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We describe a novel twistorial construction of the asymptotic Bondi-Metzner-Sachs (BMS) symmetries
at null infinity for asymptotically flat spacetimes. We define BMS twistors as spinor solutions to some set of
components of the usual spacetime twistor equation restricted to null infinity. The space of BMS twistors is
infinite dimensional. We show that given two BMS twistors, their symmetric tensor product can be used to
generate (complex) vector fields which are the infinitesimal BMS symmetries of null infinity. In this sense,
BMS twistors are “square roots” of BMS symmetries. We also show that these BMS twistor equations can
be written a pair of covariant spinor-valued equations which are completely determined by the intrinsic

universal structure of null infinity.
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I. INTRODUCTION

For asymptotically flat spacetimes describing isolated
systems in general relativity, it is well-known that at the
asymptotic boundary, null infinity denoted by Z, one
obtains an infinite-dimensional asymptotic symmetry
group—the Bondi-Metzner-Sachs (BMS) group—along
with the corresponding charges and fluxes due to gravita-
tional radiation [1-8]; see also [9] for a recent exposition.
On the other hand, the conformal geometry of flat
Minkowski spacetime is elegantly described in terms of
spinorial objects known as twistors, which satisfy a certain
differential equation called the twistor equation [Eq. (2.1)];
see [10].

However, it is well-known that there are significant
difficulties in imposing the full twistor equation, even at
null infinity, for general asymptotically flat spacetimes
[11]. The usual approach to circumvent these issues is to
associate certain 2-surface twistors to a cross section of null
infinity [11-13]. These 2-surface twistors are required to
satisfy only those components of the full twistor equation,
which are tangent to the chosen 2-surface [Eq. (2.6)]. Using
this approach, one can generate a vector field representing a
Poincaré symmetry on some fixed cross section of null
infinity (see Sec. II). To this Poincaré symmetry, one can
associate a charge formula which is to represent the
momentum and angular momentum of the spacetime at
that cross section [12]. However, the restriction to a fixed
cross section and the resulting Poincaré symmetries is very
unnatural from the point of view of asymptotic flatness and
the universal geometric structure of null infinity.

In this work, we obtain a new description of all the
asymptotic BMS symmetries starting from spinor solutions
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of a certain twistorlike equation at null infinity without
choosing any particular cross section (Sec. III). Similar to
the 2-surface twistor approach, we will only impose some
components of the full twistor equation at null infinity
[Eq. (3.1)]. Crucially, these will not be all the components
of the twistor equation, which are tangent to Z. The
solutions to these equations, which we call BMS twistors,
form an infinite-dimensional space. Using two such BMS
twistors, we then generate all BMS symmetries at null
infinity [Eq. (3.2)]. The components of the twistor equa-
tions we use are precisely those that are determined only by
the universal geometric structure of null infinity, and thus,
the BMS twistors also depend only on this universal
structure. We make this precise in Sec. [V by writing these
BMS twistor equations in an intrinsic covariant form
[Eq. (4.13)], which makes it manifest that they refer only
to the universal structure at null infinity.

We conclude with a short discussion of some interesting
new directions for future research suggested by this work
in Sec. V.

A. Notation and conventions

We will use the definition of asymptotic flatness given by
Penrose’s conformal completion (see [5,14]) and denote
null infinity as Z =~ R x S?. Abstract indices a, b, ... will
be used for tensors in spacetime, while A,B,... and
A’,B’,... will be used for abstract spinor indices using
the conventions in [15]. We work exclusively in the
conformally completed spacetime, the unphysical space-
time M with a Lorentzian metric g,,. We use the mostly
negative signature (+,—,—,—) for the Lorentzian four-
dimensional metric tensor g,;, on spacetime and denote the
corresponding (antisymmetric) metrics on the spinor spaces
by e4p and ey p; see [15].

© 2022 American Physical Society
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If Q is the conformal factor used to obtain the conformal
completion of the physical spacetime, then it can be shown
that V9Q is the null generator of Z, and that one can,
without loss of generality, choose Q so that the Bondi
condition V,V,Q = 0 is satisfied at Z. For intermediate
computations, we will use the Geroch-Held-Penrose (GHP)
formalism at null infinity [10,15-17]. The GHP weight of
any quantity # will be denoted by 1 = (p, ¢), and its spin
will be s = (p — ¢)/2. For this, it will be convenient to
make a choice of a null tetrad and spinor basis at Z which
determines a Bondi system; see [10] for details.

We pick a vector field n¢ and a spinor #* at null infinity
so that

An® = =VeQ, nt =", (1.1)

for some real function A with GHP weights A = (1, 1).
Next, we pick a foliation of 7 so that the cross sections are
parallely transported along n¢. This foliation determines a
unique null vector field /¢ at T so that [, = g,,I” is the
conormal to the cross sections and n,/ = 1. Finally, we
pick a complex null basis m* and m“, which is tangent to
the cross sections of this foliation and m,m® = —1. In this
basis,

Yab = 2n(ulb) - 2m(aﬁ1h)’ (1 2)
where ¢, is the pullback of g,, to Z, and is a (negative
definite) Riemannian metric on the cross sections of Z. We
can also define another spinor o# so that (0, ) and their
complex conjugates (()A’, ") associated with the tetrads in
the usual way (see [10] for details) and normalized so that

Qab = _zm(amh) >

ot = o1t =1, (1.3)
and all other contractions vanishing. In this choice of basis,
the GHP spin coefficients at 7 satisfy

K=0¢=7=p =1t=Imp=0,

(1.4)
while the spin coefficients k, o, Rep are arbitrary.
The function A appearing in Eq. (1.1) satisfies (see
Eq. 9.8.26 of [10])

PPA=0A=0. (1.5)
Note that the spin coefficients x and Rep can also be set to
zero, by appropriate choices of the conformal factor and
tetrad away from Z, but we will not need to do so. The only
nontrivial spin coefficient at 7 is ¢ which encodes the
gravitational radiation through the News tensor, which is
represented by a complex function N with

N :="Po. (1.6)

II. TWISTOR EQUATION AT NULL INFINITY

In this section, we consider the twistor equation in the
unphysical spacetime M evaluated at null infinity Z. A
given spinor o satisfies the twistor equation if

Vfﬁa)m =0.

(2.1)
The twistor equation is conformally invariant: if we
conformally rescale the metric g,, > ®@>g,;,, Where @ > 0

is some smooth function, along with o > o then
Vi wb) > w1V (see Sec. 6.1 of [10]). Thus, sol-
utions @ of the twistor equation are conformally invariant
spinors on spacetime. For this reason, we will only need to
consider the twistor equation on the unphysical spacetime
M with some fixed choice of the conformal factor.

It will be convenient to decompose the spinor o into its
components in a spinor basis as

o = 0o’ + o', (2.2)
where the components have the GHP weights
o’ = (-1,0), o' = (1,0). (2.3)

We will frequently denote this decomposition as
o* = (0°, ®"). Note that @ is spin s = —1/2 while '
is spin s = 1/2. The GHP form of the twistor equation can
be found in Eq. 4.12.46 of [15], which when evaluated at 7
in our choice of frame gives

(P+p)a’ =00, Po'=«ka’ (2.4a)
do' = o’ (2.4b)
o' =0, Pa’ =0, Po' = da’. (2.4¢)

Equation (2.4) reveals that, in general, there are signifi-
cant issues with imposing the twistor equation at Z; see also
[I1]. One cannot even impose the components of the
twistor equation which are tangent to null infinity
[Egs. (2.4b) and (2.4c)]. To see this, take the P’ of
Eq. (2.4b) and use the last equation in Eq. (2.4c) to get

3w’ = —Na. (2.5)

However, since @ is spin s = —1/2, the first equation in
Eq. (2.4c) implies that 3’0° = 0, and thus, we have N = 0
or @’ = 0. Clearly, the condition N = 0 is very restrictive as
it demands that our spacetime have no radiation at null
infinity. If we choose instead @’ = 0, then the remaining
equations, Pw!' = dw' =0, have a two complex dimen-
sional space of solutions from which we would not be able to
generate the infinite-dimensional BMS symmetries—these
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restricted solutions can be used to generate the four-dimen-
sional space of BMS translations (see Sec. III).

To side-step these issues, the standard approach in
twistor literature is to pick a fixed cross section S of 7
and on this cross section impose only the “angular”
components of the twistor equation (see [11-13]). That
is, we impose

0

3o’ =0, 00' =06’ onsS. (2.6)

These solutions define a 2-surface twistor w* = (0°, ®') at
S. Then, given two 2-surface twistors @* = (0°, w') and
@ = (@°, @"), both solutions of Eq. (2.6), one defines a
vector field &4 at the chosen cross section S by

& = (Ap)n® 4+ Xm*,

Bls = —i(@’®' + @'@°), X|s = —2iAa’@’.  (2.7)
Using Eq. (2.6), one finds the conditions,
1
dX|g =0, O (AP)|s = EaéX + 0(cX). (2.8)

Note that X has GHP weight (-1, 1) thus is spin s = —1.
Then, from Proposition 4.15.58 of [15], & X|¢ = 0 implies
that X is supported only on the Z =1 spin-weighted
harmonics. Thus, there is a three complex dimensional
space of X, which span the Lie algebra 31(2, C), which is
isomorphic to the Lorentz algebra. The second condition in
Eq. (2.8) is slightly trickier to interpret but expresses a
restriction of the BMS algebra to a particular Poincaré
subalgebra (see [11]). For this choice of subalgebra, the
(complex) charge associated with the symmetry £ at S was
proposed by Penrose [12]. It can be shown that this charge
formula is equal to the Wald-Zoupas charge formula [8] for
the choice of subalgebra of symmetries made above; see
Appendix C. 3 of [9] and also [11,13].

The Poincaré subalgebra chosen using Eq. (2.8) is quite
unnatural from the point of view of null infinity. This
choice cannot be transported away from the chosen cross
section S, and different choices of cross section give
different Poincaré algebras, in general. So given an asymp-
totically flat spacetime, there is no natural choice for this
Poincaré symmetry. Further, the Poincaré subalgebra
chosen using Eq. (2.8) is not universal since the choice
depends on the shear ¢ which depends on the particular
physical spacetime under consideration.

III. BMS TWISTORS AND SYMMETRIES

Now, we show that there exists an alternative strategy to
side step the issues with imposing the full twistor equation
at Z, which also helps generate the full set of BMS
symmetries.

Our approach is to only impose the subset Eq. (2.4c) of
the twistor equation on all of Z, that is
dw® =0, P’ =0, Po' =80’ (3.1)
It is quite straightforward to show that there are infinitely
many solutions to Eq. (3.1). Choose any cross-section § =
S? of Z on which we will specify the “initial” values of
(0°, @"). Since @ is spin s = —1/2, the first equation,
d@" = 0 has a 2 complex dimensional space of solutions
on S; this follows from Proposition 4.15.58 and
Table 4.15.60 of [15]. In terms of spin-weighted spherical
harmonics, @° satisfying & @” = 0 is a spin s = —1/2 and
¢ =1/2 function on S?. The “initial” value of @' is
unconstrained except for being a spin s = 1/2 function
on S. The last two equations in Eq. (3.1) can then be used to
propagate this “initial” value to all of Z along its null
generators. Thus, we have an infinite-dimensional space of
solutions @* = (0°, ®') to Eq. (3.1), which we will call
BMS twistors.
Now let 0 = (0°,@') and @* = (@°,®') be any two
BMS twistors. Then, we define a vector field £&* on Z by

&= (AP)n® + Xm*,
X = =2iAa’@°.

p=—i(0’@" + 0'@°),

(3.2)

This is similar to Eq. (2.7), except now both the BMS
twistors and the vector field are defined on all of Z instead
of on a fixed cross section. Using Eq. (3.1) by direct
computation, one obtains
P'(ApB) = 1/20X, P’X =0, X =0. (3.3)
These are precisely the conditions which define a (com-
plex) BMS vector field on Z (see [11] or Appendix B of
[9]). A general (complex) BMS vector field can be obtained
as the linear span of such vector fields while a real BMS
vector field can be obtained by taking the real part.

As before solutions of &X =0 span the Lorentz Lie
algebra 81(2,C), and P’X = 0 tells us how to propagate
them along null generators of Z. Consider a particular
solution @° = 0, so that P’'@! = 0. In this case, X = 0 and
P/(Af) = 0. Since the space of solutions @' is infinite
dimensional, the space of solutions for f is also infinite
dimensional but is constant along the null generators of Z;
these represent the (complex) BMS supertranslations.
Finally, consider the case where @’ =0 and d@' = 0.
Note that this last condition is now preserved under P’ even
in radiative spacetimes, where N # 0. Then since @' is
spin s = 1/2, @' = 0 implies that it is supported only
on the # = 1/2 harmonics which is a two complex-
dimensional space. In this case, the corresponding BMS
vector field is
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&= (Ap)n‘, p=—ia'd', (Ap) =0. (3.4)
Note that since @ is s = —1/2 and £ = 1/2 and &' is
s=1/2and £=1/2, fis s=0and £=0 or £ =1,
which is precisely the solutions to d?(Af) =0 and re-
present the four complex BMS translations.

The charge and flux formulas associated with the BMS
symmetries can be obtained using the Wald-Zoupas pro-
cedure [8] (see Appendix B of [9] for the expressions in the
GHP notation), which can be written in terms of the BMS
twistors using Eq. (3.2). Note that one cannot generalize
our construction to obtain a “quasilocal” charge formula
since the BMS symmetries are only defined at null infinity,
and any extension of these symmetries into the spacetime is
highly nonunique and gauge dependent.

IV. INTRINSIC AND UNIVERSAL FORM OF THE
BMS TWISTOR EQUATIONS ON I

The BMS vector fields on Z are generators of diffeo-
morphisms, which preserve the intrinsic universal structure
at 7 [5,7]. We show in this section, that the BMS twistor
equations can also be expressed as intrinsic universal
equations on Z. Note we will retain the function A =
(1,1) introduced in Eq. (1.1) to keep track of the GHP
weights in our choice of tetrad basis; if one is concerned
only with tensorial expressions then A can be set to 1.

Let us recall the “first-order” structure of Z consists of a
vector field An? and a degenerate Riemannian metric g,
such that An“q,, = 0. This structure is universal, in the
sense that n* and ¢, are intrinsically defined on the
manifold 7, and are common to all asymptotically flat
spacetimes. Different asymptotically flat spacetimes are
instead distinguished by the “second order” structure
encoded in equivalence classes of derivative operators on
T; we recall the essential aspects below and refer to [5,7]
for details.

Let v, be a 1-form on Z and let y, be any extension of v,,
into the spacetime M, i.e., u, is a 1-form in M such that
v, = H,, Where denotes the pullback to Z. Then, a

— —

derivative operator D, on 7 is defined as (see p. 46 of [5])

Davb = vaﬂb' (41)

—

Note that D, is well-defined since it is independent of the
choice of extension y, of v, into the spacetime M; i.e.,
replacing p, with u, +vAn, + Q4, does not affect
D, v, on Z [5]. Intrinsically on Z, this derivative operator
satisfies
D (An") =0, D,qp. = 0. (4.2)
Two derivative operators D, and D, are equivalent (they
represent different conformal completions of the same
physical spacetime) if [7]

(Da _Da)'ub :anb(AnC)Uc = _(ﬁ_p)Quh(Anc>vc» (43)

for some function f and all v, on Z. In our tetrad basis, this
function is given by the difference of the spin coefficient p
as indicated above. Let us denote by {D},, the equivalence
class of the derivative operator D, under the above
equivalence relation.

The difference of equivalence classes of derivatives is
given by a tensor y,,

({i)}a - {D}a)vb = yab(Anc)Uc’

Yar(An") =0, ¢y, =0, (4.4)
for all v,,. In our tetrad basis, this is
Yap = (6 — o)m,m, + c.c., (4.5)

where c.c. denote the complex conjugate of the previous
expression. The shear spin coefficient ¢ encodes the
different equivalence classes of derivatives and thus, the
radiative degrees of freedom at Z [7].

Since the BMS twistor equations Eq. (3.1) do not depend
on the spin coefficients p and o, we can already see that the
BMS twistors do not depend on the choice of derivative
operator on Z. Thus, the BMS twistors are universally
defined on the manifold 7 and are common to all
asymptotically flat spacetimes. Since the BMS twistor
equations are universal, can we express them entirely in
terms of the intrinsic derivative operators D, on Z?7 As we
show next, this is indeed possible.

First, we note that since n? = */4', we can consider
and its conjugate as part of the universal structure.
Secondly, we can easily extend the derivative operator
D, to act on spinor fields on Z. Consider the “Infeld-van
der Waerden symbols” ¢4 ,, in M, which are implicitly used
to convert between a tensor index and a pair of spinor
indices [15]. At Z, we can express them in our tetrad and
spinor basis as

04y = n90404 —me1 0, — M 015 + 11414, (4.6)
Note that 6%, is a covariant map from tensor products of
spinor fields to vector fields. Then the BMS twistor
equations Eq. (3.1) can be expressed covariantly as

0 = 156,44 VY 40P = —1,(P@°) + m, (8 o)

—

1
- Ema(b/wl - 0a), (4.7)

where, as before,

—

index to Z. Note that in the second expression, we have
written the covariant form in our choice of basis. This
cannot be directly expressed in terms of the intrinsic

denotes the pullback of the tensor
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derivative D, due to the appearance of a term VA8t
where the A index is not on the spacetime derivative.

However, let us define

— Al — A

o4 =04 ,1", o4 =0 1. (4.8)

Since these quantities are tangent to Z, we can consider

them as spinor-valued vector fields intrinsically on Z. By

direct computation, they satisfy the identities,
a A

gl _ b _
aj—az,, o1 =n, qabajaB,—lAtBr,

(4.9)

qabaf‘ag =0,

and their conjugates. Now, we use ¢4 and ¢4, to define the
spinor-valued derivatives,
DA = GZDLN DA/ = O'Z/Da, (410)
with Dy = (D,) and D, ="' Dy. In terms of the
spacetime derivative, these are given by D, = "'V, u
and DA/ = lAvAA’.
If D, and D, are equivalent derivative operators on Z
then for any spinor p4, we have
(DA —Dy)up=0, (bA’ —Dy)pug = (p—p)aipiuc
(4.11)

while, the difference of equivalence classes of derivative
operators is given by

({D}A —{D}p)up = U)lAlBlCﬂC’

({D}A’ - {D}A’)ﬂB

The corresponding action on primed spinors are obtained
by taking the complex conjugate of the above equations.

The BMS twistor equations can be now expressed as a
pair of spinor-valued equations,

(6 —
0.

(4.12)

1
0 = 13D P = -0 (P'0’) — ELA [Po' —00°] (4.13a)

0= 13D 0 = —0* (P'0°) + ¥ (8 ). (4.13b)
Note that these form of the equations are completely
covariant and intrinsically defined on Z; we have expressed
them in our choice of basis for convenience. Using
Egs. (4.11) and (4.12), it is straightforward to check that
both Egs. (4.13a) and (4.13b) are invariant under any
change of derivative operators and their equivalence
classes. Thus, Eq. (4.13) is the BMS twistor equation
written in an universal form, completely intrinsically on
null infinity. The BMS vector field [Eq. (3.2)], obtained
from two BMS twistors @* and @*, can also be expressed
covariantly as

& = 2iAcS 10N P). (4.14)

Note that if " satisfies the usual twistor equation
Eq. (2.1) then, using the fact that the spinor space is
two dimensional, one can infer the existence of another
spinor 74 such that (see [10])

Vyaw? = —ie Bry, Ty = %VA/Aa)A, (4.15)
where the second equation follows from the first by taking a
trace over the A and B indices.

One can do something similar for the BMS twistor
equations [Eq. (4.13)] as follows. First, Eq. (4.13b) implies
that there exists a spinor 74 such that [note that this 74 is
unrelated to the one in Eq. (4.15)]

DA/a)B == _iﬂA!lB. (416)
Then, Eq. (4.13a) implies that there exists a A such that
Daw® = =18 —in¥e,B, (4.17)

where we have used the fact that 1*D, = 1*’D, and, in our
notation, "'z, = z%. Using our choice of spinor basis, we
find
1= 0w —ca’
¥ = %DACUA = % [Po! + 0’| = idw®
ay =ioy(Po') =i (o' —pa)
=i04(00°) — ity (o' — pa®). (4.18)
Using Eqs. (4.11) and (4.12) and Egs. (4.16) and (4.17),
or the basis expressions Eq. (4.18), it can be checked that if
D, and D, are equivalent derivative operators, then
A=24 Ay=np+i(p—pya®, =2 (4.19)
and similarly, if {D}, and {D},, are different equivalence
classes of derivatives, we have
A=A—(6-0)a, Ry =my. (4.20)

. . / !’ .
Thus, while 1 and 7z, are not universal, 7° = "'z, is
universally defined on 7.

V. DISCUSSION

The relationship of these BMS twistors at null infinity
with other aspects of twistor theory would be interesting to
explore. We mention a few possible future directions.

The universal geometric structure of null infinity is a
conformal Carroll structure on 7 =~ R X S2, which is an
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“ultrarelativistic” limit (speed of light tends to zero) of
conformal Lorentzian structures [18-23]. In this sense, an
“ultrarelativistic” limit of Ward’s minitwistor space [24],
could describe some universal twistorial structure of Z and
might shed more light on the BMS twistors defined in this
paper. While the “nonrelativistic” limit of twistor theory
has been investigated [25], we are not aware of any such
work on the “ultrarelativistic” limit.

Limits of the twistor equation to spatial infinity have
also been considered previously by Shaw [26,27]. In this
context, it has been recently shown that, for suitably
regular spacetimes, the asymptotic BMS symmetries at
both future and past null infinites can be matched
onto each other through spatial infinity [17,28]. The
twistorial aspects of this matching and the relation to

BMS twistors described in this paper are certainly worth
investigating.

Finally, we note that the construction of the BMS
twistors uses the universal structure at null infinity. It
would be interesting to see if a similar construction can be
carried out at finite null surfaces in general relativity using
the universal structure defined in [29] to generate sym-
metries at finite null surfaces.
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