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We discuss new consistency relations for single field models of inflation capable of generating
primordial black holes (PBH), and their observational implications for CMB p-space distortions. These
inflationary models include a short period of nonattractor evolution; the scale-dependent profile of
curvature perturbation is characterized by a pronounced dip, followed by a rapid growth leading to a peak
responsible for PBH formation. We investigate the squeezed and the collapsed limits of three- and four-
point functions of curvature perturbation around the dip, showing that they satisfy consistency relations
connecting their values to the total amplification of the curvature spectrum, and to the duration of the
nonattractor era. Moreover, the corresponding non-Gaussian parameters are scale dependent in proximity
of the dip, with features that again depend on the amplification of the spectrum. For typical PBH scenarios
requiring an order O(107) enhancement of the spectrum from large towards small scales, we generally find
values fN| = O(10) and 7§ = O(10%) in a range of scales that can be probed by CMB u-space
distortions. Using these consistency relations, we carefully analyze how the scale-dependence of non-
Gaussian parameters leads to characteristic features in (uT) and (uu) correlators, providing distinctive

probes of inflationary PBH scenarios that can be tested using well-understood CMB physics.
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I. INTRODUCTION

Primordial black holes (PBH) might constitute a fraction
of the dark matter of our universe being formed by the
gravitational collapse of overdense regions in the early
stages of our universe evolution [1-3]. Such overdense
regions can be produced by an amplification of the
spectrum of primordial curvature fluctuations from infla-
tion [4,5]. We refer the reader to the recent reviews [6-9]
for constraints on PBH populations and details on their
formation mechanisms.

Within the framework of single-field inflation, the
enhancement of the spectrum of fluctuations can occur
during a brief phase of nonattractor evolution, for example
associated with an inflection point in the inflaton potential
(for explicit constructions, see [10-17]). In this case, the
would-be decaying mode of curvature fluctuations is
actually active at superhorizon scales, where it plays an
important role in determining the amplitude of the curva-
ture spectrum. In particular, it causes an enhancement of its
amplitude by several orders of magnitude from large
towards small scales—see Fig 1 for a representative
example. Despite the large variety of single-field scenarios,
there are universal features that are common to all models
with a short-phase of nonslow-roll evolution. First, the
spectrum as a function of momentum does not grow faster
than k* in its way towards the peak [18], see for example
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Fig 1. Second, the growth of the spectrum is preceded by a
pronounced dip, whose position is controlled by the total
enhancement of the spectrum [19]. In [20], building on the
original idea of [21], we showed that large squeezed non-
Gaussianity in proximity of the dip of the spectrum induces
sizeable cross correlations between CMB y distortions and
temperature fluctuations, which can be used as a test of
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FIG. 1. A representative plot of the spectrum of fluctuations in
inflationary scenarios including short phase of nonattractor ex-
pansion. Horizontal axis: k/k,,, with k,, the scale of horizon-
crossing at the onset of the nonslow-roll epoch. Vertical axis: ratio
I1(k) of the spectrum evaluated at scale k, versus its large-scale value
at k = 0. The orange dashed line has a profile proportional to k*.
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PBH scenarios based on single-field inflation. Interestingly,
this proposal is based only on well understood perturbation
theory at large cosmological scales, and does not need to
consider complex nonlinear phenomena occurring at PBH
formation.

In this work we make further steps in exploring this
subject, by determining new properties for the statistics of
curvature fluctuations around the dip of the spectrum, and
their consequences for CMB pu-distortion anisotropies. We
first show that appropriate limits of n-point correlators of
curvature fluctuations satisfy new consistency relations,
connecting their maximal values to the total amplification
of the spectrum. For example, calling I1; the total ampli-
fication of the spectrum from large to small scales—and
having in mind a typical values a IT; ~ 107 for generating
PBH—we focus on the parameters fy; and 753! controlling
respectively the squeezed bispectrum and collapsed tris-
pectrum. We find that around the dip these quantities satisfy
universal consistency relations, and have maximal values
that scale as fa’~TI)/* ~O(10), and 7% ~1}/* ~
O(10%) with respect to I, up to overall order one
coefficients determined by the duration of the nonattractor
epoch. Moreover, such squeezed and collapsed limits are
scale-dependent (see Fig 3), and their features are again
controlled by the total amplification of the spectrum. We
prove our consistency relations for non-Gaussian param-
eters in two ways. In Sec. II we make use of a heuristic
approach based on [19], which allows one to get a simple,
intuitive understanding of the physics behind the single-
field system we consider. Then, in Sec. III, we rederive the
consistency conditions using the rigorous gradient expan-
sion approach first introduced [22], so to place the results of
Sec. II in firmer footings. In Sec. IV, we study the
implications of our findings for CMB p distortions. In this
respect, we go beyond the analysis carried in [20] by
developing the following points: First, we show how the
information provided by the consistency relations allows us
to carry on a more detailed analysis of (uT) correlators,
whose quantitative and qualitative features depend on the
properties of the scale-dependent squeezed bispectrum.
Then, we study for the first time the implications for the
(up) self-correlator of a scale-dependent collapsed trispec-
trum around the dip. Finally, at the light of the results
above, we discuss improved estimates for the detectability
of non-Gaussian consistency relations with PIXIE or
PRISM-like experiment, and physical implications for
PBH populations. We conclude our work with a discussion
in Sec. V, followed by technical appendixes.

II. CONSISTENCY RELATIONS AT THE DIP:
A HEURISTIC APPROACH

We begin by developing a heuristic, intuitive approach
for characterizing the statistics of curvature perturbations.
We consider single-field inflationary scenarios that include

a short phase of nonslow-roll evolution, which can lead to

PBH production. We characterize the scale dependence of

the curvature perturbation spectrum, that in turn implies

new consistency relations for squeezed limits of n-point
functions. The results of these heuristic considerations

will be supported by a more rigorous analysis in Sec. IIL

Phenomenological implications are then developed in

Sec. IV, where we apply our findings to CMB u distortions

as a probe of early Universe scenarios leading to PBH

formation.

A short phase of nonattractor evolution during inflation
is a common ingredient of inflationary scenarios leading
to primordial black hole production [10,12-17,23-29].
During the nonattractor epoch, the slow-roll conditions are
violated, and the would-be decaying mode influences the
dynamics of curvature fluctuations, enhancing by several
orders of magnitude the amplitude of the corresponding
spectrum. Fig 1 shows a representative plot for the enhance-
ment of the spectrum of curvature fluctuations caused by a
nonattractor phase. We notice interesting features that are
universal in single-field models of inflation:

(a) As first shown in [18], the spectrum towards the peak
grows as function of momentum k with a power not
larger' than k*.

(b) The growth of the spectrum towards the peak is
preceded by a deep dip, whose properties depend
on the total amplification of the spectrum, and on the
duration of the nonattractor era.

In this section, using methods based on [19], we discuss
universal properties of curvature fluctuations at the dip of the
spectrum, in the limit of short duration of the nonattractor era.
The spectral index around the dip, as well as the squeezed
limits of the bispectrum and trispectrum in its proximity,
satisfy consistency relations that connect their values with the
total size of amplification of the spectrum during the non-
attractor regime. In the next section, using a gradient
formalism, we prove our results more rigorously, and extend
them to include a sizeable duration of the nonslow-roll era
during inflation.

In the limit of short duration of nonattractor regime, the
equations controlling the curvature fluctuations and the
corresponding spectrum at the dip position simplify con-
siderably. We assume a conformally flat Friedmann-
Lemaitre-Roberson-Walker (FLRW) background metric
during inflation, with scale factor a(z) and —c0 <7 < 0
the conformal time. The system consists of three phases:

(1) An initial prolonged phase of quasi-de Sitter ex-

pansion, for 7 < 7; (we neglect any slow-roll cor-
rections in this epoch, and in epoch 3 below).

'Some exceptions to this conclusion can be made through a
prolonged nonattractor era with 7, = —1 [30] (See also [31])
which can result with a growth rate of k°(Ink)? > k* or through
multiple nonattractor phases that exhibit an almost instantaneous
transition [19,32].
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(2) A short phase of nonattractor expansion for 7; <
7 < 15, whose duration is parametrized by Az, =

Ty —11.
(3) A final phase of inflationary quasi de Sitter expan-
sion, lasting Azp = —1, for 7, <7 < 0. We assume

A1, < Atp, and this relation quantifies the limit of
short-duration of the nonattractor process.
The succession of these three phases requires appropriate
matchings at times 7;,; this fact has phenomenological
implications that we will discuss in due time.
The quadratic action for a Fourier mode of comoving
curvature perturbation R, is given by

sP =5 [a@RED - R DL @)

with z(z) = a¢h/H a function of time only, dubbed pump
field. During the quasi-de Sitter phases of inflationary
evolution, 7 < 7; and 7 > 7,, the pump field is proportional
to the scale factor a(z), with (nearly) constant coefficient
depending on the inflationary model. During the phase of
nonattractor, instead, the time profile of the pump field
changes considerably, potentially inducing amplifications
of the spectrum of curvature fluctuations.
We define

Aty dInz*(7)
=—=12 _— ,
P ATB|: +< dinz ).,

as a (possibly) large parameter associated with the varia-
tions in the pump field during the nonslow-roll phase
71 £ 7 < 7,. In the limit of pure de Sitter expansion in the
intervals 7 < 7; and 7 > 7,, and considering small values
for the ratio At,/Atg, the work [19] determined the
following analytical expression for the mode function
R4 (7) during the final phase of evolution 7 > 7,:

(2.2)

Ro
V23
+Cy(k)e* (1 — ikt)],

Ri(r) = [Ci(k)e=™* (1 + ikr)

7> 1. (2.3)

The previous expression contains an overall constant
normalization R, common to all modes k, whose value
depends on the inflationary model and is not relevant
for our arguments. The scale-dependent functions C, ,(k)
read as

ﬂh ikAT . .
(k=1 +m(l —e?kAa _2ik Az, (1+2ikAty)),
(2.4)
ﬂ’ e—2ik72 ) .
Cok) = -1 (1 — e2kAna (] — 2ikA
o) =~ g ag 0 e 1~ 2ikAn)

When p, =0, the configuration reduces to the usual
solution for fluctuations during a de Sitter phase of
expansion. Notice that the solution (2.3), (2.4), (2.5)
satisfies the Bunch-Davies condition at early times. We
refer the reader to [19] for a complete discussion regarding
the formula (2.3).

Equation (2.3) allows us to compute the spectrum of
curvature fluctuations at the end of inflation ¢ = 0, which
corresponds to the end of the second slow-roll epoch
following the intermediate nonattractor phase. In our
context, we are interested to study the enhancement of
the curvature spectrum from large k — O towards small
scales. Denoting with a prime (...)" the n-point correlators
without the corresponding momentum-conserving o-func-
tions, we consider the ratio

(Ri(z =0))

N0 =R e = o)y

(2.6)

of correlation functions evaluated at the end of inflation.
The resulting function I1(k) quantifies the amplification of
the spectrum from large to small scales, and depends on the
scale k of horizon exit for modes produced at early times
during inflation. In our case it reads
M(k) = |C1 (k) + C2 (k). (2.7)
The maximal value of II(k) at small scales, which we

define as Il; can be analytically determined from the
expressions (2.4), (2.5) as a simple function of S,

My = T1(k — o0) — (1 +ﬂ—’1>2. (2.8)

2

In the limit of large f,, the value of Il; can be large,
enhancing the spectrum to the values needed for producing
PBHs. For example, a 3, of orders of a few thousands can
produce an enhancement IT; ~ 107, the typical enhance-
ment of the curvature spectrum required for PBH formation
mechanisms.

The position of the dip of the power spectrum. In the
present instance, we are interested in using the previous
formulas for examining in details the properties of the dip
feature we notice in Fig 1, which corresponds to a universal
property of single-field models with a short nonattractor
phase. In particular we are interested to its position, and the
scale dependence of the spectrum in its proximity. We take
the simplifying limit of very small duration of nonattractor
phase, Ar,/Aryz — 0. We then identify the momentum
scale k,,,

kpa = 1/Atp = —1/1,, (2.9)
with the scale at which modes start leaving the horizon
during the nonattractor era (while for larger scales k < k,
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FIG. 2. Left: Scale dependence of the Power spectrum and its important global features. Right: Scale dependence of the spectral index
n, — 1 around the dip feature. In the right panel, the location of the minimum/maximum of the spectral index n; — 1 [see e.q., (2.20)] are
indicated with blue dashed lines. In both plots we use 8, = 5 x 10°.

modes leave the horizon during the initial de Sitter phase).
We introduce the dimensionless quantity
K = k/ky,, (2.10)

to describe the quantity II(x) that characterize the scale
dependence of the power spectrum as

(k) = 1 = 2B,kj, (k) cos k + 2 ji(x), (2.11)
with j; («) the spherical Bessel function:
() 1 /sink (2.12)
=—(———cosk . .
Ji\K ol K

Notice that the spectrum II(x) in eq (2.11) depends on a
single extra parameter f3;,, which is the only free parameter
available describing the impact of the very short phase of
nonattractor dynamics. As shown in Fig. 2, (2.11) describes
very well the global features we mentioned above including
the intermediate dip feature and the expected k* growth that
follows the dip towards small scales.

In the limit of large values of f, (and x <1), it is
straightforward to compute the position of the dip, using
1/p,, as expansion parameter. For this purpose, we intro-
duce a convenient variable x through the rescaling

3
= /—xX,

7 (2.13)

to express I1(x) of Eq. (2.11) as [see e.g., Eq. (B10)]

+ 0(%%). (2.14)

To leading order in the large f; limit, x = 1 therefore
locates the position of the universal dip feature [19]. In

3x4(6 — x?)

M(x) = (1 —x*)*+ 5

terms of the original variable k = k/k,,, the location and
depth of the dip feature are then given by

kap 3 _ \/EH;IM Lo Kae) §H;1/27
kna ﬂh 2 kna 2

where we used (2.8) to relate the position of the dip and its
depth to the total enhancement in the spectrum. These
simple interesting relations connect the position of the dip
with an inverse power of the total enhancement I1; of the
spectrum. In the limit of large I, the position of the dip in
momentum space is parametrically well smaller than the
scale at which modes start to leave the horizon during the
nonattractor era kp,, i.e., Kgip = Kaip/ kna << 1. The position
of dip scale in momentum space therefore corresponds to
modes that leave the horizon during the initial attractor
slow-roll regime. For example, for a typical PBH forming
scenario with ITy ~ 107, we find kg, ~ 1072

We will reconsider and prove relations similar to (2.15)
with more rigorous methods in Sec. III to further relate
these features to the additional properties of the system
such as the duration of the nonattractor era and the value of
the slow-roll parameter during this epoch.

The spectral index. We continue our discussion by
studying the behavior of the spectral tilt

(2.15)

n 1= dInTI(x)

) = 2.1
s dlnx ’ (2.16)

around the position of the dip. Using the simplified profile
of Egs. (2.14) and (2.13) in (2.16), we present the behavior
of the spectral index around the dip feature in the right
panel of Fig 2. The plot shows that the spectral index can
acquire values of order O(10) around the dip. We can
utilize the same formulas to analytically determine the
maximum and the minimum acquired by n, — 1, focusing
on the zeros of the running defined as
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(Right) around the dip scale kq;, assuming the consistency relations (2.23) in the

squeezed and collapsed limits respectively. In both plots we take 8, = 5 x 103 corresponding to a total enhancement of IT; ~ 107 as

shown in Fig. 2.

dn,
dInk’

a, =

(2.17)

With this aim, we notice from the right panel of Fig. 2 that
extremal points of the spectral tilt are located in the close
vicinity of the dip feature. We therefore we make the
convenient substitution in terms of an expansion in the
small quantity 1/4,,

. 3 <1+ X +x2)
B VB Bi)’
for two yet to be determined quantities x; ,. Using (2.14)

and (2.13), we find that «, (2.17) vanishes with the
following choices for the parameters x; ,

V3 9

Xlzﬂ:?, XZ:—E.

(2.18)

(2.19)

Then the position of the extrema of the spectral tilt are
V3.9

located in
= i (1 —_—— —> (2.20)
B\ TayB Ta0p,)

with corresponding value of the minimum and maximum
value of the ny — 1,

kmin / max

Kna

2\/ﬂ_h_ \/g 1/4
NG =25 3% (221)

in good agreement with the profile shown in the right panel
of Fig. 2. These formulas provide new consistency relations
for the extremal values of the spectral index around the dip
in single-field inflationary models which include a short
nonslow-roll phase. Interestingly, these relations all involve

(ns - 1)min/max =2 +

combinations of the quantity HIT/ * which controls the

position of the dip and the properties of the slope of the
spectrum in its proximity.

A. Implications for non-Gaussianity

We find that the location of the dip feature occurs at
momentum scales much smaller than the scale at which
inflationary modes leave the horizon during the nonslow-
roll phase. In this regime, since modes that leave the
horizon around the dip scale are associated with the initial
single-field slow-roll epoch, we can reasonably expect the
validity of Maldacena consistency relations for squeezed
and collapsed limits of n-point correlation functions.

Namely, defining Py = (R, Ry,)'s kin = |ky + k|, and
sq 5 lim <Rk1Rk2Rk3>/

’

NCT 1400 PP,
1. (R R, R, Ri,)
ol — _ ] L2 3 4 2.22
N4t PPyPy, &2
we expect the following relations to hold [33-38],
Sq 5 col 6 Sqz :
NL(k):_(l_ns(k))’ TNL(k): z NL(k) )
12 5
(2.23)

respectively for the squeezed bispectrum and collapsed
bispectrum. We represent the scale dependence of these
nonlinearity parameters in Fig. 3. Following our discus-
sions above, we find that for large values of the enhance-
ment factor IT; the maximal/minimal value for f3} and the

extremal values of 75 around the dip are given by

: 5 8 174
( Ig\(IlL max/min_ﬁ<i §HT/ _1>’

col 3 8 1/4 ?
(TNL)extzg + §HT -1). (2.24)
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For a total enhancement of I1; ~ 107, these results yield to

|( IS\(I]L)max| ~ 38 and (T%l)ext ~2x10°.

We find it interesting that the maximal values
of non-Gaussianity parameters are controlled by the
total enhancement of the curvature spectrum, Il , the
only free parameter that enters in our discussion.
As we will learn in the next section, more refined
proofs of the new consistency relations lead to the same
order of magnitude for the amplitudes of fyi, 7ni»
up to order-one corrections related to the details
of the nonattractor phase. Moreover, we will
confirm that the quantities fy; and 7y are
characterized by the specific scale dependence
shown in Fig. 3, whose features are also controlled
by Il7.

Before discussing a more rigorous derivation of these
results, we comment on some of their physical implica-
tions, once we assume that Il ~O(107) as usually
required by PBH formation mechanisms:

(a) The position of the dip roughly satisfies kg,
lO‘kaeak, see the left panel of Fig. 2. It occurs at
relatively large scales where modes still leave the
horizon during the initial attractor phase.

(b) The consistency relations (2.23) and (2.24) dictate that
in any single-field model of inflation with a non-
attractor phase we should expect amplitudes of order

N~ 0(10) and 75! ~ O(10%) for the nonlinearity
parameters around the dip.

(c) Besides their large magnitude, the parameters
fap and 58 acquire a pronounced, specific scale
dependence around the dip feature—see Fig. 3. As
we will show in Sec. IV, the amplitude and
the characteristic scale dependence of these
parameters play an important role for studying
observable quantities—such as the statistics
of CMB p distortions—at scales much larger
than the peak scale in the power spectrum.
This is a distinctive feature of these scenarios
producing PBH, that may allow us to differentiate
nonattractor single-field inflation from other models
that exhibit large non-Gaussianity at u-distortion
scales.

(d) The scenarios we consider undergo phases of
nonattractor evolution that need dedicated match-
ing conditions to connect to distinct cosmological
phases. These junction conditions can influence the
dynamics of decaying modes, and potentially break
the adiabaticity conditions of single-field attractor
inflation. If so, the squeezed limits of non-Gaus-
sian parameters typically correspond to physical
quantities, and can not be removed by coordinate
transformations as in [39-42]. Non-Gaussianity in
explicit models undergoing nonattractor evolution
are studied for example in [43-48] and the subtlety

with matching conditions clearly discussed in the
recent work [49].2

III. THE GRADIENT EXPANSION APPROACH TO
CONSISTENCY RELATIONS

The aim of this technical section is to use the gradient
expansion formalism3—first introduced in [22]—for repro-
ducing and place in firm footing the heuristic perspective to
consistency relations we discussed in the previous section.

In the gradient expansion framework, iterative solutions
of the comoving curvature perturbation are generated at any
desired order in a small-k expansion, in terms of analytic
functions controlled by the background evolution. For
example, the amplitude of curvature fluctuations at a
fiducial late time 7 =z, (e.g., at the reheating surface)
is mapped to its value at an initial time around horizon
exit 7 =1, in terms of a complex-valued k-dependent
coefficient

Ri(1.) = xRi(1i) = (of + io )Ry (7r).  (3.1)
where in the last equality we split the enhancement factor
into its real and imaginary parts,

o = af +iaj. (3.2)
Once expanded up to second, k*-order in the gradient
expansion, the real and imaginary parts of this coefficient
are given by

af = 1+ D(r)vk — F(z,)k2, (3.3)

al = D(z;)vh,. (3.4)

The quantity v% and v® denotes the real and imaginary part
of the k-dependent fractional velocity of the curvature
perturbation evaluated at 7 = 7, defined as

_ R
 3H Rl e,

v (Tk) (3.5)

*The recent work [50], appeared in the arXiv after our
manuscript was submitted for publication, shows that if the
condition of adiabaticity holds, then the leading contributions to
non-Gaussianity around the dip can be readsorbed in the back-
ground geometry by an appropriate coordinate choice. This is an
important point to develop in future analysis, in particular to
understand at what extent the adiabaticity condition for modes
leaving early around the dip is affected by the violation of
attractor phase occurring later in the inflationary process.

For a detailed account on the spectral profile of the scalar
power spectrum that leads to PBH formation and its applications
in the context of induced gravitational waves, we refer the reader
to [31] where further developments of the gradient expansion
formalism is discussed.

023524-6



CONSISTENCY CONDITIONS AND PRIMORDIAL BLACK HOLES ...

PHYS. REV. D 105, 023524 (2022)

The full k dependence of the expressions (3.3) and (3.4) on
super-horizon scales is encoded in the quantities v%, v%
(see Appendix A for details) and in the functions
D(zy), F(zy), given by the following nested integrals of
the pump field appearing in Eq. (2.1) (see [22,31] for
further details)

— o /Zz(_Tk)
D(7) = SHkl dr 20)’ (3.6)
Fe) = / % / " a2 (), (3.7)

Expressions (3.6) and (3.7) indicate that if the pump field
increases with time—as in standard slow-roll inflation,
where z « a(7)—the functions D, F rapidly decrease to
zero after horizon crossing (i.e., a;y — 1). In this case, the
curvature perturbation in (3.1) settles to a constant shortly
after horizon exit [Ry(z,) =~ Ry (7x)]. On the contrary, in
inflationary models containing phases of nonattractor
evolution, z(7) transiently decreases and the functions D,
F can grow, amplifying the spectrum of curvature pertur-
bation [i.e., |a;| > 1 in Eq. (3.1)] at super-horizon scales;
see Appendix B.
The curvature perturbation power spectrum. We define
the late-time power spectrum evaluated at 7 = 7, as
(Ri(z.)Ru(2.,)) = 22) PR (2., k)3(k + k). (3.8)
Using eq. (3.1), we can then relate the power spectrum at
late times to the power spectrum evaluated at horizon
crossing via

27> 2n?
Pr(t.. k) = F,PR(T*’/C) = FHQHQPR(TIJ]
= |a[*Pr (7). (3.9)

where Pr (1) =k3Pr(1;,k)/27%, and | )? = (af)*+
(a})?.

A nonlinear expression for R. We assume that R (zy) is

a Gaussian random variable: nevertheless, the superhorizon

|

(22

Br(ky, ks, k3) :W

5 [Relay oy, |F (i, ){5(k] + k3) — k3 }k3Pr (74, )Pr(1s,) + perms],

evolution typically introduces nonlinearities. In fact, we
can go beyond the linear theory used for Eq. (3.1) to
compute the bispectrum of the late time curvature pertur-
bation R,;(z,). For the purpose of deriving an analytic
expression for the bispectrum and to study the correspond-
ing consistency relations, we adopt the following nonlinear
expression for R (z,), first derived in [51,52]

T 31/
Ritr) = aRe(e) + S [ e

—K.(k- %’)]Rk,(fk,ml,;_,;,(le_,-g')}, (3.10)

and the last term is the nonlinear contribution controlled by
a convolution of the Gaussian variable R;(zy).

It is interesting to point out that for modes exiting
the horizon during the initial slow-roll era, the late-time
super-horizon curvature perturbation given in Eq. (3.10) is
a real quantity, up to an overall phase that does not affect
observables. This is because the dominant part of the super-
horizon curvature perturbation evaluated at the initial time
7,—namely R(z;) of Eq. (A1)—is real up to an irrelevant
phase as at initial time we assume —kz;, = ¢; < 1, render-
ing the imaginary part of (Al) subdominant on super-
horizon scales. On the other hand, by definition, F(z) is real
since it is given as an integral of a real quantity called pump
field z(z). Finally, as we show explicitly in Appendix B 1,
for modes that exit the horizon in the initial slow-roll era, ;,
is completely dominated by its real part, see e.g., the left
panel of our Fig. 13.

Bispectrum. We define the late-time bispectrum of
curvature perturbations as

(R, (2 )R, (£, )Ry (7))

= (27)Br (ki ko k3)8(k, + Ky + k5). (3.11)

and using (3.10), at leading order in the nonlinear term, the
bispectrum is given by [51,52]

(3.12)

where the permutations are cyclic among the three external momenta {751 , 1}’2, 1?;} Correspondingly, we define the scale-

dependent nonlinearity parameter fyy, as

Br(ky, ky, k3)

5
Ine(ky ky, ks) = 5

[Pr (7., k1)Pr(t,, ky) + perms]’

(3.13)

Using (3.9) and (3.12) in (3.13), we then obtain the scale-dependent fy; as
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(ks ky k) = —

5 (Relag oy, |F (73 ){5(k% + k3) — k3 Y3 Pr (4, ) Pr(21,) + perms)

TR(kl’k2’k3vk4) =

(3.14)
12 [y, oy, |*Pr (74, )P (71,) k3 + perms]

Trispectrum. We define the connected part of the late time trispectrum of curvature perturbation as

<Rk,Rk2Rk3Rk4> = <R2 (T*)Rsz (T*)REG(T*)RE (z.)) + (2”)35(I%t0t)TR(klv k. ks, ky), (3.15)
where the first term is the Gaussian part of the trispectrum (see Appendix D) and I?mt =>4, 1?,.
Utilizing again the nonlinear expression (3.10), the leading-order scale-dependent trispectrum is found to be
Refay oy, |F(7y, ) F(7y,) = = - =
— n . {4k + Kis) + 2k ki3 HA(RS + kiy) = 2k ki3

X P'R(Tkl)PT\’,(TkZ)P'R(TkB) + 11 perms, (316)

where we introduce l_é,» = I_éi + l;j, kij = |7€, +k ;| for i # j and perms denote distinct permutations among the external

momenta {I_é] %2, 123, 124}. We define the corresponding scale dependent nonlinearity parameter 7y, as

TR(kl’ k27 k3v k4)

TNL(kls kz,k3,k4) =

Equations (3.14), (3.16), and (3.17) suggest that the size
and the scale-dependence of the fy; and 7y, parameters
depend on the function F(z;) and the quantity «;, whose
behavior depends on the pump field profile. Given these
preliminary results, we now study the scale dependence of
the power spectrum and bispectrum on a representative
setup capable of producing a large PBH population during
inflation, to further support the findings of Sec. IL

A. Spectral profile of the scalar power
spectrum and its properties

To study the spectral shape and enhancement in the
power spectrum, we consider a typical two phase infla-
tionary scenario that instantly connects an initial slow-roll
era with n,, = 0, to a slow-roll violating, nonattractor phase
with 7. < —6, within the time range 7, <7 < 7. Here n
denotes the second slow-roll parameter, Hy = dlne/dt.
The first slow-roll parameter is given by He = —dIn H/dt.
The pump field z(z) appearing in the quadratic action (2.1)
is assumed to have a profile (we take 7 < 0),

-1 >
2(0) = {ZOWTO)_ Tzl (3.18)
20(t/70)" D2 /1y < tfry < 1,
describing collectively the initial slow-roll and the slow-roll
violating phases. Although the setup is qualitatively similar
to the one discussed in the previous section, in this case we
consider a finite duration for the nonattractor era denoted
by AN =In(zy/zs) in e-fold numbers. We relate the
quantity zo with a constant slow-roll parameter e, via
2o = —a(79)/2e4My,. For simplicity we parametrize the

 Pr(7.. ki) PR(7.. k) PR (7., ki3) + 11 perms’

(3.17)

|
scale factor as in de Sitter space: a = —1/(Hr) with a
constant Hubble rate H during inflation, which defines
comoving horizon 7y = (agH)™' = Hy' at the time of the
transition to the nonattractor era.

We proceed with determining spectral profile of the
power spectrum by evaluating the dimensionless power
spectrum (3.9) at the end of the nonattractor era,

Pr(t.k) = |ow*Pr(z) = [(af)* + (o) *]Pr(z0).  (3.19)

Using the pump field profile (3.18), we can derive analytic
formulas for aX (3.3) and af (3.4) (see Appendix A and B)
to characterize the shape of the power spectrum. The
resulting profile of the late time power spectrum is shown
in Fig. 4 for representative scenarios leading to PBH
formation given the pump field profile of (3.18). For
understanding the physical implications of our findings
within the gradient expansion formalism, it is convenient to
introduce a fixed quantity

cr=—krp <1, (3.20)

which determines the size of a mode k with respect to
the horizon (aH)~! at time 7 = 7}, corresponding to the
horizon crossing epoch. We stress that by virtue of the
relation (3.20) and the super-horizon gradient formalism,
all modes we consider in Fig. 4 (and in general in this work)
are outside the horizon at the initial time z;. We then
distinguish modes whose momenta lie in the following
ranges:

023524-8



CONSISTENCY CONDITIONS AND PRIMORDIAL BLACK HOLES ...

PHYS. REV. D 105, 023524 (2022)

107

105+

P’R(Tfs k) 1000 |

Ay
10+

0.100 -

0.001},

107F  [AN=25&n =-62&c =03] 02

105 |

o |
1000 | g

T
|
|
|
|
|
|
|
|
|
|
|
|
1/4 1
kaip ~ Tl
|
|

|
0.100} |
|

0.001 |

0.100 1

0.010

k/Hy

104 0.001

10

Sk

AT R ST R
0.010 0.100

k/Hy

NIRRT
104 0.001

FIG. 4. Scale dependence of the power spectrum for an inflationary scenario that includes a transient ultra slow-roll or constant roll
phase. The location of the dip feature (red dashed line) and its relation to the global enhancement I, in the power spectrum is shown.
The plots are obtained using the gradient expansion formalism, and normalized with respect to power spectrum at the largest scales, i.e.,

A, = H? /(8% €M) = 2.1 x 107°,

(i) modes that become super-horizon during the initial
slow-roll era, i.e., modes satisfying 7;/7y > 1 or
equivalently k/Hy < ¢, < 1, and

(i) modes that leave the horizon during the nonattractor
n. < —6 phase, ¢, < k/H,.

Focusing on these regimes separately, we discuss below the
spectral behavior of Px and its global features.

Total enhancement in the power spectrum. Figure 4
indicates that independently from the choice of model
parameters, the power spectrum reaches its peak at ke =
3Hy (See also [53] for an analysis of the ultraslow-
roll case). To obtain the parametric dependence of the
total enhancement on the model parameters, we evaluate
the power spectrum at this scale to determine its height
with respect to the largest scales. For this purpose, we first
focus on Pr(z;) as in (A7) in the nonattractor phase
(cx < k/Hy), which reads

P 2v 2 k O\ —2v+2 k
) el

k\? 2 2
o) o],

—tk

(3.21)

where v = (341)/2 and A, = H?/8x%e M}, is the
normalization of the power spectrum at very large scales,
k— 0.

In Appendix A we show that the functions f5 and f, that
appear in (3.21) are given by (J, Y being Bessel functions
of first and second kind)

k
/3 (k?)

=, <Hi0) Y,(—k) = Y,_, <Hi0> I(=ks),  (3.22)

£, (-kT,HiO , y) _J (Hio) Y, (<ke) - ¥, (%) J,(=ke).

Using (3.22) and (3.23), it is straightforward to realise
that the expression in the square brackets of (3.21) is
dominated by the last term around the peak scale. Also,
around the scale of the peak, the modulus square of the
enhancement factor are well approximated by the following
expression

Ja|? = (af)? = (1 + D(ri)vR)* = D(7i)?,  (3.24)
where in the last step we take v% — 1 which can be verified
explicitly applying Eq. (A4) at scales around K-
Combining (3.24) and (3.21) evaluated at the peak scale,
the total enhancement of the power spectrum from large

scales to small scales can be computed by making use of the
expression in (3.19). This gives,

PR (Tf ’ kpeak)

I, = " ~ C(cy,v)e 2BHI)AN, (3.25)
where C(cy,v) is
ﬂ232u+6
Clepv) = o2 [f3(ci.3.v) + fi(er. 3.0)]. (3.26)
k

Equation (3.25) indicates that the total enhancement in the
scalar power spectrum is exponentially sensitive to slow-
roll parameter 7, < —6 and in particular to the duration AN
of the nonattractor phase. Using this expression, one can
confirm that for typical parameter choices that leads to a
I, ~ 107 enhancement required for PBH formation, one

obtains C ~ O(1).
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The dip and its properties. For modes that exit the
horizon during the initial slow-roll era, there is a pro-
nounced dip in the power spectrum occurring far away
from the peak scale, kg, < Hy < Kpeax- It is worth men-
tioning that the dip appears due to competing contributions
in the power spectrum that are weighted by opposite signs.
To determine its location, we focus our attention on the
scale dependence of the power spectrum (3.19) for scales
satisfying k/H, < ¢, < 1. As we show in Appendix B 1, in
this regime the enhancement factor a; of Eq. (3.2) is
dominated by its real part whose scale dependence can be
accurately captured by Eq. (B3),

k2 k3

where afo) is an order quantity and > 1 is an exponen-

tially large number parametrized in terms of the duration
AN of the slow-roll violating phase and the value of 7, in
this era [See Eq. (B4)]. In Appendix A—see in particular
Eq. (A3)—we show that the quantity P (z;) is nearly scale
independent for modes that leave the horizon in the initial
slow-roll era. This implies that the scale dependence of the
late time power spectrum (3.19) around the dip is com-
pletely dictated by af. Therefore the zero of (3.27) provides
an accurate description for the location of the dip in the
power spectrum, which reads as

kaip 1 fee~ B+ AN -1/2

& (e e + 1) +3)

by (3.28)

Notice that by virtue of the above definition (3.28), the
exponentially large number f plays the same role of the
parameter S, introduced in the heuristic approach we
discussed in the previous section. A clear advantage of
the gradient approach is the fact that it makes apparent why
such a large number appears in PBH forming inflationary
scenarios by relating f to the duration AN and 7. of the
slow-roll violating phase as f o« e~ G17)AN > 1

The presence of such a pronounced dip in the spectrum
is auniversal feature, being virtually present in all single field
models based on nonattractor evolution that are aiming to
generate a sizeable peak in the power spectrum for producing
PBH, say of order IT, ~ 107 (see e.g., [10,12,14—-17,23—
26]). Using (3.28) we can universally relate the location of
the dip feature to the total enhancement in the power
spectrum in (3.25), as first found in [19], which reads as

R 1/2
kap [ V/Clewva () (r+1)(ne+3)
HO e

(3.29)

A close examination of Fig. 4 confirms these arguments and
shows that (3.29) is a robust relation, valid in all single field

/4 ~1072.

inflationary scenarios that can produce a pronounced peak in
the power spectrum. Note also that—considering the relation
between the peak scale and H, we mentioned before—we
can connect the peak scale to the dip scale as kg, ~ 10‘2kpeak.
Relation (3.29) is in agreement with the results of Sec. II, and
includes an overall, order-one factor depending on param-
eters controlling the duration of the dip and the properties of
the system.

B. Bispectrum in the squeezed limit: A consistency
relation around the dip

Let us concentrate on modes that exit during the initial
slow-roll era, k/H, < ¢y, to investigate the scale-depend-
ence of the bispectrum. We anticipate that the bispectrum
exhibits features and be amplified around the dip scale kg,
in the power spectrum since nonlinearities are usually
enhanced at the location of rapid changes in the power
spectrum [54]. More importantly, we show that scale
dependence of the squeezed bispectrum closely follows
the prediction of Maldacena consistency condition: i.e.,
Iau(k) =5(1 —ng(k))/12 [33], proving the heuristic
results of Sec. II.

Consistency condition. We begin by the squeezed
limit of the scale dependent nonlinearity parameter.4
For scales that exit the horizon during the initial slow-roll
era, noting the scale invariance of Py (7;) factors, we take
the squeezed limit k3 — 0 (k; ~ k, = ¢) of (3.14) which
yields [20,51]

o 5 (ARelaja,]F(z, )’
fae(g.q. ks = 0) = I\(I]L: < q7ks )

12

|aqak3|2
5 (4agF(z,)q”
5 (") (3.30)

where in the last equality we make the approximation
ag, — 1 in the k3 — 0 limit, and we use the fact that the
enhancement factor is dominated by its real part af in the
initial slow-roll phase. To prove that the consistency
condition holds, we now show that the term inside the
brackets in (3.30) is equivalent to (1 —ny). For this
purpose, approximating a; ~aX as before, we utilize
(3.19) and the definition n; — 1 = dInPg(z/, k)/dInk to
write

dInPr (s,
(1=n,)=— nPr( CI):_ 4 \H, ; q
dlng |a|
4ol F (7, )q?
‘ (’;)q : (3.31)
|

‘A scale-dependent fy; may arise in a various other infla-
tionary contexts, see e.g., the early works [55-57].
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FIG. 5. Scale dependence of the squeezed configuration non-

linearity parameter fyi around kg, for a transient constant-roll
model that generates a Il ~ 107 enhancement in the power
spectrum. The accuracy of the consistency relation fy; = 5(1 —
ny)/12 in capturing the behavior of the fy; in the squeezed limit
is shown by red dotted curve.

where the prime denotes derivative with respect to the
normalized wave-number k/H,. Notice that in the last
equality of (3.31) we take —(q/Ho)ak ~2F(z,)q>
Employing further simplifications for af and its derivative
[see Egs. (B8) and (B9)], we prove in Appendix B 1 that
this relation holds to a very good approximation. This fact
confirms that the consistency condition always holds in the
initial slow-roll stage of inflationary scenarios that can
generate PBH populations. To be more explicit, in Fig. 5 we
show the behavior of squeezed limit fy; superimposed
with 5(1 — n,)/12 around the dip scale for a representative
choice of parameters that can generate a Il =~ 10’
enhancement in the power spectrum as required for PBH
production. The figure shows clearly that the scale depend-
ence of the nonlinearity parameter fy;, follows Maldacena
consistency condition.

Maximal value of f\; around the dip. Another con-
clusion we can guess from Fig. 5 is that the maximal
amplitude of the squeezed limit nonlinearity parameter
becomes |fni| =~ O(10) around kg, which is consistent
with the large values obtained by the spectral tilt |n, — 1]
around the dip region; see Fig. 4, and recall the results of
Sec. II. In what follows, we will show that |fy | =~ O(10)
universally holds around the dip scale kg, for any infla-
tionary scenario that support a IT,, ~ 10’ enhancement in
the power spectrum.

We proceed as in Sec. [I—we focus on the maximum and
the minimum values obtained by the n, — 1 and specifically
the zeros of its running defined in (2.17). On the other hand,
as Fig. 5 suggests, the spectral index reaches its maximal
values very close to the dip scale kg;,. Therefore, we find it
convenient to define a new variable

L
Ho

(3.32)

sl

where = f(n., AN, c;) > 1 is defined as in (3.28) [See
also Eq. (B4)]. In the parametrization of Eq. (3.32), the dip
feature in the power spectrum corresponds to x = 1 which
in turn overlaps with the zero of the spectral index, since the
latter is proportional to the real part of the enhancement
factor as can be verified from Eq. (3.31). Furthermore, we
expect the maximal values of n; — 1 to be very close to the
dip feature. We then define x = 1+ y where y < 1 and
expand the resulting expression using a; (2.17) up to
quadratic order in y. In this way we obtain a simple
quadratic equation for y, and its roots provide us the zeros
of the running a, and hence the location of the maximum
and minimum of the spectral index. In particular, in terms
of the model parameters, we find the following solutions,

vy ~=+ += (3.33)

where we define

o (co) (e + 1)

D =
(14 ct)ne

—aly (c)VB. (3.34)

We note that although the latter expression appear to be of
the order of \/f > 1, it is genuinely an order one number
due to the small factor “fo) x ci < 1 [See e.g., (B4)]. In

fact, for any scenario that leads to a IT,, ~ 107 enhancement
in the power spectrum, the second term in (3.34) is
comparable to the first term in absolute magnitude and
therefore it is a order-one number as one can verify
explicitly from (B4). Using (3.33), the location of the
maximum and the minimum of the spectral index is
therefore given by

ke Kap

~ 3.35
TR (3.35)

(1£y,) = (1£y.).

VP

The accuracy of these formulas in locating the max/min
values of n; — 1 is shown in Fig. 5. Using these results, we
can then determine the maximal values obtained by the
nonlinearity parameter in the squeezed limit. Utilizing the
consistency condition, we plug (3.35) in (3.31) and at
leading order in the large parameter 5, we found

R 2
(f39) _ :i(]—n.)z—EMy
NL/max / min 12 K 3 D2 F
R
5y (cx)
zig%k\/ﬁ. (3.36)

Using (3.25), we can then rewrite the max/min value of the
nonlinearity parameter in terms of the total enhancement in
the power spectrum as
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( ;(I]L)max /min

5 aﬁ))(ck>7/lc 1/2 1/4

~3 Cl)net Dnet3))

3 p2
(3.37)

For typical scenarios with I, ~ 107, the expression above
evaluates 0 (fNL)max/min = O(10) as can be checked

explicitly. This results confirms and supports the findings
of Sec. II.

C. Trispectrum in the collapsed limit
and its consistency relation

We now focus on the scale dependence of the trispectrum
around the dip feature, i.e., for k/Hy < c¢;. As we show
below, the resulting scale dependent trispectrum closely
tracks a specific single-field relation [35-38]

3

in the collapsed limit |%12\ - 0.

Consistency relation. To prove that the relation (3.38)
holds for modes exiting the horizon in the initial slow-roll
era, we take the collapsed limit k12 -0 (k34 — 0) of
Eq. (3.17) assuming a symmetric folded kite configuration
for the external momenta, i.e., k| ~ k, ~ k3 ~ ky = q with
k12, k34 — 0. In this limit, noting the expressions (3.16) and
(3.9), we find that 7y (3.17) reduces to

g *(F(z)4%)?

hmOTNL = TNL(q’ ki) =4 |2

Kyy— |05q|4|ock]2
(af)*(F(z,)q%)*

~4
ot |*

, (3.39)

where in the last step we approximately take q;,, ~ 1 in the
ki» — 0 limit and assume a, ~ a5 during the initial slow-
roll stage. Using the squeezed limit expression for fyi
(3.30), it simply follows from (3.39) that relation (3.38)
holds in a nontrivial scale-dependent manner during the
initial slow-roll stage, i.e., around the dip feature in the
power spectrum. To illustrate these points concretely, we
show in Fig. 6 the scale dependence of the 75§ around the
dip scale kg;,. We clearly see that 75 satisfies the relation
(3.38) and therefore it becomes maximal at wave numbers
where |fy} | does: i.e., at k. as given by Eq. (3.35). Using
(3.37) and (3.38), the maximal value that Tﬁ’ﬁ can acquire is
found to be

(Ck)nc 1/2
(TCN()ﬂ)max I Hlo/t .

b’ c<ck, o o) 340

1000} 1
800}
LN ]
400 ]
200 ]
0 [ max = Kaip(1 +y_) & = Kmin = kaip(1 +y4) ]
0.026 0.028 0.030 0032 0034 0036
k/Ho

FIG. 6. Scale dependence of 7y around kg, in the collapsed
limit for the transient constant-roll scenario with the same model
parameters provided in Fig. 5. 75§ as predicted by the consistency
relation (3.38) is shown by orange dotted curve. 7§ becomes
maximal at the same wave numbers (blue dotted vertical lines)
where fy in the squeezed configuration does..

Therefore, for any slow-roll violating transient phase that
can generate a Il ~ 10’ enhancement in the power
spectrum, the nonlinearity parameter becomes 75 o~
O(10%) around the dip feature, in agreement with the
heuristic results of Sec. II.

Before we conclude this section, we stress that our
findings on the scale dependence of the bispectrum in
Sec. III B agree well both qualitatively and quantitatively
with the previous studies focusing on the same issue using
numerical techniques (See e.g., [58-60]). As we mentioned
earlier in [20], the gradient expansion formalism has the
advantage of analytic control that allows us to transparently
capture the features of n-point scalar correlation functions
using a few parameters such as the duration of the transient
nonattractor era AN and the slow-roll parameter 7, in this
phase. More importantly, using the gradient formalism we
proved analytically in Secs. III B and III C that consistency
conditions’ fyd = 5(1 —n,)/12 and 5 = 36(f3& )2/25
(3.38) hold for modes that leave the horizon durmg the
initial slow-roll era.

IV. CMB px DISTORTIONS AND
NON-GAUSSIANITY AROUND THE DIP

In the previous section we studied consistency condi-
tions for non-Gaussian parameters around the dip of the
spectrum. If the dip feature occurs at relatively large scales,
say 10 Mpc™' < kgi, < 10* Mpc™!, the properties of the
resulting curvature spectrum can be probed through CMB u
distortions, using well controlled CMB physics in the linear
regime [62,63] [see [64,65] for a review].

3See also [61,60] for an investigation on the Maldacena’s
consistency condition in slow-roll violating inflationary
scenarios.
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This possibility was suggested in [20], building on the
ideas first developed in [21]. In this section we further
develop and extend these arguments. We stress that the range
of scales we identified for kg, above is well motivated
for PBH populations with astrophysical masses. For exam-
ple, given that kg, /kpeax ~ 1072, with a dip scale located at
kgip 2 10°-10* Mpc™' relates to a peak scale Kpeu=
10°-10% Mpc~!, that correspond to the formation of PBHs
in the mass range Mpgy ~ 1-100 M (see e.g., [8,66]).

CMB p distortions can impose constraints on PBH
formation mechanisms [18,67]; we wish to emphasize that,
in case of detection, the statistics of u distortions at large
scales provide information on the physics sourcing PBHs at
much smaller, nonlinear scales. This is possible thanks to
the coupling between large and small scales through the
squeezed and collapsed limits of non-Gaussianity.

Our starting point are the consistency relations of Secs. 11
and 11T which imply that for an O(107) enhancement in the
spectrum, we obtain £y ~ O(10), 755! ~ O(10%) around the
dip feature for any model of single-field inflation including a
short period of nonattractor evolution. Additionally, we find
that the squeezed non-Gaussian parameters has features
specific of these scenarios—see Fig 3.

As first proposed in [21] (and further explored in
[68-75]), non-Gaussianity at u-distortion scales have dis-
tinctive consequences for (uT) correlators’ among CMB
distortions and temperature fluctuations sensitive to the
squeezed limit of the bispectrum, and for (up) self
correlations sensitive to the collapsed limit of the trispec-
trum. In this section we go beyond work in [20] by
developing the following points
(a) First, we show how the information provided by

the consistency relations allows us to carry on a
more detailed analysis of (uT) correlators, whose
quantitative and qualitative features depend on the
properties of the squeezed bispectrum. See Sec. IV A.

(b) Then, we study for the first time the implications for
the (uu) correlator of a scale-dependent collapsed
trispectrum around the dip. See Sec. IV B.

(c) c. Finally, in light of the results above, we discuss
improved estimates for the detectability of non-
Gaussian consistency relations with PIXIE or
PRISM-like experiments, and physical implications
for PBH populations. See Sec. IV C.

Before covering the points above, we present some
preliminary formulas’ that we are going to use extensively.
We begin by relating the initial curvature perturbation R, to

%See also [75,76] for the influence of primordial non-Gaus-
sianities on £ E and uB [74] cross correlations. Note that for single
field attractor inflation, the leading-order observable (uT) in-
duced by local non-Gaussianity vanishes [73].

"We refer the reader to [64], or Sec. 3.1 of [20] for a mini-
introduction of CMB y distortions and additional motivations for
the formulas that follow.

the harmonic coefficients of the CMB temperature anisot-
ropies O(7) = Y, al Y;,,(7) and CMB distortion anisot-
ropies p() =3, d Y, (7). The coefficients a,*
associated with R, are given by [21,68],

2z, ., [ &k o
= [ G RAWY,®. @)
&k,
a7m:18.4ﬂ(—1)1/W
x (T k+ .
X Vi (k)R R, W = )di(k)
x (cos (c;ki7) cos (csk21)>p[e‘("%+k§>/"%]§}, (4.2)

where p denotes time averaging over the period acoustic
oscillations, k L= 751 + I%; ¢, is the sound speed of the
radiation perturbations, y, =179 — 17, ~14 Gpc is the
comoving distance between the last scattering surface
and today, and A;(k) is the transfer function during
radiation dominated universe. Moreover, in (4.2), W(k) =
3k=3[sin(k) — k cos(k)] is a top-hat filter function in Fourier
space that smears the dissipated energy over a volume of
radius k3! 2 kp(zp)™" where kp is the diffusion damping
scale during radiation domination. It depends on redshift as
kp(z) =~ [(1+4 z)/10°]*?130 Mpc™" and the range of z
associated with the u distortions is given by

7 =5x10" <z <2x10°=z. (4.3)
We then define angular correlators involving anisotropies
labeled by {i, j} as

<(a;m) Ay ’> - 5[1/5,,""(: ’ (44)

i=u,T.

In what comes next, we make use of definition (4.4) to
study angular correlations (¢T') and (uu), and to relate them
to scale dependent bispectrum and trispectrum present
around the dip scale of the PBH forming inflationary
scenarios.

A. Phenomenology of the scale dependent
squeezed bispectrum: C"

We start discussing cross correlations between u dis-
tortions and temperature anisotropies ©. As we will see, the
specific scale-dependent profile of the squeezed bispec-
trum® can considerably enhance such cross correlations in
comparison with more standard non-Gaussian models.

Using the definition (3.11) of the bispectrum together
with (4.1) and (4.2), the cross correlations C” for a

8See also [69,70] for earlier studies on {(uT) correlator as a
probe of scale dependent bispectrum and [77] for limitations arise
in this regard due to galactic and extragalactic foregrounds.
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squeezed bispectrum (lz+ = l_c'l + /22 — 0) can be expressed
as [21,68],

27.6 .
lz‘T ﬁm dink, Ak, )ji(kix.)
) / dIng[k} ¢*Br(q. q. k. — 0)][e 27 /K2

(4.5)

where we take the filter function W — 1 in the squeezed
limit k, < k, =~ k;(z/), and we relabel |/21| ~| - I:2| =gq.
Using the general definition (3.13) of the nonlinearity

parameter, the squeezed limit bispectrum inside the
dIn g integral in (4.5) can be expressed as

12
Br(q.q. k. = 0) :? ;lL(Q)E(Q)PR@q)PR(TkJ‘ (4.6)
=/iL(9)

In (4.6), we defined an effective f&if (¢) by combining the
squeezed limit f3} with a scale-dependent enhancement
factor

E(k) = {1(k),

al*}, (4.7)
which can assume two values, depending on whether
we consider the heuristic formulas of Sec. II for the
consistency relations, or the gradient expansion formulas
of Sec. III. For the rest of this section, we consider in
parallel the two cases, normalizing E assuming that
E(ky — 0) > 1 as we did in (4.6).

Noticing that Pr(z,) = 27*Pg(z,)/p’ and Pg(z,) =~
2.1 x 107 for mode exit during the initial slow-roll era [see
e.g., (A3)], we insert (4.6) in (4.5) to express the angular
cross correlation as

2

(1+1)

T ~2.7x 107" (4.8)

where we define

%/dln k+A[(k+)jl(k+)(*)

kp(zs)

b(pbh) ()=
In

o _n.2712 )
X/ dIngf3 (q)[e 27 /@), (4.9)

as the key quantity that parameterizes the multipole /
dependence and the size of the angular correlator (uT) of
Eq. (4.8). Notice that this quantity depends on the transfer
function A;(k) which we decompose as [70]

A(K) = pl1) A (0). (4.10)

A¥(k) is the transfer function in the large-scale Sachs-
Wolfe (SW) limit

, 1.
A (k) = 3 (k). (4.11)
while
p(l) ~1.08[1 —0.022] — 1.72 x 107412
+2x 1077 - 4.56 x 107214, (4.12)

is an analytic fit that includes high-/ corrections to the SW
approximation [70]. Inserting (4.10) in (4.9) and using
(4.11), we can analytically carry the integral over long
momenta k, in (4.9), and factorize the result as

bpbn) (1) = p(l)b?gbh)’ (4.13)
with
w kp(z;)\]™! off 2218 (2)12
bigon) = {ln<kp(z]f))] /dlanNL(q)[e L
(4.14)

The function b?;vbh) is normalized in such a way that for a

purely local spectrum with constant nonlinearity parameter,

M(q) = fa, we get bty = fni- In this case, we
reproduce the standard results for C) " in the SW limit
[21,68] as we show in the left panel of Fig. 7. However, a

nontrivial-scale dependent of f& in (4.14) can signifi-

cantly impact the amplitude C} T (4.8). We will concretely
see an example of this fact in the PBH forming inflationary
scenarios we are analyzing.

To summarize the formulas so far, for inflationary
models that can produce a sizeable peak in the power
spectrum, the amplitude, and scale dependence (/) of the

angular correlator C} " can be determined by

O =27 %1077 p(HCT™Y | (4.15)

Db
DD

where we defined the angular (uT') cross correlation in the
Sachs-Wolfe limit / — 0 as

27 w
0+ l)b?pbh). (4.16)

/Y =27 %1077

Consistency relations and the function bswbh). The
integral of Eq. (4.14) which provides the quantity b?;“bh)
depends on the scale-dependent nonlinearity parameter

' (g) of Eq. (4.6). We now make use of the information
given by the consistency relation for the squeezed bispec-

trum of Secs. II and I (fx(¢) =5(1 —n,(q))/12) to
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FIG. 7. C‘;T—See Egs. (4.15) and (4.16) for a scale independent purely local type bispectrum with fy; = 1 (Left) and fiy = —550

(Right).

characterize the size of b?;’bh) and its dependence on the dip

position kg,. We show that for interesting values of kg, this
quantity is large and negative, and its value depends on the
total amplification of the spectrum, as well as on properties
of the nonattractor phase.

In Appendix C, we derive a power-law expression for

< (q) [see Eq. (C2)]. Using it, we can express Do) in

terms of the following polynomial

bsw _ (n) F<n/2>

5 e
oh) 310 [ky(2) /ka(z)] ;CE 2(n+2)/2 <

kD(Z)>” 5

kdip

where the coefficients ¢z, with E={II,|a|*}, include as
above, both the heuristic and gradient expansion
approaches. They are given in (C3) and (C4). In the same
way, ny = {5,6} depending on which approach one adopts.

This formula depends on kg,, which we take within the
u-distortion band of Eq. (4.3) as

kp(zy) ~46 Mpc™! < kgi, < kp(z;) ~ 11600 Mpc™'.
(4.18)

The reason for this choice is twofold. First of all, if we take
kgp S kp(zp) then the peak of the power spectrum
would lie within the range of scales associated with pu
distortions, where we have stringent constraints on the peak
amplitude of the power spectrum from COBE and FIRAS
which limits (u) < 1073 [78,79]. Instead, when choosing
kgip > kp(zs), the interesting effects of the scale dependent
bispectrum around the dip scale are no longer present, as
can be realized from (4.17) which behaves as b?;vbm — 0in

the kp(z;)/kaip — O limit. Another concrete consequence

of the choice of scales (4.18) is that the amplitude of b?;vbh)

is controlled by the upper limit shown in Eq. (4.17), namely

by powers of kp(z;)/kqip. For the derivations we present
below, we will repeatedly make such a simplification.

In the regime of interest (4.18), we find that bip‘”bh)
acquires a minimum at a critical value of the ratio
kaip/kp(z;), whose location is

< kdip >nf_4 nfl"(nf/Z) E’g”)

roEn) T

min Cp

At its minimum (4.19), the amplitude of b?p’bh) 4.17) is

negative and its final value is set by a competition between
the ny and n = 4 terms in the sum (4.17). Using (4.19) in
(4.17), we can obtain this negative value at the minimum as

B | 5 (nf_4)|5(4)|<kD(Zi)>4
(pbh) frmin 3ln[kD(Zi)/kD(Zf)] 8”f £ kdip

min
(4.20)
where we use the fact 55;‘) < 0 for both the approaches we
are focusing in. We can be more explicit in discussing
separately the two cases we are considering:
(a) a. Heuristic approach: Using the formulas (4.19) and
(4.20), we can relate the location of the minimum of
b?;“bh), as well as its amplitude at that position to the
free parameter /3, by setting n; = 6, and making use
of the coefficients we provide in (C4). At leading order
in the large parameter f3, > 1, this procedure gives

kp(z;)\? 12
— ~0.744, ~1.5I1 b .
< kdip ) ﬁh T = (pbh)|m1n

min

~—7x 1073 F ~—28x 10211, (4.21)

where we use f), ~ ZHIT/ ? from (2.8). For inflationary
scenarios with a total of 1y ~ 107 enhancement, these
results  predict  kp(z;) = 69kgipmin  and b |min™
—0O(10°). Importantly, the size of by | is much
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larger than the maximal values of | f\}'| around the dip

position, as we analyzed in Sec. Il in Eq. (2.24). This is
due to the fact that b?;vbh) involves an integration over

momenta that—picking up contributions from the
scale-dependent squeezed bispectrum—considerably
enhances its value with respect to the constant fy|
case [see comment after Eq. (4.14)]. This fact im-
proves the chances of detection.

Gradient expansion formalism: In this approach, we
use (C3) together with (4.19) and (4.20) to determine
the location of the minimum and the resulting
b?p‘”bh)|mm in terms of model parameters as

(b)

kD(Zi)) 0.34n¢(1 + cf)
~ ﬂ bbW
( kdip min Ck (’7c + 1) \/> (pbb) min
~ =75 x 107 <0'34> e+ ck} P,
Ck (’/Ic—"_ )
(4.22)

where dependence of f>1 on the properties
of the nonattractor era is given by (B4). For typical
parameter choices that leads to a I, ~ 107 enhance-
ment in the power spectrum (see Fig. 4), we have
p~10* and (4.22) predict kp(z;) 2 (40 — 50)kgip min
and bngh lin = —O(10%).

Comparing the result obtained from the heuristic
approach and the gradient expansion formalism, we notice
that although they agree for the location of the minimum
Kgip.min> the amplitude of b?‘;bh) at the minimum differs by

an order of magnitude. However, expression (4.22) indi-
cates that for smaller choices of the model parameter c; the
overall amplitude |b?;vbh)| and the location of the minimum

of b,

as in this case Kkgjpmin shifts to slightly larger scales,

causing the overall amplitude \b?p‘”bh) |min to become larger.

) tend to agree better with the heuristic approach,

-—
0 | o ~ ootz e/ VB)

—10000

W
b(})bh)

—20000 |-

—30000 |-

[AN =26&n. = 6.&¢, = 03]

A L N L
1000 2000 5000

kaip  [Mpc™']

L N N P
200 500

The quantity bsW ony (4:17) vs kqip Within the gradient expansion formalism for inflationary scenario that contains a transient
slow-roll violating phase that is characterized by the parameter choices; {AN = 2.6,7, =

—6,c; = 0.4} (Left) and {AN =2.6,7. =

We confirm these findings in Figs. 8 and 9, where we
present the dependence of b?wbh on the dip scale kg;, in both
pbh) p

the heuristic approach and gradient expansion formalism
for representative parameter choices that can generate
substantial growth in the power spectrum, as required
for PBH formation.

The multipole dependence of C’;T. We collect these
results to consider the scale dependence (/) of angular

. T
cross correlation Cj". For concreteness, we set kg, =

S

10° Mpc~! to first determine the amplitude of by from

(4.17). We then represent in Fig. 10 the multipole depend-
ence of the quantity C’;T using (4.12), (4.15), and (4.16).
We notice that, in addition to the enhancement of the
& Diphi)
|biyom | > 1, fits scale dependence from large (small /) to

) < 0 for the
phenomenologically interesting kg, Values we are focusing

defined in (4.18). As explained in detail in [20], the origin
of this behavior can be traced back to the change of sign of

amplitude of the angular correlator C} g for

small (large /) scales. This is because b5

0 I (kaip)min ~ (ko(z)/ vBi)

-50000

SW.
b(pbh)

—100000

—150000

2000 5000

1000

200 500
kep [Mpc™']

FIG. 9. The quantity b?“’ 4.17) vs kdlp in the heuristic
approach of Sec. II for an mﬂatlonary scenario that can generate
a I1; ~ 107 growth in the power spectrum.
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FIG. 10. C’,‘T for inflationary models that can generate a IT,,, ~ 107 enhancement in the power spectrum. The left panel represents the

results obtained in the heuristic approach with 8, = 5 x 103. In the right panel, we show the corresponding (o r using the formulas in the
gradient formalism where the parameter choices that characterize the slow-roll violating phase is indicated in the boxes.

the scale dependent f3Ii in (4.14) which occurs at ¢ = qg;,
followed by its growth in the negative direction. This result
implies that for inflationary models that is capable to
generate PBH populations, y distortions become anticorre-

lated with temperature anisotropies at large scales. We note
that a similar profile for C// " can be generated by a standard
local type non-Gaussianity that exhibit a large and negative
scale-independent nonlinearity parameter fy; = —O(100),
as we show in the right panel of Fig. 7.

B. Phenomenology of scale dependent trispectrum: C’,‘”

We now investigate non-Gaussian’ contribution to (pu)
self-correlation induced by the scale-dependent trispectrum
in PBH forming inflationary models. With this aim, we
focus our attention to the collapsed limit k., — O of the
curvature perturbation four-point function. In this limit, the
non-Gaussian contribution (D10) to (uu) reads as

2.65

Clho="5 [ aink.ih,z)

X /dlnqdlnpk1q3p3]}imOTR(q,P)
L=

X [e—Zqz/k%(z)]Z [e 2P/

: (4.23)

where in the collapsed limit we use 751 - —l_c'z =k =
k, = ¢ and 123 — —124 = k3 = ky = p. The expression
(4.23) simplifies further if we consider the symmetric
folded kite configuration ¢ = p. To see this fact explicitly,
we first focus on the trispectrum in this configuration which
reads as

’Disconnected part of the four-point function also leads to a
Gaussian contribution for (uu) with [ # 0. We analyze this
contribution in Appendix D and find that it can be neglected
compared to the C}\; we investigate in this section.

klimOTR(q’k+) ~ 41 (9)E(q)*Pr(t4)Pr(7,)Pr(7i.).
4+ S——

=P

(4.24)

where we make use of the consistency relation (3.38) and
the definition (4.6) of f¢T. The terms under the braces in
(4.24) can be identified as the effective 7y ; namely,
=< (q) = 365 (¢)%/25, which represents a scale-depen-
dent generalization of the standard local type trispectrum
with a constant 7y, [80,81]. Inserting (4.24) into (4.23) and
focusing on g = p configuration, we can describe the non-
Gaussian (uu) self-correlation as

2
(I+1)

where b?;“bh) is defined as in (4.14). This result implies that,

o ~6.1 x 10724 (b))% (4.25)

in single-field PBH inflationary scenarios, (uu) is scale
invariant, i.e., /(I + 1)C}* = constant similarly to a purely
local form trispectrum [21]. However, its amplitude can be

enhanced by a factor of b?;vgm > 1 compared to the latter.
In particular, considering a |by, | =~ O(10%) which arises
in scenarios with a dip feature located at kg;, ~ 10° Mpc™,
we can obtain a total enhancement of O(10°). Another
point worth stressing is the fact that C}\g > 0 for all
multipoles, as it should be clear from (4.25). We illustrate
these points in Fig. 11 where we show b?;V;h) and C}" for
representative scenarios that can produce a large peak in the
power spectrum. The left panel of the figure informs us that
Do)
has a minimum.

is maximal at the same location (4.19) where b?;“bh)

C. Prospects of detectability of u-distortion anisotropies

We now develop Fisher forecasts to estimate the
detectability of the signals we investigated in Secs. IVA
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FIG. 11. Left: Logarithmic plot of bs as a function of the location of the dip feature for inflationary models that can generate a peak
required for PBH formation. Right: Scale invariance of C}* for the parameter choices shown in the left panel. The location of the dip
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and IV B. We use a 1 x 1 Fisher information matrix for the
S

parameter b(}V)Vbh) = b [82],

MX S 8CﬂY,S

F= ZZ ab Cov!(C ") 5{b . (4.26)

where the sum runs over X,Y = {T,u};,S refers to the
theoretical predictions we derived in Egs. (4.15) and (4.25),
and Cov~! is the inverse of the covariance matrix, defined
as [82]

Cov(CI ) =5 7 I(C + ) (e + ")

20+
+(C7”~S+c’,‘””)(c¥y’5+c§”’”)], (4.27)

where N represents the experimental noise. Using (4.26)
and (4.27), the signal-to-noise (SN) ratio is given by
(S§/N)?> = b>F. In the derivation of the components of
the covariance matrix, some simplifications can be made.
First of all, note that for scales we are interested in
2 <1< 0(100), the experimental noise for 7T correlator

can be neglected C; "5 > CTTN, with

36
=3 5” dInkPg(z;, k)AX(K).  (4.28)
Similarly, 4 and T instrumental noises are uncorrelated and
therefore we can set C// N — 0in (4.27). On the other hand,

as can be confirmed from (4.25) and the discussion it
follows, upu correlation is dominated by the instrumental

noise, i.e., C}* S« c N for phenomenologically inter-
esting values we are focusing on where (bj}, ) < 10°.
For a PIXIE-like experiment [83], this noise can be
modeled as C*" ~dmy2, e""/3% [21] where py, denotes
the minimum detectable u-distortion signal. Finally, for the

X =Y =T component of the covariance matrix
another simplification arises by noticing that (C/ " <«
C#NCIT, This relation can be confirmed noticing the
SW limit of (4.28), C;"™ =2x.A,/(25I(l+ 1)) with
A, =2.1x 107, (4.15), and the relation for C’;”’N above.
In light of these arguments, the SN ratio yields as

S') 2 f (( Wi, ) ( 'ﬂﬂ ( Wi
< N ( N , Cﬂ/“- C/"/" ( Wi,

=2 l

(4.29)

where we carry the sum up to [ =200. To accurately
estimate the first term in (4.29), we require the knowledge of
C77 in (4.28) by taking into account the transfer function A,.
In this respect, [68,70] found that the contribution from the
first term in (4.29) corresponds to 40% of the result obtained
by adopting the SW limit, i.e., by taking p(/) — 1in (4.15)
and adopting C] ™" = 2z.A,/(251(1 + 1))."° At the same
time, the second and third termin Eq. (4.29) can be evaluated
directly from our results of Sec. IV B. We obtain

L1078
20.99x103< .>|bpbh|

min

Z|

10~
4215 x 1078 <ﬂ_> bR (4.30)

where we normalized the minimum detectable distortion to
Umin = 1078, as relevant for a PIXIE-like experiment [84]. In

"It should be noted that we ignore the enhancement of the
power spectrum in (4.28) to arrive this expression. This is
justified because the smallest scales we are interested in corre-
sponds to [, = 200, while for the scenarios we are focusing in
this work, the enhancement in the power spectrum occurs for
scales corresponding to [ > /.
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FIG. 12.  The cumulative signal to noise ratio (4.30) as a function of the dip location in the power spectrum for kg, 2 830 Mpc~!
(Left). SN ratio as a function of maximum multipole /; at fixed kg, and hence |b?§bh)| (Right).

(4.30), the first contribution corresponds to the sum of the
first two terms in (4.29) which are of the same order of
magnitude for any values of b and y,,. In fact, the second
term is weighted by the cross component of the covariance
matrix, and it contribution is twice as large as the uT (the
first) termin (4.29). At the same time, the last term represents
the contribution to the SN ratio from pu alone; it is
generically subdominant compared to the first two terms
in (4.29), but it nevertheless provides a non-negligible
contribution. These results imply that (uu) self correlations
improve the prospects for the observability of distortion
anisotropies.

Using (4.30), we argue that an inflationary scenario with

|b?;vbh)| > 989 is detectable at 1o level for a PIXIE like

experiment. We note from (4.17) that such values of |b?;vbh) |
can be obtained for PBH forming scenarios where kg, lies
close its smallest allowed values (kgj, 2 830 Mpc™!) dic-
tated by the limits on average distortion u < 107> (See
Fig. 14). Moreover, for an experimental design comparable
to PRISM [85] with p,,;, = 107, this situation can be
improved since a smaller value |b?§’bh)| 299 is required
for the detectability. Focusing our attention to the latter, in
the left panel of Fig. 12 we present the SN ratio (4.30) in
terms of the location of the dip scales kg, allowed by the
u <107 limit. As can be also inferred from (4.17), for
kgip 2 1600 Mpc~! the SN ratio drops below unity.
However it satisfies S/N > 1 for the allowed region of
830 Mpc™! < kg, < 1600 Mpc™'. In the right panel, we
show cumulatively the SN ratio as a function of /, for three
different scenarios defined in this range of scales together
with their corresponding |b?pwbh)|. [Recall that [ corre-
sponds to the upper limit of the sum in Eq (4.29).] This
implies that our SN ratio estimate does not improve
significantly and saturates for [, 2 100.

u-distortion anisotropies as a probe of PBH populations.
We conclude our analysis with some implications of our

findings for PBH populations. In inflationary scenarios
where the curvature power spectrum has a pronounced peak
of order Iy ~107 located at wave number Kjeq =
100kgi, > kemp = 0.05 Mpce™', PBHs may have formed
during the radiation dominated era upon horizon reentry
of modes whose wave number is comparable with
the peak scale [1,2]. Assuming that the power spectrum
is sufficiently peaked, we can relate the mass of the PBH
today to the location of the dip scale in the power spectrum
as [17,67],

Mpbh,O = -AMMpbh,f

maM (L) (R N\ Toamy s
B 02)\10*Mpc') ~ ‘

where A and M indicate the amount mass gain that can
arise due to accretion and merger effects for the corre-
sponding PBH seed mass M, ¢ at the time of formation. y
is the ratio of the PBH mass to the mass within the causal
horizon and can take values between y = 0.2 [3,86] and
y = 0.8 [87] depending on the assumptions about PBH
formation in the radiation dominated era.

Considering the phenomenologically interesting values
of dip scales 830 Mpc™" < kgip < 1600 Mpc™' we identi-
fied above, Eq (4.31) implies that PBHs with M, o =
10-100 M can be probed by u distortion anisotropies
assuming negligible accretion and merger coefficients,
A, M — 1. Taking into account these effects within the
ranges 10° > A > 1, 10° > M > 1 [67,88], a detection of
u-distortion anisotropies through (uT) and (uy) angular
correlators can be therefore considered as a useful tool to
distinguish astrophysical vs primordial the origin of super
massive black holes (SMBH) with masses M0 =

105-10° M, today.
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V. DISCUSSION

In single field-inflationary models that are capable
of generating PBH populations, the power spectrum of
curvature perturbation has interesting universal features
such as the presence of a pronounced dip. Focusing
on the heuristic approach introduced in [19] and gradient
expansion formalism [22] (see Secs. II and III), we
explicitly demonstrated that the position of the dip in
momentum space is uniquely determined by the global
enhancement I1~ 107 of the power spectrum via
kaip = 1174k e < ke implying its  occurrence on
scales much larger than the peak scale associated with
PBH formation. More importantly, in Secs. III B and III C
we analyzed consistency relations for n-point correlators
(n = 3, 4) of curvature perturbation in the vicinity of the
dip feature. We found that non-Gaussianity parameters
satisfy the conditions fxi =5(1—n,)/12 and #g =
(6fxi/5)* in a nontrivial scale-dependent manner,
allowing us to derive a new set of consistency conditions
in terms of the global enhancement T~ 107 in the power
spectrum and relate their scale dependence to its slope. In
scenarios where the dip feature lies within the scale range
(4.18) where yu distortions are generated, the characteristic
scale dependence of such n-point correlators offers us a
unique chance to probe the underlying PBH formation
mechanism at relatively large scales through the CMB
spectral p-distortion anisotropies.

In fact, developing upon the ideas first presented in [20],
we explored the implications of the consistency conditions
for the bispectrum and trispectrum on the cross correlation
between spectral distortions and temperature anisotropies
(uT) and distortion self-correlations (uu). In this context,
in Sec. IVA, we studied (uT) angular correlator induced by
the squeezed-limit bispectrum derived from the consistency
relation fx; =5(1 —ny)/12. We found that the pro-
nounced characteristic scale dependence of the bispectrum
can alter the amplitude and overall multipole dependence of
(uT) significantly with respect to more standard cases (see
Sec. IVA). These results confirm the findings obtained
earlier in [20] and put them on a firmer footing through
the use of the consistency condition. In Sec. IV B, utilizing
the consistency relation 75 = (6/%./5)%, we studied
for the first time the influence of the enhanced col-
lapsed-limit trispectrum present around the dip scale and
found that it induces sizeable distortion self-correlations
(uu) that are scale invariant, [(I+ 1)C}* = constant.
Including the information that we can gain from the u
self-correlations, in Sec. IV C, we then showed that the
prospects of detectability of p-distortion anisotropies are
enhanced compared to considering u7T correlations
alone [20]. In particular, we found that for phenomeno-
logically allowed and interesting values of dip location in
the range 830 Mpc™' < kgip < 1600 Mpc™!, p-distortion
anisotropies—induced by non-Gaussian consistency

relations—should be observable for a PIXIE or PRISM-
like experimental design.

Considering the relation between the dip and peak scale
in the power spectrum ke, = 100kg;,, spectral-distortion
anisotropies we derived in this work can be utilized to
identify the formation mechanism of BHs with masses
M0 = 10-100 M, today, and/or SMBHs with My, o =~

10%-10° M taking into account strong accretion and
merger effects (see Sec. IV C). Furthermore, the properties
we studied in this work can also be also considered as a
useful tool for discriminating inflationary models of PBH
formation as in some scenarios based on particle production
[89-92], the dip feature is not present and therefore
unlikely to produce interesting u-distortion anisotropies
at large scales.

This work can be extended in a few directions. First of
all, our analysis on the squeezed-limit bispectrum and the
collapsed-limit trispectrum does not include finite but
subleading corrections of order O(k, /q) in terms of the
soft momenta k. It would be interesting to include such
corrections to investigate the impact of not so squeezed and
collapsed limit n-point correlators of curvature perturbation
on the uT and pu angular correlators. Finally, it would be
interesting to extend our analysis to derive predictions on
the p-distortion anisotropies for scenarios including multi-
ple scalar fields [93-95]. Such an analysis would be helpful
in comparing the general single field predictions we derived
in this work and guide us towards a better understanding for
the formation mechanism of BHs with astrophysically
relevent masses.

ACKNOWLEDGMENTS

We would like to thank Enrico Pajer and Konstantinos
Tanidis for useful discussion pertaining this work. The
work of O. O. is supported by the European Structural and
Investment Funds and the Czech Ministry of Education,
Youth and Sports (Project No. CoGraDS-CZ.02.1.01/0.0/
0.0/15003/0000437). G. T. is partially funded by the STFC
Grant No. ST/T000813/1.

APPENDIX A: THE POWER SPECTRUM Px (7;)
AND FRACTIONAL VELOCITY vy

For the initial slow-roll phase, the standard solution for
the curvature perturbation that reduces to the standard
Bunch-Davies vacuum can be written as [31]

iH —ikt
Ry =21 ¢ (14 ike),

C My A i

where €, <1 is the slow-roll parameter, which we
assume to be constant adopting n = é/eH — 0. Using
the solution (Al), the real and imaginary part of vp
(3.5) can be derived as

Tk/T()> 1, (A])
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_ Ck
vrler) = 31+ )
3
c
UR(Ck) = —3(1 —&chi) , /70 > 1, (A2)

where c;, is defined as in (3.20). Notice that the imaginary
part of vy, in (A2) includes an extra factor of ¢; compared
to the real part. We note that unless c¢; = 1, this translates
into an extra suppression for the imaginary part of the
fractional velocity and hence the imaginary part of a;, (3.4)
as we will show explicitly below. On the other hand, using
(A1), the power spectrum evaluated at around horizon
crossing is given by

K H?

PR(Tk):—2|Rk(fk)|2:m(l+cz)’ 7/70> 1.
stV

2
(A3)

Next, we need to determine R(7;), vr and Pg(zx)
in the nonattractor era, i.e., for 7,/7y < 1. This was
done in [20] using a matching procedure for R and its
derivative at the transition time 7 = 7. The resulting
fractional velocity in the nonattractor era, i.e., for
7;/79 < 1 is given by [20]

R (1) = Yy [f1f3—YO(f1f4 +f2f3) + (/113 +f2f4)}

3 f3=2vof 3fa+Y5(f3+f3)
(A4)
2
vl (¢ __)_’[[ Yolf1fa = faf3) } A5
R() 3 %—2)’0f3f4+)’%(f%+f42¢) (A3)
where we defined y=—kr and the functions

fu=F uyov), for n=1, 2, 3, 4 in terms of the
Bessel function of the first and second kind as

10,30, 0) = T (00) Yo (9) = Yo (00) =1 (9)s

F2(0.30,0) = 1, (30) Yoot (v) = Yo (o) Jumr (9)s (A6)

satisfying the following relations f4 = f1(y,yo,v + 1),
f3=—f2(v9,y,v), with v = (3 +1.)/2. The continuity
of the real and the imaginary part of the fractional velocity
in passing from the slow-roll to the nonattractor era can be
confirmed explicitly from Eqgs. (A4) and (AS) at 7;, = 7.
Finally, the power spectrum evaluated at 7 = 7 for modes
that leave the horizon during the nonattractor phase
(t4/79 < 1) is given by [20]

H2 (32”77,'2 k 2-2u
P - k= ™
R (%) 8nle My 4 <H0>

X[f%_2y0f3f4+y%(f%+f421)]r=rk (A7)

Similarly, the continuity of the power spectrum can be
confirmed explicitly by evaluating (A7) at the transition
point 7, = 7 at which it reduces to (A3).

APPENDIX B: THE FUNCTIONS D(7;), Fy(ty)
AND THE ENHANCEMENT FACTOR ay

For the two-phase background model parametrized by
the pump field profile in Eq. (3.18), scale-dependent
functions D(zy), F(z;) [see Egs. (3.6) and (3.7)] are
calculated in [31] for modes that exit during the initial
slow-roll era (k/H, < ¢;) and in [20] for mode exit during
the nonattractor era (e*" > k/H, > c;). In particular, for
mode exit during the initial slow-roll stage, these functions
are found to be

% o~nman el (K

(e +3)ci 3]\Ho

nee~et3)AN Lo } ( k >2
2('7(: + 3) HO

(7 +3)(n +1)
) 1 3)ck] (7%) (B1)

where 7,/7) = x; = e 2V with AN denoting the duration
of the nonattractor era. On the other hand, modes that exit
during the nonattractor era, e*N > k/H, > c; are given by

D(r) = 1-

62
F(r)k? = £ -
(x) 6 {

—(n.+3)AN

i [(e ¢+ 3)ex

3 e~ AAN /N (1:+3)
o -~y 2 (1)
ne+3 (e +3)cf™ \Ho
F k2 _ e_(”]c+3>AN k (ﬂc+3)
(T0)k* = 1 3 \H,
(770 + )(”c + )Ck 0

2 —2AN 2
pok ___° <i> . (B2)
2(ne +3) 2+ 1) \Ho
Together with the fractional velocities vX, v%, we found
in (A2), (A4), and (AS5), one can make use of the
formulas (B1) and (B2) to describe full spectral behavior
of the enhancement factor a; from large to small scales in a
continuous way by utilizing the formulas (3.3) and (3.4).

1. o for mode exit during the initial slow-roll era

In this subsection, using the formulas of the previous
section, we provide an expression for a; for k/Hy < ¢; < 1
that we utilize in the main text extensively.

We begin by noticing that for inflationary scenarios that
contains a transient AN ~ O(1) slow-roll violating 5, < —6
phase, the terms in the square brackets of (Bl) are
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dominated by the exponential factors so we can further
simplify the quantities D(z;) and F(z;)k*. Then noting the
definitions (3.3), (3.4), and (A2), the real and imaginary
part of the enhancement factor can be parametrized as

kN2 e+ 1) k3
I N ] “Kle T ) a2
% “<°>[ ﬁ(m) +<1+cz>ncﬁ<m”’
I 1 R (77C+1) k 3
ak_a(o)—a(mmﬁ FO s (B3)

where we defined an exponentially
B = P(nAN, cp), aﬁ)) and af()) as

large number

apyy =1 ——— - ,
© 6 3(1+c?) O 3(1 4 ¢3)
_(3+’7:>AN
= (B4)

afy (e +1)(ne +3)

Note that afm and afo) parametrize the initial values of the

real and imaginary part of ¢, in the large scale limit k — 0,
respectively. The parameter > 1 we introduced instead
characterizes the amplification that higher-order terms in
the gradient expansion of @; obtain for a nonattractor
era 77, < —6 with a duration of AN e-folds. As is clear
from (B4), for AN — 0, # — O(1), higher-order terms
in the gradient expansion becomes insignificant for provid-
ing an enhancement of the power spectrum at small
scales k/Hy — 1.

Finally, for the purpose of calculating scale dependent
fxp and 759! using the consistency conditions we derived in
Secs. III B and III C, we derive a simplified expression for
the enhancement factor |o|* in the gradient expansion
formalism. As we discuss explicitly below, for modes
associated with the initial era we can neglect the imaginary
part of the enhancement factor af < af and hence
|aR|? ~ (aR)?. Furthermore, using (B3) and truncating
the resulting (af)? to fifth order in k provides a very

2ck (”c + 1)

accurate description to the exact result
k2 k\3
2 o (R )2 1=2 . .

SR B AR e ()

kY 2c(n.+1 k\>
o) T ) |
Ho (14 cpne Ho
= (o). (B5)

Using the relation between scales (3.28), we can rewrite
(B5) in a compact way as

5
n k n
b =lr = el ('

n=0 kdip

(B6)

where in terms of the parametrization (B4) above, the
coefficients of the sum are given by

ap = (@) clap =0 cigp =20 =—2(afy).
2
0 __ e _ e e+ 1) (B7)
= e = T (1 )/
( +Ck)’70 /7)

Comparison between af and . Another important
point we use repeatedly in the main text is the fact that
imaginary part of a; is subdominant compared to its real
counterpart for modes associated with the initial slow-roll
era. To see this, we can recall (3.4) and notice that
al, = D(7;)vh, < D(7;)vRk c af, which holds as long as
we assume ¢, < 1 implying v& > v}, as can be inferred
from (A2). We would like to remind that the choice —kz;, =
¢, < 1 is a natural one considering that in the gradient
expansion formalism ¢, < 1 simply implies that all the &
modes we focus are outside the horizon at the initial time
7. To explicitly check the statements above, we compare
the exact |a;|* quantity with the approximate | |* =~ (af)?
relation (B5) in Fig. 13. We observe that two expressions
match really well for all scales except at the position of the
dip kg, where the approximate relation |a|* =~ (af)?
generically leads to a more pronounced dip feature com-
pared to the full expression |a;|* = (aX)? + (al)>.

In this work, except for the part where we study the
global shape of the power spectrum (see Sec. III A), we will
utilize the approximation a; ~aX especially when we
derive the scale dependence of bispectrum and trispectrum
around the dip feature kg, (See e.g., Secs, Il B and TII C).
We note however that whenever a; appears in the denom-
inator of an expression, we kept its full expression @; =
af + ia} to avoid unphysical divergences that might appear
around especially the dip scale.

af around the dip scale. In addition to the approximation
we mentioned above, one can make further simplifications
for the real part of the enhancement factor around the
location of the dip feature of the power spectrum. In
particular, an analysis of the individual terms that con-
stitutes af (3.3) for k/Hy < ¢, reveals that D(7;)vk <
F(7;)k* as can be also observed from the right panel of
Fig. 13. Therefore around the k ~ kg, we can simply
approximate aX as

af =1 — F(r;) k% (B8)

The relation above automatically implies that (af)’ =
—(F(z¢)k?)" where prime denotes a derivative with
respect to the normalized wave-number k/H,,. Recall that
for the discussion that follows equation (3.31) in Sec. III B,
we require —(k/Hy)(al) = —(F(1;)k*) ~2F (7 )k* to
prove that Maldacena’s consistency condition fy =
5(1 = ny)/12 is satisfied around the dip feature. To show

023524-22



CONSISTENCY CONDITIONS AND PRIMORDIAL BLACK HOLES ...

PHYS. REV. D 105, 023524 (2022)

T T —— T T —— T

10°F [AN=25&n. = 628&¢.= 03]

2 _ 2 2 N .
oo1L = @ + (@) ll* = (@)?

]
!
I
I
i

105

T T T T T T T T T T

[ [AN=25& . = 62&c =03

| = F(rok®|

010k | D(t0) vg| E

0.05f

L M
0.010 0.050 0.100

k/Ho

L P
0.001 0.005

FIG. 13.

The exact behavior of |a; |* (black solid) and the approximation |a; |> = (af

. P
0.010 0.050 0.100

k/Hy

PR
0.001 0.005

)? (B5) (orange dashed) from large to small scales

associated with the initial slow-roll era, k/H, < ¢; (Left). Comparison of the individual terms in af = 1+ D(z;)vR — F(7;)k* (Right).

this explicitly, notice from Fig. 13 that F(z;)k* in (B1) can
be truncated to second order in the k expansion around the
dip feature. Keeping this in mind, using (B1) up to second
order in k, we can therefore write

k
(B9)

where in the last equality we ignored the term proportional
to ¢ < 1. Indeed, we utilize the approximation (B9)
[together with (B8)] in the derivation of the general, scale
dependent consistency condition between bispectrum and
power spectrum (See Sec. I1I B).

2. II(k) for mode exit during the initial slow-roll era

We now provide a simplified power-law expression for
the scale dependence of the enhancement factor I1(x) of
Sec. II for modes that exit the horizon in the initial slow-roll
stage k = k/k,, < 1. For this purpose, we find it sufficient
to adopt a small x expansion of the expression (2.11) up to
kS order which yields

2B (kN [28, Bil( k\* B[ kS
T(z?) *[?W} <k—> E(z?) '

(B10)

TI(k)~1

By explicitly comparing with (2.11), we found that (B10)
reproduces the exact scale dependence of the power
spectrum very accurately for modes associated with the
initial slow-roll era, k/k,, < 1. Using the relation (2.15)
between the scales, we can rewrite (B10) in terms of the dip
scale kg, as

o ) =g (Pl =2 Pl = F) =ap(aie,

(B11)

6
z nZ “n (kdlp> '

where in terms of the only free parameter f3,, of the heuristic
approach the coefficients cp; are given by

CHI)—O,

1
©_ 3 G)_ () _
cy =———, ¢ =cpy =0.

{Sﬁh] T 5, 0

W
‘n

APPENDIX C: SQUEEZED LIMIT f¢{f AND
AVERAGE g DISTORTIONS

Building upon our results in the previous appendix, we
now would like to identify the effective nonlinearity
parameter defined in e.g., (4.6) for both approaches
(heuristic vs gradient expansion) we focus in this work.
Using the consistency condition f3; = 5(1 —n,)/12 and
noting the definition (4.6), we can describe the squeezed
limit (k, — 0) & in terms of small momenta ¢ as

5 dE(q)

eff ~ o\
NL(‘])— 1261 dg (Cl)

where we denote the enhancement factors collectively as
E(q) ={1(q).|a,

respectively. Using the expressions (B6) and (B11) we can
then describe scale dependent f&T in terms of simple
power-law expansion. For both approaches we undertake,
this power-law expression can be expressed collectively as

32 (q) ()

where n; = {5,6} for the gradient/heuristic approach
respectively. In terms of the model parameters that
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characterize the both approaches, the coefficients of this
expansion are given by

Cap = ~Clap = (@0))"
~(3) 5 ~(5 3 (afo))zck(’/lc + 1)
Gk = "3% T Ty 0t
3 2 (14 c)neV/p
in the gradient expansion formalism and
@1, g,
4) 18] ©_ 9
¢y =—|14+—1, =—, C4
e B (= S )

in the heuristic approach of Sec. II. In Secs. [IVA and IV B,
we utilize the formulas (C2), (C3), and (C4) to calculate the
amplitude of (uT') and (uu) angular correlators as a function
of the location of the dip scale gg;, in the power spectrum.

Average (u). In the following discussion, we provide ()
induced due to the scale dependence of the power spectrum
in PBH forming single-field inflationary models. For
concreteness, we will utilize gradient expansion formalism
to describe average (i) in the sky as a function of the scale
kgip beyond which most of the enhancement in the scalar
power spectrum occurs. To compute average distortions we
start with the following expression'' [21],

(C5)

W) =23 / dIn kP (2., k) [e 2 /B0
where  Pr(7; k) = |@|*Pr(7;) and assuming the
scale invariance, Pr(7;) =~ A, ~2.1 x 107, Using (B6)
and (B7) in (C5), we then estimate the amplitude
of (u) in terms of the location of the dip scale kg,. For
this purpose, we take the integral in (C5) over the scales
associated u era, in particular from ki,/Mpc™' =1 to
kgin/Mpc™! = kp(z;) = 11600. Results obtained in this
way are presented in Fig. 14 for two representative set
of parameter choices that leads to I, ~ 107 growth in the
power spectrum. In this plot, the gray dotted lines indicate
the threshold value of kg, allowed by the current con-
straints (i) < 107> such that the right hand side of these
|

&, Bk, Bk dPk,
(277;)12

(o, ) = (18.4m)2il (i) /

[AN =2.6&n. = =6.&c, = 03]
[AN=25&n. = —62&

=025]]

My 108

108k L e N L N N N
500 1000 2000 5000

kaip [Mpc™']

FIG. 14. Average p distortion with respect to the location of the
dip scale in the power spectrum within PBH forming inflationary
scenarios.

vertical lines belongs to the allowed choices of the dip
scale. In light of these results, we find it convenient to make
the choice kg, = 10> Mpc™' to derive predictions for the
(uT) and {(pu) correlators (see Secs. IVA and IV B).

We find it worth stressing that our estimates here can be
regarded as rough indicator of average distortion in PBH
forming single field inflationary models. This is because in
realistic models (see e.g., [17,98]), the spectral shape and
amplitude of the power spectrum prior to the dip scale can
differ substantially compared to the simple assumption
Pr(ti) ~ Ay~ 2.1 x 10~ we are undertaking here. As a
mild indicator of such scenarios, by introducing a red tilt to
Pr(z) for scales prior to kg, one can confirm that the
overall amplitude of () becomes smaller than the estimates
we present here.

APPENDIX D: GAUSSIAN AND NON-GAUSSIAN
CONTRIBUTIONS TO C'*

In this appendix we derive expressions for the Gaussian
and non-Gaussian contribution to the C}* that arise through
the connected and disconnected part of the trispectrum
respectively. To calculate the distortion angular autocorre-
lations, we require

ki

R N KO\ . .
Pinll) i RW ()W (0 ik i)

x (cos (c,k7) cos (c,ky7)) ,{(cos (¢ k3) cos (cikyT)) ,

% [6_("“"5)/"5(1)]'}[6‘(’%*’@2*)/"%)(1)]}(7%, (z/)Ra, (rf)R,’;3 (Tf)R?Q, (7)),

""More refined expressions that relates (u) to the primordial
scalar power spectrum can be found in the earlier works [96,97].

(D1)

|
where we used (4.2) with (4.4) and defined k, = k, + k»,
IZF = l% + 124. Assuming R, is Gaussian at leading order
[see e.g., (3.10)], we can generically split the four-point

023524-24



CONSISTENCY CONDITIONS AND PRIMORDIAL BLACK HOLES ...

PHYS. REV. D 105, 023524 (2022)

correlator in (D1) into its connected (non-Gaussian) and
disconnected (Gaussian) parts as

(R, R, R, Ri,) = (R (rp)RE, (2 RE R (1) Rhka(1y))
+ (Ra, (T) R, (7)) Ry, (7)) Ry, (7))
(D2)

Taking into account all possible pair contractions and using
(3.8), the disconnected part of the 4-pt correlator (D2) is

given by
(RERERERE)
= (22)%{5(k,.)

+ PR(Tf,

(K V)Pt k) Pr(Ts, k3)
1)Pr(7y, ky)[8(ky — kg)(ky — K3)

On the other hand, the connected part of (D2) can be
defined as

<Rk1 (Tf>Rk2 (Tf)RI3 (Tf)R/*c4 (Tf)>c

= (27)6(k; — K. )Tr(ky. ko k3. ky).  (D4)

where T’ is the trispectrum. Noting (D3) and (D4), we can
then make use of (D2) in (D1) to separate the angular
distortion autocorrelator into Gaussian and non-Gaussian
parts as C/" = CY' + C)e-

Gaussian C}*. Inserting (D3) in (D1), notice that the
contribution associated with the first term in (D3) vanishes
unless the index of the spherical Bessel functions are zero,
ie.,l =1 =0 (m=m =0). Therefore, after carrying the
integrals over d*k, and d’k,, the contribution of the first

+8(ky — k3)8(ky — ka)]} (D3)  term is given by
|
. B,k | )
(i, )y = 47618, 810(2.3)? /WPR(U’ ky)Pr(ty, k3)€_2k%/k%’(z)|§}e_2k%/k%’(z) 2
= 47011 Sm O10 <,u>2, (DS)

where the average distortion is given by (C5). (D5) describes the average (uu) in the sky (i.e., a monopole / = 0) and should
be subtracted from the total (uu). Here our focus is on the nontrivial anisotropies with / # 0 that originates from the second

term in (D3). Taking the integrals over d*k; and d’k, in (D1), this contribution to the Gaussian C’;"G reads as

&k, d?k,

(g = (84nPH-) [ 053

2 ([~ (K2+K2) /K2 (2) 272 272
x (cos (csk ) cos (cskat)) 3 ([e J5)? ?PR(?ﬂkl) ?PR(Tf,kz) :
1 2

Finll) Vi W (O

> 2jl(k+)(*)jl’ (k+)(*)

S

We then make the transformation d*k, — d*k, and carry out the integral over directions d21A<+. This gives

(Al @)

x (cos (c,k,7) cos (c|k

(4 6) 511’5mm /dk+k%r.]l<k+)(*)2w<

- 1;1|T)>§PR(vak1

(Do)
) [
ki) ) IR, =K P
Py _ 2
YPr(zp, Ky = Ky |) (e (kK )/ (2 )7 (D7)

Furthermore, making the replacement I% <~ %4 in the last term of (D3) and noticing the fact the rest of the integrand in

; ; P e Ho* 1
(D1) is symmetric under k3 <> k4, we have (aj, a}, ),
Gaussian contribution to C* is given by

. ki\?
ot = 26407 | dk+kijl<k+x*>2vv(k—f> /

x (cos (cgky7) cos (cy[ky — Ky [0))3 ([em@HERPGE )2,

KK, - R

= (djy, d},1) G 5+ Therefore, the nontrivial part (I # 0) part of the

&k,

Pr(ts ki) Pr(zs, Ik, — ky])

(D8)

Non-Gaussian C}*. To derive the non-Gaussian contribution to (uu), we insert (D4) in (D1). In particular, transforming
&k, - d®k, and &3k, — d3K, we first take the integral over dk’, using (D4) (k. = k) to obtain
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The integral 7 (D13) for a grid of phenomenologically interesting ky;, values using heuristic approach (Left) and the gradient

0w [Pk Ak Ak . ki \2. .
(e = 8410 [ ST EER ¥ Geow () itk dirthr)
x (cos (¢,ky7) cos (c,lky — ki |2)) ,(cos (¢ ks) cos (cS\Z —ksl0)),
x [e—(k?+\k+—k1\%/%(z)ﬁ;[e—(k§+lk+—k3|2>/k%( >]Z' Tr(ky. |k — Ky, ks, [k — k3)). (D9)

In (D9), the presence of integration over dzlAcl and d21A<3 ensures the independence of the integrand on IAc except in the

arguments of ¥;,’s [70]. We can therefore take the integral over d%k., using Ik a2k, Y, (k)Y o (k) = 848,y to yield

2.3)? ko \2 N - o L
Clll,lIJ\IG:(—)/dk+k+Jl(k+)(*) <k_+> /d3kld3k3TR(k1,|k+—k1|,k3,|k+—k3|)(cos(cxklr)cos(cs|k+—k1|7))p

87’

A

ksle)),le

x (cos (c;ks7) cos (c,|k, — (k1K ki [2)/

where we extracted C/* from (D10) using the defini-
tion (4.4).

1. ¢} in the collapsed k, — 0 limit

We now provide an estimate for the Gaussian pu
correlator (D8) in the collapsed limit. Taking k, — 0 in
(D8) we have

O 5.9 x 10716 / dk k2 jy (k. y.,)>?

dk .
< [ S Bl (e

(D11)
where we used Pg(zy,kj) ~E(k)A; with A;=2.1x
1072 and E(k;) = {II(k; ), |a, |*} for heuristic and gradient
approaches respectively. Using the dimensionless variables
k= ky/kqip and x = ky,, we can rewrite (D11) as

Ol 5.9 % 10716 kg / dexji(x)%,  (DI2)

ST [ HR RG]

o (D10)

|
with the integral that depends on the location of kg, (and
model parameters) defined as

k) = (1) [ m@r(e

where we defined k, =y '~1/(14Gpc)~7.1x 107> Mpc~!
and kp(z) = kp(z)/kgp. Notice that (k,/kg,)* factor in
(D13) introduces a large suppression factor to the ampli-
tude of 7 for phenomenologically interesting values around
kgip = 10%. To illustrate this, in Fig. 15, we plot Z as a
function of kg, for representative parameter choices within
both the heuristic and the gradient approach. On the other
hand, for large enough multipoles /, j#(x) is highly
peaked around x = [ and acts like a delta function in the
last integral in (D12) and therefore we can approximate
Jdxx?j2(x)~’. As a result, we anticipate that the
Gaussian contribution can be approximated as for / > 0 as

HIGEE)?, (DI13)

e~ 107212, (D14)
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For scales we can probe with u distortions, we have
Imax = 200, this result above (D14) gives (CYg)na &

max
1028 and therefore we can safely conclude that

in the collapsed limit, C; < C}s holds for scales

we would like to probe p-distortion anisotropies (See
Sec. IV B).
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