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Production of excited heavy quarkonia in e*e~ — y*/Z° - ((QQ)[n]) +7
at super Z factory
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Within the nonrelativistic quantum chromodynamics framework, we make a comprehensive study of the
exclusive production of excited charmonium and bottomonium in e*e™ — y*/Z° — |(Q0)[n]) +7
(Q = c or b quarks) at a future Z factory, where the [n] represents the color-singlet n'S,, n3S;, n'P,,
and n’P; (n = 1,2,3,4;J = 0, 1, 2) Fock states. The “improved trace technology” is adopted to derive the
analytic expressions at the amplitude level, which is useful for calculating the complicated nP-wave
channels. Total cross sections, differential distributions, and uncertainties are discussed in system.
According to our study, production rates of heavy quarkonia of high excited Fock states are considerable
at a future Z factory. The cross sections of charmonium for 2S-, 35-, 4S-, 1 P-, 2P-, 3P-, and 4 P-wave states
are about 53.5%, 30.4%, 23.7%, 13.7%, 6.8%, 9.2%, and 9.2% of that of the 1S state, respectively. And
cross sections of bottomonium for 2S-, 3S-, 4S-, 1P-, 2P-, 3P-, and 4P-wave states are about 39.3%,
12.3%, 14.3%, 7.1%, 3.1%, 2.7%, and 3.1% of that of the 1S state, respectively. The main uncertainties
come from the radial wave functions at the origin and their derivatives at the origin under different potential
models. Then, this super Z factory should be a good platform to study the properties of the high excited

charmonium and bottomonium states.
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I. INTRODUCTION

In comparison to the hadronic colliders like Large
Hadron Collider (LHC), an electron-positron collider has
some advantages, as it provides a cleaner hadronic back-
ground and the collision energy and polarization of
incoming electron and positron beams can be well con-
trolled. A super Z factory running at the energy of the Z°-
boson mass with high luminosity £ ~ 10*~3¢ cm=2s~! has
been proposed [1], which is similar to the GigaZ mode at an
Electron-Positron Linear Collider [2] and the Circular
Electron-Positron Collider (CEPC) [3]. Due to the high
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yields of Z° bosons up to 7 x 10'" at CEPC [3], it can be
used for studying the production of heavy quarkonium
through Z° decays.

The heavy quarkonium provides an ideal platform to
investigate the properties of bound states, which is a
multiscale problem for probing quantum chromodynamics
(QCD) theory at all energy regions. Lots of data for the
production of heavy quarkonium in different collisions are
collected. Taking J/y as an example, the cross section of
the inclusive production in e*e™ — J/y + X is measured
by the Bell experiment [4], the two-photon scattering in
ete” = ete J/w + X is studied by the DELPHI experi-
ment at LEP II [5], the photoproduction in ep — J/yw + X
is explored by Zeus and H1 experiments at HERA [6,7], the
hadroproduction in pp — J/y + X is studied by a CDF
experiment at Tevatron [8], and the hadroproduction in
pp = J/y + X is widely explored by ATLAS, CMS,
ALICE, and LHCb experiments at the LHC [9-12].
Meanwhile, lots of theoretical and phenomenal efforts
have been made to explain the measurements and to
explore QCD. We refer the readers to some review papers
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to get detailed information on the status, puzzles and
prospects on heavy quarkonium [13-15].

Considering the fact of the nonrelativistic nature of
heavy quark and antiquark inside the quarkonium, the
nonrelativistic QCD (NRQCD) [16,17] could be a powerful
tool to study the production and decay mechanism of heavy
quarkonium. In a NRQCD framework, the relativistic effect
with orders of vy (vp < 1) has been separated from the
nonrelativistic contributions, with v, being the typical
relative velocity between heavy quark and antiquark in
the quarkonium rest frame. v ~ 0.3 for charmonium and
v? ~0.1 for bottomonium. Meanwhile, it divides the
calculation into short-distance coefficients and the long-
distance matrix elements. The short-distance coefficients
describe the hard scattering of partons and can be calcu-
lated perturbatively via Feynman diagrams. The long-
distance matrix elements describe the hadronization of
Fock states with J©C quantum numbers into heavy quaro-
nium and are nonperturbative parameters.

It is known that analytical expressions for the usual
squared amplitudes in short-distance coefficients become
complicated and lengthy for massive particles in final states
especially for processes involving the P-wave Fock states.
To solve the problem, “improved trace technology,” which
is based on the helicity amplitudes method and deals with
the trace calculation directly at the amplitude level, is
suggested and developed [18-21]. In this way, the ampli-
tudes could be expressed with the linear combinations of
independent Lorentz structures. In this paper, we adopt this
technology to derive the analytical expression for all
processes.

In previous works [22,23], the production of ground
states (15- and 1P-wave) charmonium in e*e™ — y*/Z° —
|(cc)) +y at a super Z factory is studied at the leading
order and next-to-leading order in strong coupling constant
a, within NRQCD framework. The production of the
ground states of both charmonium and bottomonium in
ete” =y /2° > (00)) +v (Q = c,b) at Z° peak are
explored in Ref. [24], where the contribution from initial
state radiation is also considered. The production of the
ground states of charmonium via virtual photon propagator
inete” — y* — |(c¢)) +y at B factories are discussed in
system in Refs. [25-27]. In the present paper, we shall
concentrate our attention on the production of both ground
and high Fock states of both charmonium and bottomonium
in ete” — y*/Z° - [(Q0)[n]) +7(Q = ¢, b) at a future
super Z factory, where [n] is short for the color-singlet
[n'So], [13S1], [n'Py), and [n*P,] Fock states (n = 1, 2, 3, 4;
J =0, 1, 2). The analysis on differential distributions and
the uncertainties shall be discussed. This would be a helpful
support for the experimental exploration on production of
those high excited heavy charmonium and bottomnium at
future super Z factory or GigaZ mode at CEPC.

In the literature [28-31], we study the production of high
excited heavy quarkonium in the decay of W, top quark,

7% and Higgs boson. The numerical results show that we
can obtain sizable events of heavy quarkonium of high
excited [nS]- and [nP]-wave states (n > 2), which implies
that one can explore the special properties of those high
excited states in experiments and that one should consider
their contributions to the ground states properly. According
to our study, in the processes of ete™ — y*/Z0 —
|(Q0)[n]) + 7, high excited states could also be generated
massively in comparison with the ground states.

The rest of the manuscript is organized as follows. In
Sec. II, we introduce the calculation formalism and ‘“new
trace technology” for the processes of ete™ — y*/Z0 —
|(Q0)[n]) + y within the NRQCD factorization framework.
In Sec. III, we evaluate the cross sections. The differential
distributions of the cross sections and the uncertainties from
various sources are studied in Secs. III B and III C, respec-
tively. The final Sec. IV is reserved for a summary.

II. FORMULATIONS AND CALCULATION
TECHNIQUES

The cross sections for production of the charmonium
in ete” = y*/Z% - |(c¢)[n]) +y and bottomonium in
ete™ — y*/Z° — |(bb)[n]) + 7 can be calculated analo-
gously under a NRQCD factorization framework [16,17].
The differential cross sections can be factored into the
short-distance coefficients and the long-distance matrix
elements,

do = _ds(|(Q0)[n])) (0" (n)). (1)

Here 6(](QQ)[n])) describes the short-distance production
of a (QQ) pair (Q = c or b quarks) in the color, spin, and
angular momentum state [n], and the nonperturbative
NRQCD matrix elements (O (n)) describe the hadroniza-
tion of a Fock state (QQ)[n| into the heavy quarkonia
|(QQ)[n]). Here [n] is short for [n'Sy], [nS,], [n'Py], and
[n°P,] states with n =1, 2, 3,4 and J =0, 1, 2.

The short-distance differential cross section dé are per-
turbatively calculable, and the two Feynman diagrams of the
processes of e~ (py)e”(p2) = r*/Z° = [(QO)[n])(q1) +
v(g,) are displayed in Fig. 1. Since the Feynman diagrams
with initial state radiation can be identified in experiments,
they are not considered here. The perturbative differential
cross section can be expressed as

ds(|(QQ)[n *d®,. (2)

1 -
= M(n
D) 4\/(p1-pz)2—M‘$Z| )

where ) stands for the average over the spin of the initial
particles and sum over the color and spin of the final particles
when manipulating the squared amplitudes |M(n)|*. In the
e~ e center-of-momentum (CM) frame, the two-body phase
space can be simplified as
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dd, = (2x)*s* y i _ddy
2 = (27) <P1 + P2 _;Qf> 1 2020

_ 4l
 8my/s

In the second equation, we have made the integration over
the 0 function and the azimuth angle, and 6 is the angle
between the momentum p) of electron and the momentum
q1 of heavy quarkonium. The parameter s = (p; + p,)*
stands for the squared CM energy. The magnitude of
the three-dimensional quarkonium momentum is |g,| =
(s—MZQQ)/(Z\/E), where M, is the mass of heavy

quarkonium.

The hard scattering amplitude M (n) in Eq. (2) can be
read directly from the Feynman diagrams in Fig. 1. And the
general form of their amplitudes can be formulated as

d(cos 9). (3)

2
:Z Pz ‘C”” pl) ;wAII;’ (4)

where the index k represents the number of Feynman
diagrams, and s and s’ are the spins of the initial particles.
The vertex £* and the propagator D, for the virtual photon
and Z° propagated processes have different forms,

|

1QQ)[n]) (1)

Q(fhz)
7(a2)

FIG. 1. Feynman diagrams for processes of e~ (p;)et(p,) —
|(Q0)[n])(q1) + 7(q2), where |(QQ)[n]) stands for |(c¢)[n]) and
|(bb)[n]) quarkonia. Here [n] is short for [n'S;], [#3S,], [n'Py],
and [n’P,] Fock states with n =1, 2, 3,4 and J =0, 1, 2.

E”:{_ww (5)
4C;:5’€ (1 —4sin’Oy — p°)’

g,
D=4 " (6)

; Kok
Pz (0w )
The upper and lower expressions after the big left bracket
are for the virtual photon and Z° propagated processes,
respectively, where e is the unit of the electric charge, ¢ is
the weak interaction coupling constant, 6y, represents the
Weinberg angle, and m, and I', are the mass and the total
decay width of Z° boson, respectively.

The explicit expressions of the Dirac y matrix chains Aj}
in Eq. (4) for the S-wave spin-singlet n'S, and spin-triplet
n3S, states (n = 1, 2, 3, 4) can be formulated as

Aq<s:o,1~=0) = iTr [Hgl (¢)R*

~(do + d12) + mQ
(42 +q12)* _mQ Aq )}

A== gy [HS, (9)¢(a2)

%wwmqamn@mmm

The first two amplitudes are for S-wave spin-singlet states
and the last two are for S-wave spin-triplet states. €,(q; ) is
the polarization vector for the spin-triplet states. Hg (g) and
I15 (q) are the projectors for spin-singlet states and spin-
triplet states, respectively, with g being the relative mo-
mentum between the two constituent quarks of heavy
quarkonium. The two projectors have the following form

11, (9) = ——— (g1~ m)rs(s +mo) ® -
b 8mQ 12 0)75(411 0 N
-1 O;;
15 (q) = (qlz mo)ve(gi +mg) ® < (8)

3

(g2 + d11) +mg R”}
(g2 +q11)* —mp ’

(> + d12) + mQ
(qz +q12)* —mj, A )]

+ +m
(4> %11)2 % RD} (7)
(g2 +qn)° —mp
[
where ¢;; =4 + ¢ and ¢, = 4 — g are the momenta of

the two constltuent heavy quarks and 6;;/+/N. is the color
operator for color-singlet projector with N. = 3. For the
S-wave states, the relative momentum ¢ is set to zero
directly. The vertex R* in Eq. (7) is

_— —ieegy”
Loy (1 —deg sin®Oy — 1)

4 cos Oy

©)

where the upper and lower expressions after the big left
bracket are for the virtual photon and Z° propagated
processes, respectively. Here ey, = 2/3 for ¢ quark and
eg = —1/3 for b quark.
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We now turn to the Dirac y matrix chains A} in Eq. (4)
for the P-wave spin-singlet n' P, and spin-triplet n’P, states
(n=1, 2, 3, 4), which can be expressed in terms of the
S-wave ones in Eq. (7),

U(S=0,L=1 d  ys=0.L-0
-’41( ) = €/}(¢11 )df A1< ) s
qﬁ q=0
U(5=0,L=1 d  (5=0,L=0
/42< )= 6/3(611)7 A2< ) ,
qﬂ q=0
W(S=1,L=1 d  us=1L-0
A1< = gép(ﬂh)d—fh( S
qﬂ q=0
U(S=1,L=1 d (s=1.L-0
AT = eyl AT (10)
qﬁ q=0

The first two amplitudes are for P-wave spin-singlet states
and the last two are for P-wave spin-triplet states. In these,
€s(q,) is the polarization vector of the n'P, states and
eéﬂ(ql ) is the polarization tensor for n°P; states with J = 0,
1, 2. The derivatives over the relative momentum qp in
Eq. (10) will give complex and lengthy amplitudes.
When manipulating the squared amplitudes |M(n)|?, we
need to sum over the polarization vectors of the heavy
quarknium. For the spin-triplet 1S, states or the spin-
singlet n'P; states, the polarization sum is given by [17]

Zeaea’ =1y = —Gou _’_%7 (11)
J, 00

where J, = s, or [, for n3S, and n'P; states, respectively. In
the case of n°P; states, the polarization sum should be
performed by the selection of appropriate total angular
momentum quantum number. The sum over polarization
tensors is given by [17]

0 (0 1

8(13 8(1//5/ = § Haﬁna’ﬁ’ s
1
1) (1)*
D ey = 5 MMy = Ty Tl ).
7.

2) 2+ 1 1
Zeéﬂ) eé’/)}’ = E (Hrla’n[)’[)” + Haﬂ’Ha’/}) - g Haﬂna’/}’ ’ (12)

for total angular momentum J = 0, 1, 2, respectively.

To get compact analytical expression of the complicated
nP-wave channels and also improve the efficiency of
numerical evaluation, we adopt the “improved trace tech-
nology” to simplify the amplitudes M (n) at the amplitude
level before evaluating the polarization sum. To shorten
this paper, we present its main idea below. For detailed
techniques and more examples, one can refer to the
literature [18-21].

First, we introduce a massless spinor with negative
helicity u_(kq), which satisfies the following projection

u_(ko)ii_(ko) = w_Ko. (13)
where k is an arbitrary lightlike momentum, k3 = 0, and
@_ = (1 —y5)/2. Then we construct the massless spinor
with positive helicity

uy (ko) = fru_(ko), (14)
where k; is an arbitrary spacelike momentum, k¥ = —1,

and satisfies kg - k; = 0. It is easy to find that u (k) has
the projection relation

u (ko). (ko) = @Ko, (15)

where @, = (1 + y5)/2. Using these two massless spinors,
one can construct the massive spinors for the fermion and
antifermion,

ugs(p) = (#+ muz(ko)/\/2ko - p,
vis(p) = (7= m)ug(ko)/\/ 2k - p. (16)
Second, by using the above identities, one can write
down the amplitude M., ¢ with four possible spin

projections in the trace form directly

M,y = NTr|(p1 + m,
M_,_y = NTr
M_,y = NTr
M,_y = NTr|[(p| + m,

w_fo(p2 — m,)A],

@y Ko(#2 — m,)A],

w_fok, (72 — m,)A],

K Ko(#2 — m,)A], (17)

~— ~— ~— ~—

where A = ¢, £/D,, A{ and the normalization constant

N =1/\/4(ko- p1)(ko - p). It is easy to check that
M. are orthogonal for each other. Thus, the squared
amplitude can be written as

M2 = My >+ Mg P+ Mg P + M 2
= M, [ + [Mo]> + M5 > 4 M2, (18)

where we introduce four new amplitudes M; with
i=1,....,4

Mgy +M_,_y My —M_,_y
My = VI M, = A
M, y—M_,, My y+M_y
My = —Hﬁ = M, = —Hﬁ =L (19)

Third, to obtain the explicit and compact expres-
sions as much as possible, we choose ky = p, —ap;

with @ = (py-pi ++/(p2-p1)? = P3p})/pi, and K =
INoe""° p1,q1,P25> Which leads to
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Ky = Noysl(p1 - q1) 72 + (a1 - p2)#1

= (p1- p2)ai — P12
Then the amplitudes M; can be expressed as

Ml = Ll X TI'[(p’l + me)(ﬂZ - me)A]
M, = Ly x Tr[(py + m,)ys(#2 — m,)A],

’

M5 = My = No[(p2 - q2)m, + (p1 - q2)m. M,
My = My + No[(p2 - q2)m, = (p1 - q2)m M., (20)
where L1, =1/(2 - p» F m?) and
Ny
My = ETI[(% +m.)ysdr (P — m,)A],
2
N,
My = _ﬁTrK?l + m,) g2 (o — m,)A]. (21)
1

The normalization factor N is determined by ensuring
ky - ky = —1. Thus, after the three steps above, the ampli-
tudes M; in Eq. (20) would be expressed by the linear
combinations of some independent Lorentz structures.
We finally discuss the nonperturbative matrix elements
(Of(n)) in Eq. (1). They can be calculated through the
lattice QCD [32], the potential NRQCD [33,34], or the
potential models [29,35-41]. In this paper, we adopt the
potential models to describe the nonperturbative hadroni-
zation of a (QQ)[n] Fock state into the heavy quarkonium
|(Q0)[n]). For color-singlet Fock states, the matrix ele-
ments are related to the Schrodinger wave function at the
origin ¥|(g)us)) (0) for the nS-wave Fock states, or the first

. . 3 101 /
derivative of the wave function at the origin ‘P‘(QQ)[,, P]><O)

for the nP-wave states [16],

(O"(nS)) = ¥ (0p)ms) (0)?
(O (nP)) = %) 1y (O

El

(22)

Due to the fact that the spin-splitting effects are small, the
same values of wave function for both the spin-singlet
and spin-triplet Fock states are adopted in our cal-
culation. Further, the Schrodinger wave function at the
origin ¥|pp)1s)(0) and its first derivative at the origin

‘I’T (00)nP)) (0) are related to the radial wave function at the

origin R)(pp)xsy(0) and its first derivative at the origin

RT(QQ)W’D (0), respectively [16],

Pi00)ins) (0) = V1/47R 0g)ns))(0):
¥ ooy (0) = V3/ATR] o (0). (23)

Note that if one would take the color-octet Fock states into
consideration, the color-octet NRQCD matrices are

suppressed by certain orders in v, to the corresponding
color-singlet ones based on the velocity scale rules of
NRQCD [13,16,42]. One can also derive the values of
color-octet NRQCD matrix elements by fitting the exper-
imental measurements [43,44].

III. NUMERICAL RESULTS

A. Input parameters

In our numerical analysis, the quark mass m,, is set to be
half the mass of heavy quarkonium M ;5 /2, which ensures
the gauge invariance of the hard scattering amplitude under
the NRQCD framework. The masses of ¢ and b quarks for
the ground and high excited quarkonia are displayed in
Table I. In our previous work [29], we calculate the
radial wave functions at the origin Rjpgp)js))(0) and the
first derivatives of radial wave functions at the origin

RT(QQ)["PD(O) for heavy quarkonium |(cc)[n]), |(bc)[n])

and |(bb)[n]) under five different potential models. In this
work, we use the results of the Buchmiiller and Tye
potential (B.T.-potential) model [37,45], which are also
presented in Table I. We will discuss the uncertainties from
the radial wave functions at the origin and their derivatives
at the origin under different potential models in Sec. III C.
Note that, in Table I, the uncertainties of radial wave
functions at the origin and their first derivatives at the origin
are caused by the corresponding varying quark masses. It
tells us that the evaluation of cross sections of high excited
Fock states (n = 2, 3, 4) are more than simply replacing the
nonperturbative matrix elements in the calculation for the
ground state (n = 1). The nonperturbative matrix elements
depend on the heavy quark masses. Other parameters have
the following values [46]: the mass of 7% boson m, =
91.1876 GeV and its total decay width I',0 = 2.4952 GeV,

TABLE 1. Masses (units: GeV) of the constituent quark and
radial wave functions at the origin |R|(gg)us)) (0)|* (units: GeV?)

o L NeOn 2
and their first derivatives at the origin |R\( 0 Q)[nP]>(O)| (units:

GeV?) within the B.T.-potential model [29]. Uncertainties of
radial wave functions at the origin and their first derivatives at the
origin are caused by the corresponding varying quark masses.

Ri(coyns)y () s Riicpur) O
1.75 £ 0.1, 0.322:40077

me,

=1 1.48 0.1, 24581022

n=2 1.82+0.1, 1.67130113

1.96 & 0.1, 0.22410012

=3 1.92 £0.1, 0.969 00 2.12+ 0.1, 0.387109%

n=4 2.02£0.1, 0.7967 005 2.26 £0.1, 0.467100%]
My R (p)ns)y (0) [ My [R] 5 ap) 0)?

n=1 471402, 16.127]3% 494402, 5.874t3g72§

n=2 501 +0.2, 67461038 5.12+0.2, 2.82710437

=3 517402, 2.1720178 5.2040.2, 2.5781 0187

4 527402, 2.588 0119 537402, 3217103
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TABLE II.  Cross sections (units: x10™* fb) for e~et — y* —
[(QO)[n]) +7 at /s = 91.1876 GeV under the B.T.-potential
model. Percentages in brackets are ratios relative to the ground

state.

rl(QQ)n]) n=1 n=2 n=3 n=4

o(|(ce)[n'So])) 413.6 221.1(53%) 125.6(30%) 98.05(24%)
o(|(c2)[n?Py))) 14.89 7.365(49%) 10.01(67%) 9.963(67%)
o(|(ce)[n?P,])) 90.28 44.77(49%) 61.00(68%) 60.82(67%)
o(|(ce)[n?P,])) 30.18 14.98(50%) 20.43(68%) 20.37(68%)
Sum 549.0 288.3(53%) 217.0(40%) 189.2(34%)
o(|(bB)[n'S,])) 5276 20.73(39%) 6.462(12%) 7.550(14%)
o(|(bB)[n°P,])) 0.715 0.308(43%) 0.267(37%) 0.302(42%)
o(|(bB)[n°P,])) 4.664 2.019(43%) 1.759(38%) 1.997(43%)
o(|(bB)[°P,])) 1.592 0.691(43%) 0.602(38%) 0.685(43%)
Sum 59.73 23.75(40%) 9.091(15%) 10.53(18%)

the Fermi constant G = Y27 = 1.16639 x 105 GeV~>
w

with my = 80.399 GeV, the Weinberg angle 6y =
arcsin /0.23119, and the fine structure constant a =
e?/4r = 1/130.9.

B. Heavy quarkonium production

ine et —y"/Z° - [(Q0)[n]) +v
The total cross sections for the production of heavy
quarkonia via e"et — y*/Z° - |(QO)[n]) +7 (Q = c or
b quarks) at the CM energy /s = 91.1876 GeV are listed
in Tables II and III for virtual photon y* and Z° propagated
processes, respectively. The percentages in brackets are
ratios of high excited states (n = 2, 3, 4) relative to the
ground state (n = 1). Here we adopt the B.T.-potential

TABLE III.  Cross sections (units: x1072 fb) for e~et — 2% —
[(Q0)[n]) + 7 at /s =91.1876 GeV under the B.T.-potential
model. Percentages in brackets are ratios relative to the ground

state.

7°.1(Q0)[n)) n= n=2 n=3 n=4

o(|(ca)n'Sy))) 2398 128.2(53%) 72.82(30%) 56.86(24%)
o(|(ce)[n3S)])) 1632 873.2(53%) 496.0(30%) 387.3(24%)
o(|(c)n'Py))) 177.1 87.71(50%) 119.8(68%) 119.3(67%)
o(|(ce)[°Py])) 8.620 4.261(49%) 5.807(67%) 5.776(67%)
o(|(ce)[n®P,])) 5226 25.89(50%) 35.38(68%) 35.26(67%)
6(‘(65)[H3P2]>) 17.47 8.664(50%) 11.84(68%) 11.81(68%)
Sum 2128 1128(53%) 741.6(35%) 616.3(29%)
o(|(bB)[n1S,])) 3981 156.4(39%) 48.76(12%) 56.96(14%)
o(|(bB)[n3S,])) 840.8 330.8(39%) 103.2(12%) 120.6(14%)
o(|(bB)[n'P,])) 3591 15.52(43%) 13.51(38%) 15.31(43%)
o(|(bB)[n3Py])) 5395 2322(43%) 2.017(37%) 2.275(42%)
o(|(bB) 3P, ])) 35.19 1524(43%) 1327(38%) 15.07(43%)
o(|(bB)[nP,))) 1201 5210(43%) 4.543(38%) 5.165(43%)
Sum 1328 525.5(40%) 185.3(14%) 215.4(15%)

model to evaluate the nonperturbative hadronic matrix
elements [29]. It is worth noting that there are no estima-
tions on the o(|(QQ)[1’S,])) and o(|(QQ)[n'P,])) via the
virtual photon propagated processes in Table Il because
they break up the conservation of C parity. In Refs. [22,23],
Chen et al. calculate the cross sections for 15- and 1P-wave
charmonium in e“e* — y*/Z° — |(c¢€)[n]) + y at leading
and next-to-leading order accuracy in strong coupling
constant «,. If the same input parameters are adopted,
then our estimations are consistent with theirs at lead-
ing order.

Since the units in Table III are two orders larger than
units in Table II, the contributions from the virtual photon
processes are negligible at the future super Z factory. In
Table III for Z° propagated processes, it is found that

o(1(QQ[7’S1])) > o(|(QQ[n'So])).
o(|(QQ[n'P])) > o(|(QQ[1°P1])) > o(|(QQ[n°P2]))
> o(|(QQ[n°P))).

where Q = ¢ or b quarks. For bottomonium |bb[n]), the
cross sections of n'P; Fock state for all n = 1, 2, 3, 4 are
quite close to those of the n*P; Fock state at the same nth
level. It is worth noting that, in Ref. [24], they considered
the contribution from initial state radiation and found
that o(|(bB[I°P2])) > o(|(bB[1°Py])) > o(|(bb[1'Py])) >
o(|(bb[13Py])) as shown in Table 2 therein. Their estimates
for (|(bb[1'P,])) and o(|(bb[13P,])) are also quite close.
The relations of magnitudes for charmonium are consistent
with each other.

Let us take a closer look at the cross sections of the high
excited states in Table III. When using [nS] to represent
the sum of cross sections of n'S, and n3S,, and [nP] to
represent the sum of cross sections of n'P, and n’P,
(J =0, 1, 2) at the same nth level, we have

(i) For |(cc)[n]) quarkonium, the cross sections for 25-,
3S-, 45-, 1P-, 2P-, 3P-, and 4P-wave states are
about 53.5%, 30.4%, 23.7%, 13.7%, 6.8%, 9.2%,
and 9.2% of the cross section of the |(c¢)[1S])
quarkonium, respectively.

For |(bb)[n]) quarkonium, the cross sections for 25-,
3S-,4S8-, 1P-, 2P-, 3P- and 4 P-wave states are about
39.3%, 12.3%, 14.3%, 7.1%, 3.1%, 2.7%, and 3.1%
of the cross section of the |(bb)[1S]) quarkonium,
respectively.

Then at the future Z factory or CEPC in GigaZ mode
running at CM energy /s = m; with high luminosity,
we can obtain sizable events to study both ground and
high excited heavy quarkonia. We can obtain the events
in one operation year simply by multiplying the cross
sections in Tables II and II by the luminosity
L~10% cm™?s7! % 10* fb~! year™!.

In Figs. 2 and 3, we display the total cross sections
versus the CM energy +/s for ground states |(c¢)[1]) and

(24)

(i)

016026-6
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FIG.2. Cross sections versus the CM energy +/s for the channel e"e* — y*/Z° — |(c&)[1]) + y via the virtual photon y* (left), the Z°
boson (middle) and the sum of previous two (right). The diamond black line, cross magenta line, dashed cyan line, solid red line, dotted

blue line, and the dash-dotted green line are for |(cc)[1'Sy]), [(c@)[13S,]), |(c2)[1'P1]), |(cB)[13Py)]), |(cT)[13P1]), |(cB)[13P,)),
respectively.
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FIG.3. Cross sections versus the CM energy /s for the channel e~e* — y*/Z° — |(bb)[1]) + y via the virtual photon y* (left), the Z°
boson (middle) and the sum of previous two (right). The diamond black line, cross magenta line, dashed cyan line, solid red line, dotted

blue line, and the dash-dotted green line are for |(bb)[1'Sy]), |(BD)[13S,]), |(BD)[1'P,]), |(bD)[13Py]), |(bD)[13P,]), |(bb)[13P,]),
respectively.

|(bb)[1]), respectively, where [1] stands for 1'Sy-, 13-,
1'P,-, and 13P,-wave states (J =0, 1, 2). They show
explicitly the contributions of y* and Z° propagated

In Fig. 4, differential distributions do/d cos 0 for ground
states |(c¢)[1]) and |(bb)[1]) are displayed, where [I]
stands for 1'Sy-, 135,-, 1'P,-, and 1°P,-wave states

processes from \/E = 10 to 140 GeV. Around the Z° peak,
the Z° propagated processes dominate without any doubts.
The curves of total cross sections versus /s for high

excited states |(c¢)[n]) and |(bb)[n]) with n = 2, 3, 4 have
similar line shapes.

(J =0, 1, 2). Here, 0 is the angle between the momentum
p) of electron and the momentum ¢; of the heavy
quarkonium. It is shown that the Z° propagated processes
and the corresponding virtual photon propagated ones
have similar line shapes. We also find that do/dcosf

\/ 10‘W
107 =
2 8
< Som— ]
@ B 10
o o
5] | o
3 3
‘Ora\uiﬁ/ LI R — LT

107

10'
g’ 3 10°
= b=4
> 2
3 o
Q Q
o o
k4 T
S B S 107F e
T T ° Tl B
102

1 08 06 04 02 0 02 04 06 08 1
cosf

1 08 06 04 02 0 02 04 06 08 1
cosf

@~*, [(co)]) () Z°, |(ce)[1])

1 08 -06 04 02 0 02 04 06 08 1
cosf

@©~*, 1(bb)[1])

1 08 06 04 02 0 02 04 06 08 1
cosf

(d) Z°, |(bb)[1])

FIG. 4. Differential cross sections do/d cos 8 for (a) |(cc)[1]) via y* propagator, (b) |(c&)[1]) via Z° propagator, (c) |(bb)[1]) via y*
propagator, (d) |(bb)[1]) via Z° propagator. The diamond black line, cross magenta line, dashed cyan line, solid red line, dotted blue line,
and the dash-dotted green line are for 1'S,, 135, 1'P,, 13P,, 13P;, 13P,, respectively.
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0o 5 10 15 20 25 30 35 40 45

p(GeV)

) Z°, |(co)[1])

o
10 15 20 25 30 35 40 45 o 5
p(GeV)

©~*, [(bb)[1])

8
0o 5 10 15 20 25 30 35 40 45

p(GeV)

() Z°, |(bb)[1])

FIG. 5. Differential cross sections do/dp, for (a) |(c¢)[1]) via y* propagator, (b) |(c€)[1]) via Z° propagator, (c) |(bb)[1]) via y*
propagator, (d) |(bb)[1]) via Z° propagator. The diamond black line, cross magenta line, dashed cyan line, solid red line, dotted blue line,
and the dash-dotted green line are for 1'S,, 135, 1'P,, 13P,, 13P;, 13P,, respectively.

approaches its maximum when the heavy quarkonium and
the electron running in the same direction or back to back
for both S- and P-wave states. The curves of differential
cross sections do/d cos 0 for high excited states |(c¢)[n])
and |(bb)[n]) with n = 2, 3, 4 have similar line shapes.

The transverse momentum p, distribution of the heavy
quarkonium can further tell us more information on the
production of the charmonium and bottomonium. If the
distribution do/d cos is set to be

do
dcos@

= f(cos @), (25)

which can be easily obtained with the differential phase

space of Eq. (3), then the distribution do/dp, can be
do _‘ dcos 6

obtained by
do _|dcos do
dp, | dp, |\dcos0

=B
|G11v |f_])1|2—Pz2

where |G| = (s —MzQQ)/(2\/E) is the magnitude of the
momentum of the heavy quarkonium. We present the
transverse momentum p, distributions for the cross sections
in Fig. 5 for ground states |(c¢)[1]) and |(bb)[1]). Since the
differential distribution is proportional to p,/\/|q,|* — p?
and values of the function f(cos@) changes smoothly,
do/dp, shall increase with the increment of transverse
momentum p,. The curves of differential cross sections

do/dp, for high excited states |(c¢)[n]) and |(bb)[n]) with
n =2, 3, 4 have similar line shapes.

cos @), (26)

C. Uncertainty analysis

For the leading-order calculation, the main uncertainty
sources of cross sections include the Fermi constant G, the
Weinberg angle 6y, the fine-structure constant @, the mass
and width of the Z° boson, the masses of constituent
quarks, and the nonperturbative matrix elements. Since
parameters G, 0y, a and the mass and width of the 70

boson are either an overall factor or a relatively precise
value, we will not discuss uncertainties caused by them. In
this subsection, we will explore uncertainties caused by
masses of constituent quarks, the nonperturbative matrix
elements, and deviation of CM energy +/s away from m;.

The uncertainties of cross sections caused by varying the
masses of constituent quarks by 0.1 GeV for m, and
0.2 GeV for m, (as shown in Table I) at the CM energy
/s =91.1876 GeV are presented in Tables IV and V for
virtual photon y* and Z° propagated processes, respec-
tively. It worth noting that the effects of uncertainties of
radial wave functions at the origin and their first derivatives
at the origin caused by varying masses are also taken into
consideration. It is found that the wave functions at the
origin and their derivatives at the origin increase as quark
masses increase. But, we find that the short-distance
coefficients decrease along with the increasing of quark
masses. The overall effect is that the cross sections decrease
with the increment of the quark masses.

We adopt four other potential models to estimate the
uncertainties caused by the wave functions at the origin and

TABLE 1IV. Uncertainties of total cross sections (units:
x107* fb) caused by varying the masses as shown in Table I
for y* propagated processes. Note, effects of uncertainties of
radial wave functions at the origin and their first derivatives at the
origin caused by varying masses are also considered.

[(Q0)[n]) n=1 n=2 n=3 n=4
O(camsy))  413.60%, 2211734 125.6%03  98.051 703
Ooprely  14.89%0¢F 7365106  10.01505%  9.963101%
O(opry) 90297518 44T7EG 61.0011F)  60.82F05¢
O(cowply 30181170 1498119 2043103 2037103
Sum 549.01382 28837096 217.0732  189.27)33
O(whin's)) 5276115 2073500 6.462505%F  7.550100%
(bl 071570005 0.30810015  0.267:0513  0.302200%05
O(bhywr,) 466450008 201970008 17595007 1.99710 048
Oehpryyy  1.59250003 0.691700  0.6021007% 068510013
Sum 59731183 2375510 9.00140377  10.5310%
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TABLE V. Uncertainties of total cross sections (units:
x1072 fb) caused by varying the masses as shown in Table I
for Z° propagated processes. Note that effects of uncertainties of
radial wave functions at the origin and their first derivatives at the

TABLE VII. Uncertainties of total cross sections (units:
x1072 fb) caused by five different potential models for
|(bb)[n]) quarkonium in ete™ — Z° — |(bb)[n]) + y. Percent-
ages in brackets are the ratios of the minimum or maximum

origin caused by varying masses are also considered.

relative to the estimates under the B.T. model.

1(Q0)[n]) n=1 n=2 n=3 n=4 |(bb)[n]) B.T. U LO. CK. C.PL.
O(eaymts,)y) 2398537 1282017 72.82°0%8  56.8611%0  oyppyis,y 3981 1757 2465 130.833%)  225.7
O(eawsy) 1632758 8732413 496,018 387.371 oy, 840.8 3711 5206 276.3(33%)  476.7
O(eopmpy 1771559 87715900 119.8535 1193715 oqppupy 88502477 1755  16.74(19%)  18.35
ooy 86207047 4261533 580775168 577670001 oups,y) 1564 9612 8026 64.52(41%)  110.6
O(lcop)y) 5226138 25891285 35381093 3526102 oyphps,) 3308 2033 169.8  136.5(41%) 2339
Oy 17475090 8.6647095  11.841030 11815017 o(uipey) 4738 35.97 16.17(34%)  22.19 27.97
c 48.76 76.35 46.04(94%)  49.83  87.57(180%)
Sum 21281L56 1128t29 741.6ir12A1 616.3j15'6 (W’h)B Sol))
((B)In'sol)) 398.1*1‘?; 156.457?2 48.76{1;29? 56.96{??3% %) ]> 103.2 161.6 97.45(94%) 1055  185.4(180%)
oy *2=29. *P—15. Te=3. =0.

Sy 359100 1550008 1351908 15304 o‘<‘(hh)[4150] 56.96 67.07 32.00(56%) 43.41  77.02(135%)

PP, 008 00 s 0 o ehmws ) 1206 142.0 67.78(56%)  91.92  163.1(135%)
O(h)npol)) 339515039 2.322%000s 2.017Z0006  2:2757 069 27.61 24.38 6.008(22%)  14.04 19.95

i +0.01 +£0.74 £0.55 1036 O(|(bb)[4P))) : : : ° : :
O(wh)np))) 351955 15.24%55; 1327755 15.07%555
Olwper)) 12011092 521070203 454310180 516510114 Sum 2252 1410 1310 970.5(43%) 1652
Sum 132844 5255770 185.3%]1  2154%)8

their first derivatives at the origin in Tables VI and VII for
7" propagated processes for charmonium and bottomo-
nium, respectively. The four models are QCD-motivated
potential with one-loop correction given by John L.
Richardson (J. potential) [47], QCD-motivated potential
with two-loop correction given by K. Igi and S. Ono (1.O.
potential) [48,49], QCD-motivated potential with two-loop
correction given by Yu-Qi Chen and Yu-Ping Kuang (C.K.

TABLE VI. Uncertainties of total cross sections (units:
x1072 fb) caused by five different potential models for
|(c€)[n]) quarkonium in ete™ — Z° — |(c€)[n]) + y. Percent-
ages in brackets are the ratios of the minimum or maximum
relative to the estimates under the B.T. model.

potential) [40,49], and the QCD-motivated Coulomb-plus-
linear potential (C.P.L. potential) [35,36,49-51]. The for-
mula and latest values of those wave functions at the origin
and their first derivatives at the origin can be found in our
earlier work [29]. In Tables VI and VII, the contributions
from four P-wave states (n'P,, n°*P,; with J = 0, 1, 2) are
summed up. It is shown that the cross sections change
dramatically when we choose different potential models.
For the production of |(c¢)[n]) in Table VI, we always
obtain the minimum under the 1.O. potential model, and

TABLE VIII. Uncertainties of total cross sections (units:
%1072 fb) caused by the deviation of CM energy +/s away from
my for [(QQ)[1]) quarkonium in e*e™ — Z° > [(QQO)[1]) +7
under the B.T. model.

(ce)ln)) BT J. 10. CK. CPL
S(eais,)) 2398 1092 55.1223%) 70.82 95.02
oqeops)) 1632 7431 3752(23%) 4821 646.8
o(eanpy 2555 1365 42.05(16%) 58.71 72.20
Sl 1282 8381  43.53(34%) 48.68 70.48
oleos)y 8732 5708 296.5(34%) 331.6 480.0
S(eapry 1265 1745(138%) 55.92(44%) 72.30 95.46
ooy 7282 T4.02(102%) 38.93(53%) 41.93 61.69
O(eoims)) 4960 5042(102%) 265.1(53%) 285.6 420.2
S(eapry 1728 195.(113%) 83.04(48%) 1009 142.9
O((eofaisyy) 5686 69.29(122%) 36.65(64%) 38.72 57.65
Oaywsy)) 3873 471.9(122%) 249.6(64%) 263.7 392.6
S(eapry 1721 208.6(121%) 68.55(40%) 83.30 117.9
Sum 4613 3341 1610(35%) 1878 2653

NG 97%m, 99%m, m, 101%m, 103%m,
o(|(ce)[1'Sy))) 4233 1568 239.8 1558  40.28
o(|(ce)[135,])) 2881 1068 1632 1060 2742
o(|(ce)[1'P)))) 3127 1159 177.1 1151  29.75
o(|(c2)[13Py))) 1521 5637 8.620 5597 1448
o(|(ce)[1°P)))) 9227 3419 5226 3395 8778
o(|(ct)[IPP,])) 3.084 1143 1747 1135 2934
Sum 3756 1392 2128 1382 3574
o(|(bB)[11S,])) 7023 2603 3981 2586 6691
o(|(bB)[13S,])) 1484 5499 840.8 5461 1412
o(|(bB)[1'P)])) 6339 2348 3591 2332  6.032
o(|(bB)[1PPy))) 0.949  3.517 5395 3.502  0.908
o(|(bB)[1°P,])) 6221 23.06 3519 2288 5911
o(|(bB)[1°P,))) 2127  7.883 1201 7813 2017
Sum 2343 8682 1328 8623  223.0
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obtain the maximum under the B.T. potential or J. potential
models. While for the production of |(bb)[n]) in Table VII,
we obtain the minimum under C.K. or L.O. potential
models, and obtain the maximum under the B.T., or
C.P.L. potential models. In Tables VI and VII, percentages
in brackets are the ratios of the minimum or maximum
relative to the estimates under the B.T. model.

For the uncertainties of total cross sections caused by the
deviation of CM energy +/s away from m, one can have
a visual impression in Figs. 2 and 3. It is shown that the
cross sections decreases dramatically with the deviation of
CM energy +/s away from my. To obtain a quantitative
impression, we display the uncertainties caused by the
deviation of CM energy +/s away from m; by 1% and 3%
for the Z° propagated process with n = 1 in Table VIIL

IV. CONCLUSIONS

In the present work, we make a comprehensive study on
the high excited states of the |(cZ)[n]) and |(bb)[n])
quarkonium production in e*e™ — y*/Z% - [(QQ)[n]) +
y within the NRQCD factorization framework at the future
Z factory, where [n] stands for [n'Sy], [#S,], [n'P,], and
[n3P;] Fock states (n=1, 2, 3, 4; J =0, 1, 2). The
“improved trace technology,” which disposes the Dirac
matrices at the amplitude level, is helpful for deriving
compact analytical results especially for the complicated
P-wave processes with massive spinors. The total cross
sections ¢(+/s) and differential distributions do/d cos 6 and
do/dp, for all n = 1 Fock states are studied in detail. For a
sound estimation, we further study the uncertainties of the
cross sections caused by the varying mass of ¢ and b
quarks, the nonperturbative matrix elements under five
potential models, and deviation of CM energy +/s away
from my.

In addition to the ground states, it is found that the
production rates of high excited Fock states of charmonium
and bottomonium are considerable in the processes of

ete” >y /Z° > |(QQ)[n]) + 7 at the super Z factory
with high luminosity £ ~ 103® cm~2 s~!. The cross sections
of charmonium for 2S-, 3S-, 4S-, 1P-, 2P-, 3P-, and
4P-wave states are about 53.5%, 30.4%, 23.7%, 13.7%,
6.8%, 9.2%, and 9.2% of that of the 1§ state, respectively.
And cross sections of bottomonium for 25-, 35-, 45-, 1P-,
2P-, 3P-, and 4P-wave states are about 39.3%, 12.3%,
14.3%,7.1%, 3.1%, 2.7%, and 3.1% of that of the 1S state,
respectively. Then, such a super Z factory could provide a
useful platform to study the high excited charmonium
and bottomonium. In addition, we find that cross sections
change dramatically when adopting different potential
models, which would be the major source of uncertainty.
And the deviation of CM energy +/s away from Z° pole at
future super Z factory will also have great influence on the
production rates.

Since the discovery of X(3872) in 2003, dozens of
exotic charmonium states and other exotic heavy hardons
have been found and studied, and the results challenge
our understanding of QCD [52,53]. Taking X(3872) as
an example, its production from prompt production and
bottom hadron decay has been widely studied by LHC
experiments and BESIII and Belle collaborations, but
possibilities for its structure are still under debate. In a
future super Z factory where massive Z° bosons can be
produced, we can explore the production of X(3872) in
79 decays, like Z° — X(3872) + y/z°. With larger data
sample in Z° decays and more clear background at an
ete™ collider, we might obtain the full picture of
X(3872) and other newly discovered exotic heavy
hadrons.
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