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In the present paper, we compute the Euclidean action of a generic system consisting of N arbitrary
Kerr-Newman black holes located on the symmetry axis and separated from each other by massless struts.

This allows us to introduce for the first time the notion of “Hawking average temperature” 7' of the
multi-black-hole system via the condition of vanishing the entire set of terms involving the singular
horizons due to periodic time, and the resulting formula for this temperature contains solely the surface
gravities k; and horizon areas A of the black hole constituents. We also show that the corresponding

expression for the free energy of the system defined by T is consistent with the first law of thermodynamics

and Smarr mass relations.
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I. INTRODUCTION

The Euclidean action approach to black hole physics
was introduced by Gibbons and Hawking in their seminal
paper [1], where they confirmed in an elegant new way
the previously found analytic relations of the Hawking
temperature to the surface gravity [2] and of the black
hole’s entropy to the area of the event horizon [3]. Though
this approach was originally applied to the study of the
thermodynamic behavior of a single black hole, the
subsequent interest in the binary black-hole configurations,
stimulated by the development of modern solution gen-
erating techniques and construction of various multi-black-
hole metrics [4,5], later led to the appearance of a number
of papers in which the Euclidean formalism was employed
for the analysis of some specific double-black-hole systems
with equal surface gravities of the constituents. Thus, in the
paper [6], Costa and Perry evaluated the free energy of two
equal Schwarzschild black holes and, compared to the
paper [1], the action integral of the binary system had an
additional term arising from the massless strut [7] sepa-
rating the constituents. The Euclidean action of a pair of
identical (up to a sign of charges) Reissner-Nordstréom non-
extreme black holes was calculated by Emparan and Teo
[8], while the thermodynamical properties of equal Kerr
black holes, with a brief analysis of the action integrals,
were studied numerically by Herdeiro ef al. [9]. In our
recent paper [10], we have computed the Euclidean action
for two different binary systems of equal counterrotating
Kerr-Newman (KN) black holes and obtained the corre-
sponding expressions for the free energy of each system.
Note that in the above papers [6,8—10] all the binary
systems were in thermal equilibrium because the black
holes in them had the same surface gravities and hence the
same Hawking temperature 7.
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In the paper [10], we have observed that it is quite simple
to guess the explicit expression of the free energy, which is
closely related to the Euclidean action, in the general
case of the double-Schwarzschild solution [11] from the
respective formula obtained in the special case of equal
Schwarzschild black holes. This naturally raises the ques-
tion of whether the Euclidean action method can be
extended to the systems of arbitrary black holes with
nonequal surface gravities, similar to thermodynamics,
which goes far beyond the black-hole configurations in
thermal equilibrium [12]. The reason of why such an
extension of the method has not yet been attempted up
to now is, in fact, known and looks quite meaningful at first
sight—a Wick rotation of the multi-black-hole spacetime
introduces conical singularities at the horizons due to the
periodic Euclidean time 7; whereas one conical singularity,
say, on the first horizon can be eliminated by choosing
appropriately the period of z, the other horizons will remain
singular unless they have the same surface gravities as the
first horizon. However, as will be shown in the present
paper, the way out of this seemingly unresolvable situation
consists in calculating the entire Euclidean action, includ-
ing the terms arising from all the singular horizons; then
the condition of vanishing the combined contribution of the
latter “singular horizon” terms will fix the value of the
period of z, which will allow us to introduce for the first
time the notion of the Hawking average temperature of
the system as the inverse of the latter period. It is
remarkable that the temperature introduced in this way
turns out to be determined by a very concise formula
involving exclusively the horizons’ areas and surface gra-
vities; moreover, the corresponding free energy of the
system becomes consistent with the first law of thermo-
dynamics and the well-known Smarr relations [13].
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This paper is organized as follows. In the next section,
we will reexamine the derivation of the Euclidean action
in the case of a single KN black hole [14], evaluating
explicitly the contribution of the conical singularity due to
Euclidean time. In Sec. I1I, we calculate the Euclidean action
for a system of N collinear arbitrary KN black holes
described by the extended N-soliton electrovac solution
[15]. Here two different types of the conical singularity
contributions will appear—the one coming from the singular
horizons and the other arising from the struts. The Hawking
average temperature 7 is introduced in Sec. IV, where we find
its form in terms of the surface gravities and horizons’ areas
of black holes; we also give the expression of the free energy
W defined by 7 and show its consistency with both the first
law of thermodynamics and Smarr’s mass formula. Section V
contains concluding remarks.

Throughout the paper, units are used in which
c=G=h=kg=1.

II. EUCLIDEAN ACTION OF A SINGLE
KERR-NEWMAN BLACK HOLE

The covariant Euclidean action we are interested in can
be represented in the form [1]

Ig = Ign + Iga + lems (1)

where the first term /gy is the well-known Einstein-Hilbert
action in Euclidean signature

1
o =167 . RV @)

the second term /gy is the Gibbons-Hawking boundary term

lon =g | _[KIVE, 9

with [K] := K — K, K being the extrinsic curvature of O M,
and K, being the extrinsic curvature of the same surface 0. M
in flat space. The last term /., is the standard electromagnetic
action in the absence of currents

2mr — > C
ds? = (1 - %) de* + 3 dr® + 2d6° + S sin?0dg? +

> = 12 + a?cos?0,

C = (r* + a*)* — a®*Asin?9),

1
I =— | F AxXF. (4)
87 M
The free energy of the system is related to Iy by the
simple formula
W=Ig/p.  p=1/T, (5)
where £ is the period of the Euclidean time 7 = it, and T
denotes the temperature.l
In the presence of a conical singularity, the action

integral /gy can be evaluated with the aid of the formula
[6,17,18]

l/ R\/g = Area -6, (6)
2 Jm

where Area is the area of the surface spanned by the
conical singularity, and ¢ is the angle deficit.

As for the Gibbons-Hawking boundary term /gy that
must be computed at spatial infinity, it can be seen that it
consists of two parts. The first one, namely,

A y KVh, (7)

is intrinsically divergent and requires a counterterm for
regularization; the latter term is given by the second part
of I GH>

/ KoV (8)
oM

One possible way to compute (7) is by using formula [1,19]
/ KVh = n(VoldM), 9)
oM

where n is a unit normal vector field over OM, while
VoloM stands for the volume of OM.

We find it instructive, before treating the general case of
N arbitrary KN black holes, first to illustrate the use of the
above formulas by the example of a single KN black hole.
A Wick rotated KN metric, written in Boyer-Lindquist
coordinates, has the form

2ia(2 — g
2ia@mr = 47) G 2odrdg.

A=7r=2mr+ada®+ g%,

(10)

"Euclidean time can also be introduced in a coordinate-invariant way [16].
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the parameters m, a, and ¢ representing, respectively, the
mass, angular momentum per unit mass, and electric charge
of the KN black hole.

We start the calculation of the Euclidean action of the
KN solution with the evaluation of the term Iy via
formula (6). The area spanned by the conical singularity
at the horizon is precisely the horizon’s area A", while for
the conical deficit 67 in terms of the surface gravity k we

obtain
p
5f:2ﬂ—/ Kd1:2n<1—'<ﬂ), (11)
0 27

whence it follows that
1
IEH — ——AHéT, (12)
87

the concrete well-known values of A and x of the KN
black hole being

ry—r_
2(ri +a)’

ry =m=4/m?—a*-q*. (13)

Taking into account the positivity of A, it is clear that
the only possibility to get rid of the conical singularity
contribution and achieve Iggy =0 would be demanding
0" = 0, which implies

A =4z7(r + a?), K=

2w K
=—=T7T=—, 14
b K 2w (14)

so that the removal of the conical singularity due Euclidean
time automatically fixes the temperature 7" of the KN black
hole in the Hawking form (14).

Turning now to the evaluation of the Gibbons-Hawking
term /gy, we must bear in mind that the boundary lies at
spatial infinity where each of the integrals (7) and (8)
diverges. Therefore, on the one hand, we must first
compute the integrals for some finite r and then take the
limit » — oo in the final expression for /gy; on the other
hand, we can use the large-r approximation to slightly
simplify the computational process.

Let \V be a hypersurface defined by r = const. Then the
determinant & of the induced metric over A for large r
takes the form

2
h (1 ——m)r4sin26’, (15)

r

and we get for the volume of N,

VOW_/”/Z”/ﬂ\/Ededrpdmzmﬂﬂ(l—%). (16)
0 0 0

If we consider now a normalized vector field n over
defined as gr_,l/ 28,, then in our approximation

ne <1 —%)8,, (17)

so that
n(VoIN') = 4zf(2r — 3m), (18)
and
L K\/Ez—lﬂ(zr—m). (19)
87 Jn 2

On the other hand, the extrinsic curvature of A in flat
space is just K, = 2/r, so we get

1 1 m
—&T/j\/Koﬁz—zﬁ<l—r>2r, (20)

and the combination of (19) and (20) yields

—;—ﬂ//v[l(]\/ﬁzéﬂm+0(r“). (21)

Taking the limit » — oo in (21), we finally arrive at the
Gibbons-Hawking term /gy of the KN black hole,

1

To find the remaining part of the Euclidean action related
to the electromagnetic field, we shall employ the approach
earlier used in the papers [8,19] to avoid manipulations
with the electric potential on the horizon made in the
original paper [1]. In fact, this calculational procedure is
similar to the one just employed for the evaluation of the
Gibbons-Hawking term /gy—we shall perform the com-
putations for some generic finite value of r, but at the end,
instead of the limit » — oo, we shall take the limit r — r
corresponding to the horizon of the KN black hole. This, in
particular, excludes the use of any approximation tricks
during the calculations.

In the Euclidean signature, the electromagnetic potential
of the KN solution has the form

Ay

A=A (r.0)dr+A,(r.0)dyp = 3 idt + asin® 0dg),

(23)

and these components of A must be substituted into the
integral (4), which can be readily rewritten as a boundary
term
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/ FF,,\/gd*x =2 / F#A,n,Vhdx. (24)
M oM

As before, the integral on the right-hand side (rhs) of (24) will be computed over a hypersurface A defined by r = const,
with the same normal unit vector n, and the integration is straightforward,

T df
/ FyMAﬂny\/Ecpx = 2”:3/ ino [(gcp‘rAgo - g(p(pAr)arAr + (g‘rcpA‘r - grrA(p)arAtp]
N 0 SIn

r%— 2P
— 2nfgir / =" sin0do
S

— 2764210, / "L in6do
>

= 4xpq*ro, arctan(a/r)

2
qr

= —Adnff——.

ﬂﬂr +a2

Taking now the limit » — r,, we immediately obtain

lim

r=ry

qar
FrAnNhdx = —4np - =
s

= —4xfqd,
i +a? L

N
(26)

where the value of the electric potential ®@ on the horizon is
determined by the formula

qr4
b = . 27
r+a? (27)

Therefore, for the electromagnetic action integral /.,, we
finally get

1
Iem = _Eﬁqq)’ (28)

so that the entire Euclidean action /g takes the form

I = L p(m - g@) — L atis, (29
2 81
with A and &° defined by (13).

As it has already been mentioned, the choice of 4 in the
form (14) causes vanishing of the last term in (29), which
is required for the regularity of the horizon. Thus, when
p = 1/T = 2x/k, the free energy of the KN black hole, as
it follows from (5), is given by

W =—=(m—q®D). (30)

N =

We now turn to the discussion of the general case of N
black holes.

(25)

III. EUCLIDEAN ACTION OF N KERR-NEWMAN
BLACK HOLES

The configuration of N collinear arbitrary KN black
holes is described by a subfamily of the extended
N-soliton electrovac solution [15] constructed with the
aid of Sibgatullin’s integral method [20]. It is curious that
a year after the publication of the paper [15] with a
concise explicit form of all the metrical fields, an article
appeared in a mathematical journal [21] in which solely the
proof of the existence and uniqueness of the Ruiz et al.
N-soliton solution was attempted. We recall that the Ernst
potentials [22] of the solution [15] are defined by the
expressions

E=E,/E., ®=F/E._,

1 1 1 O f((X1> f<a2N>
r N _ r N
+1 a=p1 T aan—h 1 ai=pr T aan—h
r N _ r N
E, = +l a—py " anPy|, F= 1 a—Py T an—Py |,
0 (o) iy (aow) 0 (o) Iy (aow)
a—p; " aon—p a—p; T an—p
0 Iy () Iy (aoy) 0 hy(ap) hy (aon)
a—fy T Py a =y T an—Py
(31)

where the coordinates p and z enter the (2N + 1) x (2N +
1) determinants E, and F only through the functions

r, = \/p* + (z — a,)?, and the constant objects /;(a,) and

f(a,) are defined as follows:
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fi

B

 BNima) 3 A
H;cv#l(ﬁl_ﬂk)nﬁc\;l(ﬁl_ﬂlt) k:]ﬂl_ It’

N
(@) = ef +2fif(@).  fla) =Y
=1

Ay

€

(32)

the asterisk meaning complex conjugation. The set of arbitrary parameters involved in formulas (31) and (32) consists of N
complex constants f;, N complex constants f;, and 2N real parameters supplied by the «,,’s, which can be real valued or
occur in complex conjugate pairs.

Potentials £ and @ determine the functions f, y, and w in the stationary axisymmetric line element

ds* = f7'[e¥ (dp? + d2%) + p*dep] - f(dt — wdp)?, (33)
and these are given by the formulas
Fe D , 2 _ DZN , :_2Im[Ei(G+H>+FI*]’
2FE_FE* 2K0K5 Hn:l 7, D
D=E.E*+ EiE_ + 2FF~, (34)
with the following explicit form of the determinants /, G, H, and K, [15]:
0 r1+a1—z r2N+a2N—z Z 1 1
r I r )
-1 Ull—lﬂ] azNZI—vﬁl — a —lﬁl O‘ZNI—\I/}]
- r N -p L "N
G= a—fy aN—Py S H = N a—py an—Pn |,
0 hy(ay) hy (aon) e hy(ay) Iy (aon)
a—f] an—P 1 a—p an—pf
0 hy(ay) hy(@on) e* Iy (a) Iy (aon)
a—py an—Py N o a—py, an—Py
év—l fi 0 flay) flaay)
1 1
Z 1 1 e 1 a7 e m
r 1%
_ﬂl -1 a) —lﬁl (12N21—Vﬁ1 .
: 1 1
: a—Py T an—Py
I=| _ _ r r , K, = . 35
Py 1 Zl(—lﬁA)/ Zzz\(lzivﬁz\)/ ’ Z]I (—aﬂ]‘? leila_z% ( )
% a a
er. 0 %55 P
. hy(a1) hy(aon)
’ : a—fy an—Py
o 0 ) hy(aan)
N a =y =Py

distances between the black holes. Moreover, since we
restrict ourselves to the black-hole sector of the solution

The subfamily describing N arbitrary KN black holes
located on the symmetry axis and separated from each other

by massless struts is contained in the general formulas as a
special asymptotically flat case characterized by 4N — 1
real parameters representing the individual N masses, N
angular momenta, N electric charges, and N — 1 relative

(31) only, then all 2N parameters a,, entering the functions
r, and determining the positions of black holes on the
symmetry axis must be real valued (see Fig. 1). At the same
time, the fact that the general N-soliton solution has 6 N
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FIG. 1.

arbitrary real parameters means that its multi-black-hole
subfamily we are interested in arises by imposing 2N + 1
restrictions/conditions on the parameters of the general
solution. Such restrictions are quite simple: the first one is
just the condition of asymptotic flatness, or absence of the
Newman-Unti-Tamburino parameter of the system (one
restriction); furthermore, the separation of black holes
means that the metric function @ must verify the so-called
“axis condition” on the parts of the symmetry axis
separating the black-hole horizons (N — 1 restrictions).
Of course, since we consider the conventional KN black
holes endowed with electric charges, we must also exclude
the individual magnetic charges of all the black holes (N
more restrictions). To these 2N restrictions, it is necessary
to add the last one related to the possibility of a translation
along the z axis, and this liberty will be abolished by fixing
the position of the origin of coordinates. In mathematical
terms, the above restrictions can be formulated as

N
Im (Z e1> =0 (36)
=1
(the condition of asymptotic flatness),
w(P:OJXZk-s-lSZSazk):O’ k:1,2,,N—1 (37)

(the axis conditions), where one must bear in mind that @
takes constant values on the symmetry axis, and

Re[®@(p =0,z = ay_;) —P(p =0,z = ay)] =0,
k=1,2,..N (38)

(absence of magnetic charges). Last, the position of the
origin of coordinates can be fixed, say, by subjecting a,,’s to
the constraint

L1 201

Location of the KN black holes on the symmetry axis.

2N

Zan = 07

n=1

(39)

which turns out to be particularly useful in the case of the
equatorially symmetric configurations.

To calculate the Euclidean action for the system of N
collinear KN black holes, we must perform a Wick rotation
in the metric (33), yielding

ds? = [~ (dp* + d2?) + p*dg?] - [(idz + wdp)?,
(40)

and then follow the calculation procedures outlined in the
previous section. We shall compute the terms /gy, /gy, and
I, in the same order as this was done in the case of a single
KN black hole.

A. The Einstein-Hilbert term

In the general case of N black holes, two groups of
conical singularities are present: the first group is com-
posed of N singularities on the horizons of black holes as a
consequence of the Wick rotation, and the second group
accounts for N — 1 conical singularities due to the usual
massless struts that prevent the black holes from falling
onto each other. Although these types of singularities look
different, their contribution to the action integral /gy must
be evaluated by means of the same formula (6). Below we
will start with the conical singularities arising from the
struts.

To compute the Area A? associated with £; x S', where
L; is the ith strut joining the points a,; and a,;,; of the
symmetry axis and S refers to the periodic time, we can
use the formula

Vh,

45 _
i
L;xS!

(41)
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where h is the determinant of the induced metric over
the hypersurface £; x S'. From (40) it follows that
h = exp(2y), and we obtain

AS = / - / ! |, dedz = periL, (42)
1 [,‘- 1°
@ip1 J0

where L; = ay; — ;11 is the coordinate length of the ith
strut and y; is the (constant) value of the metric function y
on the ith strut. Introducing further the “thermodynamic
length” [23] of the ith strut by the formula [; = exp(y;)L;,
[9,24] we finally get

A = pL,. (43)

On the other hand, the corresponding deficit angle
related to the coordinate ¢ can be written as

2n
o =2 - [ edp=2a(1 o) = 8aF, (44)
0

where J; represents the interaction force between the ith
and (i + 1)th black holes [7,25]

1
Fi :Z(e‘%‘ - 1),

i=1,2,...N—-1. (45)

As for the N conical singularities generated by the
Euclidean time 7 on the black-hole horizons, it was already
mentioned in the previous section that their Area’s entering
formula (6) are just areas of black holes A, and technically
these can be computed by means of the formula

AH — A | Vh, (46)

2

where h = —e?®?, as it follows from (40); then

H Di-t 2 2. 2 2 2
ai= [ [T\ J=erwtizdp = snon /- @)
X

Here y; and w; are the constant values of the metric
functions y and @ on the ith horizon, and ¢; = (ay;_; —
@»;)/2 is the half length of the ith horizon. Formula (47)
can also be rewritten in the form

Al = 4nok7 !, (48)
where k; = (—e¥iw?)™1/? is the surface gravity of the ith
black-hole horizon [26,27].

For the corresponding deficit angle 67 related to the ith
horizon and associated with the periodic time 7, we have

ﬁ .
o; = 271—/ K;dt = 27:(1 —ﬁﬂ) (49)
0 2z

and therefore the expression of the action term /gy takes
the form

| =l | &
_ Sep L H
Igy = 8”;14[55 87[;141‘ o

N-1 N
=B UFi-
i=1

Yo an (1 - %ﬁ) (50)

i=1

B

B. The Gibbons-Hawking term

In order to calculate the Gibbons-Hawking term (3) of
the Euclidean action for our multi-black-hole system, it is
convenient to make use of spherical coordinates (¢, 6)
related to the Weyl-Papapetrou cylindrical coordinates
(p,z) by the formulas

{=n/p*+ 2, cosf =z/\/p*+ 22 (51)
Then, by analogy with the case of a single KN black hole,
we can consider a hypersurface N defined by ¢ = const.
Clearly, as { — oo, the asymptotic behavior of the functions
r, of the solution (31) is r, = (.

Since the spacetime under consideration is asymptoti-
cally flat, then the component g,, of the metric tensor is of
the order O(¢™!), and the induced metric over N can be
written in the form

do® = fndt® + [} (e*Vd6* + sin? Odyp?)
+ 0((™")drdy, (52)

with the determinant

Y 0 0
h=| 0 fysin®0 O™
0 o) fygrer
— frlentsin2 6+ 0(¢2), (53)

where the subscript A indicates that the functions are
restricted to N ({).

We note that /gy is defined at spatial infinity, so we are
free to use a large-{ approximation for our purposes, within
which we can neglect the terms of order O({72). In
particular, we will drop for that reason the last term in
(53) involving imaginary quantities. Computing now the
volume of A for large ¢, we obtain

VolN = / Vhdrdpdd ~ Anpf i} Perv,  (54)
N

where it has been supposed that f,  as well as y,  are
constant on N ().
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The asymptotic behavior of the function f,  of the
solution (31) is well known, and it is determined by the
expression

2M

-, M=—
¢

Re <Z e,) . (55)

=1

N[ =

fy=1-

~

where M 1is the total mass of the system. In the particular
case of the black-hole spacetime, the struts give zero
contribution to the total mass, the latter then representing
a sum of individual Komar masses [28] of the black-hole
constituents

M=> M, (56)

Of course, M here can also be viewed as the Arnowitt-
Deser-Misner mass of the multi-black-hole system [29].
Now, taking into account (55), we get

-1/2 1/2
gggl/z@CVoWz47rﬁ<1+2TM> 84K1+27M> gz]

— 4726 — M) + O(C), (57)

whence it follows that

/ KV = g3/20,VoIN = 4xp(2L - M) + O(C™).
N

Therefore, after taking the limit { — oo in (60), we
finally arrive at

1
Ign = EﬁM' (61)

Of course, this result is an expected one, and in the case
of asymptotically flat spacetimes it may even look trivial
because all it says is that the total mass of the system is a
combined contribution of all the constituents of the system.
However, the calculation of the total mass can become a
nontrivial exercise if a spacetime is not asymptotically flat
globally [30].

C. The electromagnetic term

Like in the case of a single KN black hole, the
electromagnetic potential A of the generic configuration
of N black-hole constituents has two nonzero components
and is defined by the formula

A=Adc+A,dg, (62)

where the explicit form of A, and A, is given in the
paper [15].

To compute the electromagnetic term [, of the
Euclidean action, it is advantageous first to rewrite (4)
as a boundary integral

1
Iom = — AN xdA, 63
(58) 87 Jous (3)
In addition, also noting that since the field A vanishes at infinity we
have OM = Y, H; x S', H; denoting as usual the horizon
/ Kov/h = 42B(20) + O(C), (59)  of ith KN biack hole.
N To perform the calculation, we introduce a family of N
hypersurfaces N; = C; x S!, where C; is a cylinder with
and hence . . . .
radius p = const and height a,;_; — a»;. In this way, we will
have the behavior N; - H; x ' as p — 0. Since the
/ [K]\/E = —4nfM + 0(4’—1)_ (60) integrals over the bases of the cylinders do not contribute
N in the final result, the computation for each N; yields
AN *dA‘N[ = p_l [A‘L'(glp‘raﬂA(ﬂ - g(/}(ﬂaﬂAT) + Alp(gnpa/)Ar - gnapA(p)]dT A dZ A d(p|N;' (64)
Following Carter [26], we now define /; := —id, + Q¥ d, and Qi = ~i920/ G| .- Then we can rewrite the first A; in

(64) as A, — iQF A, + iQf A, and rearrange the terms, thus obtaining

/ ANxdA=p P A, = iQFA,)(9,:0,A, = 9y,0,A.)dzdp
N; N;=S!

i1 . .
p_lA(ngnp - le{gq)q))a/)Ar - (grr - lg?g(pr)apA(p]dZ' (65)
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Observing further that

Grp — lgfqg(p(p ~ 0,

Grr — leHg(pT ~ ngr;glo (66)

in the vicinity of the ith horizon, and also that p — 0 as N; — H; x S, with which the second integral on the rhs of (65)

vanishes on the horizon, we get

/ A A xdA = lim A A *dA
H;xS! =0 N,

= ﬁi@,./ *F + 21f

i

. @i-1 .
lim P 1Alﬂ[(g‘[(p - leHg(p(p)apAr

A

- (g‘r‘r - igflg(/"[)aﬂA!ﬂ]dZ’

:ﬂ<I>,-<i/Hi *F),

where we have exploited the fact that the potential
®, = AQ)|y, = i+ QA |y, (68)

takes constant value on the ith horizon [26] and also made
use of the relation

*F|H,~ = *dA|H,» = _p_l(g(prapA(p - gqa(papAr)dZ A d(p‘H,»'
(69)

Last, using formula [26]
i / «F = —470,, (70)
H;

where Q; is the electric charge of the ith KN black hole, we
arrive at the desired result for the electromagnetic action
term,

1 N
Iem :_zﬁz Qiq)i' (71)
i=1

Putting now the expressions obtained for /gy, /gy, and
I, together, we can write down the final formula for the
Euclidean action Ig of N arbitrary KN black holes,

i N N-1 1N .
7 _ ®. T H _ L
IE—2<M ;Qlcbl)w;lf, 4;4, (1 zﬂﬂ)-

(72)

It is clear that the last term in (72) involving Af{ and k; is
likely to be removed from the action for the regularity
reason.

(67)

IV. HAWKING AVERAGE TEMPERATURE AND
FREE ENERGY OF N KN BLACK HOLES

We have seen that in the case of a single KN black hole
the conical singularity formed on the horizon by the
periodic time can be eliminated by an appropriate choice
of f, which is equivalent to introducing the Hawking
temperature of a black hole. However, in the configurations
consisting of various black holes that have different surface
gravities, the conical singularity can be removed (by fixing
f) only on one horizon, as it follows from the structure of
the last term in (72), whereas the horizons of the other black
holes will remain singular. This, in particular, explains why
the Euclidean action method has been applied so far
exclusively to the binary systems of equal black holes.

At the same time, the advantage of evaluating explicitly
the singular terms in the Euclidean action is quite clear—
this opens a good opportunity to analyze these terms in
detail and helps one understand better the whole problem
with the conical singularities due to Euclidean time and
possible approaches to tackle it. Thus, an immediate
proposal for regularizing the Euclidean action would be
demanding that the entire combined contribution of the
singular horizon terms in (72) must vanish. As can be easily
seen, this fixes uniquely the choice of the parameter f in the
action; indeed,

N K;
;Af’(l —2—”ﬂ> =0
R N N K -1
= ﬁEﬁ=<ZA?><Z§A,-”) . (73)
i=1

i=1

whence we get the expression for the temperature that
generalizes the notion of the Hawking temperature to the
case of multiple black holes,
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-1

= <ZKAH> (ZAH) . (74)

From now on we will call 7' the Hawking average temper-
ature (HAT) of a multi-black-hole system.

Note that, in the particular cases of one black hole
(xk; =k, k;,=0,i=2,...,N), or a system of black holes
possessing the same surface gravity (x; =k, i =1, ..., N),
one recovers from (74) the well-known conventional
formula for the Hawking temperature,

Ty = —. 75
h=o (75)

Therefore, for the regularized Euclidean action in the
presence of massless struts, we obtain the formula

; N N-1
=5 (M - [Z:; Qiq)i) +ﬁ; LiF;, (76)

which in turn supplies us, via (5), with the expression for
the free energy of the system,

1 N N—-1
= (M -3 QiCIJi) +) LF. (77)
i=1 i=1

We would like to emphasize that the introduction of HAT
T does not actually deny anyhow the existence of individ-
ual Hawking temperatures 7; of the black-hole constitu-
ents. Precisely, the possibility of removing the conical
singularity on any particular horizon by means of the
choice f; = 1/T; = 2x/k; in (72) shows, on the one hand,
that the individual black-hole temperatures do exist and are
of Hawking’s type and, on the other hand, that they may not
coincide with the average temperature 7" of the system. In
this respect, it should be pointed out that we assume as
usual that each black hole satisfies the Smarr mass relation
[13,26,31], and the sum of such relations can be written as

N
M= ;Mi = Zl (2T;S; +2Q{J; + @,0;).  (78)

where J; is the angular momentum and S; is the entropy of
the ith black hole; while QiH introduced in the previous
section represents the angular velocity of the ith horizon
and is equal to the inverse of the metric function w
evaluated on that horizon. In fact, it is not difficult to find
a representation of 7" in terms of the individual Hawking
temperatures 7;. Indeed, performing in (74) the substitu-
tions «; = T;/2n, A# =4S;, and introducing the total
entropy S of the system by the formula

H
i

Si= AT (79)

i=1 i=1

Mz

we get for T the following concise expression:

N
Z (80)

with which, for instance, the Smarr relation (78) rewrites as

szl'—

=

M =2TS+Y" (2017, + ®,0,). (81)
i=1

A useful corollary of (81) is yet another form of the free

energy, namely,

N
W=M-TS-> (Ql]; +®;0)
i=1

sz,, (82)

which generalizes the respective formula for W known for
the case of two equal black-hole constituents [6,10].

As was shown in [10], the variation of W is given by the
formula

N
dW = —SdT = "(J;dQl! + 0;d®;)
i=1

N-1
+Y Fudl;. (83)
i=1

so by taking the differential of (82) and making use of (83),
we obtain the first law of thermodynamics for the system of
N KN black holes,

N N-1
dM = TdS+ (Qffd); + ®,dQ;) = > L,dF;.  (84)
i=1 i=1

Returning now to the temperature 7', let us consider its
representation involving the quantities o; that are defined
by the parameters a,, of the N-soliton solution and represent
the half lengths of the respective horizons. As it follows
from formula (48), we have x;A¥ = 4z0;, so that, after
changing the sum of the horizon areas to the sum of the
entropies, we can rewrite (74) in the form

N 1

i=1

The above representation of T is of interest for two
reasons. First, it demonstrates in a simple way that in the
limiting case of N extreme KN black holes (when all
o; = 0) the HAT T takes zero value. Second, formula (85)
simplifies even further for a static configuration of N
Schwarzschild black holes [32], the thermodynamics of
which has recently been studied in papers [30,33,34],
because in this case the quantities o; are equal to the
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masses of black holes, o; = M;; as a consequence, (85)
takes a remarkably simple form

. M
T==
28° (86)

where M is the total mass of the Schwarzschild black holes.

In the simplest case of two nonequal Schwarzschild
black holes [11], the explicit form of T can be worked out
with the aid of the formulas of paper [35], yielding

M[R* — (M, — M)?]
87(R + M)[R(M} + M3) — M(M, — M,)*]’
M:Ml +M2, (87)

T:

where R is the coordinate distance between the centers of
black holes. If M, > M., then T turns out to be greater than
the Hawking temperature of the black hole with larger mass
M, and less than the temperature of the black hole with
smaller mass M,

R+M,-M, ,

R—M, + M,
<
SﬂMl(R+M)

=< 87TM2(R+M> ’

(88)

which lends support to our interpretation of 7" as an average

temperature of the system. Note that 7 is an increasing
function of R, taking its maximum value

A M

Thax =557 89
" 8n(M3 + M3) (89)

in the limit R — oo, and its minimum value T, =
(8zM)~! at R = M, when the two black holes merge
and form one Schwarzschild black hole with mass M. The
gravitational interaction of black holes therefore decreases
the temperature of the system.

V. CONCLUDING REMARKS

Therefore, we have computed the Euclidean action
describing the system of N arbitrary KN black holes and
shown how the problem of singular horizon terms due to
periodic time can be obviated by introducing the notion of
average temperature of a multi-black-hole configuration. In
this way, we have extended the applicability of the path-
integral method to the systems of nonequal black holes with
different surface gravities, which, in particular, permitted us
to obtain the expression for the free energy of the system in
the generic case and find a natural generalization of the
Hawking temperature to the case of multiple black holes in
the form of HAT 7' determined concisely by the surface

gravities and horizon areas of black holes. It is worth noting
in this respect that the Euclidean action method seems to
be ideally suited for treating the black-hole systems, as it
permits a far-reaching analysis just on the basis of the well-
known general properties and characteristics of black holes,
without the need to use the explicit form of the multi-black-
hole solution.

While the average temperature 7' introduced in the
present paper offers a possibility to approximate a system
of black holes by treating it as one body with mass M (the
total mass of the system) and temperature 7', one may also
ask whether the system could have some other averaged
physical characteristics describing it as an integral unit.
Interestingly, looking at the Smarr relation in the form (81),
it is tempting to speculate that the second and third terms on
the rhs of (81) could be rewritten similar to the first term
involving the total entropy. Indeed, by introducing the total
angular momentum J and total charge Q of the system by
the usual formulas

N
0=> 0. (90)
i=1

we can define, in analogy with the HAT 7, the average
angular velocity Q and average electric potential & as

Q=

<=
Ql

N ~ 1 X
Yooy, d=->"00. (91
i=1 i=l

with which the Smarr relation (81) takes the form
M =2TS +2QJ + dQ. (92)

The only reason why this formula has not received attention
in the literature so far is, of course, the necessity to justify 7
as the average temperature of the system, something that
slightly surpasses the limits of the classical black-hole
thermodynamics. We hope that our paper, providing such a
justification for 7 by means of the Euclidean action
approach, makes formula (92) fully plausible now.
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