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We consider an action for gravity that, in addition to the Einstein-Hilbert term, contains a function of the
Ricci scalar and the Gauss-Bonnet invariant. The specific form of the function considered is motivated by
holographic cosmology. At background level the field equations imply modified Friedmann equations of
the same form as those in the holographic cosmology. We calculate the cosmological perturbations and
derive the corresponding power spectra assuming a general k-inflation. We find that the resulting power
spectra differ substantially from those obtained in both holographic and standard cosmology. The estimated
spectral index and tensor-to-scalar ratio are confronted with the Planck results.
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I. INTRODUCTION

A modified Gauss-Bonnet (MGB) gravity [1-5] is a class
of modified gravity models in which the gravitational
action is a general function of two variables: the Ricci
scalar R and the Gauss-Bonnet invariant

G=R2—4R"R,, + R""R,,,,. (1)

The functional dependence on R and G can be further
constrained by physical requirements. In a cosmological
context it is natural to require that the second Friedmann
equation is linear in H. Then, in addition to the Einstein-
Hilbert term the gravitational Lagrangian can contain a
function of R and G of the form f(J) depending only on one
invariant [6]

J:\/LE(—RJr VR =6g)'"? 2)

normalized so that J> = H? for a spatially flat cosmology at
background level. The Friedmann equations in this case
become very simple: the left-hand side of the first Friedmann
equation, in addition to the usual H? term, contains a general
function of H.

In this paper we study in particular a MGB gravity with
f(J) o J*. In the following we will refer to this theory as the
MGB model. In this model one obtains the cosmology
equivalent to that on the holographic braneworld [7-10] at
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background level. This equivalence between the two models
poses a natural question if the equivalence goes beyond
background cosmology. In particular, it would be of con-
siderable interest to check if the two models produce similar
spectra of the primordial cosmological perturbations.

At this point it is worth mentioning a few related works in
the context of inflation. In Ref. [11] inflationary models
were studied with arbitrary functions of H added to the left-
hand side of the first Friedmann equation. Chackraborty
et al. [12] have studied inflation in a model with the Gauss-
Bonnet term coupled to a scalar field. Basilacos et al. [13]
have shown that a modification of the Friedmann equation
with a quartic term «H* is obtained in a string theory
inspired model with a Kalb-Ramond term in the Lagrangian.
In spite of some similarities, these examples are not
equivalent to the model considered here.

Inflation in the modified gravity models in which the
gravitational Lagrangian is a function F(R,G) have been
studied in Refs. [14,15]. De Laurentis et al. [14] have
studied inflation in a kind of Starobinski extended model of
the type F(R,G) = —R + aR?> + bG where a and b are
constants. Odintsov et al. [15] have studied inflation in
models of the type F(R,G) = —R + aG* where a # 1. In
both Refs. [14,15] the action does not contain matter fields
and inflation is driven solely by the geometry. In our
approach, in contrast, inflation is driven by a scalar field
coupled to the modified gravity with Lagrangian of the type
F(R,G) = =R + (¢?/2)J* where the invariant J is given
by (2) and 7 is a constant of dimension of length.

In a recent paper [10] we presented the calculations of
the cosmological perturbations for a k-essence field theory
in the holographic braneworld in the context of inflation.
We demonstrated that the perturbations produce the power

© 2022 American Physical Society
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spectra as in the standard k-inflation in general relativity.
Here we calculate the perturbations in the MGB model with
background equations identical to the holographic cosmol-
ogy and find a substantial departure from the general-
relativistic results.

As a side issue, it is important to address the ghost
instability problem in MGB models which is somewhat
controversial. It was argued that the modified gravity
models in which the gravitational action is a general
function F(R,G) are ghost free [16,17]. However, in a
recent paper [18] it was demonstrated that, with a few
exceptions, there is an instability in the scalar sector of
F (R, G) models. We present a brief review of these issues in
Appendix D, where we also point out why the analysis of
Ref. [18] does not apply to the model considered here.

The remainder of the paper is organized as follows. In
Sec. II we introduce the MGB model and using the scalar-
tensor representation formalism we derive the background
field equations from which we derive the corresponding
Friedmann equations. In Sec. III we derive the spectra of
the cosmological perturbations for the MGB model with k-
essence. In Sec. IV we calculate the power spectra and
spectral indices. Concluding remarks are given in Sec. V. In
Appendix A we justify some approximations made in
Sec. III. In Appendices B and C we present details of
the calculations of the scalar and tensor perturbations,
respectively. Appendix D is devoted to ghost issues in
general F(R,G) theories and to the particular case consid-
ered here.

II. FIELD EQUATIONS IN THE MGB MODEL

A. The action
Consider the MGB action of the form

Swn = [ 0| ot (R+ 1) + 2], ()

where Gy is the Newtonian constant and f is a smooth
function of the invariant J defined by (2). We will assume
that the value of Gy is provided by the measurements in the
Solar System since the modifications of gravity should be
relevant only for short distances. Matter is represented by a
Lagrangian £ as a general function of the scalar field 8 and
kinetic term

X=g"0,0, (4)

This type of scalar field theories, dubbed k-essence [19,20],
is very general and includes the canonical scalar field
theory as a particular case. A k-essence is dynamically
equivalent to a generally nonisentropic and nonbarotropic
potential fluid flow, whereas a purely kinetic k-essence is
equivalent to a barotropic potential flow [21,22].

For a general Friedmann-Lemaitre-Robertson-Walker
(FLRW) metric with line element

ds*= g,(g) dx*dx?

12
—ar—a2() | + SV (g2 Gin2gagr)] . ()
K

one finds
K
J2=H*+ a2 (6)

where k = 1, —1, or O for closed, open hyperbolic, or open
flat space, respectively. Then applying the Euler-Lagrange
formalism (for some efficient methods see Refs. [6,23]), we
find a modified first Friedmann equation in the form

1 3f o 87TGN
12+6<f(1) —Ha—H) ==/ (7)

Hence, the left-hand side is a function of @ and H only and
the second Friedmann equation will be linear in H. The
above equation extends the x = 0 result of Ref. [6] to
arbitrary « values (see also Ref. [23]). In the next section,
the Friedmann equations are derived directly from the field
equations with a specific function f(J).

An interesting particular case is obtained for

1) =520 )

where 7 is a coupling constant of dimension of length. In
this case the Friedman equation (7) takes the form obtained
in the spatially flat holographic cosmology [7.,8,10] if we
identify the constant # with the AdSs curvature radius. In
the following, we will study the action (3) with (8), i.e.,

S = 16;GN/d4x\/—_gF(R,g)+/d4x\/—_gE, 9)

where

F(R.G) = -R +2% (—R + VR - 6g)2. (10)

B. Scalar-tensor representation

It is well known that f(R) gravity can be described by a
dual scalar-tensor action with a single scalar (for a review
see, e.g., [24]). More general extended gravity theories, as
is the action (9), may need additional scalars [25,26]. Here
we follow the approach of [26] to find the dual action. For a
general gravitational action with an arbitrary dependence
on some metric invariants X“ (e.g., R and G)
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$i = [ dtrv=grx,) (11)

we can form a dual action by making use of a Legendre
transformation

&—/fW%mv—ww» (12)

where yw, are scalar fields that satisfy the following
relations:

OF . ov
"/ _ﬁ’ X —awa. (13)

For the action (9) with (10) the dual version is

1
Sp = 16”GN/d4xH(W1R +y2G = V(y,y))
+ / d4X\/__g£a (14)
where
OF(R.G) (=R + v/R* - 6G)*
yir=—p—=-1- - 13
OR 144+/R* — 6G
_OF(R.G) _¢* R
=T =G ()

Then, the second set of equations in (13) reads

RV g )
Oy Oy
and by integrating these we obtain
3y + 1) (yy + £2/48
Vg = -V O) g

2y73

The variation of S with respect to the metric leads to
modified Einstein’s equations

1
-y G/u/ - Eg/wv(llll’ WZ) - gﬂuDWI + vyvaI

+ 4([]1//2)(;/“, + 2(vuvvl//2)R - 4(VPV”W2)R£

- 4(vpvyl//2)RZ + 4gyv(v/)v61//2)Rﬂﬂ

- 4(VI’V(’V/2)RW}UG = SﬂGNT/w’ (19)
where the energy-momentum tensor 7', is associated with

the matter Lagrangian £. Note that the variation of G in the
above expression is in agreement with Ref. [27]. One can

easily check that the variation with respect to y; and v,
yields a pair of equations equivalent to (15) and (16).

C. Background equations

Now we specify the background metric to the FLRW
form (5) and we assume

T} = diag(p, —p, —p.—p). (20)

Then, using the modified Einstein equations (19) we obtain
the following modified Friedmann equations:

l/ﬂ2
3(11%%) = <H2+%> <3H2—%> =87Gyp. (21)

H{l —%2 (%+3H2>] —% {1 —%2 (H2 —%)}
= —4zGy(p +p). (22)

Of course, Eq. (21) agrees with Eq. (7) for f(J) given by
(8). It is easy to show that Egs. (21) and (22) imply

p+3H(p+p) =0, (23)
which also follows from energy-momentum conservation
™., =0. (24)

In the following we adopt the usual assumption that the
early Universe is spatially flat. Then, Eqgs. (21) and (22)
with ¥ = 0 reduce to

£ 872G
H? - g4 =""N, 25
1 4 (25)
H(1 - *H?/2) = =4aGx(p + p), (26)

precisely as in the spatially flat holographic cosmology
[7,8,10].

The pressure p and energy density p are derived from £
using the usual prescription

p=2L, p=2XLx—-L, (27)
where the kinetic term X is defined in (4) and the subscript

x denotes a partial derivative with respect to X. The
energy-momentum tensor is then given by

pr = (p +p)uﬂuu - pg/w’ (28)

where
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0
u, = ;& (29)

The MGB cosmology has interesting properties. Solving
the first Friedmann equation (25) as a quadratic equation
for H?> we find

2 2
lﬂz;@i\ﬂ—ﬁ%ﬁm> (30)

Now, by demanding that Eq. (30) reduces to the standard
Friedmann equation in the low density limit, i.e., in the
limit when Gn#?p < 1, we are led to keep only the (=) sign
solution in (30) and discard the (4) sign solution as
unphysical. Then, it follows that the physical range of
the Hubble expansion rate is between zero and the maximal
value H,,, = \/2/¢ corresponding to the maximal energy
density pax = 3/(87Gn2?) [7,11]. Assuming no violation
of the weak energy condition p 4 p > 0, the expansion rate
will, according to (26), be a monotonously decreasing
function of time.

Our ambition here is by no means an attempt to explain
the very beginning of the Universe. Nevertheless, it is worth
noting that if the evolution starts from ¢ = 0 with an initial
H, < H,, the initial energy density and cosmological
expansion scale will be both finite. Hence, as already noted
by Gao [6], in the modified cosmology described by the
Friedmann equations (25) and (26), the big bang singularity
is avoided.

The expansion of the early Universe is conveniently
described using the so-called slow-roll parameters. We
use the following recursive definition of the slow-roll
parameters [28,29]:

&
= 31
€it1 HE'Z' ( )
starting with
H
& = — m . (32)

The beginning of inflation is characterized by the slow-roll
regime with slow-roll parameters satisfying &; << 1.

D. Speed of sound
The adiabatic speed of sound is given by

9
@=P) JPx__ Px _PEL (33

px pPx+2Xpxx 2Xpx

In the slow-roll regime, the sound speed deviates slightly
from unity and may be expressed in terms of the slow-roll
parameters ¢;. First, by making use of the definition (32)

and modified Friedman equations (25), (26) with (27),
we can express the variable X in the slow-roll regime as

. 2p(2 — h?)
a 3P,X(4_h2)

e+ O(¢), (34)
where we have abbreviated

h=7?¢H. (35)
Then from (33) we find

4(2 - hz) PP xx
3(4-1) pXx

c2=1+ g1 + O(e}). (36)

For example, in the tachyon model with Lagrangian
L =-V+1—X one finds [9]

42— 1?)

2_1_
3(4—1?)

Cg =

e+ O(2). (37)

III. PERTURBATIONS IN MGB GRAVITY

Here we derive the spectra of the cosmological pertur-
bations for the MGB cosmology with matter represented by
a general k-essence. We shall closely follow Garriga and
Mukhanov [30] and adjust their formalism to account for
the modification of the Einstein equations.

A. Scalar perturbations

Assuming a spatially flat background with line element
(5) with k = 0, we introduce the perturbed line element in
the Newtonian gauge

ds* = (14 2%)dt*> — (1 = 2®)a>(1)(dr? + r*dQ?). (38)

Inserting the above metric components in the field equa-
tions (19) we obtain a set of equations for ® and ¥ derived
in Appendix B. The relevant equations are (B21), (B22),
and the off-diagonal part of (B23). Owing to 6T} = 6§5p
the off-diagonal part of Eq. (B23) in momentum space can

be written as
{1 112<H2 H+H H2+ f-f)]q)
3\2H H* HH H® 2H°

n (HH H n K n K
S P (R | P
- G52 T amen

6 \i> H 18H a’
W (H 1\. hH.
3<H H) 6H (39)

where h = 7H. Hence, the slip parameter defined in
momentum space as
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o
=y (40)
is in general a function of k and ¢ and can be calculated
numerically for a specific inflation model. However, mak-
ing use of the slow-roll parameters will prove helpful to
develop a model independent estimate on 7 at horizon
crossing (i.e., k = aH). First, with the help of (31) and (32),
Eq. (39) with k = aH becomes

<1 N 3+&(2-3e) — 3%+ 3ey63 h2>c1>

1881
2—382 l +81 .
(1= 22 e T g
< 1881 > + 3€1H
1 .
Y = 0. 41
+6€1H ( )

In the slow-roll regime, it is reasonable to assume

f=0(e)Hf, (42)

where f stands for an arbitrary smooth and slow varying
function of time. For example, H = —¢ H?, &, = e,He,
etc. In view of the above relation, we introduce arbitrary
parameters €4 and ey of order O(e;) and write

b = EcpH(D, ¥ = 8\PHlP (43)
Then we find

- 18e; —(2—3¢&, +3ey ) h?
= 1881 - [(—2+382—6€¢)61 +3<—1 +€%—82€3 —28,1))]1’12‘
(44)

The above expression is exact on the proviso that ® and ¥
satisfy (43). Note that # — 1 as & — 0, as expected. Now
we make an approximation by taking all epsilons to be
nearly equal, i.e., & ~e)~e3~ep ~ey~e. Then we
obtain

18¢ — 2h?
T 18e+ (3+8e+3e2)h?’

n (45)

The above function n = #(¢, h) has a single minimum and a
single maximum which yields the lower and upper bounds
on 7 as

2
—z<n< 1. (46)

The maximum is found for 2z — 0, while the minimum for
e — 0. If we require # > 0, Eq. (45) implies

h2
£ > 3 (47)

For sufficiently small ¢ we have

N3+

O N

(45 + 8h?) % +0(e?). (48)

In the intermediate slow-roll regime (e; ~ h*) one can
calculate # numerically for a specific model of k-essence.
However, it is possible to obtain a rough model indepen-
dent estimate in the intermediate slow-roll regime assuming
as above &) ~ e, ~e3~ep ey~ e Let g, denote the
value of & close to h%. Then

16

~— 49
21 + 8¢, + 3¢5, (49)

’/I|s~h2

and hence, we have 7|,.,2 > 0. Moreover, assuming that
inflation ends when & ~ 1, then 7|,_,» > 1/2.

The above estimates rely on the assumption that all of the
epsilons are nearly equal. Nonetheless, it provides a simple
and illustrative analytical description. In the following we
will consider yet another approximation: we will adopt the
simplification that during inflation # can be taken to be a
constant between 0 and 1.

B. Scalar power spectrum

Using the definition (40) we can express the remaining
perturbation equations in terms of @ and #. The perturba-
tions of the stress tensor components 677 are induced by
the perturbations of the scalar field 6(¢, x) = 0(t) + 50(t, x)
and the perturbation of the metric. Using the energy
conservation (23) and the definition (4) of X one finds

p+p| /00 60
o1y =22 Kg) —‘P}—3H(p+p)z, (50)

8T = (p +p) (%9)[, (51)

where the adiabatic sound speed ¢, is defined by (33).
Using (51), Eq. (B22) becomes

: R(H H 4\Vo

2-?) (D4 HY) —— (= + =5 ——

( )@+ HY) 9 <H+H2 H) a?
n: V2(® + HY) 50
— = 81G —. 52
off " zGy(p +p) 5 (52)

Multiplying this by 3H and adding to (B21) with (50) we
obtain
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2<1 ~ h2> V2O HR V(D + HY)

g a? 3H a?
h? H+H 4\ V2o  h? B*V20
3\ H?> H) & 9H o
60\ -
CS

Here, in the last term on the left-hand side we have made a
replacement V2 — —k%. Next, employing the slow-roll
condition (42) we neglect ® in the second term, use the
horizon crossing relation k = aH, replace ¥ by ®/5 and
approximate # by a constant, as discussed at the end of
Sec. IIT A. Then, by making use of the definitions (31) and
(32), from (53) we obtain

Vi + 50\ @
7/7:471'GNP 2”[(#> ——], (54)

where

h? & 2 1\ A
=1l4+—(1+—= —4+—|—. 55
() G o
This is our first basic equation. The second equation is

obtained from (B22) in which we replace V> — —a’H?.
Then we find

(a® + BH®D) ; = 4nG\STY, (56)
where
[ |
=l —— 57
. 6 T18e, (57)

1 11 h? N1 #e
=) -=(1-=)——=2. (58
g n <9+2n) 18( 11)81 18¢ (58)
Next, by noting that #/a = O(1) and employing the slow-

roll condition (42) we can neglect the first term in brackets
on the left-hand side of (56). Furthermore we use

(a®) = aH® + a® ~ aHD (59)
and finally obtain

f(a®@) ~4xGya(p + p) % (60)

Now, we can proceed in a way similar to Ref. [30] (for
more details see also [10] and the Appendix of [9]).
Introducing

c2, (61)

Egs. (54) and (60) can be put in the form

50\ @ &2
) =4 ——— pV20, 62
<9> n  4nGna*(p +p)ﬂ (62)

(a®) = 4nGna(p + p)%%g (63)

As shown in Appendix A, we can neglect the first term on
the right-hand side of Eq. (62). With this, we find two
equations

a(HE) = ¢y, (64)
ay = 772 HV?¢, (65)

where

ad 50
=, == 66
4G H T g (66)
and
_a [ptp_aH J(-F/2)a o)
¢ B Cq AnGny

In conformal time 7 = [ dr/a Egs. (64) and (65) yield a
second order differential equation

7

V=BV~ Sy =0, (68)
F4

where
v =2zy. (69)

The function v is related to the gauge invariant quantity

50
(=t H, (70)

introduced in Ref. [30]. Indeed, using (66), (69), and (70)
we have

C dr GN Zé_:
’U—Z(H a é:)—Hv (71)
where we have neglected the second term in brackets being
of higher order in ¢; as shown in Appendix A. The quantity
¢ measures the spatial curvature of comoving (or constant-
0) hypersurfaces.

As usual, Eq. (68) is solved in momentum space where it
reads
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"
vy + (Ezkz - Z;) vy = 0. (72)

The quantity z”/z can be easily calculated up to the second
order in ;. However, as we have systematically neglected
the terms of order O(¢7) it is consistent to keep only the
dominant contribution to z”/z. In the slow-roll regime one
can use the relation [31]

1+€1
aH

T= + O(e?), (73)
which follows from the definition (32) expressed in terms
of the conformal time. Keeping the terms up to the first
order one finds

Z// 1
S-S0 - 14106, (74)
where

9 h?
2 2 1
v 4+3( +—2—h2

)81 + 3e,. (75)

We look for a solution to (72) which satisfies the positive
frequency asymptotic limit

e—iZ'kT

V2¢k

Then the properly normalized solution to (68) which up to a
phase agrees with (76) is

lim v, =

T——00

(76)

o= Y (o) 2 (2ke), ™)

where H £1> is the Hankel function of the first kind of rank v.
In the limit of the de Sitter background all ¢; vanish so
v = 3/2 in which case the solution to (72) is given by

e—ii‘k‘r i
—¢ (11, 78
n = (1) 78)

Applying the standard canonical quantization [32] the
field vy is promoted to an operator and the power spectrum
of the field {, = v;/z is obtained from the two-point
correlation function

(&ilu) = (b} /22 = a8k +K)|E>. (79)
The dimensionless spectral density

k3 H2
2n%7?

i3
Ps(k) =55

ICl? = |0l (80)

with z given by (67), characterizes the primordial scalar
fluctuations. Next, we evaluate the scalar spectral density at

the horizon crossing, i.e., for a wave number satisfying
k = aH. Following Refs. [29,33] we make use of the
expansion of the Hankel function in the limit ¢kz — 0

HY (=eke) = —LT() (‘Zk’) ” (81)

T

where the conformal time 7 < 0 and k is the comoving
wave number. Using this we find at the lowest order in ¢,
and &,

GhH? (B/r)* %y p
~ ——— 1= (2+2K —In=—
Ps nce; 1 —h?)2 - ni/ “

- <2K—ln§) <82+2ﬁ—2hz€1>}, (82)

where K =y —2+1In2~-0.730 and yg is the Euler
constant.

It is worth comparing this expression with the standard
k-inflation result [30]

GyH?
TTC €]

Psﬁ

[1-2(1+ K)e, — Ke). (83)

In the regime where < g, — 1,andy — 1, werecover
the standard result apart from a difference by a factor of 2 in
the &, correction in square brackets. The reason for this
discrepancy is due to the linear dependence of z on ¢ as
opposed to /e, dependence in the standard case. Although
the field equations of MGB gravity become identical to the
field equations of general relativity (GR) in the limit 4 — O,
MGB gravity is appreciably different from GR for small ¢,
(when p is expected to be large). Hence, GR need not have
been recovered if one first expands in €¢; and then takes the
limit 4 — 0, as in the mentioned regime h* < &;.

In the ultra-slow-roll regime where &; < h* we find a
substantial enhancement with respect to the standard result
by the factor y ~ (4 + 3)h?/(18ne,).

C. Tensor perturbations

The tensor perturbations are related to the production of
gravitational waves during inflation. The metric perturba-
tions are defined as

ds® = di* — a®(1) (8 + hyj)dx'dx/, (84)

where h;; is traceless and transverse. Inserting the metric
components in the field equations (19) yields an equation
for the perturbation h;; which we derive in Appendix C.
Assuming as usual no contribution from matter we write the
equation for h;;, Eq. (C21), in the form
2

§ : ) Vh;
A+ B3Hhy; + DHhyj = C—3 =0, (85)
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where A, B, C, and D are functions of H and its derivatives
which we can be expressed in terms of ¢;. Using (31) and
(32) we find

2

h
A=14+—(1
ta(1+e), (56)

h? 2 2 8, , 2 1
B=1+—(1-ze +ze+ze]—&—s€186 +58¢8; ),

6e, \ 37173273 3 3
(87)
hZ
C=1+—(1-¢€—ee;+ e263), (88)
681
h2
D =—s¢,. &9
3¢, ) (89)

We now proceed as in Sec. [II B and divide (85) by A

. B_ . D CVh;;

=0.  (90)

At the beginning and at the end of inflation the coefficient
D/ A tends to zero and B/A and C/A both tend to unity. At
quadratic order in &; we find

B 2 1 <8+M>2

a-lmza et (3t )
2 2 1
—583—“?81824'58283, (91)
C 36 6
Z = 1 — & —F&’% + (—1 +ﬁ>8182 +€283, (92)
D 12
X:282_2€%_ﬁ81€2. (93)

Now we proceed by solving Eq. (90) in the usual way.
Keeping the linear order in ¢;, Eq. (90) becomes

i’il‘j‘l—H(3—2€l _SZ)hij+2H282hi/'_(1 —82) ) —0
’ ’ a

(94)

To solve this one uses the standard Fourier decomposition
in conformal time 7

(o) = s | Y hiF)e; 1), (95)

where the polarization tensor e;; satisfies k"ef]- =0, and

! . .
ej;e;; =26,y with comoving wave number k and two

polarizations s = +, x. The amplitude 4} (z) then satisfies

W} + 2aHh, — (2e) + &;)aHh), + 2a*H?e,hy,
+ (1 - Sz)kzhk = 0, (96)

where we have suppressed the dependence on s for
simplicity bearing in mind that we have to sum over two
polarizations in the final expression. Note that the third
term may be neglected as it is suppressed by a factor O(&7)
with respect to the last term. This may be seen by
estimating the ratio aHAh,/(k*h;). Employing the trick
(42) we estimate /i, ~ O(e;)Hh, and find

aHh|, a*H?
Ch e

O(e1) = O(g). (97)

In the second equality we have used the value
k~aH (98)

near the horizon crossing. Thus, neglecting the suppressed
term and introducing a canonically normalized amplitude

a
- h
YT 162Gy ¢

(99)
we obtain the equation

; (100)

a//
vy + (k2 -—+ a2H282> v, = 0.
This equation is of the same form as (72) with ¢, = 1 and
7"/z replaced by a”/a — a’H?e,. As before, using the
relations (73) and (98) we find a properly normalized
solution

vk §<_7)1/2H51><_k,), (101)
with
V¥ =9/4 4 3¢ —&,. (102)

The spectral density of the primordial tensor fluctuations is
then given by

2

k3 k3
. (103)

Pr(k) = ) ? = g

162Gy
a

Uk

with vy, given by (101). Then, at the horizon crossing, using
the approximation (81) we find

16GH?
PT =~

” [1 —2(1 + K)e, +§Kez]. (104)
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IV. SCALAR SPECTRAL INDEX AND
TENSOR-TO-SCALAR RATIO

The scalar spectral index ng and tensor to scalar ratio r
are given by

d1nPs 1 dinPs
s dink ~ H(l—¢,) dt (105)
Pr
_ T 106
= (106

where Pg and Pr are evaluated at the horizon crossing. The
second equality in (105) is obtained with the help of (73)
and the horizon crossing relation k = aH.

To be consistent with our approximation, in the calcu-
lation of ng and r we keep only the lowest order corrections
to the leading term. From (82) and (104) we find at linear
order

)el —2¢e, + O(e?) (107)

and

144(2 — h?) n(4n + 3)'/2
r= ( ) n4n +3) e}l + ae, + bey + O(e?)],

2 (1_’7)3/2
(108)
where
2h? 2 4 3 9+ 11 9
a= > K + 5In nte_ 2(’7 +1ln+9)
2—h 2—h 1—-n R (4n+3)(1-n)
3T +43n+27) 2(2-h?) PD.xx (109)
2(4n+3)(1—=n)  3(4-h*) p% "’
8 4n+3 3n(3n +4)
b==-K+In + . 110
3 1—n  2(@n+3)(1-n) (110)

For comparison, it is worth quoting the results we have
obtained in holographic cosmology (HC) [10]

2(2 - hz) PP xx
r|HC:l6£1 |:1+K82 —I—m p2X &1 (111)
and
8h? PP xx
nS|HC:1—281—€2—<2+m p?X 8%
2(2_h2)prX
—(34+2K+——7-—
( + +3(4—h2) p%( €18
—K82€3, (112)

which, in the limit 4% — 0, coincide with the results
obtained in the standard k-inflation [33] in general rela-
tivistic cosmology. Clearly, there is a significant deviation
from the standard cosmology: the leading term in (108) is
suppressed by a factor

9(2 — h?) n(4n + 3)'/?
hz (1 _ ,1)3/2

€1

compared with (111) and the first order corrections to ng in
(107) are enhanced roughly by a factor of 2 compared with
(112). It is interesting to note that a similar suppression of
the leading term in r is obtained in a recent model [34]
based on f(R) gravity.

Our analysis and the results obtained so far have been
basically model independent. To make a comparison with
observation, e.g., to plot r versus ng, we need to specify a
model. A model which can be easily treated is the tachyon
condensate [35] which has been extensively studied in the
context of inflation [29,36-45]. Tachyon models are of
particular interest as in these models inflation is driven by
the tachyon field originating in M or string theory. The
basics of the tachyon condensation are contained in an
effective field theory [35] with Lagrangian of the Dirac-
Born-Infeld (DBI) form

EDBI = —l/ﬂ_4V(9/l/ﬂ)w/ 1- g’“’@_ﬂe,y.

The dimensionless potential V is a positive function of 6
with a unique local maximum at § =0 and a global
minimum at € = oo at which V vanishes. A simple
potential which satisfies the above requirements is the
exponential potential

(113)

V= e, (114)
where w is a parameter of dimension of mass. This potential
has been studied in Ref. [9] in the context of holographic
braneworld inflation.

For the tachyon model with exponential potential we
have

pp,
| (115)
Px

and

82:251(1 -%), (116)

where & = ZH is a monotonously decreasing function of
time according to the second Friedmann equation (26).
Owing to (30), the initial value of / at ¢ = O must satisfy the
restriction
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h < V2. (117)

The choice of w and A affects the e-fold number defined as

)
N:/ Hdt,
0

where ¢ is the duration of the slow-roll regime fixed by the
requirement &, (¢y) = 1. Hence, N is an implicit function of
@ and h; only. Our basic results (107) and (108) also
depend on the slip parameter # which, according to (39), is
generally a function of k and z. Our estimate at the horizon
crossing allows us to assume that #, being a smooth
function of #, is roughly constant during the slow-roll
regime. For simplicity, in the following, we will treat 77 as a
free parameter with values in the interval 0 <5 < 1.

The numerical calculations proceed as follows. For
chosen w, h;, and n we evolve our background with ¢
(0 <t < 1) to get h(z) and &, (¢) and produce h = h(e;) as
a parametric function. For each # and initial 4; the value of
ty is fixed by &, (2y) = 1. This gives N as a function of w for
each fixed n and h;. This function can be numerically
inverted to obtain @ = w(N). In this way, for fixed /; and 5
we can produce a set of curves r = r(ng) each labeled by a
value of N. Similarly, for fixed N and h; we can produce
another set of curves r = r(ng) each labeled by a value of .

In Fig. 1 the theoretical plot for fixed initial value 4; = 1
and n = 0.5 is superimposed on the observational con-
straints taken from the Planck Collaboration 2018 [46]. The
parameter @ is allowed to vary so that the e-fold number N
varies in the range 50 < N < 90. The central point where
the lines N = 50 and N = 90 cross corresponds to ng =
0.965 and r=0.0205, in excellent agreement with
observations. Similarly, the theoretical plot for varying

(118)

0.20

TT, TE,EE+lowE+lensing
m TT, TE,EE+lowE+lensing+BK14
mm TT, TE,EE+lowE+lensing+BK14+BAO
Numerical prediction from MGB model

0.15

~0.10

0.05

0'%(.)93 0.94 0.95

FIG. 1. r versus ng diagram with observational constraints from
Ref. [46]. The yellow shaded strips represent theoretical pre-
dictions for fixed #; = 1 and # = 0.5 and N ranging from 50 (top
boundary of the strips) to 90 (bottom boundary of the strips).

0.20

TT, TE,EE+lowE+lensing
w TT, TE,EE+lowE+lensing+BK14
i TT, TE,EE+lowE+lensing+BK14+BAO
Numerical prediction from MGB model

0.15

~0.10

0.05

0'%(.}93 0.94

FIG. 2. rversus ng diagram with observational constraints from
Ref. [46]. The yellow shaded strips represent theoretical pre-
dictions for fixed h; = 1 and N =75 and 7 ranging from 0.2
(bottom boundary of the strips) to 0.7 (top boundary of the strips).

slip parameter # in the range 0.2 < < 0.7 is presented in
Fig. 2. In this plot, the e-fold number N = 75 and initial
h; = 1 are kept fixed. Both figures demonstrate that there
exist a reasonable set of parameters for which the theo-
retical prediction is in good agreement with observations.

V. SUMMARY AND CONCLUSIONS

We have studied the early Universe cosmology by means
of a modified gravity model in which the gravity action
consists of a function of the Ricci scalar and the Gauss-
Bonnet invariant in addition to the Einstein-Hilbert term.
The field equations are obtained by making use of the
scalar-tensor representation of the action. We have speci-
fied the functional form of the action so that the modified
Friedmann equations have the same form as those obtained
in the holographic cosmology scenario. Furthermore, we
have developed the formalism for calculating cosmological
perturbations for scalar and tensor modes with matter
represented by a general k-essence field theory. Using this,
we have derived the scalar and tensor power spectra and
calculated the scalar-to-tensor ratio r and spectral index ng.

To confront our model with observations we have
calculated ng and r for a particular tachyon type k-essence
with exponential potential. Our numerical results (see Fig. 1)
show that the predictions of the MGB model are consistent
with the Planck observational constraints. In this compari-
son we have fixed the initial expansion rate to #; = 1 and the
slip parameter to # = 0.5, and the only remaining free
parameter, the parameter @ in the potential, has been allowed
to vary in such a way that the e-fold number N varies in the
physically acceptable range 50 < N < 90.

One of our aims has been to compare the MGB model
with the holographic cosmology. We have recently studied
inflation within the latter model [10], where a modest
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departure from standard GR with k-essence has been found:
for an inflationary scenario with k-essence, the differences
in the power spectrum are only found at the second order in
the slow-roll parameters (due to a change in the speed of
sound). The expression (108) shows that the tensor-to-
scalar ratio r departs from zero only at second order in the
slow parameters in contrast to the holographic cosmology
or the standard GR cosmology with k-essence where the
departure from zero is at first order.
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APPENDIX A: JUSTIFICATION FOR THE
APPROXIMATIONS MADE

Here we justify the approximations of neglecting the
term @/ in Eq. (62) and the term 4zGyé/a in Eq. (71).
First, we estimate the magnitude of the second term on the
right-hand side of (62) in momentum space. Using the
second Friedmann equation, the definition of ¢;, and
the approximate value in the ultra-slow-roll regime y =~
(4n + 3)h*/(185¢e,) we find

cyk*® (A 3Rk
4xGna®(p +p)  18na>H?*e3(1 - h2/2)’

(A1)

To make an order of magnitude estimate we can use the
value k ~ aH /c, near the acoustic horizon crossing. With
this we find

c2yk*® (4n +3)h>®
4zGna*(p +p) (2 —h*)el

> O, (A2)

which justifies the approximation of neglecting the term
@®/7n in Eq. (62).

Next, we estimate the order of magnitude of 4zGy&/a in
comparison with y ~{/H in Eq. (71). Applying (42) to
Eq. (64) we find

1 aH*9n(2 — h?)e3
O(e))H*E =~ —728%y = ! A3
(81) é: aZ c X 47TGN(1 —ﬂ)hz /’{/ ( )
and hence
47Gy o M2 —h*) e < (Ad)
a =T (T=ph e =1

This justifies the approximation made to obtain the second
equality in Eq. (71).

APPENDIX B: SCALAR PERTURBATIONS

In this Appendix we explicitly derive the equations for
linear order scalar mode perturbations in the Newtonian
gauge for the MGB model (9), (10). We apply the usual
metric formalism and assume that Christoffel symbols are
related to the metric through the Levi-Civita connection.
Using the perturbed components of Christoffel symbols in
the expressions for Ricci and Riemann tensor one can
obtain all the perturbed quantities of Eq. (19). For the sake
of completeness, in Sec. B 1 we provide the expressions
for all these geometric quantities together with the per-
turbed Ricci scalar and the Gauss-Bonnet invariant.
In Sec. B2 we derive the expressions for the auxiliary
fields y; and y,, and the final equations for the scalar
perturbations.

1. Perturbed geometric quantities

For the line element (38), the metric components are

900 = 1 + ZlP, (Bl)

gij = —a*(1)(1 = 2®)5;;. (B2)

Plugging the above metric components into the Cristoffel
symbols we find

. ) .
F80:‘P, F;)O:?(?j‘l‘, F?j:az[H—ZH(d)—l-‘P)—(I)]&j,

T, =(H-®)8,, T =50,9+050,%-5"5,0%. (B3)

The components of the Riemann and Ricci tensor are

Roi; = a*(H* + H)éij - 0,0,¥

— a5, 2(H* + H)® + H2d +¥) + &], (B4)

Ry = —a*H?(5;5;; — 5;5y;)
+a? (8,048 — 8,518 — 55" 6 + 64,67 51,) 0,0, @

+ (8 — 846,) 2a*H? (¥ +2®) +2a*HY], (BS)
. 1 . . .
Ry =-3(H*+H)+—5V*¥+3H2®+¥)+3d, (B6)
a

Ry = zai((i) + HY), (B7)

R = a*(3H? + H)5;j + 0,0;(® — ¥) + 6, V*®
— a?5;2(3H* + H)(® +¥) + H(6® + ¥) + HD).
(B8)
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With the help of the above quantities the perturbed Ricci scalar and Gauss-Bonnet invariant can be calculated yielding
5 . 2 5 4 5 » . . . "
R=-6(2H" + H) + V¥ - 5 V°® + 6[22H" + H)Y + H(4® + ¥) + D] (B9)
a a
and

.16
G=24H*(H> + H) +

. 8 . ..
— (H* + H)\V?*® — 5 H*V?Y — 96H*(H* + H)Y — 48H(2H* + H)®
a a

— 24H3W — 24H2. (B10)

2. Perturbed field equations

Scalar modes induce fluctuations in all quantities in (19). Inserting the scalar perturbations of the metric in the Newtonian
gauge and the field perturbations w, — w,(t) + Sy, the components of the linear part of Eq. (19) become

1 . :
—5 [V2oy1 = 4H2V26y, = 2(yy — 4Hijr)V>®] + 3(H? + H) Sy — 4H?6ur2)

+ 6H(jr, + H(y, — 8Hyr,) )Y — 3H8y | + 12H>6yr, + 3(jr; + 2H(y, — 6Hyr,))® = 82GST),  (BI11)

0;[=2(w1 — 4Hyry)® + (12H%jr, — 2Hyy — )W — Hoy| + 4H 8y, + Sy — 4H25y] = 82GST?,  (B12)

1 r . . i
—5 (V201 — 4(H + H)V26y, = (w1 — 412) V2P + (1 — 4Hjry) V]S
+ [(3H? + H)dy| — 12H*(H? + H)dy, + 22w H — 16Hjr, + 2H (i — Hyjry) + 1, + H> 3y — 8j1)) ¥
— 2HSy, + 8H(H? + H)Sy, + 2(jr, — 12H%jr, — 4Hjr, + H(3y| — 4i,) )@
+ (r1 + 2H(py — 6Hyr))¥ + 2(yr — 4Hyjry)p — Sy — 4H?5y15]5
1 4 . 1 o 1 o i

The perturbed auxiliary fields are functions of the invariants X“ and hence

0 :
Wy (X% + 5X) ~ yry (X9) + 8‘;’(’; SXC. (B14)
Then, from (13) it follows
O*F
oy, = ———6X°. B15
W 8X08Xb ( )

Using (10) together with the spatially flat background metric the linear parts of the auxiliary fields become

2 H*(2H? + 3H FH*(H? + H
(2H* + )5R+ (H” + H)

oy, = - - 63, B16
v 361 720 (B16)
CH(H? + H P(2H? + H
Sy, = ( — ) ( = )59, (B17)
T2H 144H
where we have used the background expressions
£*H* £2H?

=—14+-— =_, B18
i 6l Y2 24kl ( )

Then, in terms of the ¥ and ® fields we find
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PHA H* 2H?\ ¢* CrH?
wi(t) + 0y = —1 +——+ ( + ) V2P + T
a

6H \H> ' H )94

wa(t) + oy =

and with that the components of Eq. (19) are

*H? H> 1\ ¢
. e A~ e VZ(D
2af <H2 * H) 36a*

2H* PH?

VY +——— (& + HY) - —— (20 + HY),
6H 3H

(B19)

PH? .

CPH? . *H .
— .
24H

UH T 12H

(*H?
72Ha>

2

(B20)

a2

—6H(l —%2>(H‘I’+<i>) +2<1 -

6
2 2 (]
ai[2<1—%>(d>+my)—%<£+ H

n(H*> H
+(l—-——=|—+
9 \2H
W V2V2io n
9H? at 18H a* 9
HH 2

n(H* H
- l-=(=-—=5+
3\2H H?
n? 90,V p? <H

H ' HH P20

n? 9'9,V*®
+— +—
9H? ot 184 a* 3

R\ V2O 2HRVA(® + HY) W2 V2V20
3H a’ 9OH d*

V2<I>+
H H* H) & 9H a?

. B ) K2\ . h? (2H
—2\3H? +2H ——— (3H?> + 4H)|¥ —2H (1 —— |W —6H |1 — — (==
{2l i e ainv—m (1= po a1 - (G

H H> H V2o h? (5HH 5H? V2y
+ + +1) | ——= |l —— [ -6 || —

H H H
i B H ﬂafajap

n? V2V2y h2<H 3H 3>v2ci> 5h2H V2

90,0  WHO 0¥

— 872G ySTY, (B21)

h: V2(® + HY)

Jfo-s(-5)s

(B22)

a? a’

9 \2H*> 2H
5h% V20
a>  18H a* 18H a’
2 ] 2 5"6"11
()%

6 \H> H a’

i

J

H H

= 8GO (B23)

a? 6H d°

In the Fourier space Eqs. (B21) and (B22) can be written respectively in the form

2h*k2
(—6 +3h% + 3

RN h
[(2—;12 -5 2H>(<I>+H‘P) +
a

APPENDIX C: TENSOR PERTURBATIONS

This Appendix deals with tensor mode perturbations and
has a structure similar to the one in Appendix B. For tensor
modes, the perturbed line element is given by

ds* = dt* — 612(5,‘]‘ + h,’j)dxidxj’ (Cl)

where h;; is a traceless and transverse tensor. In the next
section we will provide the expressions for the geometric
quantities, and in Sec. C2 we derive the perturbed field
equations.

1. Perturbed geometric quantities

The elements of the metric tensor and its inverse can be
straightforwardly obtained from (C1). Plugging them into

2.>H(<i>+H‘I’)+ (—2++
aH
H H 4> k>

2
- T+.___
9\H H* H

- ® = 872GydT), (B24)

h> Rk K
3 9a2H)

the metric connection one gets the following expressions
for the non-null components of Christoffel symbols:

2
a“ -
F?] — a2H5ij + aZHhij + ?hij, (Cz)
' ) 5ik .
Ty = HE} + -y, (C3)
[ 5in

The linear parts of the covariant, contravariant, and mixed
components of interest of the Ricci tensor are

|

. 3 .
6R;j=a*(3H*+H)h;j+=a*Hh;;+ 5V2hij,

5 (C5)
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ik Sjl 1
SR = -
a2

2

. 3 . L
<_(3H2+H)hkl+§Hhkl+ hkl_ﬁvzhkl>7

ik

o1 . .

and the linear parts of the Riemann tensor are

. . 1.
5R0i0j = 612 <(H2 + H)hl] + th] + Ehlj> ,

5R’0]0 — _511{ <Hhk1 + 2hk]) s

) 5in 5in]:1n
5R}kl - 7 (8kajhln - akanhﬂ - 6lajhkn + 818,1hjk) + k

5 : I
— =M 2H6,; — HE| (a2Hhk i+a %) ,

SR,y = —a*H(hyyby; — hyiby) — 025im5Rjkl,

where we have used the background expressions for the geometric quantities as in Sec. B 1.

2. Perturbed field equations

g

a*Hé);+ HS, <a2Hh,j + a4

(Co)

(€7)

(C8)

(€9)

(C10)

(C11)

From the equations derived in Sec. C 1 one can easily conclude that tensor modes do not induce fluctuations in the Ricci

scalar, Gauss-Bonnet invariant, and [ly,,. Therefore, the space-space component of (19) are

— 18R+ 8(9°V, V) + 4(Oy)dR; 4 28(9°V,V )R — 46(9°V,V oy )R]
- 4(gi”VpVGW2)5R§ - 45(vajy/2)R/’i - 4(VPVJ-W2)5R/’i - 45(V”V"1//2)R;;j0
+4518(V, V)R + (V,V,,)6R”] — 4(VPV°y,)3R! . = 8aGOT".

pjo

For tensor modes 6(V,V4y,,) = —6F2ﬂ1/'/b. Using this, the terms in the above equation can be expressed as

8(9°V V) = %5%}.%‘7
8(g°V,V y)R, = —%(%ﬂ + H)6*
(9°V,Vow2)8R] = Hijr,6RY,
8(V,V ) RP = —ijry(3H? + H)5i* <Hhk i+ % hk,) :
(V,Vy2)8R" = —a® Hyjr, 6, ;6R*,
8(VPVy,)RY,, = —H*jrp 5% (Hhkj - hk’)

Hi

(VPVoy,)oR! = = L2562 R, — H (i + 22 ) 6y + iy H6W by — L2 5%y
a 2 2

pjc 2
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Then, using these expressions in Eq. (C12) we obtain

1 L 1 . .. NN . 1 ..
{5(‘#1 _4Hl//2)hkj+§(3Hl//1 +y _4HW2_4<3H2+H)W2>hkj_8H3W2hkj_E(Wl —4W2)

By substituting the background expressions (B18) for the auxiliary fields we obtain

1 h? (H*> HH
2 6 \H H

h? HH 1 W (H?> 2H
—H*—(2-=5)h [
3( HZ) b 2( 6(1—1 7 an

In the limit 42 =

APPENDIX D: GHOST INSTABILITIES
IN F(R.G) THEORY

A general action

1
= d*x\/=gF(R, P,
16”GN/ xy/=gF( 0)
+/d4x\/ _gﬁmaltv (Dl)
where
P =R"R,, 0 =R"R,,,, (D2)

can be expanded around a background up to second order
in the fluctuations. It has been shown [47,48] that such an
expansion will be identical to that obtained from

b c
d*xy=g(-2A+aR + 2R - <2
16ﬂG/ * < ak+y 6C)

+/d4x\/ _g‘cmatt’ (D3)

where

1
C?=C"7Cpp = Q= 2P+ 3R (D4)

is the Weyl tensor squared and the coefficients A, a, b, and
¢ depend on the background.

The gravity theory with the four-derivative terms R? and
C? was extensively studied [16,17,47-51] and it was found
that there appear new degrees of freedom in addition to the
spin-2 massless graviton: a massive spin-0 field [with mass
m} « 1/b corresponding to the R? term and a massive spin-

2 field (with mass m3 « 1/c¢) corresponding to the Weyl
squared term]. Moreover, the massive spin-2 field is known

. 3 h* (H?
2) )i (12 (2

Vzh .
/| 5k = 82G8T'. (C20)
ﬁ+2HH+ H 2H2+£ g))
3H? ' 32 HH 3P 3H* 3))M
2H 2H*  H\\ V*h
L 2)) k’]é”‘—SnG&T’ (C21)
HH H°® H @

£?H? — 0 this equation takes the usual general relativity form.

to have a wrong sign of the kinetic term and thus has
negative energy: a ghost field.

Consider first the Minkowski background. If we linear-
ize gravity using g,, = 1,, + hy,, the traceless part of the
metric perturbation }_z/w in momentum space will satisfy

(e
k ——)hyzo, (D5)
m3) "
where
F
2 R
=-— "R D
" T, 4R, (Do)

with Fp = OF /OR etc., and it is understood that these
derivatives are evaluated on the background. Note that the
propagator for h,, can be written as [51]

1 1 1

Gk) x5 e
K e~ e —m

(D7)

The first term on the right-hand side corresponds to the
massless graviton whereas the second term corresponds to
the massive spin-2 field with mass m,. The second term has
the opposite sign, which indicates the presence of a ghost.
Hence, ghost terms may occur for a general F(R, P, Q)
theory and is parametrized by the k* mode. However, for a
theory of the form F =F(R,4P—Q) we have Fp+4F,=0
and Eq. (D5) simplifies to kzl_zm, = 0. Clearly in this case
the mentioned spin-2 ghost is absent.

Next, assume that the background is a constant
curvature maximally symmetric spacetime. In this case
and Q=R?/6. The propagator of the graviton has
the same structure as in (D7) with the ghost mass
m3 « —(Fp+4F,)~!, similar to (D6). As before, the
presence of the Weyl term implies the presence of a ghost
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field. Again, for the theory where F = F(R,4P — Q) we
have ¢ = 0, and the C? term in (D3) is absent. We are left
with an effective R? theory in which there are no ghosts.
This applies also to a general F(R, G) theory including our
model

F(R.G) = R + f(J). (D8)
where J is defined in Eq. (2).

There is still some ambiguity concerning a possible
presence of instabilities in the scalar sector. De Felice and
Suyama [18] (hereafter DFS) argue that an instability can
arise in vacuum for the scalar modes of the cosmological
perturbations if the background is not de Sitter. The cause
of instability is a term proportional to k*, which, apart from
a few exceptions (examples are provided in their Table 1),
appears in their master equation (see below). In contrast,
Navarro and Van Acoleyen [17] find no such k* instability
in the scalar sector for a general F(R,4P — Q). They derive
a propagator for the scalar field but their derivation in an
Appendix is restricted to de Sitter space although they
argue that in a generic FLRW background the results will
be qualitatively similar. This casts a certain doubt on the
validity of their result.

The analysis of DFES is based on the following equation:

1 . K . SN

dubbed “master equation” (Eq. (59) in [18]). The quantities
0O, By, and B, are time dependent background functions
and @ is a gauge invariant scalar perturbation in the spatial

slices of constant time. The quantity ® is one of the three
gauge invariant perturbations introduced in Ref. [18] to
describe general scalar perturbations for generic F(R,G)
theories. In our notation

. H(8y, — 4H*5
b=+ (l.//1 2.1//2)
w1 —4H%y,

: (D10)

where y| and y, are auxiliary fields defined in Sec. II B.
By manipulating Egs. (B11)-(B13) it is possible to
eliminate two other scalars in favor of ®, thus yielding
the master equations (D9). If a solution to (D9) exhibits an
instability (e.g., exponential growth of ®), this implies that
the scalar perturbations of the F(R, G) model are plagued
by an instability.

The problematic term in Eq. (D9) is the one that contains
the k* term. For models where this term vanishes, i.e., when
B, = 0, we have a standard wave equation. For a general
F(R,G) model, B, =0 if the background is de Sitter.

Besides, coefficient B, is identically zero for some par-
ticular cases of F(R,G), e.g., for F = f(R) + const.G or
F = f(R + const.G) [18]. Note that the models of inflation
considered in Refs. [14,15] belong to the class of models in
which B, does not vanish identically.

For short wavelengths, Eq. (D9) is solved using the
WKB approximation and the properties of the solution are
discussed in detail [18]. In a nutshell, if B, is negative o
grows exponentially with time, implying that the perturba-
tions in a FLRW universe is unstable on small scales. These
instabilities grow to the point where linear perturbations are
not valid. If B, is positive, the perturbations propagate with
group velocity

k

The group velocity exceeds the speed of light for modes
above a critical k. =~ a/(21/B,) so the short wavelength
propagation modes will be superluminal for k > k.
However, a superluminal behavior of the cosmological
perturbations is not necessarily unphysical [52]. Note that a
superluminal behavior is absent in a theory in which the
critical k., exceeds the cutoff of the theory A yofs-
Finally, we investigate the coefficients B, and B, for
models of the type (D8). We have computed these factors
for a general F(R,G) model in Newtonian gauge and our
results agree with those obtained in Ref. [18] where the
precise expressions can be found. The point essential for
our analysis is that both B; and B, can be expressed as
fractions, the denominators of which contain a factor

D = 2H(2H%jr, + Hyry — 48HHyr, g — 8H*jr,)

+ HE(jry — 4H2r,). (D12)
It may be explicitly verified that this factor vanishes
identically for models of the type (D8). To see this, consider
the background quantities

_aj__1+gg
Vi=or~ 9JOR’

OF ofoJ
Wz—ag—ajag- (D13)
Inserting the time derivatives of yw; and y, and the
derivative of y; with respect to G into (D12) one finds
that the factor D is identically zero. This implies that the
coefficients B; and B, are ill defined and the master
equation (D9) cannot serve as a check for ghost instabilities
in a model of the type (D8). In other words, the DFS
analysis is inconclusive with regard to the presence of
instabilities in models of the type (D8).
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