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Physical properties of the massive Schwinger model from the
nonperturbative functional renormalization group
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We investigate the massive Schwinger model in d = 1 + 1 dimensions using bosonization and the
nonperturbative functional renormalization group. In agreement with previous studies we find that the
phase transition, driven by a change of the ratio m/e between the mass and the charge of the fermions,
belongs to the two-dimensional Ising universality class. The temperature and vacuum angle dependence of
various physical quantities (chiral density, electric field, entropy density) are also determined and agree
with results obtained from density matrix renormalization group studies. Screening of fractional charges
and deconfinement occur only at infinite temperature. Our results exemplify the possibility to obtain
virtually all physical properties of an interacting system from the functional renormalization group.
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I. INTRODUCTION

Historically the renormalization-group approach has
been used primarily for the study of universal properties
of systems near a second-order phase transition [1-4]. The
nonperturbative functional renormalization group (FRG),
which is the modern implementation of Wilson’s RG
[5-10], has been quite successful in this respect since it
yields accurate values of the critical exponents associated
with the Wilson-Fisher fixed point of O(N) models [11,12],
comparable with the best estimates from field-theoretical
perturbative RG [13,14], Monte Carlo simulations [15-20]
or conformal bootstrap [21-24].

However the FRG is not restricted to the study of
universal properties. When the microscopic theory is
known or with the help of additional input (e.g., the
knowledge of some physical quantities of the microscopic
theory), one can compute the expectation value of observ-
ables even when the system is far away from a critical point.
The FRG has been used in many models of quantum and
statistical field theory ranging from statistical physics and
condensed matter to high-energy physics and quantum
gravity [10]. Besides the interest in models where pertur-
bative approaches or numerical methods are difficult for
various reasons, there is an ongoing effort to characterize
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and quantify the efficiency of the FRG by considering well-
known models of field theory.

In this paper, to exemplify the predictive power of the
FRG formalism, we determine both universal and nonuni-
versal properties of the Schwinger model, at zero and finite
temperature. Our analysis is based on a previous study of
the sine-Gordon model [25] and goes beyond previous
FRG applications to the Schwinger model [26,27]. The
results compare well with numerical studies except for
the finite-temperature phase diagram where, contrary to the
expectation, we find a region with spontaneous symmetry
breaking (SSB) at 7 > 0. This observation is likely an
artifact of the FRG calculation using a truncated derivative
expansion, as we will discuss.

After briefly reviewing the Schwinger model in Sec. II, we
start our discussion in Sec. III by making the identification of
the parameters between the fermionic and the bosonic theory
precise. We then briefly review the FRG using a derivative
expansion (DE) at finite temperature in Sec. I'V. In Sec. V we
investigate the phase transition of the Schwinger model and
determine the critical ratio (m/e),. and the critical exponents.
We discuss the observation of a nonconvex effective potential
in the SSB phase in Sec. VI and then, still at zero temperature,
determine the @ dependence of nonuniversal observables in
Sec. VII. This calculation is extended to finite temperature in
Sec. VIII where we also consider the issue of SSB at finite
temperature. Finally we conclude the paper in Sec. IX.

II. THE SCHWINGER MODEL

The Schwinger model [28] describes quantum electro-
dynamics (QED) in d =141 space-time dimensions.
It was originally introduced to show that a gauge field,
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for which an explicit mass term is forbidden by gauge
invariance, can acquire a mass dynamically through the
chiral anomaly. With both massless and massive fermions,
it demonstrates confinement [29,30] and thus serves as an
important toy model for real confining theories such as
quantum chromodynamics (QCD) in 3 + 1 dimensions.

The microscopic action of the Schwinger model in
Euclidean space is given by [31]

Slp.y, Al = /{—W‘(a,ﬁiAﬂ)w—mW

X

1 222 1 0 HY
+rezFﬂyF +IE€ F”D . (1)

where A, is the usual U(1) gauge field and F,, = 0,A, —
d,A,, the corresponding field strength. Moreover, y and its
conjugate y are two-component Dirac spinor Grassmann
fields describing the charged fermions. The Dirac matrices
and the real antisymmetric tensor ¢, are taken in Euclidean
space such that {y*,y*} = ¢ = diag(1,1) and €5 =
—€g; = €'°. The two free parameters of this theory are
the fermion mass m and the electric charge e (the latter has
dimension of mass in d =1+ 1). Contrary to 3+ 1-
dimensional QED, the Schwinger model permits a topo-
logical term linear in the field strength, that gives rise to an
additional free parameter, the vacuum angle 6. As the
model is a super-renormalizable theory (positive mass
dimension of the coupling constant e), it can be defined
without an explicit ultraviolet (UV) cutoff (A — o).

At low energies, the Schwinger model can be mapped
onto the massive sine-Gordon model [32] defined by the
action

S[¢p] = [C {;aﬂd;a,,gb — ucos(fp + 6) + ;Mzd)z}, (2)

with = 2y/x, the Schwinger mass M = e¢/\/z and the
parameter u, linearly related to the fermion mass m. The
bosonic action in Eq. (2) is also written in Euclidean space.
Contrary to the fermionic action, it is only well defined
with a UV regularization and the relation between m and u
depends on the implementation of this cutoff. The exact
relation between these two parameters is not well docu-
mented for the path integral formalism in the literature, as
the equivalence is most commonly proven in the operator
formalism [29,30] or in mass perturbation theory [33]
which both, at least implicitly, rely on a normal ordering
choice [34]. This freedom is of course absent in the path
integral formalism and we shall discuss the exact relation in
Sec. III. The equivalence between the theories in Egs. (1)
and (2) has also been proven at finite temperature [35].
From the form of the bosonic action, Coleman first con-
jectured a continuous phase transition between a sym-
metric phase and a phase in which the charge conjugation

symmetry ¢y - —¢ at @ = x is spontaneously broken [32].
In the SSB phase “half-asymptotic” fermions can exist as
widely separated kink-antikink pairs, as long as they are
ordered in the right way. In the symmetric phase, no kink
solutions exist. Fermions can only exist in bound meson
states, so there is confinement in the weak sense. The
byname weak refers to the fact that the fermion-antifermion
pair in the bound state can still be separated at finite
energy cost, through the creation of a new pair of particles
from the vacuum. The newly created particles form new
bound states with the original particles to screen their
electric field. Fractionally charged external particles cannot
be screened by pair creation [36,37] at nonzero fermion
mass and therefore experience confinement in the strong
sense, i.e., they can only be separated for infinite energy
cost. In the massless model, arbitrary charges can be
screened though.

Numerically the existence of a phase transition when 6 =
# was shown using various approaches [38—41]. In recent
years density matrix renormalization group (DMRG) tech-
niques have become quite popular and provide the most
accurate result for the critical value (m/e). = 0.3335(2)
[40]. Furthermore, estimates for the critical exponents were
calculated [40,42], showing that the phase transition
belongs to the universality class of the two-dimensional
Ising model.

The DMRG method also allowed the precise calcula-
tion of infrared (IR) observables, both at zero [41] and finite
temperature [43-45]. By the findings of Ref. [45] we
expect that at finite temperature there is no phase transi-
tion and the Schwinger model has a unique ground state,
see Fig. 1.

FIG. 1. Schematic phase diagram of the Schwinger model
depending on the vacuum angle 0, ratio e/m and temperature 7.
The green line marks the phase with SSB and the red ball
the critical point. Everywhere else the model has a unique
ground state.
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III. MAPPING OF PARAMETERS

To deduce the parameters of the low-energy theory (2)
from the microscopic model (1) one has to compare
renormalized parameters or expectation values in the IR
obtained in the two approaches. The Schwinger model
offers two limits which we know how to solve exactly
and can be used to relate u, M and A to m and e. One is
the weak coupling limit e/m — 0 or, in the bosonic
formulation, MA/u — 0% where the Schwinger model is
equivalent to the sine-Gordon model at K = ?/8z = 1/2
(origin of Fig. 1). In the strong coupling limit m/e — 0% or
u/MA — 0" (infinitely far into the radial direction of
Fig. 1), i.e., for massless fermions, the bosonic action is that
of a free field. In the following two subsections, we show
that both limits yield the same relation between the
fermionic and bosonic parameters.

A. Weak coupling limit

In the sine-Gordon model the soliton mass, i.e., the mass
of the fermion, is known exactly [46],

m = bA

2 (2%) {F(I—K) nu
VAo | T(K) 2(6AT

where b is a nonuniversal scale factor that depends on the
implementation of the UV cutoff [25]. For the special case
K = 1/2, which corresponds to the Schwinger model, this
reduces to

1/(2-2K)
] . 3)

Tu

m:b—A. (4)

We assume a hard momentum cutoff at p> = A?, for which

e
b=—, 5
a (5)
with the Euler-Mascheroni constant y ~ 0.5772. A discus-
sion of more general cutoff functions can be found in the
supplemental material of Ref. [25]. The relation between m
and u is then given by

A 6
U= ~—Am. (6)

B. Strong coupling limit

Even though in the strong coupling limit there is
neither a mass term in the fermionic model nor a cosine
term in the bosonic model, we can still compare the rela-
tion between u and m through the expectation value of the
chiral density. In the massless Schwinger model the
expectation value for the chiral density at 8 = 0 is given
by [47,48]

el e

() = E (7)

In the bosonic theory, this expectation value is obtained
from the expectation value of the exponential operator

( ei\/éﬁ¢>

e —2zA(0)

; (8)

where the average on the right-hand side is taken with
the (Gaussian) action of the field ¢. The propagator

A(x) = (p(x)¢(0)),

1 d? .
80 = G | e ®)

must be calculated in the presence of the same cutoff that
was used in the calculation in the weak coupling limit, i.e.,
a hard cutoff,

A0) = %m (%) - %m (%) +0o(A™). (10)

We deduce that

_ )
u= (e m= 2”Am, (11)

which agrees with the result obtained from the weak
coupling limit in Eq. (6).

In the fermionic theory, there is no UV cutoff, so it is
evident that one of the parameters e and m sets the overall
mass scale of the theory, while physics and especially the
critical point of the phase transition may only depend on the
ratio m/e. In the bosonic theory, this translates into the fact
that, provided A > e, m, the expectation values and the
critical point only depend on the ratio

m  2\m u

—_—= 12

e er AM (12)
and not, as one might naively expect, also on the dimen-
sionless ratio u/M? [49].

IV. FUNCTIONAL RENORMALIZATION
GROUP APPROACH

We apply the FRG approach to the bosonic form of the
Schwinger model (2) in Euclidean space where the imagi-
nary-time dimension has a finite length given by the inverse

temperature,
[
/_/ dr/ dr, (13)
X —00 0
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with x = (r, 7). Wilson’s idea of the renormalization group
(RG) is realized by including a scale dependent IR
regulator AS;[¢] in the partition function

gk[-]] _ /D¢€—S[¢]—Ask[¢]+ﬁj¢‘ (14)
The flowing effective action

Fd) = —In 2] + / Jp-ASlH. (15)

X

which is defined as the modified Legendre transform
of Z;[J], then smoothly interpolates between the micro-
scopic action I'y_[¢] = S[¢] for ki, > A and the macro-
scopic quantum effective action I'y_g[¢p] =T[p]. To
ensure this property AS;[¢] must behave as a masslike
term of order k for small momenta p and Matsubara
frequencies w,, i.e., for y = (p*> + wi/c37)/k* < 1, and
become negligible for high energy modes y > k>. Here
¢y is a flowing velocity that encodes the difference in
scaling between momenta and frequency and will be
defined below.
We realize this requirement by choosing

asig = [ d-ard@d@.  (6)

with ¢ = (p,w, = 2zTn) and the cutoff function

Ri(q) = ZiKyr(y) = ZiK?y o — 1 (17)

We further define the combined momentum integral and

Matsubara sum
=T —. 18
[=ry 75 (13)

n=—oo

At T =0 the frequency sum turns into an integral. The
prefactor Z, appearing in the cutoff function is defined
below. With the free parameter @ we can probe the
dependence of the final results on the precise form of
the regulator.

The idea behind the FRG approach is to integrate
Wetterich’s exact flow equation [5-7],

O] = 3 THORTL g + RO (19)

from the microscopic initial conditions I' to the effective

action [';_. On the right hand side of equation (19), F,iz) is
the second-order functional derivative of T7.

This functional partial differential equation can usually
not be solved exactly so we employ the derivative

expansion which is a commonly used, systematic approxi-
mation scheme [8,11,12,50]. At second order it relies on the
following ansatz for the flowing effective action

Rl = [ {32000 + @07 + Vi) ],
(20

which is defined by three k-dependent functions of ¢:
Zi(9), Xi(¢p) and Uy(¢p). At finite temperature the O(2)
Euclidean symmetry is broken, such that we have to
admit different renormalization functions for the spatial
and temporal derivatives: Z;(¢) # X;(¢). The initial con-
ditions for these functions are fixed by the microscopic
action (2),

Xi, (@) =1, (1)

U (¢) = %M2¢2 — ucos(Vangp + ). (22)

One can split the effective potential into the mass term
and a periodic contribution: Uy(¢p) =L Mig* + V(o).
Since Eq. (19) only depends on the second derivative of
'y, which is periodic in the field, the periodicity of Z,(¢),
Xi(¢) and V(¢p) is preserved during the RG flow and the
mass term does not renormalize: M; = M.

As in the study of the sine-Gordon model [25], it is
convenient to use the dimensionless functions

) =20, xw) =0 o - 29,
(23)
where
Zi = (Z(9)) > X = (Xi(9))y (24)

and (- -), denotes the average over [—z/f, z/f3]. We also
define

N = —87 IOng, gk = —0, IOng. (25)

One can also introduce dimensionless spacetime
coordinates

7= kr, 7 = cikr, (26)

where ¢, = \/X/Z; is a running velocity. The latter is
however not the actual, physical, velocity

2 Xi(dox) _ 2 Xi(dor)
oS = Ze(ow)  F Zi(dos)’

(27)
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which is defined from the minimum of the potential:
Ui (¢ox) = 0. In practice, the difference between c; and
Ckphys 18 small. Note that we do not rescale the field. This
agrees with the fact that ¢ is an angular variable in the sine-
Gordon and massive Schwinger models and has therefore a
vanishing scaling dimension (as evident from the fact that ¢
appears inside a cosine).

These dimensionless functions however do not allow us
to find a fixed point associated with a transition that
belongs to the universality class of the two-dimensional
Ising model. For example, it is well known that the field has
scaling dimension 1/4 at this transition, which seems to be
incompatible with the angular character of ¢ in the massive
Schwinger model. Thus, to obtain a fixed-point solution
with nonvanishing scaling dimension of the field, one has
to allow for a rescaling of the field, at least for fields near
the origin, which is the important field range to understand
a second-order transition. At the critical point (anticipating
parts of the discussion in Sec. V), we indeed find that the
minimum of the potential vanishes as ¢ ~ 1/4/Z;(0) ~
k"/? with n = limy_ 1y, so that the rescaled variable éﬁo,k =

/Z(0)¢hox reaches a fixed-point value ;. This clearly
shows that Z;(¢o,) has the usual meaning of a field
renormalization factor near the transition and # can be
identified with the anomalous dimension. In practice, we
define the rescaled field ¢ by

S Zy, )\ sin(pg)
¢(¢)—¢+< Z 1) F; (28)
and redefine Z, and X, as
Zi = 7;(0), X = Xi(0). (29)

The change of variable (28) preserves the periodicity of the
flow equations whereas ¢ ~ ¢/+/Z;, for ¢p — 0. The redefi-
nition (29) is necessary to identify n = lim;_,y#; with the
anomalous dimension. From a practical point of view, the
rescaled field allows us to zoom in on the small-field region
even using an equally spaced grid in @, which is necessary
to study the vicinity of the critical point where ¢ ; becomes
extremely small. The change in the definition of Z;
effectively only changes the regulator’s amplitude, i.e.,
a, to which the RG flow is insensitive far from the critical
point. Near the critical point o needs to be optimized
anyway (see Sec. Vand Appendix A) and the change in the
definition of Z; only affects the optimal value of a. We
emphasize that the nonlinear transformation (28) is only
employed when looking at the phase transition. All expect-
ation values in Secs. VII and VIII are obtained using a
regular grid in ¢.

The flow equations for the functions U;, Z; and X can
be obtained from Eq. (19). They differ from those of the

sine-Gordon model [25] only in the initial conditions. For
the determination of the function X, a discrete derivative,
using the smallest Matsubara frequency, is used. The
numerical results confirm that this choice performs better
than a continuous derivative. We display concrete expres-
sions for the flow equations in Appendix B.

V. PHASE TRANSITION

We study the continuous phase transition at zero temper-
ature, i.e., on the 7 = 0 plane of Fig. 1. By choosing 8 = 7,
we further restrict ourselves to the axis of the phase
diagram where only the parameter u/MA needs to be
fine-tuned to arrive at the critical point (red dot of Fig. 1).
This point is defined by an infinite correlation length, i.e.,
lim;_o U} (0)/Z;(0) = 0. Using Eq. (12) we find the
critical ratio

(e)c = 0.318(13), (30)

m

which is in good agreement with the most accurate result
found in the literature (e/m),. = 0.3335(2) [40].

We also determine the critical exponents # and v. The
anomalous dimension 7 has been defined in the previous
section. The exponent v characterizes the divergence of the
correlation length and can be obtained from the flow of
U (@) near the critical point and for ¢ ~ ¢y

0,0(d) = A(p)e (31)

at long RG time |t| (r =In(k/A)). The exponents were
optimized using the principle of minimal sensitivity (PMS)
on the parameter a. More details can be found in
Appendix A.

Our results agree with the theoretical values of the
Ising model in two dimensions, see Table I, to an
accuracy that is typical of a second-order DE calculation
within the FRG [10,12]. We conclude, in accordance with
previous studies [40,42], that the critical point of the
Schwinger model belongs to the two-dimensional Ising
universality class.

TABLE 1. Critical exponents # and v in the massive Schwinger
model obtained from the FRG approach and compared to those of
the two-dimensional Ising model. The error due to the DE2
truncation is not included.

n v
Schwinger model (FRG-DE2) 0.289(4) 0.949(12)
2D Ising (FRG-DE2) 0.289(4) 0.946(11)
2D Ising (exact) [51] 1/4 1
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VI. CONVEXITY IN THE ORDERED PHASE

In the following, we want to determine nonuniversal
expectation values in the IR, where the effective action
should have converged to a convex functional. However
as can be seen in Fig. 2, the effective potential does not
become convex in the ordered phase. This is caused by 7,
tending towards 2 (from below) on the concave part of the
potential. As a consequence Z;(¢) is unbounded in this
region, while on the convex part 7;, reaches zero and thus
Z,(¢) a finite value, leading to nonanalyticity in Z, near the
potential minima.

More importantly, unless 7, converges to 2 extremely
slowly, i.e., lim;_(2 — ;) Ink — —oo, which is not real-
ized in practice, the regulator function R; will approach
a finite value in the IR, R, = Zk>yr(y) ~ K’yr(y) for
fixed y and k — 0. This violates our initial requirement,
R;—o(q) = 0, that ensured the convergence of I'; to the
quantum effective action of the Schwinger model, and
allows the effective potential to remain concave. On the
other hand, it is not possible to choose a point of
renormalization Z;, = Z,(¢,) with ¢, on the convex part
of the potential. Since Z;(¢) is unbounded, the regulator
cannot ensure the positivity of the propagator and a pole
is hit at finite RG time. Note that, except in a few cases
[52-54], the DE does not in general guarantee the con-
vexity of the effective action I';_ and nonconvex potentials
have been obtained in other models [55]. So far it is unclear
whether a regulator can be chosen such that both these
problems can be avoided.

However, the concavity is only conceptually problem-
atic. In practice, the mass M effectively stops the flow of
physical observables at a finite scale where the lack of
convexity and the pathological small-k behavior of R, are
irrelevant. Many IR observables can therefore be accurately
predicted as shown below.

Ui /M2 + const.

1.50 A
1.25 A
4 1 1.00 A
0.75 A
0.50

0.25 A

T T T 000 L T T T
-2 0 2 -2 0 2
vang vang

FIG. 2. Effective potential U(¢) (up to a constant) and the
function Z (¢) for k — 0 in the symmetric and ordered phase as
well as near the critical point. Note that in the ordered phase the
potential has not become convex and Z, develops a nonanalytic
structure. Z, is normalized according to Eq. (29) near criticality
and according to Eq. (24) otherwise.

VII. DEPENDENCE OF OBSERVABLES ON
VACUUM ANGLE 6

In this section, we present our results for various
observables at 7 = 0 as a function of the vacuum angle
6. Our discussion thus extends to the entire bottom plane of
Fig. 1. We compare with the DMRG results of Ref. [41].

The string tension 6, which characterizes confinement,
is defined as the change of energy per unit length when two
probe charges +Q are introduced in the system. In the limit
where the two charges are infinitely separated, they gen-
erate an additional background electric field that can be
taken into account by a redefinition of the vacuum angle:
6 — 0 + 5 where § = 2zQ/e. The string tension can thus
be obtained by comparing two ground-state energies at
different 6. Since the energy per unit length is nothing but
the effective potential in the FRG formalism, one obtains

00 = Upis(boo1s) — Ug(dho). (32)

where the notation emphasizes that the k = 0 effective
potential U, depends on the vacuum angle. Here, ¢ 4 is the
value of the field at the minimum of Uy. The string tension
is a periodic function of #. In the following we restrict
ourselves to # = 0 and consider (with the relabeling § — 0)

o9 = Ug(o9) — Uo(dboy)- (33)

As the order parameter, the electric field £ = — 3~ ¢ g is
also an interesting observable.

The chiral density, which serves as an order parameter
for chiral symmetry breaking, is of particular interest in the
massless Schwinger model since it is nonvanishing due
to the chiral anomaly. In the massive model, the chiral
symmetry is broken explicitly. Nevertheless, the anomaly
still leaves an imprint on the chiral condensate. It can be
obtained by taking a derivative of the partition function
with respect to u or, equivalently, the fermion mass. In
terms of the effective potential this yields

v
) = =200l cosvamp 1 0. (34)
This derivative can be obtained either by taking the finite
difference after integrating the flow equations or, as we
discuss in Appendix C, by integrating the flow equation for
0,,U; but the results are less accurate.

Finally, we are interested in the particle spectrum. This
was discussed originally by Coleman [32], who counted
the number of stable particles in all phases. Unfortunately
only the first excitation is available in the derivative
expansion approximation. Its mass is given by the pole
of the propagator,

016028-6
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(06 — 0p)/e? Ele
0.10 1
0.08
0.06
0.04 -
0.02
0.00
00 05 1.0 15 20 00 05 1.0 15 20
o/m o/m
(wle — (Py)o)le M/e
0.30 1.50
0.25 1.25 4
0.20 1.00 A
x x
0.15 0.75 1 1
0.10 1 0.50
0.05 0.25
000- T T T T T 000- T T T T T
00 05 1.0 15 20 00 05 1.0 15 20
o/m o/m
FIG. 3. The infrared expectation values of the string tension,

electric field, chiral density and the mass of the first excitation as
a function of the vacuum angle € (lines). The results are compared
with the DMRG results of Buyens et al. [41] (crosses).

U/I
M} = lim wld)
k=0 Zg () b=hos

(35)

These four observables are shown as a function of 6
in Fig. 3 where they are compared with the DMRG
results of Buyens et al. [41]. The string tension and the
electric field show an excellent agreement. From this, we
can conclude that the effective potential has very well
converged on its convex part, even though part of it
remains concave.

The mass gap is also very well reproduced in the
symmetric phase. In the broken phase, there is a significant
difference, especially for € near its critical value 6, = x.
Since the convex part of the effective potential seems to
have converged to its infrared value, it seems that the
problem must come from Z;(¢). Indeed we see in Fig. 2
that in the SSB phase Z,(¢) approaches a nonanalytic
function. While it remains regular for any finite %, its exact
structure exhibits pronounced peaks, which are hard to
resolve numerically. This is less of an issue in the sine-
Gordon model; the minimum being always at ¢ = 0, it is
maximally far away from the difficult region. The error on
the mass, which is about 10% in the sine-Gordon model for
K = % [25], gets amplified to more than 50% at € = z by
the mass term of the Schwinger model, which pushes the
minima of U, (¢) towards the peaks of Z;(¢).

Numeric results for the string tension, electric field, and
chiral density using matrix product states were also
reported in Ref. [56]. They are compatible with ours but
concern only the symmetric phase.

Our results are robust against a change of the
regulator amplitude a. Note that a must be chosen
greater than 2 to ensure that the propagator remains
positive definite [54].

As we expect, the electric field, as the order parameter of
the phase transition, is discontinuous in the ordered phase
for & = z. The string tension exhibits a cusp at this point. A
larger fermion mass allows for a larger electric field and
also stronger confinement. The larger string tension is easy
to interpret as heavier fermions imply a higher threshold for
pair production, responsible for a partial screening of
fractional charges. The same is true for the electric field,
as the quark-antiquark pairs try to screen the background
electric field. Both quantities lose their § dependency in the
limit m — 0 as is expected from the massless Schwinger
model. This also holds for the mass gap M;, which
approaches the Schwinger mass M in this limit. Near the
phase transition, the theory becomes almost massless at
0 = n. For the chiral density, the opposite is true. In the
zero-mass limit, it is strongly dependent on the vacuum
angle due to the chiral anomaly. At finite mass, the chiral
symmetry is explicitly broken, but in the weak coupling
limit m/e > 1, the theory becomes a free fermionic theory,
where the gauge field and therefore also the vacuum angle
become unimportant.

VIII. TEMPERATURE DEPENDENCE OF
OBSERVABLES

Finally we extend the discussion to finite temperatures,
i.e., the vertical dimension of Fig. 1.

In Fig. 4 we benchmark our finite temperature imple-
mentation by comparing our result for the chiral density at
m = 0 with the exact analytic expression by Sachs and
Wipf [48],

[(gw)|/e {@y)|/e
100 o
0.15 -
1074 4
-8 J
0.10 A 1o
10712 4
-16 \\
0.051 —— fin. diff. 1071 N\
----- flow eq. 10-20 N
~ -~ Sachs&Wipf RN
0001, , , , — 10724 L4 , , , ,
00 25 50 7.5 10.0 00 25 50 7.5 10.0
e/T Tle

FIG. 4. Result of our numerical calculation for the chiral
condensate at finite temperature and m = 0, using both the flow
equation and the finite difference method, compared with the
analytic result (36) of Sachs and Wipf [48].
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dr

xcosht *

M M o
7 — 7 v p21(F) I —
) =gpere®. 1= | (36)

1-e
Our result agrees both in the zero-temperature limit, where
it approaches the value mentioned in Eq. (7), and in the
high-temperature limit, where the chiral density decays
exponentially,

T—o0

(o) =327, (37)

At a value of about T'/e ~ 6 machine precision is reached,
so the finite difference method used to compute the
derivative in (34) breaks down at this point. When
using the calculation based on the flow equation (see
Appendix C), the lack of numerical precision manifests
itself as a constant offset of the function 9,,Uy(¢) which
can be easily removed and the calculation therefore
continued beyond this limit.

We now consider nonzero values of m where the
string tension and the electric field are nonvanishing.
Additionally, we will also calculate the entropy density,
which is related to the string tension by

0

SQ—SOZ—ﬁ

Oy, (38)

using the finite difference method with AT = 10~'A to
compute the temperature derivative. We first consider
the limit & — 0. To allow for nontrivial electric field,
we consider a small, but nonvanishing, value a =6/
27 = 0.05. Our results in this limit are shown in Figs. 5
and 6. They compare rather well with the finite-temperature
DMRG study by Buyens et al. [45]. In the low-temperature
regime, the agreement is better for higher values of m/e.
However, we believe that the FRG results are more reliable
than the DMRG ones for all values of m/ e in this limit; our
small, finite temperature results converge to our zero-
temperature result, which are in accurate agreement also
with Buyens’ more recent zero-temperature study [41], as
we have shown in Fig. 3.

In the high-temperature limit, our results agree very well
with Ref. [45] for the smaller values of m/e, but for higher
values the amplitude is no longer accurately reproduced.
Nevertheless the correct exponential decay is exhibited for
all values of m/e (Fig. 6). As compared to Ref. [45] we can
continue our results to higher temperatures, but eventually
fail at the threshold of numerical precision as discussed
before for the case m = 0. The difference with the results
of Ref. [45] is more pronounced in the crossover region
between the low- and high-temperature regimes, especially
for the chiral condensate. For the three higher values of
m/e, our results for the peaks are systematically higher,
even though the zero temperature limits agree.

Now turning to the case 8 =z we observe a major
qualitative difference with the DMRG [45] result: For

(0p — 0o)/e2a? Elea
0.5 1.0
0.4 0.8
0.3 1 0.6
0.2 1 0.4 1

m/e
014 024 0125 — 0.75
— 0.25 —_— 1
0.04 0.01 - 03
0.0 2.5 5.0 7.5 10.0 0.0 2.5 5.0 7.5 10.0
elT e/T
{gw)e — (gy)o|/ea (Se — So)/e?a?

1.2 4
1.0 A
0.8
0.6
0.4 1
0.2 1
0.04 -

0.0 25 5.0 7.5
e/T

FIG. 5. Dependence of string tension, electric field, chiral density
and entropy density on inverse temperature for « = 6/2z = 0.05
(continuous) compared with the DMRG results of Buyens ez al. [45]
(dotted lines). Both the chiral and entropy density are calculated
using a finite difference with respect to mass and temperature,
respectively.

1ot (06 — do)/e’a? Lot Elea
100 4 10° 4
1071 4 1071 4
1072 4 1072 4
1073 4 1073 4
1074 4 1074 4
10-5 105 4 T T
0 1 2
Tle
(So — So)/e%a?
10! 10!
10° 4 10° 4
10! 1071 4
1072 4 1072 4
10-3 ] 10734
1074 4 1074 4
10-5 4 T — 10-5 L
0 1 2 0 1 2
Tle Tle

FIG. 6. The same quantities as in Fig. 5 are shown but plotted
logarithmically over temperature, such that the exponential decay
with 7 becomes apparent. For clarity the results are only plotted
until 7/e ~ 2.5, where Buyens’ results (dotted lines) start to lose
accuracy [45].
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Elela Tcle
1.0
HSEEEE R OR % H 0.6 1 )
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0.8 1 * 0.5 1
0.6 041 ¢

0.3 1
0.4 1

mle 0.2 1 [ ]
024 x 05 |
x 0.75 0.1
0.0 4 mmosxxxx x x = 1 0.0 @ [}
elT 0.00 0.25 0.50 0.75 1.00

m/e

FIG. 7. For 0 =x, we observe that the symmetry of the
effective potential is not restored below a critical temperature
T.(m/e). The left plot shows the temperature dependence of the
electric field for different values of m/e, suggesting a discon-
tinuous phase transition, and the right plot shows the dependence
of T, on the ratio m/e.

values m/e > (m/e), we find that thermal fluctuations are
no longer able to restore the symmetry of the effective
potential below a critical temperature 7.(m/e). The
dependence of the critical temperature on the ratio m/e
is shown in Fig. 7 along with the nonvanishing order
parameter. This is unexpected since at the scale k = 22T
the model becomes effectively one dimensional as the
nonzero Matsubara frequencies become heavily sup-
pressed. Although, as discussed in Ref. [45], neither the
Mermin-Wagner theorem nor the Peierls argument apply to
the Schwinger model, a one-dimensional field theory at
T > 0 corresponds to a quantum-mechanical one-particle
problem, where SSB is usually assumed to be absent. Also,
in Ref. [45] numerical evidence was found for the restora-
tion of symmetry.

At finite temperature, the flow is eventually dominated
by the vanishing Matsubara frequency w,_, = 0 (quantum-
classical crossover). One can then approximate the
Matsubara sum by 7'}, f(w,) = Tf(0). The flow equa-
tions become one dimensional and the prefactor 1/+/Z, X,
of the loop term in the flow equations (see Appendix B) is
then replaced by

T T
=~ ] 39
VZ,i X, Zik (39)

and is suppressed when 7, > 1 (T = T/c,k is the dimen-
sionless temperature). This will occur whenever in the
quantum part of the flow the system is attracted by the
T = 0 fixed point of the ordered phase characterized by
limy_ony =2. In that case the 7 =0 fixed point
remains attractive and the symmetry is not restored. This
phenomenon is thus strongly related to the problem of
convexity discussed in Sec. VI. As noted in Ref. [57], a
similar difficulty occurs in the FRG approach to the one-
dimensional sine-Gordon model. The instantons, which
are responsible for the restoration of the symmetry in the

one-dimensional sine-Gordon model [58], are therefore
not properly taken into account in the derivative
expansion although they are accurately described in the
two-dimensional case [25].

Interestingly, recent studies have shown using symmetry
arguments that some specific quantum mechanical systems,
like a particle on a ring with magnetic flux going through
the ring, can indeed have a degenerate ground state [59,60].
The authors were able to map the free Schwinger model on
a torus with no coupled fermions, corresponding to the
limit m/e — oo, to this particular quantum-mechanical
model. Using Lorentz symmetry, this result is then also
applicable to finite temperature via a Wick rotation,
showing that the free Schwinger model has a degenerate
ground state at 7 > 0. This was shown to hold also for the
gauge field coupled to a matter particle [60]. However a
requirement of their discussion is that the matter particle
must have a charge greater than the fundamental charge,
e.g., g = 2e. Since the model discussed in our present work
has the fundamental charge, these arguments are not
applicable. We are therefore convinced that the lack of
symmetry restoration in the Schwinger model at finite
temperature is an artifact of our approach.

IX. CONCLUSION

The nonperturbative functional renormalization group
approach has proven to be an efficient method to study
the sine-Gordon model. In particular, it gives an accurate
estimate of the mass of the soliton and soliton—antisoliton
bound state (breather) in the massive phase, which is
exactly known thanks to the integrability of the model.
It also allows us to quantify the amplitude of quantum fluc-
tuations in agreement with the Lukyanov-Zamolodchikov
conjecture [25]. In this paper, we have shown that the FRG
approach is also a very powerful method, notably at zero
temperature, to determine the physical properties of the
massive sine-Gordon model, which is the bosonized
version of the massive Schwinger model. More generally,
the FRG is very useful to study quantum systems in d =
1 4 1 dimensions where solitonlike excitations may play a
crucial role [61].

By computing the critical exponents, we confirm that the
phase transition occurring in the massive Schwinger model
for a value # = 7 of the vacuum angle belongs to the two-
dimensional Ising universality class, as had been shown in
several previous studies [40,42]. Though the precision of
the critical exponents is typical of a second-order derivative
expansion (DE), more accurate results could be obtained
by pushing the expansion to higher orders [11,12]. On the
other hand, we find that the phase transition occurs for a
critical ratio (m/e), = 0.318(13) between the mass and the
charge of the fermions, which is in agreement with the
highest precision results available in the literature [40].

We have also computed the temperature and vacuum
angle dependence of various physical quantities: string
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tension, electric field, chiral density, mass gap of the
lowest-lying excitation and entropy density. At zero tem-
perature, our results are in excellent agreement with DMRG
lattice calculations [41]. The finite temperature results near
60 = 0 are also in good agreement with the lattice calcu-
lations [45], though less accurate. At ¢ =z and for
m/e > (m/e),, we do not observe the restoration of the
symmetry as expected for a quantum system in one space
dimension at finite temperature. We ascribe this failure to
the inability of our limited truncation to properly account
for all the effects of instantons in the one-dimensional
Schwinger and sine-Gordon models [57].

Whether or not topological excitations, in particular
when they are responsible for symmetry restoration, can
be captured by truncations like the DE is a very interesting
issue in many models. There is no doubt that the DE, which
yields very accurate estimates of the critical exponents
[11,12], captures the topological excitations of the three-
dimensional O(3) model in which the hedgehog singular-
ities are known to be essential [62,63]. The situation is less
clear in lower dimensions. Nevertheless, the kinks of the
one-dimensional ¢* theory [64] and the vortex excitations
(responsible for the Berezinskii-Kosterlitz-Thouless tran-
sition) in the two-dimensional O(2) model [65] are, at least
partially, captured. In the two-dimensional sine-Gordon
model solitons and antisolitons, as well as their lowest-
lying bound state (breather), are well described [25]. The
possibility to accurately describe the topological excitations
and their consequences for the one-dimensional sine-
Gordon model, and therefore the finite-temperature
Schwinger model (in d =1+ 1), remains currently an
open issue.
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APPENDIX A: REGULATOR DEPENDENCE

The critical exponents were calculated using the princi-
ple of minimal sensitivity and three different regulators,

r(y) = { a2 01 -y),

e~y
a_
y

(A1)

which all have the same limit r(y) - a/y for y - 0 (®
denotes the step function). The result is shown in Fig. 8.

0.300 ~
0.295 4
<
0.290 - —+ a(l- y)z/ye(l y)
—t= allexply) - 1)
0.285 1 —— aexp(-y)ly
0.95 -
~ 0.94 /\\»\
0.93 /\\
0I5 1I0 I 2.0 2.5
a
FIG. 8. Critical exponents # and v vs « for the three regulators

defined in (Al).

The first regulator, also defined in Eq. (17), shows the least
sensitivity of the three regulators and was thus chosen
with o = 2.

APPENDIX B: FLOW EQUATIONS

Defining the length of the system L via (27)26(0) =
L/T, the flow equations for Uy, Z, and X can be deduced
from Eq. (19) using the following identities

UA(#) = ; T, B1)
_T 5 )
Zk(¢) *iaiéqﬁ(_p’o)&ﬁ(p’o)rk [¢]’ (B2)
_T & ()
where A, denotes the finite difference operator
Buf(@) = 5= (fl0+24T) - f@)  (B4)

and the right hand sides are to be evaluated at constant field
and vanishing frequency and momentum. As discussed in
the main text, we find that the projection for X (¢) using a
finite difference leads to better results than a continuous
derivative.

The flow equations for the dimensionless functions are
then given by

. - 1
8tl]k:(7’]k_2)Uk_|—2\/Z—X1(1)80’ (BS)
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~ ~ 1 S R | ~ 1 -
0Ly =mZy + VZX, |:l§:8,1 UL} + (2500 + 2010 + 50.) UV Z) ~ ) 500Z; + ) 0. X?
1 = S | .
#3830+ 280+ 3880 )22 + 2B+ 2810 + B30XZ + 528,007 (36)

and

< T 1 0.2,0 77111 51 0,0,0 1,0,0 2,00 0,0.2\ 7111 31 1 0,0,0 31 1 0.4,0 5/
0 Xy =& Xy + [tZ,U.l UY'Zi + (26500 + 2070 + 1507 + 0D UL X, = 5 6500X( + §t2,0.lzk

NDo 2
1 1 3 -
2,00 3.00 4,00 004 | 002 102 202
+ (3’3.0,0 + 265770 + 5h01 T 3hon T oot 2610 + 56,0,1)’%2
-~ 1 -
02,0 120 | 220 , 022 0,00
+ (2350 + 2670 + 551 T o)Xz + 5 501 UZ/Z] (B7)

with t = In(k/A). The threshold functions 1 . = I (U, Z, Xy, ny., &) are defined as

a,b,c a,b,c

Ry

the= [ ape 0,600, (B3)
p.@ k
and, analogously, tZ’_’Zf = tZ”’Z’f;( U1, Zyes Xy i, ) with
. . . ~. R
P = (2T / PO (8, G) (AFG) (BY)
2 k
where p = p/k and @ = w/ck. The dimensionless propagator and its derivatives read
~ 1
G == 2 Y 52 [ ’ (BIO)
ka —|—Xka) —|—Uk+yr
0,G =—=G*(Z + r+yr), PG =2G(Zi+r+yr')* = G*(2r 4 yr"). (B11)

where y = p? + @?. In the zero temperature limit 7 — 0, the finite difference operator becomes continuous A, — 9, and
the threshold functions reduce to /7" — ["" The Euclidean SO(2) symmetry is then restored, X (¢p) = Z,(¢), so that

ab,c a,b,c*
the two flow equations for Z, and X, become identical,

~ ~ 1 - 1 ~ 1 -
02 = mZi+7- [(212:8,0 +207 0+ By + b0 U Z = 5 5502 +5 150,03

1 1 =
+(3080+ 2830+ 398, + 288, + 281 + B, + 3188, )28 (B12)

and agree with the equation found in [25] after a partial integration.

APPENDIX C: FLOW EQUATIONS FOR THE CHIRAL CONDENSATE

The chiral condensate can be obtained by integrating the flow equations for the derivatives of the functions Uy, Z;, and

X, with respect to the fermion mass m. These flow equations can be obtained from the flow equations of the effective
potential and the wave function renormalizations,

- _ 1
0,0, Uy = (1 —2)0,, Uy +ﬁaml?:8,03 (C1)

016028-11



JENTSCH, DAVIET, DUPUIS, and FLOERCHINGER PHYS. REV. D 105, 016028 (2022)

- - 1 -~ - - - -
0,0, 72, =m0, Z; + N [(ang;gJ)U;yx; + 5010, UNX) + 65,0 (0,,X))
l0,2

+ (zamlgzg,() + 28m lg,},ﬂ + am 2,0,1 10‘2

VOXZ, + (2300 + 2091 o + 1500 (0T Z; + U (0, 21))
1 - - 1 - .
+ 5 (am lggl)X;cz + lggl (3mX§<)X§<+ 5 (amlgzg.l)U;cﬂz + 1(2)81 (am U;cﬂ) UZ/

Lo XiZi + (2500 + 2151 o + 15 ) (0 XD Z, + X4 (00Z))

+ (28ml§:8.0 + 2(9,"1%:}_0 +0uly5,
1 ~ 1 -
200(0nZ]) + (36ml‘3’té,o + 2000570 + 5 O 12;3,1> z

1 00 \5
5 (Omlr00) 2k — B lr00
1 o~
#2385+ 28+ 585, ) 0u202] )
and
- - 1 . L ~ ~
00X = EOn X + JZ.X. {((%t‘z’j&?)U UZ + 150000 U0 Z, + 155107 (0, Z)
+ (2041550 + 20u1510 + 0ut3 0" + Outyo D UL,
+ (26350 + 2635 + B0 + 567 (0.0)X, + T}(0,X))
1 - U o ~
5 OutaoN UL + 5010, U UL+ (20,1550 + 200070 + 0ut351 + Outys 1) XiZ
+ (26550 + 2670 + 507 + 50 ((OnXD)Zi + Xi(04Z)
1 1 3 -
+ (38mt§:8:8 + 20,510 + 5 Onts 01 + 5 0uta 0T + Onts o +200°5 + 3 anggﬁ)x;g
1 1 3 o
#2388+ 288 + 3480+ A1+ 883 + 2005 + 282 ) @D,
1 - 1 - 1 ~ 1 =
=5 Outy00) XY =5 500(0,X0) + 5 0u 50122 + 5 tg:éj?(amzz)zz] : (C3)
At zero temperature the equations for the derivatives of the wave function renormalizations reduce to
7 7 11 0,0 72 0,0 Fri prin 1 0.0 \7Zn 1 0,0 il
0 0Ly = mZy + Z_k 5 (amlz;o,l)Uk + lz,o.l (3m Uy )Uk - B <8mlz;o,o>zk - 512,0,()(8;1121()
+ (20,0300 + 20,031 o + 0ulds, + 0ulyo VUL Z,
+ (2000 + 2101 + 555, + Lo N0 U Z; + UL (042)))
1 1 ~
+ (30ul550 + 20ub1 0 + 50ul30 1 + 20ub 00 + 200131 0+ 0nl30 1 + 5 Oubs01)ZE
1 1 U
+2 (312:%.0 + 2570 551 + 2600+ 2510+ Bo +5 13‘18,1) (%Z;)Z&J : (C4)
The derivatives of the threshold functions are
Dt = /,, PG00/ (BO) (460,64 b(0,6)7 0,0, + c(36)1%30,6) (€9
and
- . . . R, - . . g . .
Ontiyl = (a1 | PG (8,6) (836) %y (a6 9,G 4 (856) 35046 + c(836)830,6).  (C6)
' P& k
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FIG. 9. Chiral density obtained by integrating the flow equation
of 0,,Uy (solid lines), or Uy and computing the m derivative
numerically by taking a discrete derivative (dotted lines). Only
the latter compares well with the DMRG result from Buyens et al.
[45] for higher values of m/e.

where the derivative of the propagator is given as

8mG = _G’z(amzkﬁ2 + amj(k&)2 + am UZ) (C7)
The initial conditions for the various functions are
8mzkin (¢) =0, akai“ (¢) =0,
r
OnUp () = — ;’—A cos(Vanp + 6). (C8)
T

The expectation value of the chiral condensate is then
obtained by using Eq. (34). The results are compared with
those obtained through a discrete derivative in Fig. 9.
Contrary to the discrete-derivative method the flow-
equation approach works only for small values of e/m.
The reason is probably similar to the one invoked in
Sec. VII for the explanation of the deviation of the mass
gap from the DMRG results.

APPENDIX D: NUMERICAL IMPLEMENTATION

The hard UV cutoff is implemented by limiting the
integration or summation boundary by y < min(A?/k?,25)
where y = (p? + w3/c3)/k*. The additional cutoff at
Ymax = 25 at which the integral is already suppressed by a
factor of e is considered for numerical reasons. If the
number of Matsubara frequencies falling into this interval is
greater than N, = 30, the flow is approximated by the zero
temperature equations. N ., = 30 was determined by requir-
ing that the error of the quantity 7, — &, due to this
approximation is indistinguishable from numeric noise.
This quantity is vanishing at zero temperature and therefore
an indicator of the importance of thermal fluctuations. The
integrals are implemented using the GNU Scientific Library
(GSL). The derivatives of the functions U (¢), Z;(¢), X, ()
and their derivatives with respect to m are evaluated in
Fourier space, exploiting their periodicity. This is imple-
mented with the GSL fast Fourier transform. The variable ¢
was discretized and a grid size N = 128 for the various
functions was found to be sufficient. Finally, the flow equa-
tions are integrated using a 4th order Runge-Kutta algorithm.
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