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In this paper, we extend the mimetic gravity to the multifield setup with a curved field space manifold.
The multifield mimetic scenario is realized via the singular limit of the conformal transformation between
the auxiliary and the physical metrics. We look for the cosmological implications of the setup where it is
shown that at the background level the mimetic energy density mimics the roles of dark matter. At the
perturbation level, the scalar field perturbations are decomposed into the tangential and normal components
with respect to the background field space trajectory. The adiabatic perturbation tangential to the
background trajectory is frozen while the entropy mode perpendicular to the background trajectory
propagates with the speed of unity. Whether or not the entropy perturbation is healthy directly depends on
the signature of the field-space metric. We perform the full nonlinear Hamiltonian analysis of the system
with the curved field space manifold and calculate the physical degrees of freedom verifying that the system

is free from the Ostrogradsky-type ghost.
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I. INTRODUCTION

Over the years, there have been interests in theories of
modified gravity as possible solutions to some unsolved
problems in cosmology and general relativity (GR) like the
dark matter, dark energy, the singularity problem, and so
on. Recently, the mimetic gravity has been proposed as a
modification of GR that may mimic the roles of dark matter
[1-4]. Mimetic gravity may be realized by performing a
noninvertible conformal transformation of the physical
metric g,, in the Einstein-Hilbert action from an auxiliary
metric §,, via g,, = —(§0,005¢)j,, in which ¢ is a
scalar field [5-7]. In this way, the scalar field satisfies the
constraint'

9" 0,¢0,¢ = —1. (1.1)
With this constraint, the theory reproduces the behavior of a
pressureless fluid on a cosmological scale and therefore
yields a candidate of the dark matter. Alternatively, the
mimetic gravity can be equivalently constructed by adding
the above mimetic constraint via a Lagrange multiplier into

the action. For various studies on mimetic gravity setups,
see Refs. [8—42].
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Here, we use the mostly positive signature for the spacetime
metric.
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In spite of the fact that the original mimetic theory is free
from instabilities [43,44], there is no nontrivial dynamics
for scalar perturbations. This may result in caustic problem
in the mimetic dark matter scenario [45-49]. To remedy
this issue, the higher derivative term (CJ¢)?> may be added
to the action causing the scalar perturbations to propagate
with a nonzero sound speed [2,8]. Correspondingly, the
mimetic setup with a general higher derivative function in
the form f(CJ¢) has also been studied in Refs. [3.4].
However, this extension of the mimetic setup with a higher
derivative f([J¢) suffers from the ghost and the gradient
instabilities [50,51]. To find a way of resolving the above
problems, it was demonstrated in [52—54] that it is possible
to bypass both gradient and the ghost instabilities by
introducing direct couplings of the higher derivative terms
to the curvature tensor of the spacetime. In this respect,
more recently, the inflationary solutions in the healthy
setup of extended mimetic gravity with the inclusion of
higher derivative terms and the curvature tensor of space-
time were constructed in [55].

The two-field extension of the mimetic gravity in the
singular conformal limit of the disformal transformation
has been studied in [7]. By decomposing the perturbations
into the adiabatic and entropy modes, it was also shown
that, similar to the original single field mimetic model, the
adiabatic mode is frozen, whereas the entropy mode
propagates with the sound speed equal unity with no ghost
and gradient instabilities. In addition, the shift symmetry
condition imposed in two mimetic fields setup leads to the
Noether current, which provides a dark-matter-like energy

© 2022 American Physical Society
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density component at the cosmological background. By
imposing the shift symmetries on both scalar fields ¢'
and ¢?, the corresponding two-field mimetic constraint is
given by

clgﬂyau¢lau¢l + 029”U6y¢28u¢2 =-1, (12)

in which ¢ and ¢, are positive constants [7]. Without a loss
of generality, these constants can be absorbed into the fields
through the field redefinitions ¢' — ¢!/ Ve and
P> = ¢*/ /€2, so the above mimetic constraint can be
written in the covariant form

Sap @0, = =1, with ¢ = (¢',¢?). (1.3)

Written in this form, one can think of §,, as a metric
characterizing a flat geometry of the target space spanned
by the fields ¢* = (¢', ¢?). This was a consequence of the
shift symmetry imposed in field space.

In this work we build upon [7] and consider a setup of
multifield mimetic gravity with a curved field space metric
Gup(¢p°). As such, the shift symmetry assumption is
violated. The dynamics of such multifield models with a
curved field-space manifold have been extensively studied
in recent years mainly in the context of inflation,
dark energy, primordial non-Gaussianity, and related
areas [56-65].

The rest of the paper is organized as follows. In Sec. 11
we present the multifield extension of the original mimetic
scenario. In Sec. III we study the cosmological implications
of the setup both at the background and the perturbations
levels. In Sec. IV, we perform the Hamiltonian analysis at
the full nonlinear level using the Arnowitt-Deser-Misner
(ADM) decomposition [66]. The conclusions are presented
in Sec. V while some technicalities of the analysis are
relegated to the Appendixes.

II. THE MODEL

In this section, we build upon the analysis of [7] and
construct the mimetic setup for the general case of multi-
field with a curved field space metric G,;,. We comment
that the setup of [7] was dealing with a two-field setup with
a flat field space, i.e., G, = 4, With the constraint given
by Eq. (1.2).

To do this, let us first assume a general conformal
transformation between the physical metric g,, and the
auxiliary metric g, as

I :A((pavx)gyw (21)

where X = G,,3#0,¢°0,¢" in which G,,(¢) is the
metric of the field-space manifold.? Demanding that the
determinant of g,,, to be nonzero, its inverse metric is given
by ¢ = A7'%". In order to find if the above trans-
formation is invertible, we need to look at the eigenvalue
equation for the determinant of the Jacobian [67], i.e.,

B
< v _ K<">5;;5£> £ =0, (2.3)

ag;w

in which < and 5,(];) are the eigenvalues and the associated
eigentensors, respectively. Therefore, the eigenvalues equa-
tion for the conformal transformation (2.1) can be obtained
to be

(A=kE) —Ax(E)xGu =0, (24)
where we have defined (£")), = G,,0*¢p*PP" 53}3)- The

above relation can be proved by using the following
identities:

09 0A
s = A x 14 g v ~— 9 2'
8§aﬂ 5ﬂ5ﬂ * S agaﬂ ( 5)
where
A
L G A (2.6)
gaﬂ

There are usually two kind of solutions for this eigenvalues
that are known as the “conformal type solution” and the
“kinetic type solution.” In the case of conformal type
solution, the eigenvalues and eigentensor are given by

KO =A with Ax(E)y =0. (2.7)
Clearly, this kind of eigenvalue solution is degenerate with
a multiplicity of 9 since the eigentensors are limited by the
above (single) constraint. On the other hand, for the kinetic
type eigenvalues solution, we have

xK) = A - XAy, (2.8)

with the eigentensor being proportional to the metric tensor,

. (K) _ -
Le., &' = G-

Now we are interested in finding the singular limit of the
conformal transformation (2.1) by demanding that the

*The natural generalization of disformal transformation in the
case of multifield mimetic gravity can be expressed by

9 = A(¢d’ X)g;w + C(d)a’ X)Gczbaﬂ¢aau¢b~ (22)

Note that we take C = 0 in the conformal case.
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eigenvalues (2.8) and/or (2.7) to be zero. In the case of
conformal type solution, the singular limit gives us A = 0,
which is not allowed. However, for the kinetic type
solution, the following constraint will be imposed on A
in the singular limit,
A=XAy. (2.9)
The nontrivial solution of the above differential equation
for the conformal factor A is
A=-Q7'X, (2.10)
in which Q is a constant. Therefore, A is obtained to be a
linear function of X. There are two options for the sign of
Q. If we assume that the mimetic fields are timelike, which
is the case for the cosmological background, then X < 0, so
we need > 0. On the other hand, if the mimetic fields are
spacelike, as for example in the black hole background
studied in [68], then < 0. We are interested in cosmo-
logical implications of the multifield mimetic gravity, so we
assume Q > 0.
It is worth mentioning that one cannot write down g, as
a function of g,, due to the nature of the above singular
limit. By contracting both sides of the inverse metric
relation, ¢ = —QX~' g with G,,0*¢*d,¢", one obtains

QG ,,0,¢%0,9" 3"
9"”Gab3ﬂ¢“8y¢b = b ”i LAY , (2.11)
which yields
g””Gabaﬂtﬁaa,,d)b = Gabaﬂgbaaf‘gbb = —Q. (2.12)

This is nothing but the mimetic constraint extended to
curved multifield manifold.

The above constraint can be applied to the theory via a
Lagrange multiplier. For the single field mimetic gravity
setup, it has been shown that the conformal transformation
of the metric to an auxiliary metric is equivalent to adding a
Lagrange multiplier to the action [69]. But for the multi-
field case in curved space, this conclusion might be unclear.
In the next subsection, we demonstrate that these two
approaches are equivalent in the multifield case as well.

A. Equivalent action with a Lagrange multiplier

Here, our aim is to show that the action constructed from
the physical metric (2.1) is equivalent with the action in
which the mimetic constraint (2.12) is added to it through a
Lagrange multiplier in the following form

2
5= [ i SR+ 4G, +) - Vi),

(2.13)

in which Mp is the reduced Planck mass, A is the
Lagrange multiplier, and V(¢“) is the potential added
for the later cosmological purposes. As mentioned, the
equivalency of the two actions for the case of single field
mimetic scenario was shown in [69] and we follow its logic
here (with some new technicalities coming from multifield
effects).

From Egs. (2.1) and (2.10), we consider the physical
metric g,, as a function of auxiliary g, and scalar
fields ¢“ as
9w = _Q_l(Gabgaﬁaa¢aaﬂ¢b)§uu = _Q_1ngU' (214)
Clearly, the metric g, is invariant under the conformal
transformation of the auxiliary metric g, .

The action constructed from the physical metric g, can

be considered as a function of scalar fields ¢“ and the
auxiliary metric g, as follows

2
S = /d4x\/m<%le(guv(§yw ¢a)) + Lm) ’

(2.15)

where L,, represents the Lagrangian density of the matter
sector, which for our case is just the potential V(¢*).

By taking the variation of the action with respect to the
physical metric g,,, we arrive at

1
88 = 5/ d*x\/=g(M3G" — T")8g,,.  (2.16)

in which G" is the Einstein tensor and 7+¥ is the energy-
momentum tensor associated to L£,,.

From Eq. (2.14) the variation g, can be written in terms
of the variation of the auxiliary metric 6g,,, and the variation
of scalar field 6¢* as follows

X . o0X _
69;41/ = _ﬁég;w _Eguw (217)
X o )
= - ﬁég;w - é (XGuh,05¢

+ Gah [_gxagpﬂégaﬁa,((baap(ﬁb + 2§Kp8K5¢aap¢bD’

X ~ Ga a a
= _§5gaﬂ (5;‘55‘5 + Ebg/wglc gpﬂ8K¢ 8/7¢b>

— % (Gab.cxub5¢c + 2GabgKﬂaK5¢aal)¢h)7 (2 1 8)

where X = gaﬂﬁaqﬁ“aﬂqﬁb .
Thus the corresponding equations of motion from the
variation in Eq. (2.16) are obtained to be
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g;w - T/u/ + Q! (g - T)Gabau¢aay¢b =0,

(g - T)Gab,chb - ka((g - T)GMVK(}')“) =0. (219)
By taking the trace of Eq. (2.18), we have
(G- T)(Gabﬁﬂqﬁ“@”(bb +Q)=0. (2.20)

When G —T # 0, this equation yields the mimetic con-
straint (2.12).

On the other hand, instead of working with the action
(2.15) with the physical metric g, treated as a function of
the auxiliary metric g,, and the scalar fields ¢, we can
equivalently implement the relation (2.14) to the total
action with a set of Lagrange multipliers and treat g,, as
an independent field, i.e.,
|

MZ

(2.21)

Here A* is a set of Lagrangian multipliers added to
incorporate the condition (2.15) for all components of
metric field. Consequently, the variation of action with
respect to A, yields the constraint (2.14). Note that despite
the apparent similarity, the constrained action (2.21) is
different than the constrained action (2.13). More specifi-
cally, the single Lagrange multiplier 4 in action (2.13)
enforces the single constraint Eq. (2.12) while the Lagrange
multipliers A** implement the relation (2.14) for all
components of the physical metric.
Now the variation of action (2.21) is given by

1 _ e
65 = / d*xy/=g[(G" — T + A™)8g,, + Q7 A™65,,X + Q7 A™,,6X],

1
= 5/ d4x\/ _g[(gﬂv - =+ Aﬂy)ég/w + Q_l (AGab,chb - sz(AGach¢a)>5¢c]

+ Q_IA”HX((SZég + Q_lGabgﬂygkagpﬂakqsaapqﬁb)égaﬁ’

(2.22)

where A = A*g,,, and we have set the boundary contribution to zero by demanding that the variation of 8¢ vanishes at
infinity. In addition, use was made from the following relation,

oX = Gah,cgaﬁaa¢aaﬂ¢b6¢c + Gah(_gkagl)ﬁé.a(lﬂak¢aa/)¢h + 2@1(/)8’(645(18/)45/7)7

= —Q7X°G g PP 0" 0,0 600y — Q7' X(G o X3¢ + 2G 1, g" 0,540, ")

Now the variations in Eq. (2.22) with respect to the physical
metric g,,, the auxiliary metric g,, and the scalar fields ¢,
respectively, lead to

Guw—Tuw+A, =0, (2.24)
Ay +QAG,,0,0%0,¢" =0, (2.25)
AG . X% =2V (AG, V< ¢*) = 0. (2.26)

Interestingly, the trace of Eq. (2.25) leads to the mimetic
constraint (2.12). Moreover, by taking the trace from
Eq. (2.24), we find that A = T — G. Therefore, using this
finding and substituting Eq. (2.25) into (2.24), the equation
of motion (2.18) can be reproduced. In addition, it’s
straightforward to confirm that Eq. (2.26) coincides with
(2.19).

Now, solving for A, from Eq. (2.25) and plugging it into
the action (2.21) yields

(2.23)

[
M3
S= / d*xy/=g [TR + MG 0" 90,9" + Q) + L,, |,

(2.27)

which is the same as action (2.13) with £ = -V(¢%)
and 1= Q7'A.

It is worth mentioning that the action (2.13) reduces to
that of [7] when G, is constant. Now, by rescaling the

fields via ¢* — /Q¢?, we can absorb the effects of the
constant Q into the Lagrange multiplier. Therefore, from
now on we set Q = 1 without a loss of generality.

Note that in Ref. [7] the shift symmetry for two
scalar fields in the absence of the potential function was
imposed so the metric G,, was diagonal with constant
elements. However, here we work in a curved field space
manifold with the metric G, (¢°) so the shift symmetry is
explicitly broken. Furthermore, in the absence of shift
symmetry, we have allowed for the potential term V(¢“)
as well.
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III. MULTIFIELD MIMETIC COSMOLOGY

The goal of this section is to write down the background
equations and the quadratic action of cosmological pertur-
bations in a covariance form. The value of the scalar fields
¢“(x*) at a given location in spacetime consists of the
homogeneous background value, ¢, and the gauge de-
pendent fluctuations, d¢p“. The fluctuations d6¢* describe a
finite coordinate displacement from the classical trajectory
so they are not covariant. This motivates the construction of
a vector field Q¢ in order to write down the field fluctua-
tions in a covariant form.

The two points like ¢§(z) and ¢¢ = ¢ + 6¢* are
connected by a unique geodesic with respect to the field
space metric G, [56,70]. This geodesic is parametrized by
e, such that ¢“(e =0) = ¢ and ¢(e = 1) = ¢§ + 5¢.
These boundary conditions determine a unique vector Q¢,
which connects the two scalar field values in such a way
that D,.¢"|,_, = Q“ where D is the covariant derivative
with respect to the field space metric G,;,. Therefore, one
can expand o¢¢ as a power series of Q“ as [56,70],

1
5¢a — Qa _ El'*ZCQch

+ (TG —T5.)0°0°0  + - (3.1)

AN =

in which I'; represents the Christoffel symbol associated
with the metric G,.

Note that at linear order, the field fluctuations 6¢* and
the vector Q¢ are identical but at higher orders they are
different. Thus, in the covariant manner, we must write the
equations in terms of Q?. In addition to scalar fields’
perturbations, we need to perturb the metric components
and the Lagrange multiplier.

The cosmological background in the absence of pertur-
bations is given by the FLRW metric

ds* = —dr* + a(t)*dx?, (3.2)
in which a(t) is the scale factor. Now denoting the
components of the full metric via gy = —N? + B4,
90i = PBi» gij = vij» the scalar perturbation parts of the
metric at linear order are defined as

N =1+a,
pi =B,

— 2,2y
vij = aze™'s;

(3.3)

where in spatially flat gauge we take y = 0 and therefore
Yij = a’s; ;- Furthermore, N is the lapse function while f3; is
the shift vector

In addition, there is the scalar perturbation 4 = Ay(r) +
6A(t,X) for the Lagrange multiplier. Substituting these
perturbations back into the action (2.13) and solving for

the constraint equations, we obtain the quadratic action for
the field fluctuations Q<.

A. Background solutions

In order to derive the background equations of motion,
we expand the action (2.13) up to the linear order of scalar
perturbations (3.3) and (3.1) by performing the analysis in
spatially flat gauge. Substituting these solutions back into
the action (2.13), the first order action becomes

S1= V/dta3 [(Gup(6HAg+240) s — Vi +2G 20D, ) O
+(=V+3M3H?
+Ao(1+ thé'bgf%)a‘F‘S/l(l - th¢8¢6))]

where VP = G0,V and V = [ d%x is the spatial volume,
which will be assumed to be large enough but finite.

Clearly, the variation with respect to Lagrangian multi-
plier perturbation mode 64 gives us the mimetic constraint
at the background level, i.e.,

(3.4)

G =1 or GuDids=0.  (3.5)
in which the convenient derivative is given by
D,X% = X +T¢ XP S, (3.6)

Here we have used D,G,, = 0, which follows from the
definition of the covariant differentiation.

Now, we can derive additional equations of motion
by varying with respect to the field fluctuation Q¢
and a. Taking the variation of (3.4) with respect to Q°,
we arrive at

.. v o
MDDy = —- - (3HA + 40)0. (3.7)
in which H = a(t)/a(t) is the Hubble expansion rate.

After contracting both sides of the above equation by ¢}
and using Eq. (3.5), we obtain

Jo =5 (Vs — 6Hiy). (3.8)

N[ =

The other equation comes from the variation of the action
with respect to a, yielding,

3M3H? 4+ 22y = V. (3.9)
As we take time derivative from both sides of the above
equation and compare with Eq. (3.8), we can immediately
find

do = M3H. (3.10)
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Now combining Egs. (3.10) and (3.9) one obtains the
Friedmann equation,

M3(3H? +2H) = V. (3.11)
In the absence of the potential function, using Egs. (3.10),
(3.11), and (3.8), one finds 4y~ 1/a* and H(t) = 2/(3t)
(see Fig. 1 for an example).

On the other hand, by varying the action (2.13) with
respect to the metric g,,, the effective energy momentum
tensor is given by

Ty = =V — 224G, 0* 0, ". (3.12)
Correspondingly, one can read the energy density and the
pressure as p = T( and P = 1 T'.

For the case with no potential, V = 0, using the mimetic
constraint (3.5) and Ay~ 1/a®> we obtain p =21y x a3
and P = 0. Therefore, similar to the standard single field
mimetic theory [1], the multifield generalization of the
setup mimics the role of dark matter.’

In order to understand the effect of the mimetic con-
straint (3.5) on the fields trajectory in the curved field
space, let us consider, for example, an interesting two-field
model proposed in [71] for axion inflation. In this model,
the axion field ¢ is characterized as the phase of a complex
scalar field ® (® = ¢'¢’) in a canonical U(1) symmetry-
breaking model in which the complex scalar field ® has a
nonminimal coupling to gravity in the Jordan frame, i.e.,
f(®)R. Moreover, the radial component ¢', as a second
scalar field, plays the role of the order parameter of the
symmetry breaking. The nonminimal coupling depends
only on the radial field, i.e., f = f(¢'), and the kinetic
terms of these polar coordinates have the flat field space
metric in Jordan frame.

On the other hand, going to the Einstein frame by
performing a conformal transformation of the spacetime
metric such as g,, = 2f(¢')/M33,,. the field-space metric
becomes [71],

Gu:z—;(l-l-T'(p), Gzzzz—;(ff’])z’ G, =Gy =0,

(3.13)

which describes a curved field space with the coupling f
givenby f(¢') =1 (M? + £(¢")?). Moreover, the potential
function takes the following form in the FEinstein
frame [71]

*We comment that by expanding the mimetic cosmology to
models containing multiple gauge fields with a certain mimetic
constraint imposed on the gauge field strength tensor, the
Maxwell term can play the role of the cosmological constant
yielding to a de Sitter-like spacetime [19,20].

M N2 _ 22 MAAY
O M)

(3.14)

Vig'.4%)

Here M, &, ey, v, and A are parameters of the model. As
seen, the potential function consists of two terms. The first
term is related to the spontaneous symmetry breaking
(Higgs) potential of the radial field and the second term
comes from the nonperturbative effects that generate a
potential for the axion field.

As another example, we consider a two-field model with
a polar parametrization, ¢¢ = (¢!, ¢*), with a shift sym-
metry through the angular direction ¢? — ¢ + ¢ [64]. In
this respect, the radial field space coordinate ¢' is orthogo-
nal to the isometry while the angular coordinate ¢’ is
tangential to it. The simple form of a such field space in the
“orbital inflation” model [64] is defined as follows:

Gll — 1,

G22 = f(¢1)7 G12 = G21 = 07 (315)

in which one chooses f(¢') = ¢2#'/Ro associated with a
hyperbolic field metric which has the Ricci curvature
R = —2/R3. In addition, for a specific model of the orbital
inflation, the potential function takes the following form:

2 a B
Vg ) =34( o) (1450 -0+ S0t -0
2

—2A2<¢2>2(ﬂ<¢1—¢>+“<¢1—¢>2) .

5 (3.16)

Notice that inflation happens at constant radius ¢' = ¢ in
the orbital inflation setup, but here we only consider this
model as a toy model with free parameters A, a, B, Ry,
and ¢.

In Fig. 1, we have presented the evolution of 4(7) in the
field space for the above two metrics for both cases V = 0
and V # 0. The left panel refers to the axion inflation
example with the metric (3.13), while the right panel
corresponds to the case of orbital inflation with the metric
(3.15) and potential (3.16). The red solid and blue dashed
curves represent the cases V = 0 and V # 0, respectively.
As we see for the case V =0, the curve for 4, (or
equivalently p) scales like 1/a?, which describes the energy
density in matter-dominated era, whereas one observes a
deviation form 1/a® when V # 0. For the case of axion
inflation, the numerical parameters are ¢} = 0.5,

P2 =0.97r, ¢ =—-0.025 M =102, 1,(0) = —0.375,
0

E=1,v= %, ¢ =0.07, A=2.74 x 1073 in units of

Mp. In the case of orbital inflation, we choose ¢5 =0.5,
$=0.1, ¢ =0, Ry=50, f=0.1, a=001, ¢ =1,
A=10"%
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10°

FIG. 1.

10°

107!

1073

104

The evolution of the Lagrange multiplier for two different cases V # 0 (red solid curve) and V = 0 (blue dashed curve). Left

panel: the axion inflation example with the metric (3.13) and potential (3.14). Right panel: the orbital inflation example with the metric

(3.15) and potential (3.16). The V = 0 case corresponds to a matter dominated Universe in which A(#) o a(#)~3 or equivalently p o a~

and H = 2/(31).

In addition, Fig. 2 shows the background trajectory
in the field space for the above two examples. As illustrated
in first two rows of Fig. 2, one can observe sudden
turns in the trajectory where the potential function V is
nonzero.

3

B. Quadratic action

In this part, we present the cosmological perturbations
analysis in the spatially flat gauge. By expanding the action
(2.13) up to the second order of scalar perturbations (3.3)
and (3.1), the quadratic action takes the following form:

1 o
§? = /dl dxa’® [M%GHZGbchQszQC - <2 Ve + M%€H2Rbdc.f'¢g¢{)> 0 0°

+ 26A(a — D,Qydh) — a(V, 0" + 3M2H*a — M3eH?a + 2¢HD,Q,4%)

. M3
— 2M3}H(a — eH Q) 0,0'B — a—f€H2Gabainach] ;

where V ,, = V.,

Ryde =Thae =Thea TTeel g =T i (3.18)
is the Riemann tensor associated with the curved field
space, and e is the “slow-roll” parameter that is defined by
e=—H/H.

From the above quadratic action, we see that the
quadratic Lagrangian is linear in terms of the nondynamical
mode B, from which its equation of motion yields

(3.17)

a=cHQ,P?. (3.19)

It is worth mentioning that the linearity of the B mode
in the quadratic action causes the adiabatic perturbation
to be nondynamical in the two-field mimetic example
(see below).

Plugging the relation (3.19) in action (3.17), the reduced
action takes the following form

§* = / dxdt a® [M%efﬂGbcD,QbD,Qc — 2M}e*H? Q,,D, Q. b6 — M3,0" 0

M2 ) . .
— TGy 0,0" 0 Q¢ + 25(eHQudh — D,Qu5) |

where the effective mass matrix is defined via

V. o1 ) ) .. .
My =—2+ ~eH(V,poy + Vidoa) + MB2H*(3 = €)outboy, + MpeH R, 1abyhi-

2 2

(3.20)

(3.21)

023529-7



MANSOORI, TALEBIAN, MOLAEE, and FIROUZJAHI

PHYS. REV. D 105, 023529 (2022)

20f T V=0 /
1
1
1
/
/l
L5 /
D /
¢/}
0 J
/
10] | /
N /
\ /
N /
\ /
N y
“ Y
N /
0.5 ~ /

10 20 30 40

6"/

102 107 ,,7”""7””"7"” )
10! ///

/i ///

1NL0 B

10° 2310 2501 2512

—10°

—10!

—10%
0.0 0.5 1.0 15 2.0 2.5

N

4.5 -== V=0 7

¢/
25 ~
2.0 -
15 -
1.04==-===""

0.5

10

n

5
1

¢/

10° 10! 10°

/3

120

100

S0 -
v //
L
== 60 S
Lo ’ //
40 yd

102
2644 2646 2648 2.650

2 ﬁ/
0
-2

FIG. 2. Tllustration of the trajectory in field space and the evolution of the turning rate 7, . Left panels: the axion inflation example with
the metric (3.13) and potential (3.14). Right panels: the orbital inflation example with the metric (3.15) and potential (3.16). The
parameters are the same as those used in Fig. 1. The oscillatory behavior of the trajectory (or changing sign in the tuning rate 5 ) is
due to the centrifugal force of the potential. This behavior can also be seen from the turning rate parameter 77, plotted in Fig. 4. Although
the trajectory for the case V = 0 is curved, the rate of the turn is zero.

Finally, taking the variation of the above action with
respect to o4 yields the following relation

D04 = eHQuf.- (3.22)

Our analysis so far was general, valid for any number of
fields. In the rest of this section we restrict ourselves to the
case of two-dimensional field space. This is because we
will work in a new coordinate in the field space where the
perturbations are decomposed into the parallel to the
background trajectory and perpendicular to it. While this
decomposition is valid for field space of any dimension, but
its geometric visualization is more simple in the case of 2D
field manifold.

In a 2D field space with the coordinate ¢f(r) =
(¢4(1), @3(1)), any trajectory defined in this space is
parametrized by cosmic time 7. To characterize this curve,
it is useful to construct a set of orthogonal unit vectors 7¢
and N“ such that at a given time #, 7°(¢) is tangent to the
path while N“(7) is normal to it [56,70]. In Fig. 3 we have
illustrated a schematic plot of the evolution of the this set of
orthonormal vectors along the background trajectory in the
field space. This set of vectors is defined as

¢4
T¢ =22, 3.23
s (3.23)
N, = (sgn(£1)G)"?e,, T?, (3.24)
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¢2

¢1

FIG. 3. A schematic view of the evolution of the tangent vector
T“ and normal vector N* along the field space trajectory.

where ¢3 = Gabdw(‘}d)g, which equals to one according to
(3.5). Moreover, G is the determinant of the metric G, the
signum function sgn(+1) determines the signature of G,
for instance, sgn(—1) is for Lorentzian signature, whereas
sgn(+1) is chosen for the Euclidean signature. In addition,
€, 1s the two dimensional Levi-Civita symbol with €;; =
€y = 0 and €1, = —e,; = 1. These definitions satisfy the
following conditions: 7,7% =1, N,N* =sgn(+1) and
T*N, =0 [56,70]. Notice that the mimetic constraint
(3.5) in term of this set of vectors can be written
as Gah¢8¢8 = TaTa = L.

These two unit orthogonal vectors may be used to project
the scalar field equation of motion (3.7) along these
directions. Projecting along 7“, we obtain Eq. (3.9),
whereas by projecting along N one obtains the relation

DT 'V
= N e,
dr 21

D¢ = (3.25)

where Vy = N“0,V. Clearly, this relation satisfies the
mimetic constraint (3.5). Now, let us define the second
“slow-roll” parameter n* as

D¢
Nt =——% = —N

(3.26)

with its normal component given by 5, = Vy/24.
Combining this relation with (3.25), we deduce the
following relations: |

DT“

= , 3.27

dr ny ( )
DN?

=-n, T 3.28

dr ny ( )

Therefore, if 7, = 0, then the vectors 7 and N“ remain
covariantly constant with respect to D, [but not with respect
to 0, see the definition (3.6)] along the path. If , > 0,
then the path turns to the left, whereas if 7, < 0, then the
turn is towards the right. The value of 57, therefore indicates
how quickly the angle determining the orientation of 7¢
varies in time. Denoting this angle by 6 we may therefore
do the identification®

0=n,. (3.29)
In the last row of Fig. 2 and in Fig. 4, we have plotted the
evolution of 5, for the case V # 0 with respect to the
number of e-folds N and fields ¢' and ¢?, respectively. As
expected, the sudden turn in the field trajectory in Fig. 2 is
translated into the change of the sign of #, in Fig. 2 and to
moving to the left or right in Fig. 4.

For the two-field case, the parallel and normal perturba-
tions with respect to the background trajectory are given,
respectively, by

ul =07 =T,0°, (3.30)

uV = QN =N,0°. (3.31)

In this transformation u” corresponds to the perturbations

parallel to the background trajectory while u" corresponds
to perturbations normal to the trajectory which represents
the entropy perturbations, i.e., the nonadiabatic mode
[56,70,72]. )

By using the above representations and replacing ¢ and
Dt(j’)g by the tangent and normal vectors 7¢ and N°¢
according to Eqgs. (3.23) and (3.25), the quadratic action
(3.20), after straightforward manipulations, reads

. . M? .
S2 = / d*xdta® M3eH? [EMN + L, + 2sgn(+1)Ourity — 20uyity — 2( NT €H9> Urity

2 i 1.
=T —duy )|,
T zE (”T cH ' eH ”N>]

with

. 1 N2 MIZVN
L, =sgn(£l) <uj2v —;(81/!1\/)2) + <9 - )u,zv

M3eH?

(3.32)

3.33
M%eH? (3.33)

*Utilizing this definition, we see that the ratio of curvature k characterizing the turning trajectory is defined as [56,70] kgl = |0|
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711,0 050

0.25 ‘

L
L0

L oA75\‘

15

FIG. 4. The figure shows the evolution of turning rate 7, in terms of the mimetic fields ¢! and ¢?. Left panel: the axion inflation
example with the metric (3.13) and potential (3.14). Right panel: the orbital inflation example with the metric (3.15) and potential (3.16).
The parameters are the same as those used in Fig. 1. This plot is consistent with Fig. 2 meaning that the turning toward left (right) in the

field space indicates that #, increases (decreases).

and

1
L”T = l:l% ) (3MT)2 - 2€HMTI:£T
a

. M?2
sen(£1)0° — 1T )u3,  (3.34
- (senen® - 0 )i 3
where ny = ¢/He and the symmetric matrix M;; elements
are given by

M3y = NN°M2, = = (Vyy — sgn(£1)eHR),

1
5 (3.35)

14
M2, =TT M2, = % +eH(Vy + MyeH?(3 —¢€)),

(3.36)

M3, = M3y =T°N°M?, = %(VNT +eHVy),  (3.37)
where Vyr = NT?V.,,, Vyy = NNPV.,, and Vip =
TeT? V..»- In particular, note the effect of the Ricci scalar
R associated with the field space manifold. Since we
consider a 2D field space here, the Riemann tensor can
be expressed in the terms of the Ricci scalar R as

1
R(Gac de - GadGcb) .

Rabcd = E (338)

Finally, the equation of motion for 64 then yields
I:lT = €HMT + éuN.

(3.39)

Substituting the above result into Eq. (3.32), we arrive at
our final reduced quadratic action

1
§2 = /d3xdta3M%,eH2{sgn(il) (u%v -— (8uN)2)

a
Myy , 1
_ — (Ou)?
M%€H2 Uy 2 ( ”T)
. M?>
n +1)6% — 2H2 — T 2
(senCe)é? - 2 - 1 g

. M?

From the above action, it is clear that the perturbation
mode perpendicular to background trajectory, uy, is excited
while the perturbation mode tangential to background
trajectory, uy, does not propagate. In other words, the
entropy mode propagates with the speed of unity, whereas
the sound speed for the adiabatic mode is zero. This is
consistent with the fact that the mimetic background
describes a fluid with no pressure. In addition, whether
the entropy perturbation is free from the gradient as well as
ghost instabilities directly depends on the signature of the
metric, i.e., sgn(=£1). In the case of the field space with an
Euclidean signature [sgn(+1) = 1], the entropy mode is
healthy, whereas in the case of the Lorentzian manifold
with sgn(—1) = —1, the entropy perturbation is pathologi-
cal. As one turns off the potential function V in our setup
and consider the flat metric, ie., G, =, with an
Euclidean signature, this action converts to Eq. (53) in
[7] with the healthy entropy perturbation. However, when
one considers G, = diag(1, —1), the entropy mode always
suffers from the ghost and gradient instabilities [23]. In
Appendix B we confirm these conclusions in the comoving
gauge as well.
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Now let us check the number of degrees of freedom
(DOFs) of the setup at the linear cosmological perturbation
level by performing the Hamiltonian analysis of the
quadratic action (3.32). It is evident that the time derivative
of 64 does not appear in the action (3.32) so one has the
primary constraint E; = I1s; = 0, where Il;; is the con-
jugate momentum associated with 54. After imposing this
primary constraint, the total Hamiltonian is given by

2
Hy = [ dx’ -2
’ / * [4sgn(i1)a3M%€H2+

M2
+ M%eH? <ak2 +a*e®H? + d TT) u

eH?

+ eHIL, ur + é(HuTuN — 11, ur) + 031} .

Note that because we work in the Fourier space, all
coordinate and momentum variables are only functions
of time and the wave number k in which, for simplicity,
their dependence on k are dropped.

In order to derive the secondary constraint, we should
check the time evolution of the primary constraint =,
which amounts to examine the consistency relation.

—_
=

Beginning with E;, one obtains the following constraint:

1
 M3eH?

[1]

2 ={E.Hr} = (I, +2a%52) 0.  (3.43)

The above constraint can be solved for 64, yielding

OA = —

55 (3.44)

The next consistency relation gives

Ey={E,.Hy}

(—2a%0 01, +€ll,, +2a* M3y +2a°M3;)

ur

T M3eH?

+2(ak® + a*e*H?)uy ~ 0, (3.45)
which determines the Lagrange multiplier » as a function of
the phase space variables and thus the chain of constraints
for primary constraint = ends here. More precisely, both
constraints E; and Z, are second class constraints and
therefore the physical number of DOFs is (6 —2)/2 = 2.
Together with two tensor modes, the total DOFs of our two-
field setup is four. This is confirmed in next section where
we present the full nonlinear Hamiltonian analysis. In spite
of the fact that the adiabatic mode does not propagate at the
linear perturbation level, it contributes to the physical

(sgn(E£1)aeH*k* + a> M3y )u3, +

HT:/d3x(HMTitT+HuNuN—£+vEI), (3.41)

where v is the Lagrangian multiplier. By constructing the
conjugate momentum I1,, = 9L/0iy and I, = 0L/ iy
from the quadratic action (3.32), the total Hamiltonian in
the Fourier space is written as

I,
4a*M%eH?
oA

_|_ -
M%eH?

(HUT + a35ﬂ) + 2a3M[2VTuNMT

(3.42)

|
DOFs of the model. The same result has been reported
in [23] for the flat two-field setup.

As seen, the adiabatic mode u; does not propagate in 2D
field space at linear order in perturbation. This is similar to
the simple single field mimetic model where the curvature
perturbation was nonpropagating at the linear order. To
remedy this issue, in the case of single field mimetic setup,
higher derivative terms such as ([J¢)? were added to the
theory yielding a nonzero sound speed for the curvature
perturbations. Motivated by this fact, we may also consider
adding higher derivative terms to our action. First consider
the term

Y = X, X = GuyGp XX, (3.46)
where X = 0#¢“0,¢". This term is linear with respect to
the nondynamical mode B. In order to prove it let us write
down X by using ADM variables as

1
X = =35 (¢ = B Od) ¢ = B 0g) + 001"
(3.47)

By expanding the above relation up to the second order of
scalar perturbations, we arrive at

X = — bt + 2adidt — (660" + P50
=325t + 2a(p5 Q" + $50°)
— 00 + 0B(0, 0B} + 0, Q)

+ a25k18kQaalQb. (348)

>Note that the term G, Jgp*CI¢h? is not covariant in field space
nor in spacetime.
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Clearly, the scalar Y is linear with respect to the non-
dynamical mode B up to the second order. This confirms
that the adiabatic mode does not propagate in our model
just by adding the Y term to the action. Therefore, one may
consider to couple nonminimally a function of Y term to the
spacetime Ricci scalar R. Since the Ricci scalar is linear
with respect to B, adding f(Y)R to the action can not
generate any nonlinear contributions of B as well. After
eliminating nondynamical modes in the corresponding
quadratic action, Eq. (3.22) is still satisfied and it prevents
the adiabatic mode u; to propagate.

Similar to the single field mimetic scenario, let us now
consider box terms such as

(OL)2, (3.49)

where L% = G,,¢"¢” describes the length in the field
space. This box term is defined as

1

\/__g

UL =

9,(v/=99"9,L) 2 0,g°L + L.  (3.50)

Correspondingly, its contribution to the quadratic action
yields

s> /dx3dt(DL)2

o) / Bxdt((0,0°B)2L* + 512), (3.51)

where L = G,¢a¢ph and SL = L — L. Itis obvious that the
quadratic action contains not only the gradient term (6°B)?,
but also the higher derivative term 6L which is the source of
the Ostrogradsky ghost. As mentioned earlier, incorporat-
ing a nonlinear term for the B mode in the quadratic action
modifies the relation (3.22), causing the adiabatic modes ur
to propagate. However, this comes with the price that both
entropy and adiabatic modes develop Ostrogradsky-type
ghost. This kind of ghost can be removed by applying
explicit combinations of higher derivative terms used in
Horndeski theories [73] and the higher derivative inter-
actions coupled to gravity [74] as for example employed in
single field mimetic setup [52-54].

IV. NONLINEAR HAMILTONIAN ANALYSIS

In this section we present the full nonlinear Hamiltonian
analysis of the system to count the correct number of DOFs.
This is motivated in part from the fact that the adiabatic
mode is not propagating at the linear order of equation of
motion so one may wrongly conclude that there is only one
scalar degree of freedom. Although this issue is addressed
in previous section using the quadratic Hamiltonian analy-
sis, but here we confirm it employing full nonlinear
perturbation analysis.

We perform the nonlinear Hamiltonian analysis using the
ADM decomposition [66]. In fact, the ADM decomposition
is used to characterize the nature of gravity as a constrained
system. In accord with the ADM decomposition, the metric
components of spacetime take the following form:

goo = —N?* + B,f", 9oi = Pis 9ij = Vijs
1 g B
goo - _mv 901 - W’ gU - },l] - N2 ) (41)

whereas before A is the lapse function and f' is the shift
vector. The spatial component y;; is defined as a metric on
the three-dimensional spatial hypersurface embedded in the
full spacetime.

In the ADM framework, the action (2.13) can be
written as

where S is associated to the pure gravity part, i.e.,
M? .
S¢ = / d*x\J[yN TP(RB) + K, ;K7 —K?), (43)

where R®) is the curvature of three-dimensional spatial
hypersurface, constructed from y;;. Moreover, K;; is the
extrinsic curvature defined as

1 .
Kij = W(atyij —Pij = Bi)s K=K, (44)

with the covariant derivative being calculated with respect
to Yi e

On the other hand, one can write the matter part of the
action as

Syu= /dﬁtxx/?/\/{/1 [— '(/\;;5 (0,9 =0, (01" =P O1p") + G oy " 019" 019" + 1] - V}-

Note that these actions do not depend upon the time derivative of A/, #, and 1. It means that these quantities are not
dynamical variables. Consequently the dynamical variables are y;; and ¢“. The momentum canonically conjugate to y,; and

¢*°, respectively, are
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. 8Sq M3 T
nv=—=— KY —yYK 4.
Sy = 2 VI =), (4.5)
58y 2,/7 .
I, = =7 b Bio.gh). 4,
a 58t¢a N iGab(atd] ﬂal¢ ) ( 6)

Plugging the above expression of the conjugate momenta in the action (4.3), the total mimetic action can be expressed as

S = /d4x{nijaz}’ij + ,0,0* = N(Hg + Hu) = B (Hgi + Hui)]. (4.7)
where
Hg = M} RG) 2 : 12 — ITVT1 HL = —2(0;ITV + I, TIX 4.8
G=—T\/J7 _Wi - ij | 6 = —2(0,11V + ', IVY), (4.8)
and
Gab N . .
Hy = _Wnanb — WY (PG 0:9°0,9" + 1) + \/rV(*). Hy =11,0'9°, (4.9)
with I = Hi

Now, we have five primary constraints (ITy/, IT;, 1)) ~ 0° that are associated with nondynamical variables (N, #, 1),
respectively. By taking into account these primary constraints and the action (4.7), we can construct the total Hamiltonian
function from the standard definition in [75] as follows:

Hp = /d3x[N(HG + Hu) + P (Hgi + Hui) + oadly + 0'T1; + 0,11, (4.10)

where v,/,0" and v, are Lagrange multipliers which enforce the primary constraints. To identify the secondary constraints,
we should check the time evolution of the primary constraints using the Poisson brackets [76]. For gravity and matter parts,
the Poisson bracket is defined as

_ 3y oX oy 3 o) oX oX oy 3 % oX

{”J”‘/d waﬂw&>aN@mnmw+&wmﬂmw(wuwm&>
+5X 3% 3 5y o6X n oX 3% 3 oy oX n oX oy 3 A% oX
SAC) oL, (v) 3A(¥) 3, 00) | 673, BTN (x) 7y (1) SITI(x) 66 ()31, ()~ 80 () ST, ()

(4.11)

Thus one can easily examine the following fundamental Poisson brackets that hold between the canonical coordinates and
momenta:

{A(x). (y)} = 69 (x - y),
{9"(x). 10, (y)} = 5357 (x - y).

(0. Ty} = 3 (516) 4+ 815506 (x — ). (4.12)

Let us now consider the time evolution of the primary constraint T; = I1, ~ 0 and check its consistency relations. We have
Gab B
T,=0Y, ={Y.Hy} = _Wnanb + V117G o, 0,9°9;9" +1) = 0, (4.13)

which is exactly the mimetic constraint (2.12) written in the ADM decomposition.

®Following [75], the notation ~0 stands for the constraint equations.

023529-13



MANSOORI, TALEBIAN, MOLAEE, and FIROUZJAHI

PHYS. REV. D 105, 023529 (2022)

From the above condition one immediately solves for the
function A,

1= (S 1/2[ (7'1Gup0:p"0;p" + 1)]71/2
- 4\/]7 atlb \/}77/ abVi J .

(4.14)
The subsequent consistency relation gives
Y3 =0T, ={T, Hr}
= T?a(yijv-/\/»ﬂis/l,Hij,l_[j\ﬁni, Uﬁ)wo, (415)

which determines the Lagrangian multiplier v, in the terms
of phase space variables and then the chain of constraints
for primary constraint Y'; terminates here. This means that
the set of 2 constraints T; and Y, are second class. Now, by
eliminating A and II, from the constraints Y| ~0 and
T, ~ 0, the dimension of the phase space reduce and so the
reduced total Hamiltonian becomes

HE = / PN (Hg + HE) + F(Ho; + Har)

+ oIy + 'L, (4.16)
where
HE = VI (10,090, + 1)} + 7V (g?).  (4.17)

Now we need to determine the Dirac bracket between the
remaining phase space variables (y;;, NV, B, I, My, IT5).
The Dirac bracket between two phase space functions is
defined as

(XY} ={X.V} =) (X0} (D) {®, ¥} (4.18)

in which @/, I = 1, 2 stand for the second class constraints
T, ~0, T,~0, and D;; is the matrix of the Poisson
bracket between these constraints, i.e.,

D1y = {1, (0). 1, (1)} =0.
Diy = =Dy = {11 (%), Ta(y)} = T )y,

VA (X)
Dy ={T5(x), 1(y)}

B ZEX)HZ’(X)YU ()" (¥)0,6%) (x —y).
—ﬁy)ﬂb(y)y”(x)axiqsb(x)ax,-a@(x—y). (4.19)

Therefore, the matrix D and its inverse D! can be written
schematically as [77]

0 A A7'BA™T —A7!
D= ., Dl= . (4.20)
—-A B Al 0

Keeping the above forms in mind and considering the fact
that  {y;. 1L} = {TIV. 11, } = {I1,,.11;} = {¢*.11;} =0,
one finds that the Dirac brackets coincides with the
Poisson brackets.

Now we proceed to the analysis of the consistency
relation for the primary constraints Q; =1l ~0 and
I =II' ~ 0. The time evolution of these constraints gives
the secondary constraints

Q, =0, = {Ql(x),Hﬁy)}
=—(Hg + HE)SP (x —y) =0,
Iy =0, = {I(x), H{(y)}

= —(Hg'(x) + Hy'(x)) (x —y) 0. (4.21)

Requiring these constraints to be time independent yields

Q3 =0, = {Qz(x),Hff(y)}
=-N{Q(x),Q(y)} = :i{Q(x).T%(y)} %0,
[y =0, ={T%(x), Hf (y)}

= —N{T}(x), Q(y)} = {TH(x).T5(y)} 20,  (4.22)
where
19(x). (1)} = T3(¥)9u50 (x ~y)
- Fé(x)ﬁy/5(3)(x —y) =0,
{Q(x). T5(y)} = —Q,0,,6% (x —y) % 0,
{T}(x), T5(y)} = T4(y)0,, 6 (x —y)
- T3 (x)9,,6% (x —y) ~ 0. (4.23)

Clearly, the above Poisson algebras vanish on the constraint
surface (see Appendix A for more details). Indeed, the time
evolution of the secondary constraints , and I'; determine
none of the Lagrangian multipliers and do not generate any
additional constraints. Consequently these eight constraints
Q, Q,, T, and I are all first class constraints, which are
interpreted as the generators of diffeomorphism.

Now the DOFs in phase space can be read off from the
master formula of the constrained system as [76]

DOF = N —2#1st Class — #2nd Class, (4.24)

in which N is the total number of phase space variables.
In our model, we have 20 phase space variables
containing (J\/,ﬂi,y[j,HN,Hi,Hij), two variables for
(4,I1;), and M total number of the conjugate pair
(¢9,11,). Correspondingly, the number of DOFs is
obtained to be
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DOF = (20+24+ M) —-16-2=4+ M, (4.25)
which corresponds to (4 + .M)/2 physical degrees of
freedom in the configuration space.

Note that M /2 represents the dimension of the field
space manifold or equivalently the number of scalar fields.
Thus, in addition to the two gravitational degrees of
freedom of general relativity, there exists M/2 extra
physical degree of freedom. This finding implies that the
theory is free from the so-called Ostrogradsky ghost [78].
In fact, the Ostrogradsky ghost arises when the higher
derivative terms increase the number of degrees of freedom
for the system under consideration.

As an example, for two-field mimetic case spanning a 2D
curved field space (M = 2), we have 4 DOFs correspond-
ing to one adiabatic mode, one entropy mode and two
tensor modes as verified perturbatively in previous section.

V. CONCLUSIONS

In this paper we have extended the idea of mimetic
gravity to multifield setup with the curved field space
manifold. Motivated from the single field case, we have
constructed the multifield mimetic setup via the conformal
transformation between the physical and the original
auxiliary metrics. Solving the eigentensor equation for
the Jacobian of such a transformation, we have found the
associated eigentensors and eigenvalues. The multifield
generalization of the mimetic scenario can be interpreted as
the singular limit of the conformal transformation by
demanding that the kinetic type eigenvalues to be zero.

At the cosmological background, as expected, the energy
density of the multifield mimetic scenario indeed plays the
role of dark mater similar to the original single field setup.
At the perturbation level, we have employed the kinematic
basis in which the perturbations are decomposed into the
tangential and the perpendicular to the field space trajec-
tory. By considering the perturbations in the kinematic
basis, we performed explicit perturbation analysis in the
spatially flat gauge for two-field mimetic case. We have
found that the perturbation mode perpendicular to back-
ground trajectory in the field space manifold, uy, is excited,
whereas the perturbation mode tangential to the back-
ground trajectory, uy, does not propagate. More precisely,
the entropy mode, originated from the extra scalar field in
our model, propagates with the sound speed equal to unity,
whereas the sound speed for the adiabatic mode is zero.
This is consistent with the fact that the mimetic background
describes a dark-matter fluid. In addition, whether or not
the entropy perturbation is healthy directly depends on the
signature of the field-space metric G,,. In the case of the
field space with an Euclidean signature, the entropy mode
is healthy, whereas in the case of the Lorentzian manifold,
the entropy perturbation suffers from the ghost and gradient
instabilities.

Although one of the modes does not propagate at the
linear perturbation level but it contributes to the physical
DOFs of the model. We further confirmed this result by
performing the full nonlinear Hamiltonian analysis of the
multifield mimetic theory and verified the correct number
of DOFs necessary to prevent the presence of the
Ostrogradsky-type ghost.
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APPENDIX A: CONSTRAINT ALGEBRA

Using the Poisson bracket relations (4.11), here we check
the constraint Q, = —H; — HY and T, = —HL, — Hi, ina
closed algebra [75,76]. The gravity part Hi are the
generators of three-dimensional diffeomorphism and the
other gravity part Hg is a scalar with respect to spatial
diffeomorphism [58], then Hs and H; satisfy

{Ho(x), Ho(y)} = His()0a6% (x —y)

— H(x)D,6%) (x — y),
{Hg(x). H5(y)} = —H0:6% (x —y).
{HG(%), HE(y)} = His(y)05,6%) (x —y)

- H(x)0,6% (x—y). (Al

For the matter part, i.e., Hffl and H}'\,I, similarly one obtains

{HR (%), HE (¥)} = Hiy (y)0,:6%) (x - y)

— Hiy ()06 (x - y),
{H (x), Hi (v)} = —HE 0,69 (x - y),
{Hi, (%), Hiy (9)} = Hiy(3)0,,6%) (x — y)

—Hy(x)9, 60 (x —y).  (A2)
Therefore, the total constraints Q, = —H; — HE and T, =
—Hi, — ‘Hi, also form the closed algebra,
{Q(x). ()} =T5(y)0:6% (x —y)
- Fﬁ(x)ayjé(3> (x —y),
{Q(x). T5(y)} = —20,,6% (x - y),
{T3(x). T5(y)} = T5(y)0, 8 (x ~y)
~T5(%)9,,89 (x —y). (A3)
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APPENDIX B: QUADRATIC ACTION IN THE
COMOVING GAUGE

In comoving gauge v is turned on in the scalar perturba-
tions (3.3). In this respect, the equation of motion for the
nondynamical mode B leads to the following constraint,
|

a="Y 1 eHO, Pt

e (B1)

By imposing the above relation in the corresponding quad-
ratic action, one obtains

§? = / d*xdta® {M%eHZGbCD,QbD,QC — 2M}2H?Q,D, 0. .o — M3, 0 Q°

M2 . . .
2L Gy, 0,070 0" + 267 <eHQb¢8 ~ D0, +

v

H> + M3ey?

. M2 . i
—w(3Q"V, - OMpeH>DQyht) — —7 0Py (v/ +2HQy +2 %)

. V04
\"H

where the mass matrix M, was defined in Eq. (3.21). Now,
we can decompose the variable Q¢ into the directions along
and orthogonal to time evolution [79] as

Q= Qf + ¢or. (B3)
with the orthogonality condition G,,¢§Q% = 0. In the
comoving gauge we impose 7 = 0. It should be noted that
the 7 mode is the fluctuation in the direction of the time
translation, and is interpreted as the Goldstone mode
appearing from the spontaneous breaking of time trans-
lation invariant [80]. Moreover, the orthogonal modes, Q¢ ,
are gauge invariant quantities and are usually called
“isocurvature” modes [72]. Similar to the single field

inflation, one can introduce the Mukhanov-Sasaki variable
as [57]

0r=0- By -0t By mry=01 B (B4
or equivalently
01 =01 -P-y) (B)

In two-field case, due to the orthogonality condition, the
mode Q¢ is proportional to the normal vector N¢, i.e.,
Q4 « N¢ and one takes the amplitude of Q, as the
isocurvature field F [57]. Moreover, in comoving gauge

—OMAEH2Q, ¢ + 2M%eHD,Qbéﬁ8>] ,

(B2)

[
(7 = 0) in which y = R, one can replace z simply with the
curvature perturbation R.

In this regard, the variation of the quadratic action (B2)
with respect to 64, in comoving gauge, yields the constraint

R =—HOF. (B6)

By imposing the above constraint and Eq. (B5) into the
quadratic action (B2), finally we arrive at the quadratic
action in comoving gauge,

. 1
§2 = /dx3 dta*M%eH? {sgn(:l:l) (.7:2 - (8.7)2)
_ (M
M2%eH?
20 ., 1
a*eH? FORT eH*a?

+ 292) F?

+

(672)2] ) (B7)

It implies that the curvature perturbation R does not
propagate in our setup. Clearly, the stability of perturba-
tions depends on the signature of the metric G,;,. In the
case of the field space with an Euclidean signature
[sgn(+1) = 1], the isocurvature mode does not suffer from
ghost and gradient instabilities, whereas in the case of the
Lorentzian manifold with sgn(—1) = —1, the isocurvature
perturbation is pathological. In 2D flat field space, our
results are in agreement with those in [23].
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