je

":Eb(bv S) = _krg i? (g) fSinfﬂs cos[f(¢§ - ¢s)]
=2
(21)

This expression and its impact on the optical properties of
an axisymmetric lens was studied extensively in [2—4,30].

Our objective is to generalize this expression to the case
of arbitrary gravitational fields, including fields with no
axial symmetry. Given the fact that contribution of the
monopole term in the potential U(x) in (14) to the phase
delay ¢(b) from (17) will be identical for all cases, the
difference will be due to the form of the potential used to

capture the nonspherical part of the mass distribution. For
this purpose, we explore the use of the STF formalism.

III. LENSING BY BODIES OF ARBITRARY
COMPOSITION

The solution given by (9)—(14) allows us to consider
extended lenses, relying on physically motivated lens
models where the gravitational potential is given in its
most generic form. For practical applications, the potential
U(r) is typically expanded in terms of spherical harmonics:

-9 (155 (8

7=2 k=0
X Py (cos 8)(Czy cos kep + Sy sin k¢)> + O(c™),
(22)

where P, are the associated Legendre polynomials [28],
while Cy and S, are the normalized spherical harmonic
coefficients that characterize nonspherical contributions to
the gravitational field.

Although the form (22) is effective for many applica-
tions in geodesy, it is not technically convenient when we
study light propagation in a gravitational field. In part,
this is due to the fact that integration of the gravitational
potential in (14) is not well defined for potentials of the
form (22). Thus, alternative representations of U(x) are
needed. In [2], we considered the case of axisymmetric
bodies (summarized in Sec. IIC). We now consider a
generic potential in the form of an expansion of U(x)
using STF tensors.

A. Computing the gravitational phase shift
using STF tensors

In [2], we observed that expanding the potential (2) in
terms of STF tensors [31-35] offers a viable alternative to
(22). As was discussed in [31], the scalar gravitational
potential (2) may equivalently be given in the following
form:

d3 / ®©
Ulr)=G |(r _) v T ar---ac)
i 1 L
x ax(al...axacﬂ) (;) + O(C )’ (23)

where r = |r|, M is the post-Newtonian mass of the body,
and 7 (@4 are the normalized STF multipole moments,

defined as
3./
M/d r'p(r

/ay.. ﬂ/>

M= / Prpr), Tl

(24)
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where x(@1--ac) = ylaiyar...yar) = 3L

while the angle
brackets (...) and % denote the STF operator (see
Appendix A, were we present the coordinate combinations
needed to compute the lowest STF moments). Note that in
the static post-Newtonian case we may use the multipole
moments normalized to the mass of the body M. Also,
without loss of generality, we can choose the origin of the
coordinate system at the center of mass of the gravitating
system, allowing us to eliminate the dipole moment 7
from the expansion (23).

Using the identity [36],

85 1 ﬁal...a
<—> = (=1)f(2¢ - )N <rf+lf>, (25)

8x(a1...axaf) r

the potential (23) may be given in the following form:

3
L .
rf+1

U(r) =GM> (27 ;' DY r (26)

>0

The first few terms of (26) or, equivalently, (23), are given as

1 3T ()

U(r) = GM{— + A+ xaxtxexd + O(r‘ﬁ)}- (27)
r

r

This Cartesian multipole expansion of the Newtonian gravitational potential is equivalent to expansion in terms of spherical
harmonics (22) [31-35]. In fact, this expression may be used to establish the correspondence between 7“1 and C,; and
S from (22) (see Appendix B for details on how to establish such correspondence).

To compute the gravitational phase shift, we use U(r) from (23) in the expression for the phase shift ¢(b) in (17):

_Zk ! / I _ S <_1)f (ay...ap) ! o 1 /
fﬂ(b)—zl0 U(b,)dr —krg; i T ’ TOW . dr'. (28)

C

With the definitions for r from (5), we may generalize the expression for a gradient V by relating it to the derivatives
parallel to k and perpendicular to it, b, namely V= V+ + VI =V, + kd/dr + O(r,) and write

4 < > a £ . s O
7@x<”1“'8x“f’> Vi yar) = Zoip!(f—p)!k<a‘“'kapaal"ln'aaf> 78’1"” + (’)(rg), (29)
p:

where we use a new shorthand notation 3a = 0/0b", with the hatted notation indicating differentiation that is carried out in
two dimensions only, with respect to the two nonzero components of the impact parameter (see also Appendix C), and 7 is
defined by (4).

With this representation (29), we can compute the relevant integral [where from (5) we have r = v/b* + 7]

4 1 a £ . . T P 1
— - )dd = ———kyy .- kg Oy ...0 — | ——=— ) d7. 30
- ax(a,...axaf> (r) T ZP!(?{—P)! (ay ap " ap+i as) [Q or'rP < /b2 +T/2> T ( )

p=0

Using (4) and (5), we evaluate the integral over 7’ in (30) by taking into account the fact that 7 changes the sign after
passing through 7 = 0, being negative for 7 to 0 and positive from 0 to z:

cod? (VPP 4t Vb? + 15+ |70
—In NI A LA (31)
. b2+T/2 b b

where we employed the useful relations

VP + 2+ 0V +2—1)=b* and (\/b2+13+10)(\/b2+1(2)—10):bz. (32)

024022-6



MULTIPOLE DECOMPOSITION OF GRAVITATIONAL LENSING

PHYS. REV. D 105, 024022 (2022)

As a result, (30) takes the form

T o¢
, Bxa gy

1 A A Vb2 + 12 )
(;) dr = 0y, ...&m{ln <$) +In <b+++|70|)}

or-! 1

+iLk k, D, .0 {6p_1 L, } (33)
2 pi(e = pyr K K Oa \ Gt i m T o Al

where we accounted for the fact that = changes sign at 7 = 0.
As a result, the gravitational phase shift (28) takes the most general form:

¢(b) = krg Z (_;'

£=0
p=1

In the case of gravitational lensing, the typical distances
involved are much larger than the impact parameter,
b/r< 1, and also b/ry <1, allowing us to simplify

expression (34). For that, we observe that b/vb> + 7% =

b/r<1, b/\/b*+t5=b/ry< 1, and also (k-r)=~r,
(k -rg) = —rp, thus the following approximations are
valid:

In(k(v/'b> + 7> + 7)) =In[k(r + (k - 1))] ~In2kr,

ln<k(\/b2 24 |TO|)) = Infk(ro + |(k - 7o)|)] = In 2kr.

(35)
!

p(b) = kr,Indk>rry — 2kr, (ln kb+>
=2

122 )
w){aml _._3W){1n (W) +1In (b+++|70|)}

or-! 1

3
) T(a]..
£ A
+ Zip!(&ﬂ_p)!k@]...kapaapﬂ...aaﬁ{

or-t 1 }}
+ . 34
ot~ \/pr 4 2 876’_] Vb + 7 (34)

|
We also observe that any derivatives in (34) with res-
pect to b% would result in expressions that are at most
of O(b/r*) or O(b/r}), which are small and may be
neglected. We also realize that any (p — 1)th derivative,
either with respect to = or 7y, applied to the second term
in (34), would result in producing terms of O(1/r?) or
O(1/rf), which are also small and may be neglected. These
considerations allow us to greatly simplify (33):

T i 1 R R
————— (= |dd' = -20,,,...0,, Inkb,  (36)

@ Ox\@-9x%) \r

and also the gravitational eikonal phase shift (34) that may
now be given as

N

1) N
( f!) Tl 9, .0y, lnkb> + O(r2). (37)

Similarly to the case of (18)—(19), we substitute result (37) into (14) and compute the integral with respect to the radial
variable b, relying on the method of stationary phase while considering that the monopole term is dominant in the regions of
interest (as we did in [2]). As aresult, in the case of an extended lens with arbitrary mass distribution, the complex amplitude

of the EM field B(x) from (18) takes the form

1 [2= 2 -1)¢ A A
B(x) :MA dg exp [—ik(\/—?pcos(g{)é—gb) +2rgz( f!) ’T<“"““f>(8<al...8a[> lnkb)b\/m)]. (38)

We can use this result to derive the eikonal phase for any
of the terms in the Newtonian potential (26) and present in
(37) and (38).

Similarly to (21), we isolate the contribution of the STF
multipole moments to the total phase shift ¢(b) in (37).
This allows us to present the eikonal phase shift &,(b),
expressed via the STF multipole moments, as

o0
=2

A

0 -1 £ .
éb(b):—krgz(ﬂ) T4, .0
=2 .

Inkb + O(r2),

ar)
(39)

which is the generalization of the eikonal phase shift (21).
Note that, as opposed to (21), expression (39) is given for a
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lensing object that is characterized by an arbitrary mass
distribution. This is a key result. Together with (38), it
allows us to describe gravitational lensing by the most
general compact mass distribution.

B. Gravitational phase shift for the
lowest STF moments

To demonstrate the practical utility of our results, we
now compute several low-order terms in (39), for £ = 2,
3, 4. In Appendix C, we compute the corresponding
derivatives with respect to the vector impact parameter,
which are present in (39). Below, we present the results
for the eikonal phase shift for the quadrupole (¢ = 2),
octupole (Z = 3), and hexadecapole (# = 4) STF multipole
moments.

1. Quadrupole moment

With the expression for 3§b In kb from (C4), we present

the result for the eikonal phase 55](b) characterizing the
contribution from the quadrupole (i.e., £ = 2) STF mass
moment, 7 (4):

1
2 a a a a
Pp) = kry sy T @mem? + kK> —5). (40)
where m® = b*/b is the ath component of the unit vector
in the direction of the impact parameter, see (7). Note that
the expression in parentheses in (40), which came from the

derivatives 3<ab> In kb, is already in STF form. It acts on the

STF mass quadrupole moment 7 (“?), projecting the quad-
rupole moment onto the plane perpendicular to k.

We parametrize the vectors k, m using (6), (7) and
present (40):

1 .
551 (b) = k”‘gﬁ ((Tll — 722) COS 2¢§ + 27]2 Sin 2¢§),
(41)

where the form of the quadrupole STF mass moment is kept
in its generic form.

The rank-2 STF tensor 7 (“?) in three dimensions has five
independent components. Examining (41), we see that
when the distances ry and r are large (i.e., the thin lens
approximation), the eikonal phase shift is given only by its
transverse part, which depends on the combination of three
independent components of the quadrupole moment tensor.
The remaining two components, 7 3 and 7,3, are present
only in the longitudinal part of the phase shift (i.e., in the
direction parallel to k, as opposed to the transverse
components that are in the direction perpendicular to k,
see Sec. IVA), hence they are not seen in lensing
observations. This is due to the fact that in (40) the
quadrupole STF mass moment 7 is multiplied by

2mm® + k?kP — 5), which is a projection operator onto
the plane of the impact parameter. Therefore, we observe
only transverse components of 7“); effects due to
longitudinal components are suppressed. As we demon-
strate below, this behavior also characterizes higher-rank
STF multipole tensors: in (39) only the transverse parts of
these tensors contribute to lensing observations for higher
values of 7.

In the case when distances are of the same order of
magnitude, b ~ r ~ ry, the result for ¢(b) takes a more
complicated form that depends on all the components
of the 7T(®)  both transverse and longitudinal. In
Appendix F, we derive the form of the eikonal phase
shift for such cases, to show that although the expression
formally depends on all the components of the STF
quadrupole moment, the longitudinal components are
strongly suppressed by various powers of b/r, b/ry,
which in the case of astrophysical lenses are negligibly
small, b/r < 1, b/rqg < 1. This justifies the approxima-
tion that we use to derive (37).

To further analyze (41), we introduce two quantities:

0, = \/(711 —T5)* +4T1,,

T,-Typ
cos2¢py = —————=,
$> 0,
2T
sin2¢p, = —12 (42)
0,
and present (41) in a much simpler form:
2y . D2
&y (b) = kry =5 cos[2(ds — ¢ha)). (43)

92b2

We can see that the contribution of the quadrupole STF
moment 7} is reduced to just two parameters: the
magnitude Q, and the phase ¢, that determine the size
and the rotation angle of the quadrupole caustic formed in
the PSF of a lens (see [2,3] for details).

There is a connection between 7 “?) in (26) and the
spherical harmonics present in (22) (see the derivation
given in Appendix B):

1
T, = (_§C20 + 2C22> R, T, =25nR?,
1 ) 2
Tp=|-3C0-20n )R, Ti5=-CyR%,
2 ) 2
T33 = gCQOR s T23 = _S21R . (44)

Consistent with the vanishing trace of 7 ,,, only five of
these terms are independent. Using these quantities we
compute (42):
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C22
0, = 4R%,/C%, + S2,. oS 2¢p = ———,
2 22 22 2 m
S22
VEC, + 5%

which can be used to express (43) as

2
&0) = kr, 2\ [+ S cos2(ge — ). (46)

Considering the case of an axisymmetric body, we
remember that 7 (*?) is given as

sin2¢, = (45)

1
Tl = —MJ,R? (s“sb - 55(”9) , (47)

where s is the vector of rotational axis given by (16). Using
this expression, the result (41) reduces to

R2

2
b (b) 2b2

kgl 5 sin?fy cos (s — )], (48)

1

E](b) = kry——=T'%) (8mmbm¢ — 2m® (5>

96b3

_ kbkc)

which is identical to the # = 2 zonal harmonic term in the
case of an axisymmetric mass distribution (21), which
was studied in [2,3,30]. This correspondence shows the
utility of the STF moments describing light propagation
in the vicinity of a gravitating object with arbitrary mass
distribution.

Comparing expressions (46) and (48), we see that
they have nearly identical structure. However, (46) was
derived using the potential (22), with spherical harmonic
coefficients defined in a coordinate system with arbitrary
orientation with respect to k. As we see below, similar results
can be obtained for # > 2 due to the fact that (46) contains
only the projection of the multipole moments on the plane
transverse to k. By choosing the axis of rotation for each ¢,
the remaining freedom is now fixed yielding (48).

2. Octupole moment

Setting Z = 3 in (39), we use the result for &y In kb from
(C5) and derive the eikonal phase shift, .ff] (b), introduced
by the octupole STF moment, 7 @<}, which is given as

—2mP (5% — kK<) — 2mC (5% — kak?)). (49)

Once again we observe that the expression in parentheses in (49) that came from 3<abc> In kb is already STF. It acts on the
quantity 7 (“*¢), also an STF tensor. As we shall see in Sec. IV A, this results in a transverse traceless (TT) projection of

T (<) onto the plane of the impact parameter that is perpendicular to k.
Again using the parametrization for the vectors k, m given in (6), (7), we present (49) as

(3] _
b (b) - k}"g 6b3

1 .
—= (2(7 111 =37 122) 08 3¢ps + 2(37 115 — T 5pp) sin 3¢he). (50)

Similarly to the case of the quadrupole moment, we introduce two quantities:

2(7T 4 =37 2037 11, =T
QO3 = 2\/(7—111 —3T12)* + (3T 12— Tapp)?, cos3¢hs = —(IHQ—3122), sin3¢3 = — ( 112Q? 222), (51)
and present (50) in a much simplified form:
Bl(h) — Q05
é:/; (b) - _qu 6[93 COS[ (¢§ - ¢3)] (52)

We observe that, yet again, the effect of the STF octupole moment 7 (“*¢) is reduced to only two parameters: the scale O
and the phase ¢, which determine the size and rotation angle of the caustic formed by the STF octupole contribution to

the PSF.

In Appendix B, we present the correspondence between 7 (“*¢) from (26) and the spherical harmonics from (22):

5

1

(9]

3
T = (‘ Csi — 6C33>R3, Tin= ( S31 — 6533)R3, T3 = <——C30 + 2C32>R3,

—_

1
Tip= < Cs + 6C33>R3, Top = ( S31 + 6533)R3’ T = <—C30 - 2C32> R,

5

4
T 123 = 28R, T35 = —§C31R37

7233 ==

5

2
SR, T 333 = 2 C3oR’. (53)

4
5 5
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It is easy to check that the rank-3 STF tensor 7,y has seven independent components; the values of the remaining 20
components are determined by its symmetries and vanishing trace.
Using these quantities we compute (51)

Cs3 . S33
Q5 = 48R3/ C3, + 5%, cos3py = —— sin3¢y = —— | (54)
’ S LG+, VG,

that transforms (52) as

8R3
& (b) = ~kry= 1/ Cy + S3 cos[3(d; = ¢3)] (55)

Also, we know that in the axisymmetric case, 7 (abe) has the form

1 1 1
Tlabe) = —MJ, Rg{s sPs¢ —Sﬁabsc —géacsb —gﬁbcs”}. (56)
With this, using the parametrization (16), expression (50) reduces to
3 R
&y (b) = —kr,J; 3sm3ﬁs cos[3(¢: — ¢s)]. (57)

3b

which is identical to the term with # = 3 in (21), studied in [2,3]. Similarly to the quadrupole case, expressions (55) and (57)
are formally identical.

3. Hexadecapole moment

In the case when Z = 4, we use the result for 8'3;75(1 In kb from (C6) and derive the eikonal phase shift, .ff] (b), introduced

(abed)

by the hexadecapole STF moment, 7° , which has the form

1 1
[b4] (b) q4_b47'<abcd>{8mambmcmd -+ g (5[35 _ kbkc)(éad _ kakd) + g(5510 _ kakc)(ﬁbd _ kbkd)
1 4
+§(5ab _ kakb)(écd _ kckd) _g(mamb(é‘cd _ kckd) + mamc(ébd _ kbkd) + mamd(ébc _ kbkc)
+ m?me (6 — k“k?) + mPm? (59 — k*k) + m m (5" — k“k”))}. (58)

Similarly to the cases of the quadrupole and octopole considered earlier, the expression in parentheses in (58) that came

from & (abedy INkD 1s in an STF form. It acts on the quantity Ttebed) that is an STF tensor. This again results in the TT

projection of 7 {*¢4) onto the plane of the impact parameter that is perpendicular to k.

Again, using parametrizations for vectors k, m, from (6), (7), we present (58) as

5;7 ( )= q4b4 {(T 1111 + T o0 — 6T 1122) cos 4 + 4(T 1112 = T 1222) sin 44155}- (59)
Introducing the two quantities
0, = 6\/(7’1111 + T op00 = 6T 1122)* + 16(T 1115 = T 100, (60)

6(7 1111 + 7T o000 — 67 1122)
on

6(4(T 1112 =T 1222))
Oy

cosdpy = , sind¢, = , (61)

we present (59) in a much simplified form:
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) = kr, 2

994p* COS[4(¢§ - ¢4>] (62)

Once again, the hexadecapole moment 7(*°?) is reduced to only two parameters, Q4 and ¢,, representing the two
degrees of freedom available in the impact parameter plane.

Following the method outlined in Appendix B, we can establish a correspondence between 7?9 from (26) and the

spherical harmonics present in (22):

3
T = < Cyo — C42 + 24C44) R*, Tom = (

4 12

12
— SR,

7—1233 = 7

3
35

6 3 60
7542 + 24544> R*, T = <— Cy — —C43>R4» Ty = <—S41 +

71122 (35 C40 - 24'C44> s TIIZ3 = <7 S41 - _S43> s 71133 = <__C40 + = C42) ’
8

T 333 = -3 CyuR*,

Cyo + C42 + 24C44> )

3 @S43>R47

35 7

6 60
35 Cyo —7C42> R, T = (‘7542 - 24S44)R4, Tin3 = ( Cy +— C43) ,

4 4
T2333 = _?S41R4' (63)

As these quantities are components of an STF tensor, out of the 15 terms 7 (*?) in (63), only 9 are independent.

Using these quantities we compute (61):

0, = 1152R*/C2, + $2,.

and transform (62) as

cosdgp, =

VCiy + S5,

Cu Sua

sindegpy = ——e— |
VCiy + 53

(64)

48R*
E‘](b) = kr, X \/ C4214 + S44 cos[4 (Cbg — 4] (65)

In the axisymmetric case, we can calculate the STF moment 7" abed gq

T(abcd) _ _MJ4R4{Sasbscsd_;(sa

1
Jrg(éabéc‘i+5a05bd+6ad5bc)}.

With this form of 7 (@»¢d),
expression (59) reduces to

using the parametrization (16),

R4
4b4 Sln4ﬂs 005[4(¢5 - ¢s)]’ (67)

which is identical to the term with £ = 4 in expression (21)
that was discussed in [2,3].

Once again, we see that the two forms of the gravita-
tional phase shift (65) and (67) are formally identical.

E](b) —krgly——

IV. LENSING WITH A GENERIC
GRAVITATIONAL LENS

As we saw in Sec. III B, even at the £ = 4 representing
the hexadecapole moment, the gravitational phase shift is

sb50d+sasc(3bd+sasd5bc +sbs05ad+sbsd5ac +SCSd5ab)

(66)

|
represented by a familiar expression that is determined
by only two parameters: a magnitude and a rotation angle.
This is because the quantity 3@1...5%) Inkb in (39)
behaves as the transverse projection operator, thus pro-
jecting the STF moment of the appropriate order onto
the plane of the impact parameter, i.e., the lens plane.
Therefore, the product of 7 (% "'“f>5<al "'éaﬁ In kb, in (39),
may be generalized and given as

Tl0a0)d),, .0, Inkb = (- 1)f+‘§§cos[ (he — d¢)].
(68)

where Q, and ¢, are the magnitude and the rotation angle
that are computed or estimated for each order ¢ of the STF
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multiple moments from their subset projected on the plane
of the impact parameter.

A. Generalized expression for the gravitational
phase shift

In Appendix D, we compute the derivatives of the
3@,...” o Inkb, (D9)—(D11). Each derivative Inkb with
respect to the vector impact parameter produces an appro-
priate TT projection operator that is multiplied by various
powers of m“ and Kronecker delta. (An interesting obser-
vation is that these expressions are STF in two dimensions,
but not STF in three dimensions.) In fact, the following
expressions are valid:

A

2 .
D20 apy Inkb = — [’T’ﬂﬂﬁm’mh (69)

A

TP ypey kb = [T uk>]TT%mimfm", (70)

mim/mkm!,  (71)

T (abed) 5 (abed) Inkb = _[T<ijkl)]TT2'_§
where the quantities [7(“1-+)]TT are the transverse trace-
less (TT) projections of the STF multipole moments onto
the plane of the impact parameter, perpendicular to k.

Considering the structure of the derivatives 3<a 1..ap) INkD,
we can see that this behavior persists at each order 7, yielding
a corresponding TT projection operator. Therefore, based on

these considerations, expressions 7 <”1"'”t’>3<almat,> In kb

may be generalized to arbitrary order:

N

Tl00,, o) Inkb

20 = 2)I!

— (_l)fﬂ ( = [T(al...,u

NTmarme. (72)

Next, examining the structure of the TT-projected STF
multipole moments, [7(“1-@)]TT we see that at each order
they are given by distinct combinations:

[T(u,....af>]T U;rl af+thX (73)

ag»
where 7/ and ¢ are the components of the [7 (@1a)]TT
tensor and UJ, . and Uy . are the two orthogonal basis
vectors for each order (similar to the two polarizations that
exist in the quadrupole formalism of generating gravita-
tional waves [31], which usually is done only at the £ = 2

level). The lowest order ¢} and 1} are given as

(T =Ty). ty =T, (74)

l\)l'—

h= BT —Tom). (75

1
2 (T =3T 1), &

-IM'—

1 1
’I:g(Tml +T 200 =67 1122), 1} 25(71112_71222)'

(76)
Concerning the STF basis vectors U;, . and U . .
they represent the Z-times rotation operators in the two-
dimensional plane perpendicular to k. For convenience,
explicit structure of U, and Uy, forZ € {2,3,4},is
given in Appendix E. One can verify that for the para-
metrization (6)—(7), the following important relations exist:

U:{l,._afmal...maf :cos[fqﬁg], UX qm

4

m® =sin[£¢pe].
(17)

Thus, the basis vectors are the rotation generators that, in
combination with the unit vectors m, act as the Chebychev
polynomials [28], rotating the products (77) by the angle
Z¢: in two orthogonal directions. Note that a similar result
was obtained in [37] by integrating the nonlinear geodesic
deviation equation and generalizing the result to a sum over
independent amplification tensors of increasing rank, thus
validating our approach.

With the important property (77), from (73) we derive
another useful expression:

[T {arar)|Thparmac = ¢ cos[Cepe] + £5 sin[€pe]

_ \/ﬁcos[f((ﬁg be));

(78)
where the angle ¢, is determined from
t ts
cos|[Coy] = £ sin[Z¢,] = ‘ (79)

+2 2 +2 X2
\1,0 1 A+t

As a result, the gravitational eikonal phase shift (39)
takes the following compact form:

(22 -2)!
:krgZ i eosle (e - )
o). (80)

We observe that at each order, the gravitational phase
shift is determined by only the 2 degrees of freedom of the
corresponding TT-projected STF multipole moment, ¢ and
t;. The structure of the result (80) is very familiar to us
from [2], where we studied the case of lenses with an
axisymmetric matter distribution. What is surprising is the
fact that even an arbitrary lens exhibits the same structure
seen in (21). The difference is that at each STF order, 7,
the amplitude and the angle of (79)—(80) is set by only two
TT-projected STF mass multipole moments, ¢} and £}.

[\.)

LSS
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B. Relation to spherical harmonics

Using the correspondence between the STF mass
moments at various orders and the spherical harmonic
coefficients, given by (44), (53), and (63), correspondingly,
we have the following relationships:

t; - (—l)ff!chﬂRf, t; - (—l)ff!SfbﬂRf. (84)

As a result, (78)—(79) transforms as

[Taran ] T parpac = £\R?\ | C2, + S%,c08 (€ (e — by )]

85
13 =2CpR?%, 5 =285,R?, (81) (85)
where
[+ == —6C33R3, t; - _6S33R3’ (82)
’ _ (=1)C : _ (=) S
cos[lpy| = ———=. sin[¢e| =
2 2
1 =24CuRY, 1 = 24S,R". (83) Cor +Ser Cer+ See
(86)
Again, one may generalize these expressions to arbitrary
order, yielding Ultimately, we express (72) as
A R\ ¢
T<“l~-af>8<almaf> Inkb = (=1)7+1£1(2¢ = 2)!! (E) \/ C%, + 82, cos[t(de — dr)).- (87)

With this result, the gravitational phase shift (39) takes the form

&y(b) = kr, i(zf -2 (g)f, [C2, + 82, coslt(pe — )] + O(r2). (88)
=2

This is an important conclusion as it significantly
simplifies the modeling of generic compact astrophysical
lenses, including stars as well as distant and compact spiral
and elliptic galaxies. The parameters C,, and S,, are very
natural, and may be used to study arbitrary matter dis-
tributions. If these parameters are known, the task of
developing physically justified models for the correspond-
ing lenses may be significantly simplified.

C. Generalized expression for light deflection

Using (37), we identify the total gravitational phase shift,
¢(b), acquired by the EM wave as it travels through the
gravitational field of the extended lens. This is a generali-
zation of the classic Shapiro time delay to the case of an
extended gravitational lens with arbitrary mass distribution.
This delay corresponds to the total gravitational deflection
angle acquired by a light ray or, equivalently, rotation of
the wavefront of the EM wave. Using the expression (5) for
|

the radius vector of the EM wave, together with b given
by (16), we compute this angle as

0, = —k'Vo(b)

. 1f . Op() Op(b) . Ip(b)
__kl{eh ob % bog, T o } (89)

where the basis vector e,, is the unit vector in the direction
of the vector impact parameter b and e,_is the unit vector

in the azimuthal direction and is orthogonal to b and k.
Clearly, in the case of a compact lens [i.e., neglecting the
terms b/r and b/ry in (34)] delay, computed from (37),
does not depend on z, thus the last derivative in (89) results
in 0.

With these considerations in mind, we compute the
vector of the total angle of the gravitational deflection of
light as the light ray passes in the vicinity of an extended
gravitational lens with arbitrary mass distribution:

© ¢
0,="2r E+Z(_1) Tload (e, 0 e, O Oay---Oayy Inkb 5. (90)
A ) £! b P bog)

=2

The first term in (90) is the Einstein deflection angle in the gravity field of a spherically symmetric matter distribution
(i.e., in the presence of a monopole or point mass). The second term with 7 (¢1--4) describes the effect of the multipole STF
moments as a sum of (i) an additional deflection toward or away from the optical axis (the line parallel to the incoming ray
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of light that intersects the lens at the center), and (ii) a deflection away from the plane defined by the incoming ray and the

center of the lens.

As we discussed in this document, the product of 7 <“1“'“f>@<u] .0

In kb, present in (90), may be given by (68) with

as)

Q. and ¢, being the magnitude and the rotation angle computed for each order  of the STF multipole moment, projected
onto the plane of the impact parameter. Using the result (68) in (90), we have

0, =%+ 3 (i VI + e coes = )+ e sl = ) o1)
2

We note that the axisymmetric case with delay com-
puted with the help of the corresponding phase shift (17)
was considered in [2]. The result given by (91) is new.
It describes the three-dimensional deflection of light
in the presence of an arbitrary gravitational field of an
extended lens.

We recall that (37) was obtained from (34) under the
conditions b/ry < 1 and b/r < 1. As a result, we are not
sensitive to the longitudinal components of the gravita-
tional field expressed via the STF multipole moments. In
the case when b/ry ~ 1 and b/r ~ 1, the phase shift (34)
contains all the components of the STF moments. In
Appendix F, we consider this for the quadrupole case,
¢ = 2. However, lensing geometries where the lens-centric

|

@(b) = kr,In4k>rro — 2kr, (ln kb=
=2

Substituting this expression in (14), we get

ir2r

®_ (2 = 2)I!
£1b°

|

distances to the emitter and observer are comparable to
the size of the lens itself are rare. These mostly concern
light propagation to and from interplanetary spacecraft
within the Solar System. For these few cases, the
expressions given in Appendix F will be sufficient.
However in the case of a generic lensing situation,
expression (91) represents the most comprehensive treat-
ment for the gravitational deflection of light by extended
gravitating bodies.

D. Optical properties of a generic lens

Using the gravitational eikonal phase shift given (37), we
can express (80) as

\/ 1t 24 152 cos[t (e — (j)f)}) + O(rg). (92)

k1 1
A(X) = elkr ]n4k2rr0 ﬂ de exXp |:lk (? (b - X)2
r

i et 00) )| (93)

®_ (24 —2)I!
—2rg(lnkb—;W

As we can see, A(X) is a rather complicated function of the impact parameter b(b, ¢:). In general, this integral must be
evaluated numerically. However, there are two important observations: (i) Even for complicated mass distributions, the
contribution of the higher multipole moments of order # is suppressed by 1/b%. In fact, at some distance from the lens, its
lensing potential becomes indistinguishable from that of a monopole. (ii) In the case of a weakly aspherical lens, multipole
moments are small, making it possible to evaluate (93) using the method of stationary phase with respect to the radial
variable, b, as we did in [2,5].

Accordingly, if we evaluate the radial integral in (93) using the method of stationary phase (see [1,2,5]), the amplification
factor (93) takes the form

A(x) = \/er_kr;ei”Oeik(ro+’+fy n4krr0) B (x), (94)

where B(x) is the generalized complex amplitude of the EM field in case of an arbitrary, weakly aspherical lens:

B(x) = %AM dg; exp {—ik(\/@p cos(¢e — p) — 2r, i% \/ 157+ 52 cos[t (e — ¢f)]>} . (95)

=2
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Equation (95) is a new diffraction integral that extends
previous wave-theoretical descriptions of gravitational
lensing to the case of a lens with arbitrary structure.
Note that instead of (80), we could use (88) to obtain an
expression identical to (95) but expressed in terms of
spherical harmonics coefficients. The results are equivalent.

The corresponding PSF of the generic lens [2], similarly
to (20), is given as

PSF(x) = |B(x)/|>. (96)
This PSF can be used for the practical modeling of
gravitational lenses, especially for imaging of faint
sources [4].

Finally, to study imaging with an extended lens, we must
consider the EM field as it is seen through an imaging
telescope. To do this, we treat the imaging telescope as a
thin lens and perform a Fourier transform of the EM field
(15) characterized by the complex amplitude B(x), as given

[ @’@3‘”)

[ ) ( |21,
x exp | —ik( \/—Zpcos(¢

A(x, x;)

by (38). For that, we introduce x;, representing a point on
the focal plane of the optical telescope:

{x;} = (%151, 0) = p;(cos ¢;, sin ;. 0). (97)

Following [4], we use the expression for the Poynting
vector carried by an EM wave in a vacuum in a flat
spacetime and observed on the focal plane of an imaging
telescope, So(x,X;). Then, we obtain the amplification
factor u(x, x;) of the optical system consisting of the SGL
and the imaging telescope (i.e., the convolution of the PSF
of the SGL with that of an optical telescope), that in the
case of a generic axisymmetric lens takes the form

I1(x,x;) = |A(x, x;)|?,

where /(x, x;) is the intensity distribution corresponding to
the image of a point source as seen by the imaging telescope
(see details in [4]) and A(x, X;) is the normalized Fourier
transform of the complex amplitude B(x) from (95):

(98)

=2,y i esle = ge)) | 69

with d being the telescope’s aperture and u(¢;, ¢;) is given by

Ul i) = \J o + 2ap, cos( — ) + . where @ = ky[ =

with a and #; characterizing the spatial frequencies of the
SGL PSF and its caustic region, while f is the imaging
telescope’s focal length.

Using the intensity of light observed in the image plane,
I(x,x;), given by (98) with A(x,x;) from (99) we can
study imaging with an extended gravitational lens that has a
generic internal structure and mass distribution.

Expressions (96) and (98) are the PSF of the extended lens
and the intensity of light observed at the image sensor of an
imaging telescope. Their optical properties are guided by
(95) and (99), correspondingly. The structure of these
expressions is similar to those studied in [2,4,5] where we
studied lensing by axisymmetric mass distributions. The
primary difference is the fact that expressions (95) and (99)
do not have the same rotational axis at each order. In fact, the
angle ¢, is different for each STF order, as shown in (79) or
(86), and is set by the unique set of the TT-projected STF
multipole mass moments. Based on our prior research [2], we
know that at each order £ the PSF will exhibit a unique
caustic [3] with the cusps yielding bright images to be
observed by the telescope [4]. This result allows for phy-
sically consistent modeling of realistic gravitational lenses.

(100)

V. DISCUSSION AND CONCLUSIONS

In this paper, we studied the optical properties of
gravitational lenses with generic mass distributions. To
characterize the static external gravitational field produced
by such objects, we used the STF tensor representation of
the mass multipole moments. Through this route, we were
able to obtain the most general solution for the gravitational
phase shift, which is the key concept used to characterize
the diffraction of light in a gravitational field. This allowed us
to develop a wave-optical treatment of gravitational lenses
with arbitrary structure and internal mass distribution. In
Ref. [38] we considered the STF multipole moments for
several well-known solids possessing uniform density dis-
tribution and show how they may be practically computed
and used to study gravitational lensing phenomena.

Our results were obtained taking into account that in
gravitational lensing, the Schwarzschild radius of the lens,
rg» is many orders of magnitude smaller than the typical
distances involved, r, < r, ry. Furthermore, as was shown
in [1,2,8], the highest amplification is achieved in the case
when the light ray’s impact parameter, b, is of the order of
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the physical dimensions of a compact lensing object, R, that
is also much smaller than the typical distances, R < r, ry.
The resulting conditions on the impact parameter, b/r < 1
and also b/ry < 1, make our approximation well justified
for astrophysical lenses. As a result, we demonstrated that
the STF form is very useful for practical lensing systems.

The Cartesian STF tensor mass multipole moments are
very useful. Although the information about a mass
distribution that they possess is identical to that captured
by spherical harmonics, the STF representation of a
gravitational potential offers technical advantages for
problems dealing with light propagation in a weak gravi-
tational field. These advantages relate to the fact that the
gravitational eikonal equation may now be integrated to
any desired order.

We found that at each STF order the gravitational
phase shift is fully described by the components of the
TT-projected STF tensor moments, as shown by (72),
which depends only on two parameters 7/ and 7}, as
given by (80) with (79). These combinations of the STF
moments are directly related to the C,, and S,, spherical
harmonics, as in (88) with (86). If either {r},} or
{Css,S;r} are known or otherwise determined from
observations, computation of the PSF is straightforward
and is given by a double integral (93). Although this
integral expression can be rapidly oscillating, there are
regimes where semianalytical treatments are possible.
Such conditions are realized in the case of impact
parameters significantly larger than the physical extent
of the lens or when the lens may be treated as weakly
aspherical. In these cases, the contributions of the multi-
pole mass moments diminish as 1/b” allowing for an
iterative solution with the method of stationary phase. As
a result, (93) may be reduced to a single integral (95)
with finite integration limits. Similarly, the intensity of
light seen at the image sensor of an imaging telescope is
governed by a similar integral, as in (99). The resulting
integral is manageable with a modest computational cost.

It is quite remarkable that at each multipolar order, only
two parameters are required to describe the effect of an
extended lens. This is simpler than expected and it applies
even to objects without any symmetries. Although, it is

|

1
rzﬁab = STFa;,(x“xb) = xaxb — §r25ab’

1
Phgpe = STF 0 (x9xPx¢) = xxPx¢ — 5 r2 (89 x¢ + 8% x4 + 5°xP).

P Raped = STF ypoa(x0xPx¢x?) = x2xPx¢x?

2

_%(xaxbécd+xaxc5bd+xuxd5bc_|_xbx05ad_|_xhxd5uc +xcxd5ab)+35

common to account only for the sky plane components of
the lensing potential (hence the use of the plane lens
approximation, e.g., [15]), we were able to derive this
conclusion rigorously from the first principles. One con-
sequence is that observations from a single vantage point
are limited only to two combinations of the TT-projected
STF tensor moments of a gravity field, thus precluding
reconstruction of the full three-dimensional structure of
the mass distribution that is the source of that field (see
discussion in [38]). To overcome this limitation, the
observing position needs to change. The larger the sepa-
ration between observing positions, the higher the sensi-
tivity to the effects due to the three-dimensional structure of
an extended mass distribution. We consider this conclusion
to be quite fundamental for astronomy.

The new approach presented here is applicable to all
weakly aspherical, compact lenses in all lensing regimes
(one can demonstrate this by using the approach shown in
[5]). Advantages of our approach arise from the fact that we
can now describe lensing by any such mass distribution
using physically justified lens models. These results are
new and may be used to study gravitational lensing with a
wide range of realistic astrophysical systems, including
the SGL.
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APPENDIX A: COORDINATE COMBINATIONS
FOR THE LOWEST STF MOMENTS

We define the moments a usual:
ML = /dSr’p(r’)x’L, where L € [1,7]. (A1)

The coordinate combinations needed to compute the
lowest Cartesian STF multipole moments [36] are

—(

éubécd + 5u05bd + 5ud5bc)_ (A4)
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APPENDIX B: CORRESPONDENCE BETWEEN THE STF MASS MOMENTS
AND SPHERICAL HARMONICS

To derive the relations between the Cartesian and spherical quadrupole (Z = 2) moments explicitly, we can express the
spherical harmonics in terms of Cartesian coordinates. For that we use (22) and write

G . .
UPl(r) = p (P29Co0 + P31 (Cay cos @ + Sy singh) + Pry(Cap €08 2¢p + Sy sin2¢h)).

(B1)

Using a spherical coordinate system (x = rsin @ cos ¢, y = rsin@sin ¢, z = rcos ¢), we have r* P,y = (2% — x> —y?)/2,
2Py, cos ¢p = 3xz, 2Py, sing = 3yz, r*Py, cos2¢h = 3(x? — y?), 2Py, sin2¢p = 6xy. Substituting these expressions in

(B1), we get
2] GM 1 2 2 2 2 2
U (I‘) = 7 CQOE (ZZ —X =Yy ) + 3C21XZ + 3S21yZ + 3C22(.X -y ) + 6S22Xy . (B2)
rom , we have the same quantity expressed via the components of the quadrupole moment ab)-
F 27) h h i d via th f the STF d 1 T< )
2] 37 (ap) a,b 3 2 2 2
U (I‘) = GMTX X = GMF (Tllx + 2712)(}/ + 2T13XZ + 2723yZ + T22}7 + T33Z ) (B3)

Equating the terms with the same powers of x, y, z
between the form of the potential in terms of spherical
harmonics present in (B2) and that expressed via the STF
mass quadrupole in (B3) yields the following relations:

1
T, = <—§C20 + 2C22> R?, T, =2SnR%,

1
Ty = <—§C20 - 2C22> R?, T3 =—CyR?,

T3 = gC 0k,
3
Following the same approach, we can establish the
corresponding relationships between the octupole and
hexadecapole moments and the appropriate spherical har-
monics coefficients given by (53) and (63).

T23 - —SZIRZ. (B4)

APPENDIX C: COMPUTING PARTICULAR
CASES

To demonstrate the practical utility of our results,
we derive several low order terms in (39). First, we
recognize that with k being constant, the two-
dimensional vector b and the one-dimensional quantity
7, from (4)—(5), may be treated as two independent
variables, yielding dx® = db® 4 k“dr and also 0/0x" =
0/0b* + k“0/0r, where differentiation with respect to b
is carried out in two dimensions only, which is indicated
by the hatted notation. Then, to compute the needed
partial derivatives in (39), with respect to the vector of
the impact parameter, 0, = 8/9b° = (9/db*,d/8b>.0)
in our chosen Cartesian coordinate system, we may
formally write

ox*° A 0 R
A oy = {8;, + ky, a—f}{b“ + k%t +O(r,)} = 0pb" + k%, + O(ry). (C1)
By rearranging the terms in this identity, we obtain the following useful expression (see also [34,36]):
Dpb® = 8¢ — k. (C2)

This result essentially is the projection operator onto the plane perpendicular to k, namely P* = §% — k“k?; this plane,
given the parametrization (6)—(7), is the plane of the impact parameter b.

With result (C2), we compute the partial derivatives present in (39) for several low order terms, namely £ = 2, 3, 4:

(C3)

(C4)
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2b 2b, 2b, 8b,b,b,

Bk = =7 By = Kyke) =8 (B = k) = = (B = Kaky) + =20 (c3)
a4 2 2 2
Japea Inkb = — o (Ope = kpke)(Baa — kaka) — X (8ac = kake)(Bpa — kpky) — px: (8ap = kakp)(Sca — kckg)
;6 (baby(8ca = kekg) + bab.(8pa — kpkg) + babg(Spe — kpke) + bpbe (840 — kaky)
F yba(Bac = keke) F bebalBu, = Kuhy)) = 0220, (o)
where b? is the ath component of the vector impact parameter.
APPENDIX D: INTRODUCING PROJECTION OPERATORS
Recognizing the fact that (C2) is the projection operator:
P = 5 — kKb, (D1)

which projects on the transverse direction with respect to k or on the plane of the impact parameter b, we present results
(C4)—(C6) in the following identical form:

i

A b

3alnkb:Paiﬁ, (D2)
52 1 1 ;
aablnkb = — Ptlinj _EPabPij b2 (2m m/ 5j), (D3)

1 1 1 2 o - L o
5abc Inkb = <Painchk - ZPachink - ZPaCPbink - ZPbCPaink> ﬁ(4m’m/mk - 5’-’mk - 5’km-’ - 5k]m’), (D4)

N 1
pealnkb = _{Painchdel _6<PabPichdel + PucPikPyiPa + PaaPiPyjP o + Ppc PP oiPar

1
+ +PpaPjiPyiP ek + PeaPruPaiPyj) +ﬁ(

— —4(8"mIm* + F'mim* 4+ K mimI + STmkm! + §*mim! 4+ SKmim!) + (55K + 5% + s}, (D5)

2 o
Pahpcd + Pachd + Pthad)Piijl} ﬁ{zé"mlm]mkml

where b* = bm* is the ath component of the vector of the impact parameter, with b being its magnitude and m* its unit
vector, see definitions given in parametrization (6)—(7).

N

With the results (D3)—~(D5), we express the appropriate terms of 7 (@1- ('9 (ay...a,) INkD, as

N

1 1
T 8 lnkb = T<ab> (Painj _EPtleij) —

[ (2mim/ — 8

g 1 o . . 2 ..
= —[TOT 5 @mimi = §7) = ~[T ] i, (D6)

A

1 1 1
T {abe) a abc) Inkb = T(abc) <Painchk _ZPachink _ZPachink _ZPbcPaink>
X — (4m'mimk — §Tm* — 5%mi — 5Fim')

—_ [T<Uk>]TTF (4mtmjmk — Simk = 5tkmi — 5kjml> = [T(l/k)]TTFmtmjmk’ (D7)
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N 1
7 labed) 3 abed) INkb = T<ab6d>{Painchde1 _6<PabPichdel + PucPikPyiPa + PuaPiPyjP o + PpcP kP oiPar

+ PpyP P yiP oy + PogPrPoiPy;) +§(Pabpcd + PycPra+ PbcPad)Piijl}%{24mimjmkml
— A& mimk + S mimk - S mimi + Simtm! + S mimt + SImim!) + §USH 1+ 5k + 564}

= —[T<ijk’>]TT% {24m'm/m*m! — 4(5"m/m* + S'mim* + Mmim/ + SUmrm! + 5*Fmim! + S5 mim!)
+ 8USH 4 kI 4 18y = [T kT 2—§ m'm/mkm!, (D8)

where the superscript TT stands for transverse traceless projection in the lens plane.
As a result, we have the following expressions:

A 2 ..
PO apy kb = —[T ’f>]ﬂﬁm’mf, (D9)
T {abe) § _ [7{ijk)]TT 8 i J ok
10/apey Inkb = [T (0] 7" m/m*, (D10)
(abed) & (ijkl) TT48 T I
T {abe [9 abed) INkb = —[T W] lemfmm. (D11)

Results, similar to (D9)—(D11), were verified through ¢ = 10, thus enabling a generalization to an arbitrary 7.

APPENDIX E: POLARIZATION MATRICES

We computed the explicit forms of the polarization matrices U, ,, = U, + and U, ..a, = Uy entering expression (73) to
several orders, £ € {2,3,4}:

0 0] 01 0
uf=|0 -1 0|, uUi=|1 0 0], (E1)
0 0 0] 0 0 0
A 0 0\ 1 " /0 1 0\ 7
0 -1 0 1 0 0
0 0 0 0 0 0
0 -1 0 1 0 0
ui = || -1 0 o|ll. wur=1]]o -1 ol]. (E2)
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
L \o 0 0/ | L \o 0 0/ |
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/1 0 O 0 -10 000\
0-10 -1 00 000
000 0 00 000
0 -10 -100 000

Ui = -1 00 010 000
0 0O 000 000
000 000 000
000 000 000
000 000 000/

One can see that the basis vectors U} and U’ are block
matrices where the structure at each consecutive order
replicates the structure at ¢ =2 with different signs.
Similar structures, but with ever increasing complexity,
are evident for each order beyond those shown by expres-
sions (E1)—(E3). Each block within the matrices is respon-
sible for a single rotation, that being combined with others
leads to a rotation by ¢, in analogy to the Chebychev
polynomials.

Using expressions (E1)-(E3), we can verify that the
following relations exist for # € {2,3,4}:

Uj]ma/m“l“'m“f =cos[fe], Uy a, MM = sin[£¢pe]
(E4)
|

D, Ink(Vb*+22+1) = ,
( ) Vb + 72 +1Vb? + 72

T /010 100 000\
100 0-10 000
000 000 000
100 0 -10\ /000
vr=|lo-10] |-1 0 0] [000 (E3)
000 0 00/ \0o0oO
000 000 000
000 000 000
000 000 000/ |

|
where the components m“ of the vector impact parameter
are given by (7). In fact, using computer algebra, we were
able to verify these relationships up to £ = 10, which may
lead to generalization of an arbitrary order 7.

APPENDIX F: LARGE IMPACT PARAMETER
APPROXIMATION

We recall that (37) was obtained from (34) by assuming
b/ro < land b/r < 1. As a result, we are not sensitive to
the longitudinal components of the gravitational field as
expressed via the STF multipole moments. However, in the
case when b/ry~ 1 and b/r ~ 1, the phase shift (34) will
contain all STF components. To demonstrate this, we
compute the phase shift for the quadrupole moment,
¢ = 2. The derivatives present in (34) are

1 P b

(F1)

Oy Ink(V b2+ +17) = Paily; !
VbE+ 2+ VbE+ 12

We also need the following:

or-!

p=I1

1

. — <2(kab,, + kyb,) + r(kak,, -

(b* +22):

2! A .
ka<al '.'ka/78all+l ...aaf> WW =

)

5 1 1 1 o
5 — + b’b/}, 2
Vb + 72 (\/b2 +224+17 Vb + 12) (F2)

A 1 0 1
2k Opy ——=+ kiykp) 7= ——=
R TN

(F3)

Clearly, the same expressions exist for terms that depend on 7.
Using the result (5) we determine that the following relations are valid to O(r,):

r=Vb>+1°,

r+(k-r)=

b+ 7% + 7. (F4)

Then, using the derivatives (F2)—(F3) and relying on the notations (F4) from (28) we have the following expression for the
gravitational eikonal phase shift induced by the quadrupole STF moment, £ = 2:
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I Lo \(4 _B@r+(kr) b(Q2r+ (k1)
maw—gkwﬂb{(mw%-g%0<ﬁ‘r%p+¢.gv’ramlwkmﬁv>

i (k“k” - %5‘”’> (% T+ zk ) (kr5r) " r(ro +1(k 1) (k;gr0)> = 2kamy + kyma) (% * %) }

(F5)
Using the parametrization (6)—(7), we transform the appropriate terms in (F5) as
(ab) 1 1 1 )
T mgny, — §5ab =5 (T1+Typ)+ 5 (T11 = Ty) cos2¢ps + T 5 sin 2, (Fo)
1
T(ab) (kakb - géab> = T33, (F7)
T<ab> (kamb =+ kbma) = 2713 COS 2¢§ + 2723 sin ¢§ (F8)

With these results and using the fact that 7(“?) is an STF tensor, 7 |; + 7 + 733 = 0, we transform (F5) as

1

1 .
@2(b) = Ekrg{ <§ (T11 = Ty)cos2¢p; + T, sin 2¢§> <

4 p2r+(k 'r))_b2(2r0+(k-ro))>
b* rP(r+(k-r)* ri(ro+(k-rp))?

B 1 CP2rt(ker)) | (ko) P2+ (kor)Y | (k-r)
T“Qv+mm»0 w%+mmw>+r3+mv+mmm< 2%%+&¢m»+ " )
—4(T ;3c08¢p; + T r38in¢h) <% + r%) } (F9)

As expected, this expression contains all six components of 7(*?) with only five of them being independent. In realistic
lensing geometries b/r < 1 and b/ry < 1, which brings (F9) to the form (43) that features only the transverse components
of the quadrupole moment.

Using the relationship between 7° (ab) and the spherical harmonic coefficients from (44), we transform (F9) as

4 PQr+(k-r) b2+ (k1) )
P+ k)2 B+ (k1))

1 1 CPrt (k) | (k) 1 P2t (kor) | (k1)
3C2°<r(r+(k-r)> (1 2r2(r+(k-r))2)+ P r(r+ (ko)) <1 2r%<ro+(k-ro))2>+ o )

+2(C21 COS¢§+S31 Sll’l(pg) (%—Q—%) } (FIO)

o

@,(b) = krgRZ{(sz 08 2¢pz + Spo 8in2¢p;) (

We recall that r = r(b, 7) and ry = r(b, 7,) are given by (F4). Thus, in the case when b/r, r/rq < 1, we recover the earlier

result (46), where @,(b) = 4kr,(R/b)*\/C3, + 83, cos[2(¢e — ¢2)]) (1 + O(b*/r?)).
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