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In general relativity (GR), gravitational waves (GWs) propagate the well-known plus and cross tensorial
polarization modes, which are the signature of a massless spin-2 field. However, diffraction of GWs caused
by intervening objects along the line of sight can cause the apparent rise of additional polarizations due to
GW-curvature interactions. In this paper, we continue the analysis by two of the authors of the present
article, on lensing of gravitational waves beyond geometric optics. In particular, we calculate the lensing
effect caused by a pointlike lens in the regime where its Schwarzschild radius Rs is much smaller than the
wavelength λ of the signal, itself smaller than the impact parameter b. In this case, the curvature of
spacetime induces distortions in the polarization of the wave such that diffraction effects may be
misinterpreted as effective scalar and vector polarizations. We find that the amplitude of these apparent
nontensor polarizations is suppressed by a factor Rsλ=b2 with respect to the amplitude of the tensor modes.
We estimate the probability to develop these extra polarization modes for a nearly monochromatic GW in
the pulsar timing arrays band traveling through a distribution of galaxies.
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I. INTRODUCTION

The astounding detection of a binary black hole merger
in 2015 by advanced LIGO and Virgo [1] has set the stage
for the more than 50 subsequent gravitational wave (GW)
events from both binary black holes and binary neutron
stars that have been detected since [2,3]. With planned
ground-based detectors across the globe such as KAGRA
[4], LIGO-India [5], the Einstein Telescope [6], Cosmic
Explorer [7], and space-based detectors such as LISA [8]
and DECIGO [9], the future of gravitational wave physics
promises unprecedented precision at a wide range of
frequencies. In addition, pulsar timing arrays (PTAs) are
starting to reach the sensitivity to detect a possible back-
ground of gravitational waves [10].
The analysis of gravitational wave physics may be

divided into three parts: generation, propagation, and
detection. Besides the considerable efforts from the
LIGO/Virgo collaboration to detect GWs, significant work
has been devoted to the study of general relativity (GR)
waveform generation during the inspiral-merger-ringdown
of individual binary systems with various theoretical and
numerical techniques [11–14] (see [15–17] for reviews
and textbook material). In this paper, we are concerned
with the propagation of GWs in the presence of

inhomogeneities, focusing particularly on how the polari-
zation of GWs evolves.
In general relativity, it is well known that sources of

gravitational waves only emit two helicity-2 GW modes,
the so-calledþ and × transverse tensor polarizations. Then,
these waves propagate over cosmological distances to the
observer, and the gravitational wave amplitude decays as
the inverse of the (luminosity) distance [18]. If the GW
encounters inhomogeneities during its propagation such
that the wavelength of the signal is much smaller than the
size of the lens, then the geometric optics approximation
may be applied. In practice, this means that waves
propagate along geodesics of the background spacetime.
Furthermore, the two transverse tensor polarizations of the
wave are unchanged apart from parallel transport along the
geodesic.1 These results suggest that any detection of extra
polarizations, be small as they can, would be a smoking gun
signature of gravity beyond general relativity. In fact, up to
six independent polarization modes may appear in a
generic metric gravity theory [20] (see also [21,22] for
concrete examples), and while recent analyses are consis-
tent with only plus and cross, the presence of extra
polarizations may not be excluded [23]. It is therefore of
paramount importance to understand when the assumptions
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1This means that effects such as lensing or time delay can be
calculated for gravitational waves, much in the same way as is
done for light rays [19].
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leading to the absence of extra polarizations in GR break
down.
For GWs that will be measured by LISA and PTAs, the

wavelength can range between an astronomical unit and a
parsec, making it likely to break the validity of the
geometric optics approximation in common situations of
lensing by astrophysical objects. For this reason, it is
becoming increasingly important to analyze deeply the
propagation of GWs in GR beyond geometric optics.
Previous authors have studied different approaches and
regimes where geometric optics breaks down, and GWs
suffer from wave effects such as diffraction or scattering
[24–37]. In particular, [24] proposed a perturbative
approach beyond geometric optics, showing that wave
effects could lead to misinterpreting the signal and observe
the apparent rise of new scalar or vector polarizations
that would be naively unexpected in GR. In this paper, we
apply this approach to a concrete example and hence,
illustrate explicitly how to use it. We use our results to
estimate the importance of these wave effects and discuss
whether they can be observable or not. In particular, we
study the propagation of GWs across a pointlike lens of
Schwarzschild radius Rs. We show explicitly that the
presence of the lens, which appears as an effective masslike
term in the propagation equation for the GWs, excites
nontensorial polarization modes, for which we calculate the
amplitudes. These nontensorial polarizations can, for in-
stance, correspond to scalar longitudinal and breathing
polarizations. Those are suppressed with respect to the
tensorial plus and cross polarization by a factor Rsλ=b2,
where λ is the GW wavelength and b the impact parameter.
These nontensorial modes may become important when the
inequalities Rs ≪ λ ≪ b saturate, especially because they
are corrections to a vanishing leading-order amplitude of
the nontensorial polarization modes. In addition, we show
that the average energy of the GW still propagates along the
geometric optics path. We stress that the theory still
propagates only two independent degrees of freedom,
and the new nontensorial polarizations arise from the
coupling of the two tensor modes produced at emission
with the curvature of the background. Finally, we also
estimate the probability of generating a detectable amount
of these extra polarizations. For example, for a single nearly
monochromatic GW in the PTA band that is lensed by
galaxies, we find that the probability to develop an
amplitude of nontensorial modes 104 times smaller than
the tensor modes is of order 10−6 − 10−5. Further integra-
tion over the source population and over frequency could,
in principle, increase that probability by several orders of
magnitude. We emphasize that even if the amplitude of
these nontensorial modes is suppressed by a few orders of
magnitude, they could still be measurable in the future.
Indeed, this could be the case for events with high signal-
to-noise ratio observed by a network of detectors or in the
case that observations are highly sensitive to nontensorial

polarizations as it has been found to be the case for PTAs
[38,39] and other detector configurations [40].
This paper is organized as follows. In Sec. II, we review

the perturbative approach developed in [24] to go beyond
geometric optics. In Sec. III, we apply the approach to a
specific lensing scenario with a pointlike lens and explicitly
obtain the leading corrections beyond geometric optics for
a ray of monochromatic waves. In Sec. IV, we generalize
the results of the previous section by considering that the
observer receives a signal that is the superposition of a large
number of rays that travel along different paths through the
lens, and we define a tensorial amplification factor that
relates the lensed and unlensed waveforms, taking into
account the distortion induced by lensing on the polariza-
tion structure of the signal. Then, in Sec. V, we compute the
probability of developing a significant scalar or vector
polarization mode and find that it is generically small,
although not completely out of reach for futuristic GW
detectors. Finally, in Sec. VI, we summarize our results and
discuss their implications.
We adopt the mostly plus signature for the metric. Greek

indices run from 0 to 3 and Latin indices from 1 to 3.
A comma indicates a partial derivative, T;μ ≡ ∂μT, while a
semicolon denotes a covariant derivative associated with the
Levi-Civita connection, Tμ;ν ≡∇νTμ. Bold symbols re-
present Euclidean three-vectors. Symmetrization and anti-
symmetrization of indices follow TðμνÞ ≡ 1

2
ðTμν þ TνμÞ and

T ½μν� ≡ 1
2
ðTμν − TνμÞ. Units are such that c ¼ ℏ ¼ 1.

II. GENERAL FRAMEWORK

In this section, we review the perturbative approach
beyond geometric optics that was developed in [24]. Let us
start by considering small perturbations hμν of the total
metric ĝμν around a generic background metric gμν,

ĝμν ¼ gμν þ hμν; jjhμνjj ≪ 1; ð1Þ

where here jj…jj denotes any reasonable notion of norm.
In the Hilbert gauge,2

∇μhμν ¼ 0; ð2Þ

the linearized Einstein field equations in vacuum read

2Note that other gauge choices are possible. For example, in
Ref. [27], ∇μhμν is chosen to absorb contributions from the
background Riemann in (3). Nevertheless, we do not expect our
results to depend on the gauge choice. Indeed, we compute the
polarization decomposition in a gauge-invariant way, using the
Newman-Penrose (NP) scalars evaluated at the observer, where
spacetime is well approximated by Minkowski space, such that
those are gauge invariant, as shown in Appendix C. We stress that
hij alone, which is gauge dependent, cannot serve as a direct
analysis of the polarization content of the wave. Only the
linearized Riemann tensor or NP scalars, which are gauge
invariant, can serve this purpose.
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□hμν − 2hαβRαμνβ ¼ 0; ð3Þ

where □≡ gμν∇μ∇ν, covariant derivatives are taken with
respect to the background metric gμν, and Rαμνβ is its
Riemann tensor. Working in vacuum allows to impose the
traceless condition [19],

h≡ gμνhμν ¼ 0: ð4Þ

In curved spacetimes, Eq. (3) cannot be solved exactly,
except in cases of high symmetry. However, if the back-
ground spacetime varies on scales that are large compared
to the GW wavelength, as may be the case in a lensing
situation, one can make a Wentzel-Kramers-Brillouin
(WKB) approximation for a symmetric rank-2 tensor wave
hμν, with a large dimensionless parameter ω,

hμν ¼ ℜðεð0Þμν eiωΦÞ; ð5Þ

whereℜ takes the real part of the expression in parenthesis,
ΦðxÞ is a real scalar function of the coordinates describing

the phase of the waves and εð0Þμν ðxÞ, a symmetric complex
tensor describing its polarization and amplitude.3 The large
parameter ω is introduced for book-keeping, and we

assume that neither Φ nor εð0Þμν depends on it. It may be
set to one at the end of the calculation. The parametrization
(5) corresponds to a split of the wave into a fast varying

part, Φ, and a slowly varying one εð0Þμν . Inserting (5) into the
Einstein equations (3), we explicitly get

− ω2kβkβε
ð0Þ
μν þ iω1½2kβεð0Þμν;β þ kβ ;βε

ð0Þ
μν �

þ ω0½□εð0Þμν − 2εαβð0ÞRαμνβ� ¼ 0; ð6Þ

where we have defined the wave four-vector kβ ¼ Φ;β as
the gradient of the phase. In the short wavelength approxi-
mation of geometric optics, the last termOðω0Þ is typically
neglected, leading to the null geodesic condition kβkβ ¼ 0

and a notion of transport of the polarization tensor εð0Þμν . This
remains a good approximation as long as the hierarchy
between the different powers of ω holds. In particular, the
short-wavelength approximation of geometric optics typ-
ically considered in the literature is such that

λ ≪ Rs ≪ b; ð7Þ

where the condition Rs ≪ b ensures that the weak-field
regime holds for the curved background, and the condition
λ ≪ Rs allows us to neglect wave effects and interpret the
propagation of the signal as an effective ray, even in the

strong lensing regime, where the source is close to the
optical axis, and multiple images are produced. Indeed,
when (7) holds, the detected signal can be obtained
using Kirchhoff’s diffraction integral and, if the multiple
images do not interfere with each other, this integral can be
estimated using the stationary phase approximation
[41,42], which only results in a magnification, a bending
of the ray, and a time delay of the detected signal, but no
additional wave effects.4 While (7) is a sufficient condition
for the geometric optics approximation to hold, it is not
always necessary, and instead, one can relax the hierarchy
between Rs and λ, as long as the source is sufficiently far
from the optical axis (weak lensing). In other words,
geometric optics can also be applied in the regime,

Rs ≪ λ ≪ b; ð8Þ

if one is interested in studying only the image that has the
global minimum time delay, such as in the weak lensing
regime.5 In this paper, we consider the regime (8) and a
scheme that allows us to account for beyond geometric
optics corrections, which come from the Riemann curva-
ture at order Oðω0Þ in Eq. (6). We find these corrections to
be of order Rsλ=b2, and therefore, the more the inequalities
(8) are satisfied, the more precise becomes our scheme,
while the more they are saturated, the more important are
the corrections. The observationally relevant case lies
somewhat in between. The condition Rs ≪ b ensures that
we can still apply the weak-field regime of gravity in our
scheme. The condition Rs ≪ λ further ensures that it is
consistent to keep only lowest order effects of the weak-
field regime of gravity, and the condition λ ≪ b ensures
that the terms we are calculating are only small corrections
to the geometric optics solution. These corrections are
specially relevant for PTAs for which the gravitational
wavelength may reach the order of a parsec.

A. Transport of the polarization tensor

When interested in beyond-geometric optics effects,
one can apply a perturbative approach with a large

3Letting εð0Þμν complex allows for phase shifts between the
different polarization modes.

4Additional constant phase shifts may be present in the lensed
signal [43], but those do not affect the polarization content of the
wave.

5The stationary phase approximation holds for the minimum
image in the case in which the time delay between different
images of a given source is large with respect to the period of the
signal, so as to avoid interference between images. For the
pointlike lens model, which we considered in our study (but this
argument can be extended to other lens models), the time delay
depends on the lens mass and on the source angular position (or
equivalently on the impact parameter b). It follows that we have
three independent parameters to play with: λ, Rs, and b. Hence,
the geometric optics condition of validity can be realized in both
the case of λ < Rs for any source position and λ > Rs in weak
lensing, i.e., for large values of the impact parameter.
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dimensionless parameter ω and use instead of (5), the
following ansatz,

hμν ¼ ℜððεð0Þμν þ ω−1εð1Þμν þ � � �ÞeiωΦÞ; ð9Þ

where corrections to the polarization tensor have been
introduced following [24]. The first order beyond geo-

metric optics polarization amplitude tensor εð1Þμν allows to
take into account corrections from the background
Riemann tensor. In the following, we derive an equation

for εð1Þμν .

1. Covariant equations

Inserting the ansatz (9) in Eq. (6), we recover at leading
order in powers of ω,

kβkβ þOðω1Þ ¼ 0: ð10Þ

Equation (10) tells us that kμ is a null vector, and thus,
gravitational waves propagate at the speed of light. Since kμ

is also a gradient, we have that it inevitably satisfies the null
geodesic equation,

kμkν;μ ¼ 0: ð11Þ

At next-to-leading order in ω, we get

2kβεð0Þμν;β þ kβ ;βε
ð0Þ
μν þOðω0Þ ¼ 0; ð12Þ

which governs the evolution of the amplitude along the null
geodesic. The Hilbert gauge condition (2) implies that at
leading order in ω,

kμεð0Þμν ¼ 0; ð13Þ

which indicates that the polarization is transverse to the
direction of propagation of the wave. These two leading
order equations describe the geometric optics approxima-
tion. At first order beyond geometric optics, that is Oðω0Þ,
the equation of motion (6) and the Hilbert gauge (2) give

2kβεð1Þμν;β þ kβ ;βε
ð1Þ
μν ¼ −i½2εαβð0ÞRαμνβ −□εð0Þμν �; ð14Þ

kμεð1Þμν ¼ i∇μεð0Þμν : ð15Þ

The background curvature sources εð1Þμν , and there may be
deviations from transversality of the wave with respect to
the wave vector. The explicit equations for higher-order
corrections beyond geometric optics are presented in [24].

2. Scalar equations

In order to solve explicitly the previous tensorial
equations, it is convenient to project these equations onto

a four-dimensional basis of vector fields that span the
tangent space at every point of the manifold. To this end,
we introduce a tetrad basis of null vectors ðeμAÞ≡fkμ; mμ; lμ; nμg, where nμ is real, m�μ ¼ lμ are complex,
and the only nonzero contractions are

gμ νmμlν ¼ 1; gμνkμnν ¼ −1: ð16Þ

Note that there are infinite options for choosing a basis of
four null vectors. Anyhow, it is convenient to choose kμ

according to the four-momentum of the GW, and the rest of
the tetrad such that they are also parallel transported along
the GW’s geodesic,

0 ¼ kμnν;μ ¼ kμmν;μ: ð17Þ

At the end of the computation for a pointlike lens
(Sec. III C), we discuss whether our results are independent
of this tetrad choice. For later convenience, we define the
dual of a tetrad vector with a hat such that

k̂μ ≡−nμ; n̂μ ≡−kμ; m̂μ ≡ lμ; l̂μ ≡mμ: ð18Þ

Next, we expand each εðiÞμν with i ¼ 0, 1 on the symmetric
combinations formed by the tetrad basis,

εðiÞμν ¼ þΘðiÞ
kl kðμlνÞ þ ΘðiÞ

nknðμkνÞ þ ΘðiÞ
kmkðμmνÞ

þ ΘðiÞ
nmnðμmνÞ þ ΘðiÞ

nl nðμlνÞ þ ΘðiÞ
nnnμnν þ ΘðiÞ

kk kμkν

þ ΘðiÞ
mlmðμlνÞ þ ΘðiÞ

mmmμmν þ ΘðiÞ
ll lμlν; ð19Þ

where theΘ’s are complex coefficients. To lowest order, the
Hilbert gauge, Eq. (13) implies

0 ¼ Θð0Þ
kn ¼ Θð0Þ

nn ¼ Θð0Þ
nm ¼ Θð0Þ

nl : ð20Þ

One can check that the remaining modes Θð0Þ
km, Θ

ð0Þ
kl , and

Θð0Þ
kk do not contribute to the linearized GW Riemann

tensor to order Oðω2Þ. Hence, they do not correspond to
physical modes and can safely be neglected (see also [24]).6

Finally, the traceless condition (4) imposes Θð0Þ
ml ¼ 0. We

are left with

εð0Þμν ¼ Θð0Þ
mmmμmν þ Θð0Þ

ll lμlν; ð21Þ

where Θð0Þ
mm and Θð0Þ

ll are the amplitude of two independent
left and right polarization modes, expected for a massless
spin-2 field. For our tetrad choice, they will be related to the

6Equivalently, as explained in [24], one can use the fact that
sufficiently far from the source, we have a residual freedom of
transforming εð0Þμν → εð0Þμν þ Cμkν þ Cνkμ and choose the gauge

parameter Cμ such that nμεð0Þμν ¼ 0.
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þ and × polarizations via Θð0Þ
mm ¼ Hþ − iH× and Θð0Þ

ll ¼
Hþ þ iH×. We can obtain an evolution equation for each of
these by contracting Eq. (12) with lμlν or mμmν,

kβ∇βΘ
ð0Þ∘ þ kβ ;βΘ

ð0Þ∘ ¼ 0: ð22Þ

where ∘ denotes any of the left or right mode. Using the fact
that kβ ;β ¼ 2d ln D=dν, where ν is an affine parameter of
the null geodesic andDðνÞ the comoving distance along the
geodesic (see [44] for a derivation), we find by integrating
Eq. (22) that the amplitude of the left or right mode at an
arbitrary position parameterized by ν is given by

Θð0Þ∘ ðνÞ ¼ Θ∘ðνsÞDðνsÞ
DðνÞ : ð23Þ

This implies, as expected, that there is no polarization
exchange between the left and right mode and that the
amplitude decays as 1=DðνÞ.
Next, we analyze the beyond geometric optics correc-

tions. The equation forΘð1Þ
AB at first order can be obtained by

contracting Eq. (14) with the duals êμAê
ν
B and multiplying

by D=2,

d
dν

ðDΘð1Þ
ABÞ ¼ −iêμAêνBD

�
εαβð0ÞRαμνβ −

1

2
□εð0Þμν

�
: ð24Þ

Integrating with respect to dν, we get

Θð1Þ
ABðνÞ¼

Θð1Þ
ABðνsÞDðνsÞ

DðνÞ

−
i

DðνÞ
Z

ν

νs

dν0êμAê
ν
BD

�
εαβð0ÞRαμνβ−

1

2
□εð0Þμν

�
: ð25Þ

The first term is the dilution of the mode when propagating
along a distance DðνÞ, and the second term shows how the
background curvature can change the polarization tensor
along the geodesic. Here we see that, in principle, all

beyond geometric optics polarization modes in Θð1Þ
AB can be

sourced by the Riemann tensor. In Sec. III, we compute
explicitly these integrals for a pointlike lens.

3. Consistency relations

We have found an analytical solution for Θð1Þ
AB in Eq. (25)

by solving Eq. (14). For consistency, these solutions should
agree with the first order Hilbert gauge condition Eq. (15).
The latter implies

Θð1Þ
kn kμ þ 2Θð1Þ

nn nμ þ Θð1Þ
nmmμ þ Θð1Þ

nl lμ ¼ −2i∇νεð0Þμν : ð26Þ

Contractions with the tetrad dual basis allow us to find the
following four consistency relations,

Θð1Þ
kn ¼ 2inμ∇νεð0Þμν ; ð27Þ

Θð1Þ
nn ¼ ikμ∇νεð0Þμν ; ð28Þ

Θð1Þ
nm ¼ −2ilμ∇νεð0Þμν ; ð29Þ

Θð1Þ
nl ¼ −2imμ∇νεð0Þμν ; ð30Þ

which must always be satisfied. Finally, the traceless
condition for the metric perturbation implies

Θð1Þ
nk ¼ Θð1Þ

ml : ð31Þ
It can be checked that, at any order beyond geometric
optics, these consistency relations are automatically sat-
isfied on shell (see also a related discussion in [24]).

III. RESULTS FOR A POINTLIKE LENS

In this section, we apply the approach of the previous
section to a specific example in order to illustrate how it is
used and to obtain explicit expressions that will allow us to
assess its importance. We focus on a simple pointlike lens
model, and we compute the polarization tensor after the
lens at leading order beyond geometric optics. Next, we
express the impact of the lensed GW on the linearized
Riemann tensor and compute the gauge invariant Newman-
Penrose scalars to decompose the signal into scalar, vector,
and tensor modes. Finally, we discuss the tetrad depend-
ence of our result and introduce a polarization distortion
tensor. Technical details are presented in Appendix A.

A. Propagation of the polarization tensor

We describe the background metric of a point lens by the
following line element in isotropic coordinates in the weak-
field regime,

ds2 ¼ −ð1þ 2ΨÞdt2 þ ð1 − 2ΨÞðdx2 þ dy2 þ dz2Þ; ð32Þ
with ΨðxÞ ¼ −Rs=ð2RðxÞÞ, where Rs is the Schwarzschild
radius of the lens, and RðxÞ is the radial distance from the
lens, which is located at the origin of the coordinate system.
In order to study lensing, we use the approach previously
introduced (which is perturbative in the wavelength of the
signal), as well as a perturbative approach in the back-
ground metric potential Ψ. In this paper, we limit ourselves
to linear order in both cases. This is consistent as long as
Rs ≪ λ; otherwise, higher-order corrections in the metric
potential may become non-negligible.7 We start by expand-
ing the polarization amplitude tensor to linear order in Ψ,

7In particular, when Rs ∼ λ, quadratic metric potential terms in
the geometric optics regime become comparable to linear metric
potential terms beyond geometric optics. In this case, one would
have to calculate quadratic metric potential contributions to both
εð0Þμν and εð1Þμν .
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εð0Þμν ¼ Θ̄ð0Þ
ABē

A
ðμē

B
νÞ þ 2Θ̄ð0Þ

ABδe
A
ðμē

B
νÞ þ δΘð0Þ

ABē
A
ðμē

B
νÞ; ð33Þ

εð1Þμν ¼ Θ̄ð1Þ
ABē

A
ðμē

B
νÞ þ 2Θ̄ð1Þ

ABδe
A
ðμē

B
νÞ þ δΘð1Þ

ABē
A
ðμē

B
νÞ; ð34Þ

where a bar indicates background quantities independent of
Ψ (that is, in flat space), and a δ indicates a quantity that is
linear in Ψ. We chose the ẑ axis aligned with the
unperturbed graviton path, and we compute the propaga-
tion of the wave from the source through the lens. All
quantities are evaluated at a distance after the lens, para-
metrically larger than the impact parameter; see Fig. 1. In
particular, when calculating the polarization tensor at a
distance D after the lens, we will neglect terms that decay
faster than Oð1=DÞ.

1. Zeroth order: Geometric optics

For simplicity, let us consider the propagation of a
monochromatic wave (and a generalization can be straight-
forwardly obtained by superposition of multiple waves
with different frequencies) and how its associated bundle
changes its propagation due to lensing. In absence of the
lens, spacetime is flat, and the background tetrad is constant
throughout the geodesic,

k̄μ ¼ Ωð1; 0; 0; 1Þ; n̄μ ¼ 1

2Ω
ð1; 0; 0;−1Þ; ð35Þ

m̄μ ¼ 1ffiffiffi
2

p ð0; 1; i; 0Þ; l̄μ ¼ 1ffiffiffi
2

p ð0; 1;−i; 0Þ; ð36Þ

where Ω ¼ 2π=λ is the energy of the wave, and we have
chosen the coordinates such that the spatial part of (nμ) kμ

is (anti)aligned with the gravitational wave propagation
direction ẑ. These two choices fix completely the tetrad up
to some irrelevant normalization. Note that any tetrad
related by transformations presented in Appendix B could
be used instead. Next, we find the perturbations to the tetrad
that describes how the geodesic of the wave changes due to
the presence of the lens in the weak-field gravity regime.
We solve (11) and (17) to first order in Ψ and find [24]

mμ ¼ m̄μ þ δmμ ¼ 1ffiffiffi
2

p
�
−
Rs

b
eiβ; 1; i;

Rs

b
eiβ

�
; ð37Þ

kμ ¼ k̄μ þ δkμ ¼ Ω
�
1;−

2Rs

b
cos β;−

2Rs

b
sin β; 1

�
; ð38Þ

nμ ¼ n̄μ þ δnμ ¼ 1

2Ω
ð1; 0; 0;−1Þ; ð39Þ

whereβ represents the angle between theplus polarization and
the impact point in the lens plane, as sketched in Fig. 2. This
tetrad corresponds to an observer moving with four-velocity
uμ¼ 1

2Ωðkμþ2Ω2nμÞ¼ ð1;−ðRs=bÞcosβ;−ðRs=bÞsinβ;0Þ,
which will turn out to be important when interpreting the
physical polarization of the GW. One can easily check that
these vectors preserve the null tetrad basis conditions up to
first order in Rs. Also, the tetrad vectors are invariant under a
rotation of β ¼ 2π, as expected. Up to linear order in the
metric potential, the zerothordergeometric optics polarization
tensor after the lens is then given by

εð0Þμν ðνoÞ ¼
DðνsÞ
D̄ðνoÞ

ðΘ̄ð0Þ
mmðνsÞmμmν þ Θ̄ð0Þ

ll ðνsÞlμlνÞ; ð40Þ

in terms of the perturbed tetrad. Notice that, as expected,
the polarization plane has been rotated such as to remain
orthogonal to the perturbed direction of propagation of the
wave.

FIG. 2. We sketch the lens plane, where the point lens lies at the
origin. We fix the þ polarization to be aligned with the x and y
axes. Meanwhile, we let the GW geodesic impact the lens plane at
a distance b ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
from the lens. The impact point of

coordinates b ¼ ðx; yÞ is uniquely parametized by b ∈ ½0;þ∞½
and the angle β ∈ ½0; 2π½.

FIG. 1. From its emission to the plane E0, the GW propagates
near a lens whose effect can be approximated to happen in a
single two-dimensional plane E. The wave propagates along the ẑ
axis and can hit the lens plane at a generic point x ¼ b cos β and
y ¼ b sin β, with b being the impact parameter and the lens
located at the center of the coordinate system. The sketch is
not to scale.
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2. First order: Beyond geometric optics

Next, we compute the first order corrections to the
polarization tensor of a monochromatic wave, consisting,

in principle, of Θ̄ð1Þ
AB and its linear counterpart δΘð1Þ

AB,
which are obtained by performing the integrals in (25)
to linear order inΨ. Most integrals vanish in the limit where
the distance lens observer and lens source are parametri-
cally larger than the impact parameter, as discussed in
detail in Appendix A. As expected, at zeroth order in Ψ,
the wave propagates in flat space, and Θ̄ð1Þ

AB vanishes,
provided it vanishes at the source, as is the case in GR.
We also find that out of all the possible components

δΘð1Þ
AB, only δΘð1Þ

nn survives in the appropriate limit. Its
amplitude depends on the energy of the gravitational
wave, the Schwarzschild radius of the lens, and the impact
parameter,

εð1Þμν ðνoÞ ¼ −i
4ΩRs

b2
DðνsÞ
D̄ðνoÞ

ðΘð0Þ
mmðνsÞe2iβ

þ Θð0Þ
ll ðνsÞe−2iβÞnμnν; ð41Þ

where this expression is conveniently written in terms
of nμ, which is the parallel transported tetrad vector of
the geometric optics geodesic, and D̄ðνoÞ is the distance
between the source and observer in absence of the lens.
Note, however, that Eq. (41) only holds within the linear
approximation of weak-field gravity, and thus, quadratic or

higher-order terms in Rs are neglected. This ε
ð1Þ
μν correction

describes a new apparent polarization of the GW, as it does
not correspond to neither left- or right-handed transverse
polarizations (since they are given by terms of the form
hμν ∝ mμmν or lμlν only.). This extra polarization arises due
to wave effects beyond geometric optics and contributes a
longitudinal scalar mode in the driving force matrix, as we
will see in the next section. The signature is invariant under
a rotation of β ¼ 2π=s, where s ¼ 2 is the spin of
the graviton, as we expect. Here, we have worked in the
limit of very far observer and sources with respect to the
impact parameter (jzoj; jzsj ≫ b). Note that by breaking
this approximation, additional polarizations would have
appeared.

B. Physical polarizations

In a general metric theory, gravitational waves can have
up to six different polarization modes corresponding to 6
independent degrees of freedom carried by the Riemann
tensor. These components are encoded in the so-called
Newman-Penrose (NP) scalars [45], which are given in
terms of projections of the Weyl tensor of the wave on the
null tetrad basis. Specifically, the six polarizations are
encoded in the following quantities [46]:

Ψ2 ¼ −
1

6
Cμναβkμnνkαnβ; ð42Þ

Ψ3 ¼ −
1

2
Cμναβnμkνnαlβ; ð43Þ

Ψ4 ¼ −Cμναβnμlνnαlβ; ð44Þ

Φ22 ¼ Cμναβnμmνlαnβ; ð45Þ

with all other projections being redundant or vanishing.
The scalars Ψ4 and Ψ3 are complex and describe helicity-2
and helicity-1 polarizations, respectively. The scalars Ψ2

and Φ22 are real and describe spin-0 polarizations that are
longitudinal and transverse to the wave propagation,
respectively. Here, Cμναβ is the Weyl tensor linear in hμν.
In this work, since we are considering perturbations in
vacuum, theWeyl tensor is equal to the Riemann tensor. We
stress that the usefulness of the Newman-Penrose formal-
ism resides in the fact that these scalar quantities are all
gauge invariant variables asymptotically far from the lens,
as shown in Appendix C. For an observer at rest (comoving
with respect to the source) in a given coordinate system, the
driving force matrix determines the relative acceleration of
nearby timelike geodesics,

SijðtÞ≡R0i0j; ð46Þ

where i, j span the spatial coordinates x, y, z. For a wave
coming along the ẑ direction, and using the definitions
(42)–(45), this can be written explicitly as [46]

SijðtÞ

¼

0
B@
−Ω2ðReΨ4þΦ22Þ Ω2ImΨ4 −2

ffiffiffi
2

p
ΩReΨ3

Ω2ImΨ4 Ω2ðReΨ4−Φ22Þ 2
ffiffiffi
2

p
ΩImΨ3

−2
ffiffiffi
2

p
ΩReΨ3 2

ffiffiffi
2

p
ΩImΨ3 −6Ψ2

1
CA:

ð47Þ

Figure 3 shows schematically how the six polarization
modes affect the motion of test particles.
Using double square brackets to denote independent

antisymmetrization over inner and outer pairs of indices
(for example, t½a½bc�d� ¼ 1

2
ðta½bc�d − td½bc�aÞ), we can write

the Riemann tensor linear in hμν as

Rμναβ ¼ −2∇½μ∇½αhβ�ν� þ Rμν½αγhβ�γ; ð48Þ

where Rμνα
γ is the Riemann tensor of the background

metric. Replacing the perturbative ansatz of Eq. (9) and
ordering powers of ω up to OðωÞ, one obtains
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Rμναβ ¼ Rð0Þ
μναβ þRð1Þ

μναβ; ð49Þ

where

Rð0Þ
μναβ ¼ −2ω2ℜfeiωΦk½μεð0Þν�½αkβ�g ð50Þ

is the contribution to the Riemann that is relevant in the
geometric optics regime, and

Rð1Þ
μναβ ¼−2ωℜfeiωΦk½μεð1Þν�½αkβ�

þ ieiωΦ½ð∇½με
ð0Þ
ν�½αÞkβ� þ ð∇½αε

ð0Þ
β�½μÞkν�− ð∇½αk½μÞεð0Þν�β��g

ð51Þ

is the contribution to the Riemann that is relevant at leading
order beyond geometric optics. We see that terms with the
background Riemann in (48) appear only 2 orders beyond
geometric optics since they do not contain any derivative of
the GW field, and hence, those terms are neglected in the
calculations of this paper.
Next, we compute the NP scalars at the observer

via (42)–(45), which read

Ψ2¼ω
2ΩRs

3b2
DðνsÞ
D̄ðνoÞ

ℜfieiωΦðHþs cosð2βÞþH×s sinð2βÞÞg;

ð52Þ

Ψ3 ¼ −
RsΩeiβ

2
ffiffiffi
2

p
b
Ψ4; ð53Þ

Ψ4 ¼
ω2

2

DðνsÞ
D̄ðνoÞ

ðℜf−HþseiωΦg þ iℜfH×seiωΦgÞ; ð54Þ

Φ22¼−ω
Rs

Ωb2
DðνsÞ
D̄ðνoÞ

ℜfieiωΦ½Hþscosð2βÞþH×s sinð2βÞ�g;

ð55Þ

where Hþs ≡HþðνsÞ and H×s ≡H×ðνsÞ for short. The
leading Oðω2Þ terms are the well-known standard þ and ×
polarization modes present in geometric optics. These are
related to the left and right polarization via Θmm ¼
Hþ − iH× and Θll ¼ Hþ þ iH×. The apparent presence
of an Oðω2Þ term in Ψ3 comes from the nonzero peculiar
velocity (uμ ¼ ð1;−ðRs=bÞ cos β;−ðRs=bÞ sin β; 0Þ) of our
observer. We show in Appendix B thatOðω2Þ contributions
to Ψ3 can easily be eliminated by a local Lorentz trans-
formation, which leaves the other polarizations perturba-
tively unchanged. Next-to-leading order contributions
OðωÞ include an excitation of a longitudinal scalar mode

Ψ2, from the effective δΘð1Þ
nn mode in Eq. (41) and a

contribution to the scalar breathing mode Φ22, which
comes from the second line in Eq. (51).
To our knowledge, this is the first time that the amplitude

of these nontensorial modes is computed in a lensing
situation in general relativity. We emphasize that because
general relativity propagates only two independent
polarizations, these additional apparent scalar polarizations
arise from wave effects beyond geometric optics. We stress
again that these are not new physical degrees of freedom, as
they depend on the same initial conditions as the two
tensor modes.
Finally, we see that the ratio of the amplitude of the

nontensorial modes (longitudinal or breathing) to tensor
waves reads

As

At
¼ N

2π
·
Rs

b
·
λ

b
; ð56Þ

where N ¼ 4 for the longitudinal mode, and N ¼ 1 for the
breathing mode. This quantity is smaller than the one in our
perturbative approach where Rs ≪ λ ≪ b. The amplitude
of these nontensorial polarization modes becomes relevant
in case of saturation of those inequalities. As they saturate,
higher order beyond geometric optics as well as higher-
order metric potential corrections may become important.

time

FIG. 3. For a GW traveling along the ẑ direction, we sketch six
temporal snapshots of the effect of each polarization mode on a
sphere of test particles existing on the boundary of the initial
circle on the left. (a) The plus polarization of amplitude Hþ
contained in the real part of Ψ4, (b) the cross polarization H×
contained in the imaginary part of Ψ4, (c) the breathing mode
from Φ22, (d) the longitudinal scalar mode contained in Ψ2, (e) a
vector mode from the real part of Ψ3, and (f) another vector mode
from the imaginary part of Ψ3.
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C. Tetrad dependence of the polarization

We have shown that due to wave effects, breathing and
longitudinal scalar modes are excited in the driving force
matrix, which can be interpreted as extra polarizations. We
study here how this statement depends on the tetrad choice;
i.e., we analyze whether this statement is observer depen-
dent. This is especially important as we have chosen to
work with specific tetrad vectors (e.g., we chose them to be
parallel transported along kμ, reaching the tetrad of a very
specific observer), and we must check whether the exist-
ence of these extra polarization modes is not an artifact of
this choice. To this scope, we consider generalized Lorentz
transformations of the tetrad, and we check whether there
exists a class of observers for whom the wave appears as a
purely helicity-2 wave, i.e., with Ψ4 ≠ 0 and all other NP
scalars vanishing.
The most general transformation of the tetrad that

preserves the orthonormal properties defined in Eq. (16)
has six real free functions of time and space (generalization
of Lorentz transformations in flat space). Two of them8

simply correspond to renormalizations of the tetrad, which
are irrelevant for determining whether the NP scalars vanish
or not. See, e.g., [46] for a pedagogical derivation. We
therefore focus on how the NP scalars transform under the
remaining four free parameters of the general tetrad trans-
formation, which is given by [47]

kμ
0 ¼ kμ þ jq1j2nμ þ q�1m

μ þ q1lμ; ð57Þ

mμ0 ¼ mμ þ q1nμ þ q2kμ; ð58Þ

nμ
0 ¼ nμ þ jq2j2kμ þ q�2m

μ þ q2lμ; ð59Þ

where q1 and q2 are two complex parameters. In
Appendix B, we give the transformation rules for the
NP scalars under class I (q1 ¼ 0) and class II (q2 ¼ 0)
null rotations, which leave either kμ or nμ invariant. After
analyzing general class I and II transformations, we set the
Oðω2Þ contributions to Ψ3 to zero, affecting the other
polarizations only up to subleading terms. We conclude that
the precise polarization decomposition is observer depen-
dent, but there does not exist a class of observers for which
Ψ2 ¼ 0 ¼ Ψ3 ¼ Φ22 at the same time. For example, one
can show that there exists a choice of tetrad, related by a
class I transformation, for which Φ22 ¼ 0, but it in turn
introduces Ψ3 ≠ 0. This implies that there exists a class
of observers for which some of the scalar polarizations
vanish, but the wave contains some spin-1 polarization.
The induced gravitational wave belongs to the II6 invariant
class of waves [48], for which standard observers

(i.e., observers which agree on kμ and on the frequency
of the wave) measure the same nonzero amplitude of Ψ2,
but the presence or absence of all other modes is observer
dependent.

D. Propagation of energy

As discussed in detail in [24], when corrections beyond
geometric optics are included, the null tetrad loses its
precise physical meaning. In particular, kμ does not
necessarily represent the direction of propagation of energy
anymore since wave effects are present. Indeed, once we
leave the safe ground of geometric optics laws, various
definition for direction of propagation of the wave are
possible. For example, in [49], the effective directions of
propagation are defined according to the null directions of
the connection Fμν for the electromagnetic field and of the
Weyl tensor for gravitational radiation. Due to the absence
of a geometrical definition of propagation, in this section,
we study the effective propagation of energy of the wave as
a physically meaningful quantity. The latter can be recon-
structed by a direct inspection of the pseudo stress-energy
momentum tensor of the wave, as shown in [24].
In the absence of curvature, sufficiently far from the lens,

the energy momentum tensor of gravitational waves can be
written as [16]

teffμν ¼ c4

32πG
h∂μhαβ∂νhαβi; ð60Þ

where h…i denotes a time average over several periods of
the wave, and we have reintroduced units of c and G to
make contact with standard results in the literature. In our
context, the fast oscillating part of the wave is driven by the
eikonal phase Φ, and thus, we average over Φ (equiv-
alently, over several fast oscillations, at a fixed location).
Using (9), we can write the geometric optics and beyond
geometric optics contribution as follows:

teffμν ¼ c4

32πG
½ω2tð0Þμν þ ωtð1Þμν þOðω0Þ�: ð61Þ

The contributions of order ω beyond geometric optics can
be recasted in the following compact form [24]:

teffμν ¼ c4

64πG
A2KμKν; ð62Þ

where A ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jHþj2 þ jH×j2

p
is the amplitude of the wave

in geometric optics, and the effective energy propagation
vector has been defined as

Kμ ¼ kμ þKkμ þ Vμ; ð63Þ

with

8These two transformations corresponds to Lorentz boosts
in the direction of propagation of the GW and rotations around
that axis.
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K ¼ A−2ℜðεð0Þαβ ε
�αβ
ð1Þ Þ; ð64Þ

Vμ ¼ A−2½ℑðεαβð0ÞÞ∂μℜðεð0Þαβ Þ −ℜðεαβð0ÞÞ∂μℑðεð0Þαβ Þ�: ð65Þ

Next, we proceed to calculate explicitly this effective
propagation vector for our simple example of a point lens.
In our approximation scheme, we find that both K and Vμ

are vanishing. On the one hand,K vanishes because εð0Þαβ ε
�αβ
ð1Þ

is proportional to the sum of nαnβmαmβ ¼ 0 and its
complex conjugate. For the second term, we use the fact
that, when computing corrections beyond geometric optics,
we considered an observer and a source parametrically far
with respect to the impact parameter, and we neglected
corrections to the wave amplitude decaying faster than
OðL=DÞ, whereD is the distance separating the source and
the observer, and L is any other length scale in the problem.
It follows that terms in the effective energy momentum
tensor decaying faster thanD−2 may be neglected. One may
check that this is indeed the case for all the terms in
Eq. (65). It follows that for a pointlike lens at leading order
beyond geometric optics, corrections to the energy momen-
tum tensor of the wave are vanishing, and we recover the
standard result of the geometric optics limit [16],

teffμν ¼ c4

64πG
A2kμkν: ð66Þ

In other words, at leading order beyond geometric optics,
the vector kμ can be identified with the direction along
which the GW energy propagates on average. We observe
that corrections to the wave energy momentum tensor can
come at second order Oðω0Þ, for which a consistent
calculation of the energy momentum tensor would require

εð2Þμν . We refrain from performing a second order calculation
in this paper.

IV. TENSORIAL FRESNEL-KIRCHHOFF
DIFFRACTION INTEGRAL

When studying lensing of GW, it is standard lore in the
literature to neglect the polarization structure of the wave
and to include wave effects into a scalar quantity called the
amplification factor, which relates the lensed and unlensed
wave amplitude in Fourier space. Explicitly, one typically
writes

Hlensþ;× ¼ FsHnolensþ;× ; ð67Þ

where Fs is the amplification factor, which is a function of
the frequency and of the lens geometry; see, e.g., [31,32].
In this work, we have proposed a perturbative approach
to include beyond geometric optics corrections, without
neglecting the spin-2 nature of the wave. In this section, we
make contact with standard lensing literature on wave

effects and revisit the derivation of the amplification
factor analogue of Eq. (67), paying special attention to
the tensorial structure of the metric perturbations.

A. Amplification factor

In this section, we adapt the derivation of the amplifi-
cation factor found for example in [41] to a GW. The reader
familiar with lensing can jump to Sec. IV B. We start by
writing a general GW wavepacket in Fourier space as
follows:

hμνðt; xÞ ¼
1ffiffiffiffiffiffi
2π

p
Z

∞

−∞
h̃μνðΩ; xÞe−iΩtdΩ: ð68Þ

In order to obtain the final observed wave, it is enough to
obtain the propagation of a monochromatic component h̃μν
from the source to the observer. We consider the lensing
situation illustrated in Fig. 4. We assume that from the
plane E0 to the observer, we can neglect the effect of the
lens such that the background spacetime is flat. This
assumption allows us to relate the wave at the observer
position xo to the wave on E0 by the Kirchhoff integral [50],

h̃μνðΩ;xoÞ¼
1

4π

Z
E0
d2s0 ·

�
h̃μν∇

�
eiΩD

0

D0

�
−
eiΩD

0

D0 ∇h̃μν
�
; ð69Þ

where d2s0 denotes an inward unit element vector normal to
the closed surface9 E0, which contains the observer, and
D0 ¼ D0ðb0Þ denotes the distance between the observer and
a point located on the surface E0 at two-dimensional
coordinates b0. On E0, the solution to the metric perturba-
tion h̃μν, along a given path, can be expressed as

h̃μνðΩ; b0Þ ¼ ε̃μνðΩ; b0Þ exp ðiΩðϕðb0; ηÞ þ αðηÞ −D0ðb0ÞÞÞ;
ð70Þ

which is written in terms of a generic polarization tensor
ε̃μν, whose transport equation from the source to the
plane E0 has not been specified yet. This solution also
contains explicit phase shifts terms. The first term is the
Fermat potential10 ϕðb0; ηÞ, which depends on the impact
parameter b0. The second term αðηÞ is the b0-independent
part of the phase coming from the time to travel the
unperturbed path from the source to the observer. Together
these two contributions represent the total length of the
deflected path. The third term removes the distance D0ðb0Þ

9In absence of the Shapiro time delay, we could directly set
E0 ¼ E. Yet, because of this extra Shapiro time delay, which
happens close to the lens, we consider another plane E0
sufficiently far from E, where it can be considered that the delay
was already effective.

10The Fermat potential contains a contribution from the
geometrical time delay and another from the Shapiro time delay.
Generic expressions can be found, for example, in [41].
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to yield the correct spatial phase on E0 instead of the
observer. Then, the Kirchhoff integral (69) reads

h̃μνðΩ; xoÞ ¼
iΩ
4π

Z
E0
d2b0

ε̃μνðΩ; b0Þ
D0ðb0Þ eiΩðϕðη;b0ÞþαðηÞÞ2 cos θ0;

ð71Þ

where we neglected terms in the integral of order 1=D0ðb0Þ
next toΩ. To further simplify this integral, we introduce the
standard assumptions that (i) out of all the possible paths
the signal can take from the source to the observer, only
paths close to the geometric optics path (with impact
parameter bG) interfere constructively in Kirchhoff’s
integral11; (ii) it is sufficient to evaluate the slowly
varying polarization tensor at the geometric optics param-
eter b0G; (iii) the angles θ and θ0 are small. Under these
approximations, we get

h̃μνðΩ; xoÞ ¼
iΩ
2π

ε̃μνðΩ; b0GÞ
D0ðb0GÞ

Z
E0
d2b0eiΩðϕðη;b0ÞþαðηÞÞ; ð72Þ

where ε̃μνðΩ; b0GÞ is the polarization tensor on the plane E0,
corresponding to the geometric optics ray with impact
parameter bG on the lens plane. We make a thin lens
approximation, assuming that lensing is effective only in a
small region around the lens. In this regime, the plane E0
can be identified with the lens plane and the distance at the
denominator of Eq. (72) can be identified with the distance
to the lens plane Dl,

h̃μνðΩ; xoÞ ¼
iΩ

2πDl
ε̃μνðΩ; bGÞ

Z
E
d2beiΩðϕðη;bÞþαðηÞÞ: ð73Þ

In Eq. (73), the polarization tensor is effectively parallel
transported from the lens to the observer along the geo-
metric optics path,12 and the scaling Dl in the denominator
of Eq. (73) rules the dilution of the amplitude of the wave
from the lens plane to the observer. We now express the
polarization tensor on E as a function of that of the observer
in the absence of the lens, allowing for polarization
distortions through a rank-4 tensor Fμναβ,

ε̃μ νðΩ; bGÞ ¼
Fμ ναβε̃

αβðΩ; ηÞ
Dls

¼ Fμ ναβε̃
αβ
nolensðΩ; xoÞDs

Dls
; ð74Þ

where ε̃αβnolensðΩ; xoÞ ¼ ε̃αβðΩ; ηÞ=Ds represents the polari-
zation tensor at the observer in absence of the lens, and
ε̃αβðΩ; ηÞ is the source amplitude polarization tensor. The
final metric perturbation can then be expressed as

h̃μνðΩ; xoÞ ¼ Fs · Fμναβh̃
αβ
nolensðΩ; xoÞ; ð75Þ

where h̃αβnolensðΩ; xoÞ ¼ ε̃αβnolensðΩ; xoÞeiΩαðηÞ, and we intro-
duced the standard scalar amplification factor defined as

Fs ¼
iΩDs

2πDlDls

Z
E
d2 beiΩϕðη;bÞ: ð76Þ

Note that for the regime of interest of this paper, where
Rs ≪ λ, and in the weak lensing regime such that only one
image forms, this amplification factor is expected to take
the usual form of geometric optics [41,43], where it only
affects the observed signal by adding a magnification that is
close to unity and a time delay. The final wave in real space
can be obtained by using Eq. (68). At this point, the only
missing information in Eq. (75) is the law governing the
transport of the polarization tensor from the source to the

FIG. 4. Awave propagates from the source (which is located at
position η in the source plane) to the observer via deflected paths
characterized by the angles θ and θ0. We illustrate one possible
path here, which has an associated impact parameter b in the lens
plane E. We also define a plane E0 between the lens and the
observer in such a way that the space is nearly flat between E0 and
the observer, and hence, waves propagate trivially in that region.
D0 is the distance between the observer and the point with
coordinates b0 in E0. In principle, for a source emitting waves in
all directions, these waves travel to the observer along all possible
paths and the observed signal is the superposition of the waves
along all paths according to Kirchhoff’s integral. The unperturbed
distance between the source and observer is denoted by αðηÞ. The
Fermat potential ϕðb0; ηÞ represents a distance delay with respect
to the undeflected path αðηÞ that is due both to a geometric time
delay and to the Shapiro time delay.

11In principle, there are two paths that extremize the Fermat
potential (one minimum and a saddle point) for a pointlike lens
(and more paths for more complicated lens models). However, we
assume that the time delay between both paths is much longer
than the duration and observation of the signal, such that the
observer detects only one finite signal at a time.

12This happens because we have assumed that the background
metric is flat in the volume enclosed by E0.
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lens plane, along the geometric optics ray which hides in
Fμναβ. In the next section, we give an expression for that
rank-4 tensor which follows from the results of Sec. III,
taking into account beyond geometric optics corrections to
the amplitude polarization tensor which become relevant.
Note that the approximations made in this section are
expected to hold in the regime of interest of our work since
the weak gravity limit ensures that the deflection angles are
small, and λ ≪ b ensures that there are no wave effects, and
the ray interpretation of geometric optics still holds for the
image that forms from the global minimum of the Fermat
potential when Rs ≪ λ. In particular, one can use the
stationary-phase approximation to compute (76), which
results in the standard effects expected in the geometric
optics regime. In contrast, when λ≲ Rs, the stationary
phase approximation works for any image formed by the
lens in the strong lensing regime (as long as they do not
interfere with each other), but higher-order corrections of
the form ðRs=bÞn would have to be included in the
calculation of the polarization tensor.

B. Tensorial distortion tensor

In the previous section, we have found that the relation
between the lensed and unlensed signal is more compli-
cated than a simple scalar amplification factor Fs. Beyond
geometric optics effects allows for the polarization to be
distorted according to

ε̃lensμν ¼ Fs · Fμναβε̃
αβ
nolens; ð77Þ

where the standard amplification factor is given in Eq. (76),
and

ε̃αβnolensðνoÞ ¼
DðνsÞ
D̄ðνoÞ

ðΘ̄ð0Þ
mmðνsÞmαmβ þ Θ̄ð0Þ

ll ðνsÞlαlβÞ: ð78Þ

From the results of Sec. III A for a pointlike lens, we obtain
that the tensorial distortion tensor is explicitly given by

Fμ ναβ ¼
�
mμmν − i

4ΩRs

b2
e2iβnμnν

�
lαlβ

þ
�
lμlν − i

4ΩRs

b2
e−2iβnμnν

�
mαmβ; ð79Þ

where the first terms of each square bracket account for the
geometric optics parallel transport of the left and right
circularly polarized modes, and the other terms are the
corrections beyond geometric optics. The factor of i in front
of those implies that they are off phased by π=2with respect
to the tensor modes. We observe that the breathing mode in
Eq. (47) does not appear in our computation for the metric
perturbation. However, it does appear as an effective scalar
mode in the driving force matrix, computed from the
Riemann tensor (49), which includes leading order terms

beyond geometric optics. It is useful to introduce an
effective lensed GW, which includes the breathing mode
appearing in the driving force matrix (46),

ε̃lens;effμν ¼ Fs · Fμναβε̃
αβ
nolens; ð80Þ

where

Fμναβ ¼
�
mμmν − i

2Rs

Ωb2
e2iβð2Ω2nμnν þmðμlνÞÞ

�
lαlβ

þ
�
lμlν − i

2Rs

Ωb2
e−2iβð2Ω2nμnν þmðμlνÞÞ

�
mαmβ;

ð81Þ

where again, the first term of each square bracket accounts
for the geometric optics parallel transport of the left and
right circularly polarized modes, and the second and third
terms of each square bracket account for the transformation
of the tensor modes to the longitudinal and breathing
modes respectively. The geometric optics Riemann tensor
(i.e., the zeroth-order in ω expression) associated to this
effective metric perturbation already includes the breathing
mode. It follows that this effective waveform can be
considered as a tool to parametrize all the observable
effects of the lensed wave, treating it as in geometric
optics when computing geometrical quantities such as the
Riemann tensor and the driving force matrix. Note that
since the amplitude of the extra scalar modes is frequency
dependent, the real space scalar GW signals may exhibit
some modulation.
Finally, we note that modified emission processes can

also lead to extra polarizations (such as in modified gravity
theories) that could be naively confused with the propa-
gation effects in GR that have been discussed in this paper.
Here, we discuss how beyond geometric optics effects can
be tested and distinguished from alternative gravity theories
for sources with well-modeled GW signals, such as a
coalescence of binary black holes. In the case of lensing
beyond geometric optics, we notice that the observed signal
differs from a typical unlensed GR waveform due to the
different effective polarization content. If enough GW
detectors are present to constrain the polarization, then it
is possible to measure separately the tensorial and the
nontensorial polarization modes. As found in (54), the
phase evolution of the tensorial modes is the same as
the expected one in GR in the geometric optics regime.
However, in the case of modifications of gravity during
emission, the loss of energy in the form of extra polar-
izations affects the dynamics of the GW sources (e.g., by
changing the angular velocity of a black hole binary
system). Since the GW phase evolution is directly related
to the dynamical evolution of the GW source, one expects
tensorial polarizations to have a modified phase evolution.
This is, for example, the reason why the Hulse-Taylor
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binary pulsar can impose strong constraints on the energy
loss that could be attributed to extra GW radiation modes
[46,51]. Therefore, the detected signal expected from
beyond geometric optics in GR is fundamentally different
from what is expected from modified gravity emission
processes, although uncertainties in the measurements have
to be taken into account in practice in order to distinguish
confidently both scenarios.
We note that modifications to gravity can also lead to a

different propagation of GWs, even if the emitted signal is
the same as that predicted in GR. This may happen in
gravity theories with screening mechanisms [52–54],
whose purpose is to hide deviations from GR in the
strong-field regime or dense environments. In these modi-
fied gravity theories, there is an additional field that
exchanges energy with the GW signal, leading to a non-
trivial detected waveform. The nature of this extra field and
exactly how it interacts with gravity depends on the specific
theory. If the extra field is scalar, then it can potentially
induce scalar polarizations in the detected GW signal in
lensing scenarios. However, this kind of energy exchange
with a scalar field was shown to be absent in Horndeski
theories with luminal propagation of gravitational waves,
within geometric optics [21]13 and out of reach for current
and foreseeable future detectors for quartic and quintic
Horndeski theories [57]. Nevertheless, interactions with
other type of fields, such as tensors, may not be excluded
[58], but these scenarios would not induce the production
of additional polarizations in the GW signal, and only the
standard plus and cross polarizations would be expected.

V. PROBABILITY OF DEVELOPING
SIGNIFICANT EFFECTIVE
NONTENSORIAL MODE

In this section, we estimate the order of magnitude
probability that a nearly monochromatic wave develops an
effective nontensorial mode with amplitude μ ≪ 1 relative
to the amplitude of the standard tensor modes. We fix the
geometry as in Fig. 4. For a fixed lens Schwarzschild radius
Rs, and nearly monochromatic source with observed wave-
length λ, we use the point-lens example to obtain the
corresponding maximum impact parameter jjbjj (on the
lens plane) to have a scalar-to-tensor ratio equal or larger
than μ,14

As

At
¼ μ ∼

Rsλ

jjbmaxjj2
≪ 1 ⇒ jjbmaxjj ∼

ffiffiffiffiffiffiffi
Rsλ

μ

s
: ð82Þ

Note that since both scalar and tensor polarization modes
will have the same amplification factor Fs as shown in (80),
then the ratio As=At gives indeed the ratio of the observed
polarizations. We define a rescaled angular position of the
source as

y ¼ θs
θE

; ð83Þ

where the Einstein angle θE is given for a pointlike lens by

θ2E ¼ 2RsDls

DlDs
; ð84Þ

where Dl, Ds, and Dls are the angular diameter distances
between lens observer, source observer, and lens source,
respectively. The impact parameter in the lens plane is
jjbjj ¼ Dlθ

0 ≈ y · rE, where in the last equality, we have
approximated the image position θ0 with the source
position, in the regime of small deflection. Here, rE ¼
θEDl is the Einstein radius. For a fixed geometry, an upper
bound on the impact parameter translates into an upper
bound on y,

ymax ¼
jjbmaxjj
rE

: ð85Þ

Then the optical depth to have a scalar-to-tensor ratio
bigger than μ is given by

τðμ; λ; zsÞ ¼
Z

zs

0

cdz
HðzÞð1þ zÞ

Z
dσðμ; λ; zÞ

Z
dnphysðzÞ;

ð86Þ

where zs is the source redshift, HðzÞ is the Hubble
factor, and dnphys ¼ ð1þ zÞ3dn is the physical number
density of lenses. The differential cross section to have
scalar-to-tensor ratio at least μ for pointlike lenses can be
expressed as15

dσðμ; λ; zÞ ¼ dy y2πr2EΘðymax − yÞ; ð87Þ

whereΘ indicates the Heaviside step function. After simple
manipulations, one finds

13Note that Ref. [55] reached a different conclusion and found
that the GW polarization was not parallel transported;
see Appendix E of Ref. [56] for an analysis of that discrepancy.

14In principle, the result for the scalar amplitude As is only
valid for b in a ring on the lens plane. If the impact parameter is
too small, higher-order terms in the perturbative approach will
become important and perhaps, increase or decrease its ampli-
tude. Nevertheless, for this order of magnitude estimate, we
assume that the result holds for b < jjbmaxjj.

15We observe that we are defining here the cross section
projected on the lens plane. Another possibility would have
been to define the cross section in the source plane and then scale
it by the ratio ðDl=DsÞ when computing the optical depth; see
also [59].
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τðμ;λ;zsÞ¼
πλ

μc

Z
zs

0

dz
ð1þzÞ2
HðzÞ

Z
Mmax

0

dMð2MGÞ dn
dM

: ð88Þ

To get an estimate of the size of the effect, we use the results
in [60] for the present comoving galaxy density as a
function of the velocity dispersion σv and write
dn ¼ dσvdn=dσv. Then, we use the fact that the mass
enclosed in an Einstein ring is related to the velocity
dispersion by [61]

M ¼ 4π2

Gc2
σ4v

DlDls

Ds
: ð89Þ

Then, Eq. (88) can be written as

τðμ; λ; zsÞ ¼
8π3λ

μc3

Z
zs

0

dz
ð1þ zÞ2
HðzÞ

DlDls

Ds

Z þ∞

0

dσv σ4v
dn
dσv

;

ð90Þ

where all distances are angular diameter distances. Note
that the integrand in the dσν integral peaks around σν ∼
200 km s−1 and decays quickly to zero beyond 500 km s−1.
The probability of having an event from redshift zs that
undergoes lensing with production of an effective scalar
mode with a scalar-to-tensor ratio bigger than μ is given by

Pð>μ; λ; zsÞ ¼ 1 − expð−τðμ; λ; zsÞÞ; ð91Þ

which, in the limit of small optical depth, is just the optical
depth itself. Results are presented in Fig. 5 for waves with
λ ¼ 5 pc, in the PTA band. As seen from Eq. (90), the
probability scales inversely proportional to the minimum μ.
We also see that for a given μ, the probability starts
saturating at higher redshift because the amount of lenses
decrease. Due to this behavior, any source beyond zs ≈ 5 is
going to have approximately the same probability to get

lensed. For example, for μ ¼ 10−4, we find that the
probability can reach the order of 10−5 − 10−6 for a single
monochromatic source.
Notice that here, we have calculated the lensing prob-

ability for a single source but, realistically, one is interested
in the probability of observing any source generating
significant nontensorial modes, with a given detector
sensitivity and observing time. This calculation would
require modeling the redshift distribution of source pop-
ulation. One would take the convolution of the probability
(91) with the number density of sources as a function of
redshift and characteristic strain and integrate over redshift
and frequency, weighted with the detector’s characteristic
strain noise power. This can increase the resulting prob-
ability by several orders of magnitude for a high-redshift
population with high statistics that are long lasting in the
band. For example, this may be the case for a population of
massive black hole binaries visible with LISA. In addition,
sources are not monochromatic and emit gravitational
waves in a wide range of frequencies, and the detected
range depends on their mass distribution. Nevertheless, a
detailed calculation including these two effects is beyond
the scope of this paper. Note that even if the nontensorial
polarizations have suppressed amplitudes, it may be pos-
sible to detect them in the future. For instance, the authors
of [39] have found that PTAs may be 104 times more
sensitive to the longitudinal scalar polarization than tensor
polarizations of the GW background for pulsar pairs with
small angular separations.
According to the previous discussion, the probability of

observing significant nontensorial modes can change if the
detected frequency range and if the lens distribution are
different. Therefore, it is worth investigating different
lensing scenarios of astrophysical interest. Previously,
we considered the case of lensing by galaxylike objects
and long-wave length radiation in the PTA band. We stress
that radiation in this band is not able to resolve subgalactic
structure as diffraction becomes very active on that scale;
see, e.g., [31] and a discussion in [62]. However, sub-
galactic structure can be resolved by radiation in the Hz
band. We estimate then the probability of producing
significant nontensorial modes also from the propagation
of Hz waves that suffer diffraction caused by solar-mass
objects in our galaxy. We use Eq. (86) where, for galactic
solar-mass objects, the lensing optical depth can be
simplified to

τðμ; λ; DsÞ ¼
2NGπλ
μc2

DshMin�; ð92Þ

where

hMin� ≡
Z

Mmax

0

dMM
dn
dM

; ð93Þ

FIG. 5. Probability of producing off lensing a pseudoscalar
mode with a scalar-to-tensor ratio bigger than μ, as a function of
the source redshift. We have chosen here λ ¼ 5 pc in the
PTA band.
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and we assumed the stellar object to have typical mass hMi.
We find

τðμ; λ; DsÞ ∼ 10−23
Nπ

μ

�
λ

km

��
Ds

kpc

� hMi
M⊙

�
n�
pc−3

�
; ð94Þ

which saturates once we exit the galaxy. In the solar
neighborhood, the stellar mass density of a star cluster
must be greater than 0.08 M⊙ pc−3 in order to avoid tidal
disruption. The locations within the Milky Way that have
the highest stellar density are the central core and the
interior of globular clusters. A typical mass density for a
globular cluster is 70 M⊙ pc−3, which is 500 times the mass
density near the Sun. The resulting probability is much
smaller than the one computed for PTA. This can be
understood recalling that the cross section for the process
under study is a linear function of the wavelength. Hence,
the lensing probability is not invariant under simultaneous
rescaling of Rs and λ; see also [34].

VI. DISCUSSION AND CONCLUSION

In this work, we have explored beyond geometric optics
corrections to the polarization tensor for a GW, which is
lensed by a pointlike lens. After recovering the parallel
transport of the GW polarization tensor in the geometric
optics regime, we have found that propagation of the
polarization tensor, at leading order beyond geometric
optics, is modified such as to generate apparent non-
tensorial polarizations due to wave effects. These correc-
tions beyond geometric optics can become relevant for
signals with wavelength λ such that it becomes comparable
to the impact parameter of the lens λ ∼ b, even in the weak-
field regime where b; λ ≫ Rs (with Rs being the
Schwarzschild radius of the lens).
For the choice of observer adopted in this paper, we

specifically showed that the nonzero Riemann curvature
tensor generated by the lens leads to the production of an
apparent longitudinal scalar polarization. We also found
that an additional apparent scalar breathing polarization
appears beyond geometric optics.16

We also found that a vector polarization was generated,
which, however, could be absorbed by performing a boost
to a frame that is at rest with respect to the lens. We then
studied generalized Lorentz transformations to investigate
if there exists a class of observers that would only measure
purely helicity-2 polarizations and found that this class
of observers does not exist. Nonetheless, there exist
classes of observers who would disagree on the detailed
polarization content (e.g., an observer could measure vector

polarizations instead of scalar ones) but not on whether
nontensorial polarizations are present or not. We stress that
our results on the polarization content are extracted from
the NP scalars, evaluated at the observer, which are gauge-
invariant quantities, as shown in Appendix C.
In addition, we discussed the propagation of energy of

these GWs and found that corrections first order beyond
geometric optics vanish. We refrained from computing
second order corrections to the GW energy momentum
tensor for which a consistent calculation would require the
next-to-next-to-leading order corrections to the polarization
tensor. We concluded that the average energy still prop-
agates along the four-momentum vector of the GW given
by the geometric optics approximation.
Furthermore, we then made connection with the liter-

ature by introducing a rank-4 distortion tensor, which
accounts effectively for the polarization distortions of the
GW beyond geometric optics. Finally, we expressed the
probability to develop nontensorial polarizations with an
amplitude μ−1 times smaller than the tensor polarizations,
as a function of the cross section, the number density of
lenses, and of the source redshift. We computed this
probability for a single monochromatic wave traveling
through a realistic distribution of astrophysical objects
acting as lenses and found that it is a linear function of
the wavelength and that it is not totally negligible for a
high-redshift population of sources visible in the PTA band.
We leave for the future a detailed estimation of this
probability for a population of sources that emit GWs in
a wide range of frequencies.
In this paper, we showed, in a simple case study, that an

incident ray is diffracted beyond geometric optics and, as a
result, the original polarization plane is smeared, and
apparent nontensorial polarizations arise. The work pro-
posed here provides a first step toward disentangling effects
coming from propagation in a universe with structures and
effects coming from intrinsic properties of the emitting
sources or the behavior of gravity in the strong-field
regime. In particular, the degeneracy with nontensorial
polarizations from alternative theories of gravity should not
be underestimated, and care must be taken when using
extra-polarization modes as a smoking gun of deviations
from general relativity.
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APPENDIX A: DETAILED CALCULATION OF
THE POLARIZATION TENSOR

In this appendix, we show in detail the calculation of the
polarization tensor of a GW, which is lensed by a pointlike
lens to first order beyond geometric optics. In isotropic
coordinates, the background metric of a pointlike lens in
the weak-field regime is described by the following line
element:

ds2 ¼ −ð1þ 2ΨÞdt2 þ ð1 − 2ΨÞðdx2 þ dy2 þ dz2Þ; ðA1Þ

with ΨðxÞ ¼ −Rs=ð2jjxjjÞ, where jjxjj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2 þ z2

p
indicates the Euclidean norm and Rs, the Schwarzschild
radius of the lens. The corresponding Christoffel symbols
linearized in Ψ are given by

δΓ0
00 ¼ 0; ðA2Þ

δΓ0
i0 ¼ ∂iΨ; ðA3Þ

δΓi
00 ¼ ∂iΨ; ðA4Þ

δΓ0
ij ¼ 0; ðA5Þ

δΓi
j0 ¼ 0; ðA6Þ

δΓi
jk ¼ ð−∂kΨδij − δik∂jΨþ δjk∂iΨÞ; ðA7Þ

while the needed nonzero Riemann tensor linearized in Ψ
reads

δRi
jkl ¼ −δil∂k∂jΨþ δlj∂k∂iΨþ δik∂l∂jΨ − δjk∂l∂iΨ;

ðA8Þ

δRi
0jk ¼ ∂jδΓi

k0 − ∂kδΓi
j0 ¼ 0; ðA9Þ

δRi
00j ¼ ∂0δΓi

j0 − ∂jδΓi
00 ¼ −∂j∂iΨ: ðA10Þ

Next, we expand the polarization amplitude tensor to linear
order in Ψ,

εð0Þμν ¼ Θ̄ð0Þ
ABē

A
ðμē

B
νÞ þ 2Θ̄ð0Þ

ABδe
A
ðμē

B
νÞ þ δΘð0Þ

ABē
A
ðμē

B
νÞ ðA11Þ

εð1Þμν ¼ Θ̄ð1Þ
ABē

A
ðμē

B
νÞ þ 2Θ̄ð1Þ

ABδe
A
ðμē

B
νÞ þ δΘð1Þ

ABē
A
ðμē

B
νÞ; ðA12Þ

where a bar indicates a quantity that is independent of Ψ,
and a δ, a quantity that is linear in the latter. We chose the
lens to be at the origin of the coordinate system, the source
to be located asymptotically far at zs → −∞ along the ez
axis, and the observing point at zo → þ∞ as in Fig. 1. This
corresponds to having b ≪ jzsj; jzoj. The background
geodesic follows a straight line that approaches the lens
with impact parameter b along the ẑ axis. To calculate

perturbations to the amplitude, we need the perturbation to
the (luminosity) distance, which was computed for example
in [63]. We spell it out for a static metric here, neglecting
peculiar velocities,

δD
D̄

ðνÞ¼−2ΨðνÞþ 2

ν−νs

Z
ν

νs

dν0Ψðν0Þ

þ2Ωn ·
Z

ν

νs

dν0∇Ψðν0Þ

−
Ω2

ν−νs

Z
ν

νs

dν0
Z

ν0

νs

dν00ðν00−νsÞ½∇2Ψ−ninj∂i∂jΨ�;

ðA13Þ

where here, (only) nμ ¼ 1
Ω ðkμ þ ðkνuνÞuμÞ. We will need

this quantity at a general impact parameter b ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
.

With the chosen coordinates,

δD
D

ðx; y; zÞ ¼ Rs

jjxjj −
2Rs

z − zs
Arctanh

�
z

jjxjj
�

þ k̄zRs

E

�
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

b2 þ z2s
p −

1

jjxjj
�

−
Rs

2ðz − zsÞ
�
z − zs
jjxjj þ z − zsffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

b2 þ z2s
p

þ 2 log

�
zs þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 þ z2s

p
zþ jjxjj

��
: ðA14Þ

In absence of the lens, the background tetrad is constant
throughout the geodesic,

k̄μ ¼ Ωð1; 0; 0; 1Þ; n̄μ ¼ 1

2Ω
ð1; 0; 0;−1Þ; ðA15Þ

m̄μ ¼ 1ffiffiffi
2

p ð0; 1; i; 0Þ; l̄μ ¼ 1ffiffiffi
2

p ð0; 1;−i; 0Þ: ðA16Þ

To find the perturbations to the tetrad, we solve (17) as
described in [24] to first order in Ψ. We find

mμ ¼ m̄μ þ δmμ ¼ 1ffiffiffi
2

p
�
−
Rs

b
; 1; i;

Rs

b

�
; ðA17Þ

kμ ¼ k̄μ þ δkμ ¼ Ω
�
1;−

2Rs

b
; 0; 1

�
; ðA18Þ

nμ ¼ n̄μ þ δnμ ¼ 1

2Ω
ð1; 0; 0;−1Þ: ðA19Þ

We also need δmμ at a generic position ðx; y; zÞ. We get
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δm0ðx; y; zÞ ¼ −k̄0
Z

ν

νs

dν0m̄i∂iΨ

¼ −
Rs

2ðx − iyÞ
�

z
jjxjj −

zsffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 þ z2s

p �
; ðA20Þ

δmiðx; y; zÞ ¼ m̄iΨjννs þ k̄im̄k

Z
ν

νs

dν0∂kΨ

¼ m̄i

�
Rs

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 þ z2s

p −
Rs

2jjxjj
�

þ k̄i

Ω
Rs

2ðx − iyÞ
�

z
jjxjj −

zsffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 þ z2s

p �
: ðA21Þ

In the next sections, we detail the calculations for εð0Þμν

and εð1Þμν ,

1. Zeroth order: Geometric optics

In this section, we express the zeroth order polarization
amplitude tensor εð0Þμν as a function of Ψ to find the well-
known result that the polarization is parallel transported
and that the amplitude decays as the inverse of the
(luminosity) distance. To this end, we need the two
contributions, δΘAB and δeAμ . To linear order in Ψ,
Eq. (23) gives at the observer

Θð0Þ
ABðνoÞ ¼

Θð0Þ
ABðνsÞDðνsÞ
D̄ðνoÞ

�
1 −

δD
D̄

ðνoÞ
�
: ðA22Þ

In terms of Cartesian coordinates, DðzÞ ¼ z − zs. The
perturbation to the (luminosity) distance was given in
(A14). Because of the overall 1=D̄ðνoÞ in Eq. (A22), it
is enough to check that all the terms in Eq. (A14) are much
smaller than 1 for asymptotically far observer and sources.
The remaining contribution comes from the transport of the
tetrad basis, which we have computed in (A17). Hence, we
find that to first order in Ψ, the zeroth order geometric
optics polarization tensor at the observer reads

εð0Þμν ðνoÞ ¼
DðνsÞ
D̄ðνoÞ

ðΘ̄ð0Þ
mmðνsÞm̄μm̄ν þ Θ̄ð0Þ

ll ðνsÞl̄μ l̄ν

þ 2Θ̄ð0Þ
mmðνsÞδmðμm̄νÞ þ 2Θ̄ð0Þ

ll ðνsÞδlðμ l̄νÞÞ

¼ DðνsÞ
D̄ðνoÞ

ðΘ̄ð0Þ
mmðνsÞmμmν þ Θ̄ð0Þ

ll ðνsÞlμlνÞ: ðA23Þ

Note that the tetrad vector mμ ≠ m̄μ, lμ ≠ l̄μ, which makes
it clear that the polarization plane has been rotated such as
to remain orthogonal to the direction of propagation, as can
be understood by the curved trajectory of the GW.

2. First order: Beyond geometric optics

In this section, we compute first order corrections to the
polarization amplitude tensor. We only need to compute

Θ̄ð1Þ
AB and its linear counterpart δΘð1Þ

AB. The former contri-
bution is the easiest. One can check that the integrals in
Eq. (25) vanish to zeroth order in Ψ. The first one vanishes
because the Riemann tensor is linear in Ψ. For the box
integral, one may use the fact that the Minkowski tetrad
vectors are constant and introduce a regulator ε > 0 to
avoid divergent terms that arise because of evaluating the
GW at the source,

Θ̄ð0Þ
AB ⊃

1

D̄ðνoÞ
Z

νo

νs

dν0 ¯̂eμA ¯̂e
ν
BD̄ðν0Þ□ε̄ð0Þμν ¼ 1

D̄ðνoÞ
Z

zo−ε

zsþε

dz0

Ω

× ðz0 − zsÞð−∂2
t þ∇2Þ

�
Θ̄ð0Þ

ABðνsÞDðνsÞ
z− zs

�
ðx¼b;y¼0;z¼z0Þ

¼ Θð0Þ
ABðνsÞDðνsÞ
ΩD̄ðνoÞ

�
1

zo − zs − ε
þ 1

ε

�
: ðA24Þ

The first term is Oððzo − zsÞ2Þ and decays faster than the

leading term in εð0Þμν . For the second term, we can always
chose a large but finite N ≡ −zs=ε such that this contri-
bution becomes arbitrarily small. This corresponds to
integrating on a finite portion of the geodesic, which is
fine as we do not expect the lens to affect the asymptotically
far gravitational waves. Both of those can therefore safely
be neglected if the plane E0 lies sufficiently far from the

source. If we assume that, at the source Θð1Þ
ABðνsÞ ¼ 0, then

at the observer Θ̄ð1Þ
ABðνoÞ ¼ 0. This nicely implies that

higher-order corrections Θ̄ðnÞ also vanish.
The second contribution δΘð1Þ

AB requires more work. One
can easily check that δΘkB do not contribute to the driving
force matrix (or relevant components of the linearized

Riemann tensor) to order OðωÞ, and we set 0 ¼ δΘð1Þ
kk ¼

δΘð1Þ
kn ¼ δΘð1Þ

km ¼ δΘð1Þ
kl . Similarly, the traceless condition

Eq. (31) imposes δΘð1Þ
ml ¼ 0. This leaves only five

modes which may potentially get excited by the presence
of the lens,

εð1Þμν ¼ δΘð1Þ
mmm̄μm̄ν þ δΘð1Þ

ll l̄μl̄ν þ δΘð1Þ
nn n̄μn̄ν

þ δΘð1Þ
nmn̄ðμm̄νÞ þ δΘð1Þ

nl n̄ðμl̄νÞ: ðA25Þ

Expanding the solution (25) to linear order in Ψ,
we get
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δΘð1Þ
ABðνoÞ ¼

DðνsÞΘð1Þ
ABðνsÞ

D̄ðνoÞ
−
iΘð0Þ

mmðνsÞDðνsÞ
D̄ðνoÞ

Z
νo

νs

dν0 ¯̂eμA ¯̂e
ν
Bm̄

αm̄βδRαμνβ −
iΘð0Þ

ll ðνsÞDðνsÞ
D̄ðνoÞ

Z
νo

νs

dν0 ¯̂eμA ¯̂e
ν
Bl̄

αl̄βδRαμνβ

þ i
D̄ðνoÞ

Z
νo

νs

dν0D̄ðν0Þ ¯̂eμA ¯̂eνBḡρσ½∂ρ∂σδε
ð0Þ
μν − ð∂ρδΓλ

σμÞε̄ð0Þνν − δΓλ
σμð∂ρε̄

ð0Þ
λν Þ

− ð∂ρδΓλ
σνÞε̄ð0Þμλ − δΓλ

σν∂ρðε̄ð0Þμλ Þ − δΓλ
ρσ∂λε̄

ð0Þ
μν − δΓλ

ρμ∂σε̄
ð0Þ
λν − δΓλ

ρν∂σε̄
ð0Þ
μλ �: ðA26Þ

All the derivatives inside the integral must be applied
at a generic position ðx; y; zÞ before being evaluated at
ðx ¼ b; y ¼ 0; z ¼ z0Þ such that the integrals can be per-
formed. The linearized Christoffel symbols are given in the

previous section, and εð0Þμν and δεð0Þμν at a general position
ðx; y; zÞ for a wave traveling in the ẑ direction read

ε̄ð0Þμν ðx;y;zÞ¼ ½Θ̄ð0Þ
mmðνsÞm̄μm̄νþ Θ̄ð0Þ

ll ðνsÞl̄μl̄ν�DðνsÞ
z−zs

; ðA27Þ

δεð0Þμν ðνÞ¼2Θ̄ð0Þ
ABðνÞδeAðμðνÞēBνÞþδΘð0Þ

ABðνÞēAðμēBνÞ

¼2
Θ̄ð0Þ

mmðνsÞDðνsÞ
D̄ðνÞ δmðμm̄νÞþ2

Θ̄ð0Þ
ll ðνsÞDðνsÞ

D̄ðνÞ δlðμl̄νÞ

−
DðνsÞ
D̄ðνÞ

δD
D

ðνÞðΘð0Þ
mmðνsÞm̄ðμm̄νÞþΘð0Þ

ll ðνsÞl̄ðμl̄νÞÞ:

ðA28Þ

The Riemann integrals of δΘð1Þ
nn ðνoÞ turn out to give the

leading order contributions. For example,

δΘð1Þ
nn ðνoÞ⊃

Z
νo

νs

dν0k̄μk̄νm̄αm̄βδRαμνβ

¼−2Ω
Z
R
dz0

�
3Rsðx2þ2ixy−y2Þ

2jjxjj5
�

ðx¼b;y¼0;z¼z0Þ

¼−2Ω
Z
R
dz0

3Rsb2

2ðb2þ z02Þ5=2 ¼−
4ΩRs

b2
; ðA29Þ

skipping a reasonable amount of steps. The other integrals
sometimes require a regulator but give overall subleading
contributions. For example, introducing a regulator ε > 0

on the boundaries of the box integral for δΘð1Þ
ll and after a

tedious computation, we get

δΘð1Þ
ll ⊃

iΘð0Þ
ll ðνsÞDðνsÞ
D̄ðνoÞ

Z
zo−ε

zsþε

dz0

Ω
ðz0 − zsÞ

× ∇2

�
−
δD
D̄

1

z − zs

�
ðx¼b;y¼0;z¼z0Þ

¼ iΘð0Þ
ll ðνsÞDðνsÞ
D̄ðνoÞ

Rs

2Ω

�
12

ε2
log

�
−
zs
b

�
þ 12

ε2
logð2Þ

�
:

ðA30Þ

Similarly, we can always chose a large but finiteN ≡ −zs=ε
such that when zs → −∞, the result becomes arbitrarily
small. Thus, we finally get

εð1Þμν ¼ i
4ΩRs

b2
DðνsÞ
D̄ðνoÞ

ðΘð0Þ
mmðνsÞ þ Θð0Þ

ll ðνsÞÞnμnν: ðA31Þ

These results are easy to generalize to a general impact
parameter in the lens plane x ¼ b cos β, y ¼ b sin β.

APPENDIX B: TETRAD DEPENDENCE OF THE
POLARIZATION DECOMPOSITION

In this appendix, we analyze the most general trans-
formations of the tetrad vectors that preserve their ortho-
gonality properties and check whether there exists a class
of observers for whom Ψ2 ¼ 0 ¼ Ψ3 ¼ Φ22. These trans-
formations correspond to generalized Lorentz transforma-
tion with six real parameters, three boosts, and three
rotations. Boosts in the direction aligned with kμ and
rotations around that axis may be written as

kμ
0 ¼ Akμ; nμ

0 ¼ A−1nμ; mμ0 ¼ eiαmμ; ðB1Þ
where A, α ∈ R are dimensionless. One may check that
these only induce a rescaling of the NP scalars as discussed,
for example, in [24]

Ψ0
2 ¼ Ψ2; ðB2Þ

Ψ0
3 ¼ A−1e−iαΨ3; ðB3Þ

Ψ0
4 ¼ A−2e−i2αΨ4; ðB4Þ

Φ0
22 ¼ A−2Φ22: ðB5Þ

As such, they are irrelevant for transforming a nonvanish-
ing NP scalar into a vanishing quantity. Note that the spin s
of each NP scalar, may be read off the exponent e−iαs

in (B2)–(B5). The remaining four transformations are
given by [64]

kμ
0 ¼ kμ þ jq1j2nμ þ q�1m

μ þ q1lμ; ðB6Þ

mμ0 ¼ mμ þ q1nμ þ q2kμ; ðB7Þ

nμ
0 ¼ nμ þ jq2j2kμ þ q�2m

μ þ q2lμ; ðB8Þ
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where q1, q2 ∈ C. Transformations with q1 ¼ 0 and q2 ¼ 0
are referred to as class I null rotations (which leave nμ

invariant) and class II null rotations (which leave kμ

invariant), respectively. Under a class II transformation
(q1 ¼ 0), the NP scalars become

Ψ0
2 ¼ Ψ2; ðB9Þ

Ψ0
3 ¼ Ψ3 þ 3Ψ2q�2; ðB10Þ

Ψ0
4 ¼ Ψ4 þ 4q�2Ψ3 þ 6q�22 Ψ2; ðB11Þ

Φ0
22 ¼ Φ22 þ 2ðq2Ψ3 þ q�2Ψ�

3Þ þ 6jq2j2Ψ2; ðB12Þ

while under a class I transformation (q2 ¼ 0), they trans-
form as

Ψ0
2 ¼ Ψ2 þ

2

3
ðq1Ψ3 þ q�1Ψ�

3Þ þ
1

6
ðq21Ψ4 þ q�21 Ψ�

4Þ

þ 1

3
jq1j2Φ22; ðB13Þ

Ψ0
3 ¼ Ψ3 þ

1

2
ðq�1Φ22 þ q1Ψ4Þ; ðB14Þ

Ψ0
4 ¼ Ψ4; ðB15Þ

Φ0
22 ¼ Φ22: ðB16Þ

A general transformation of the tetrad can be obtained by
making one transformation after the other. With our
specific choice of tetrad, we have found

Ψ2 ¼ω
2ΩRs

3b2
DðνsÞ
D̄ðνoÞ

ℜfieiωΦ½Hþs cosð2βÞþH×s sinð2βÞ�g;

ðB17Þ

Ψ3 ¼ −ω2
RsΩeiβ

2
ffiffiffi
2

p
b
Ψ4; ðB18Þ

Ψ4 ¼
ω2

2

DðνsÞ
D̄ðνoÞ

ðℜf−HþseiωΦg þ iℜfH×seiωΦgÞ; ðB19Þ

Φ22¼−ω
Rs

Ωb2
DðνsÞ
D̄ðνoÞ

ℜfieiωΦ½Hþs cosð2βÞþH×s sinð2βÞ�g:

ðB20Þ

We explore whether there is a transformation of the tetrad
that leaves only Ψ4 nonvanishing. First, we can make a
class I transformation with q1 ¼

ffiffiffi
2

p
ΩRseiβ=b to set

Ψ0
3 ¼ 0 up to OðR2

s=b2Þ. It is easy to check that in this
way, we set the peculiar velocity of the observer to zero,
i.e., uμ

0 ¼ ð1; 0Þ. This leaves the other NP scalars invariant

up to negligible terms, i.e.,Ψ0
2¼Ψ2þOðR2

s=b2Þ,Ψ0
4 ¼ Ψ4,

and Φ0
22 ¼ Φ22.

In order to set Φ22 ¼ 0 ¼ Ψ2, it is clear that we need
both transformations. We start by checking first the case of
a global transformation of the tetrad. We may use a class II
transformation with q2 ¼ eiφ2=ð2ΩÞ (with φ2 a real arbi-
trary parameter) to set the new generated scalarΦ0

22 ¼ 0 but
at the price of introducing Ψ0

3 ¼ 3Ψ2q�2 (whereas Ψ0
2 ¼ Ψ2

remains the same). Notice that this transformation does not
change the wave vector. We can then perform a class I
transformation to set the new generated scalar Ψ00

2 ¼ 0

(keeping Φ00
22 ¼ Φ0

22 ¼ 0). Requiring it to vanish for all
times, hence, for all values of the phase Φ ∈ R, leads to a
condition on the phase φ1 of q1 ¼ jq1j expfiφ1g and to a
quadratic equation for the magnitude jq1j, which has
lengthy solutions that we do not illustrate explicitly here.
We still have the freedom to fix φ2, but it can be verified
that there is no choice of φ2 ∈ R that sets the real and
imaginary components of Ψ00

3 to zero at all times.
We can next allow a more general local transformation of

the tetrad. We can do the same class II transformation as
before to eliminate Φ0

22, but then we can perform a class I
transformation to eliminate the new generated Ψ00

3

by choosing the only possible solution q1 ¼ −2Ψ0
3=Ψ0

4,
where Ψ0

4 ¼ Ψ4 þ 6Ψ2q�22 . Notice that this q1 solution will
generically depend on time, describing thus, an accelerated
observer that furthermore has variations on the same
timescale as the GW frequency, which, of course, is
preposterous. In this tetrad, we are left with a Ψ00

4 ¼ Ψ0
4

and a nonvanishing Ψ00
2 , which is given by

Ψ00
2 ¼ −

6q22Ψ2
2

6q22Ψ2 þ Ψ�
4

þ Ψ2Ψ4

Ψ4 þ 6Ψ2ðq�2Þ2
; ðB21Þ

with q2 ¼ eiφ2=ð2ΩÞ. Even though we still have one real
parameter φ2 to eliminate the single real variable Ψ00

2 , we
find that there does not exist φ2 ∈ R such that Ψ00

2 ¼ 0.
Therefore, there does not exist a class II transformation that
can set simultaneously Ψ00

2 ¼ 0 ¼ Ψ00
3.

Finally, we may relax the need for setting Ψ2 ¼ 0 ¼
Ψ3 ¼ Φ22 and simply require them to be much smaller in
amplitude than Ψ4. This can be achieved by setting
Φ0

22 ¼ 0 with the aforementioned class II transformation
with q2 ¼ eiφ2=ð2ΩÞ. After setting this only other orthogo-
nal polarization, besides Ψ4, to zero, one may perform a
boost along kμ to Lorentz contract the amplitude of the
modes with longitudinal components Ψ2 and Ψ3 via (B2)–
(B4) with A ≪ 1. It turns out that this requires an observer
with a relativistic velocity v since A ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1þ vÞ=ð1 − vÞp

,
which is uninteresting from an observational point of view.
We conclude that the exact polarization decomposition
may be observer dependent, but in any case, additional
polarizations (Ψ2, Φ22 or Ψ3) appear because of beyond
geometric optics effects.
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APPENDIX C: GAUGE DEPENDENCE

The advantage of working with the Newman-Penrose
scalars is that those can be shown to be gauge invariant
to linear order in hμν, at the observer, asymptotically far
from the lens, where spacetime is well approximated by
Minkowski spacetime. We use the definitions in Eqs. (42)–
(45), where the NP scalars are defined as a contraction of
the linearized Weyl tensor and the tetrad basis. In this
appendix, we show that the former is gauge invariant and
that the latter only affects the NP scalars to second order
in hμν.
Under a local coordinate transformation of the form

xμ → xμ þ ξμðxÞ, the metric perturbation transforms as

hμνðxÞ → hμνðxþ ξÞ ¼ hμνðxÞ þ 2ξðμ;νÞ; ðC1Þ

at linear order in ξμ. Here, commas denote simple partial
derivatives. The fact that the metric components are
observer dependent prevents them from being a reliable
quantity to evaluate the polarization content of a gravita-
tional wave. On the other hand, in vacuum, the Weyl tensor
is the same as the Riemann tensor. In particular, on a
Minkowski background, at linear order in hμν, the Riemann
or Weyl reads

Rμνρσ ¼ −
1

2
ðhμσ;νρ − hμρ;νσ − hνσ;μρ þ hνρ;μσÞ; ðC2Þ

and it transforms under (C1) at linear order in ξμ as

Rμνρσ → Rμνρσ −
1

2
ðξμ;σνρ þ ξσ;μνρ − ξμ;ρνσ

− ξρ;μνσ − ξν;σμρ − ξσ;νμρ þ ξν;ρμσ þ ξρ;νμσÞ
¼ Rμνρσ; ðC3Þ

which shows that the linear Riemann in hμν on Minkowski
space is linearly gauge invariant. Note that this calculation

can be generalized to the case where the background is
curved in order to obtain corrections to the RHS of Eq. (C3)
since, generically, the Riemann tensor is not gauge invari-
ant on curved backgrounds. Following [16], the gauge
transformation of the Riemann tensor gains corrections of
order ξ∇R and R∇ξ (with appropriate indices contractions
that are omitted here), where R and the covariant deriva-
tives ∇ are given by the background. In the weak-field
regime, R ∼ ∂2g ∼ Rs=b3 and ∇R ∼ ∂3g ∼ Rs=b4. And
from the generalization of (C1) to curved backgrounds,
we also have that h ∼∇ξ. We therefore obtain that the
overall correction to the gauge transformation of the
linearized Riemann in the weak-field regime is of order
hRs=b3, which must be compared to the linearized
Riemann tensor before the gauge transformation, obtained
from Eq. (47), together with the NP expressions in
Eqs. (52)–(55), which will have terms of order
h½OðΩ2Þ þOðΩ2Rs=bÞ þOðΩRs=b2Þ�. In our regime of
interest, where Ω ≫ 1=b, then the corrections to the
Riemann tensor coming from the linear gauge transforma-
tion are negligible.
Similarly, the tetrad basis eμ ∈ fkμ; nμ; mμ; lμg trans-

forms as

eμðxÞ → eμðxþ ξÞ ¼ eμðxÞ þ ð∂σeμðxÞÞξσ: ðC4Þ

This gauge correction then vanishes in a Minkowski
background. However, on a weak-field curved background,
we find that, asymptotically far from the lens,

lim
zs→−∞

½∂σeμðx; y;−zsÞ�ξσ ¼ O
�
Rsξ

σ

b2

�
; ðC5Þ

which only adds negligible second order corrections to the
NP scalars. Therefore, we conclude that our results are
linearly gauge independent.
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