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Low-energy data, combined with renormalization group equations, can predict new physics at far higher
energy scales. In this paper, we consider the possibility that the measured Higgs boson mass and top quark
mass hint at a five-dimensional gauge-Higgs unification (5D GHU) model at a scale above TeV. We note
that the vanishing of the Higgs quartic coupling and the proximity of the top quark Yukawa coupling and
weak gauge coupling at high scales, inferred from the experimental data, are in harmony with 5D GHU,
because in 5D GHU models the Higgs quartic coupling is forbidden by the 5D gauge symmetry and the
Yukawa couplings and the weak gauge coupling originate from a common 5D gauge coupling. Based on
the above insight, we propose a SD GHU model where the Standard Model fermions are embedded in SD
fermions in a way to tightly relate the top Yukawa coupling with the weak gauge coupling. Also, the model
predicts the presence of vectorlike fermions (other than the Kaluza-Klein modes), which can affect the
renormalization group evolutions of the 4D theory and reconcile the scale of vanishing Higgs quartic
coupling and that of equality of the top Yukawa and weak gauge couplings, thereby achieving a successful
matching of the 4D theory with 5D GHU. We predict the vectorlike fermion mass and the compactification

scale of 5D GHU from the conditions for the successful matching.

DOI: 10.1103/PhysRevD.105.015018

I. INTRODUCTION

In the Standard Model (SM), the Higgs quartic coupling
exhibits an interesting property that it vanishes at an energy
scale below the Planck scale along renormalization group
(RG) evolutions. This property is usually interpreted as
implying metastability of our vacuum [1] as the Higgs
quartic coupling turns negative above that scale. Another
interpretation [2-5] is that the SM is matched, around the
scale of vanishing Higgs quartic coupling, with a model of
gauge-Higgs unification [6-11]" in five dimensions (5D
GHU), where the SM Higgs field is identified with the fifth-
dimensional component of a gauge field whose quartic
coupling is forbidden by the 5D gauge symmetry.

Although less noted, the top quark Yukawa coupling and
the weak gauge coupling also show an interesting feature
that they become equal at the energy scale of O(10%) GeV.
This suggests that the two couplings may have a common
origin in some new physics above that scale. Indeed, in 5D
GHU, the SM Yukawa interactions are part of an extension

'For early work on extradimensional models, see, e.g.,
Refs. [12,13].
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of the weak interaction and the Yukawa couplings are tied
with the weak gauge coupling.

Motivated by the above insights, we propose a model in
which the scale where the Higgs quartic coupling vanishes
is reconciled with the scale where the top quark Yukawa
coupling equals the weak gauge coupling, and this common
scale is interpreted as the scale where SD GHU emerges.

Our model is characterized by the direct embedding of
the SM fermions into 5D bulk fermions. Here, we introduce
5D fermions in 3 representation of SU(3),, gauge group
that extends the SU(2),, weak gauge group. After orbifold
compactification, one 5D fermion yields one isospin-
doublet and one isospin-singlet 4D fermions of opposite
chiralities as the massless modes, which are directly
identified with an isospin-doublet and an isospin-singlet
SM quarks or leptons. Consequently, all the SM Yukawa
couplings are identical with the weak gauge coupling at this
stage. Small Yukawa couplings other than the top quark
Yukawa coupling are reproduced by introducing 4D vector-
like fermions at an orbifold fixed point that mix with the
massless modes of 5D fermions.” The above structure
materializes the idea that the Yukawa couplings and the

In the next section, we will show that it is the square sum of
the up-type and down-type quark Yukawa matrices that is related
to the weak gauge coupling. Hence, the bottom quark Yukawa
coupling can be small without help of the additional 4D vector-
like fermions.
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weak gauge coupling are basically the same entity and this
fact is encoded in the value of the top quark Yukawa
coupling. Thus, this structure is aligned with our motivation
to interpret the scale of equality of the top Yukawa coupling
and weak gauge coupling, as the scale of 5D GHU.

Another characteristic of our model is the presence of
vectorlike fermions (other than Kaluza-Klein modes) that is
not arbitrary but is required by the model structure. They
are important not only theoretically, but also phenomeno-
logically; since their mass can be smaller than the com-
pactification scale, they can change the RG evolutions of
the 4D theory and achieve its matching with the SD GHU
theory. In fact, they can amend a discrepancy in the SM
between the scale of equality of the top Yukawa and weak
gauge couplings and the scale of vanishing Higgs quartic
coupling, thereby making the matching of the 4D and 5D
theories successful.

It should be noted that our model is not intended to solve
the hierarchy problem of the Higgs mass, and the com-
pactification scale can be much larger than TeV scale.

Previously, the unification of the weak gauge coupling
and top quark Yukawa coupling in a high-scale SD GHU
model has been discussed in Ref. [14] but only in a toy
model. We in this paper investigate the unification of the
two couplings in a complete, realistic model, and further
relate the unification with the high-scale vanishing of the
Higgs quartic coupling.

This paper is organized as follows. In Sec. II, we present
our model. In Sec. III, we determine the mass of the
vectorlike fermions and the compactification scale of 5D
GHU by solving the RG equations of the 4D theory made
of the SM content and the vectorlike fermions and match-
ing it with the 5D GHU theory. Section IV summarizes
the paper.

II. MODEL

We consider SU(3). x SU(3)y, x U(1),, gauge theory
in a flat 5D spacetime whose fifth dimension is compacti-
fied on S'/Z, orbifold. We write the fifth coordinate as y,
and the S' is obtained by the identification of y with
y + 2zR. The S'/Z, orbifold is then obtained by identify-
ing y with —y. SU(3) is the SM QCD gauge group, and
SU(3)y x U(1), incorporates the electroweak gauge
groups. We denote the SU(3)y, gauge field by (W,, Ws)
and the U(1),, gauge field by (V. Vs), where =0, 1, 2, 3.
The fields transform under the Z, as

W, (y) = PW,(=y)P",  Ws(y) = =PWs(=y)P",
V() =Vu(=y),  Vs(y) ==Vs(-),
-1 0 0
pP= -1 0/, (1)
0 0 1

and accordingly SU(3),, x U(1),, is broken into
SUQ2)y xU(1)y xU(1), at y=0,zR. Gauge group
U(1l)y, x U(1), is further broken into SM hypercharge
U(1)y by a brane-localized scalar field in (1,1, -3 \/. 5 \/')
representation of SU(3)- x SU(2)y, x U(1)y, x U(1)y,

denoted by ¢, that develops a vacuum expectation value
(VEV). Accordingly, the hypercharge Qy is given in terms
of the U(1),, charge Qy and the U(1), charge Qy by

1
V3

The four-dimensional components of the SU(2)y, x U(1)y
gauge fields have massless modes, which are identified
with the SM electroweak gauge fields. The fifth-dimen-
sional component of the SU(3)y/(SU2)y x U(1)y)
gauge field has massless Kaluza-Klein (KK) mode, which
is identified with the SM Higgs field, H, as

1 O H
W5|masslessKK = 7§ v 0 ) (3)

_ We introduce three copies of four bulk 5D fermions in
3,3, —%) (3.,3,0), (1,3, —\%) (1,3,\/%) repr‘esent‘ation's
of SU(3)x SU(3)y x U(1)y, denoted by Wi, ¥, V.,
‘PL with i = 1,2,3. The three copies correspond to the

three generations of the SM. The 5D fermions transform
under the Z, as’

Qy =—=(Qw + Qv). (2)

Wi (=y) = —7s Pl (v), (4)
¥ (=y) = rsP¥(y), (5)
Pe(=y) = rsPY.(y), (6)

Wi (=) = —rsPY (). (7)

The 5D fermions are summarized in Table 1.

From the Z, charge assignments, we find that the
following chiral fields with SU(3)- x SU(2)y, x U(1)y, X
U(1), charges possess massless KK modes:

Right-handed <3 2,—— ) componentof ¥, (8)

23 V3

1 1 .
) componentof ¥, (9)

Left-handed (3,1,——,——
( V3 V3

Left-handed |(3,2,—— component of W, 10
( 2f ) P (19)

3Since Wi, Wi, Wi, Wi arein 3 representation of SU(3),,, the

same P as Eq. (1) enters Egs. (4)—(7).
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TABLEIL. The gauge and Z, charges of the 5D fermions. i is the
flavor index with i = 1,2, 3.

Z, transformation

Wi 3 3 5 Pl(y) = 1P (y)
Py 3 3 0 Wi(=y) = rsP¥(y)
v, 1 3 -%  Ye(=y) =rsPY.(0)
¥, 1 3 & (=) = rsPYL()

1 .
Right-handed (| 3,1,———,0 ) componentof ¥, 11
. (3:1.-7.0) comp (1)

1 2

Left-handed (1,2,——,——
(125575

) componentof %%, (12)

1 2

Right-handed (1,1,—,——
£ ( 3B

> componentof ¥, (13)

Right-handed ( ) componentof ¥, (14)

1 1
1a25—7_
2V3'V3

1 1
V33

At this stage, there are chiral anomalies with respect to the
U(1), gauge group. These anomalies should be canceled,
and to achieve the cancellation, we introduce 4D chiral
fermions of Table II at an orbifold fixed point y = O:
The presence of 4D fermions y, wiy is probably a
consequence of more fundamental physics that underlies
the orbifolding. In the present paper, however, we adhere to
the orbifold picture and introduce the 4D fermions by hand.
The most generic 5D action is

Left-handed (1,1, > componentof ¥..  (15)

S— / dix / ™y — e[ Wy WHN] = Ly VN
R 2 4
+ L. TMD Y+ iPiTM Dy Y+ iPiTMDy, W
+ WL TMD W, + 8(y) [iw! 5" Dyt g + iy 5D
—-yik {Ajior Wl g + By W1 }
— A Ciid™ LI} + E,jpicy Wl g} +H.c., (16)

where spacetime indices M, N run as M,N =0,1,2,3,5,

and Dy, D, denote gauge-covariant derivatives. y/

uc

R

TABLEII. The gauge charges and chirality of the 4D fermions
localized at y = 0. i is the flavor index with i = 1,2, 3.
SUB). SUQ2)y, Ul)y, U@y, Chirality
Wir 3 2 0 ﬁi Right-handed
Wik 1 2 0 - 2\37[3 Right-handed

Y|, Wi, W | denote the 4D-decomposed components
of the 5D bulk fermions with the indicated chirality
that are in SU(2), doublet representation, listed in
Egs. (8), (10), (12), (14). A;;, B;;, C;j, E;; denote their
coupling constants with 4D localized fermions yz, wip
and the [U(1l)y x U(1),]-breaking scalar ¢. After ¢
develops a VEV, the fourth line of Eq. (16) yields a quark
mass matrix, which can be recast by a flavor rotation of

l' .
Y, g 10tO

Uy Uy [ioy%¥, |

T

WR(M3x3 03><3>< )( L), (17)
4 Us; Uy W,l5

where M55 is a 3 x 3 diagonal matrix, Os,3 denotes the
3 x 3 null matrix, (;! ;) is a unitary matrix, and U,, U,
Ui, U, are its 3 x 3 submatrices. We see that the fields

below are massless chiral modes,

(U3)kji52\P{f RT <U4)kj\Pé =05 (18)
Q% are identified with the SM isospin-doublet quarks.
[Remember that ¥/.|,, ¥/|; have hypercharge Qy = 1/6
after the breaking of U(1),, x U(1), into U(1)y.] There
also are vectorlike modes with mass M35 that comprise

W];R and (Ul)kji02qj{f|R+(U2)kjlpfl|zEXI(;L' (19)

They represent new, vectorlike quarks that have the same
charges as the SM isospin-doublet quarks. Other fields
‘I’{l I ‘Pi]\  are identified with the SM up-type and down-
type isospin-singlet quarks.

The presence of the vectorlike quarks Eq. (19) is an
important prediction of the model. As for theoretical
aspects, their presence is not arbitrary but is required by
the model structure. Accordingly, their number and gauge
charges are uniquely fixed. As for phenomenological
aspects, since their mass M;,; can be smaller than the
compactification scale, they can modify the RG evolutions
of SM parameters. This modification can fix the discrep-
ancy between the scale of vanishing Higgs quartic coupling
and that of equality of the top Yukawa and weak gauge
couplings, achieving the matching of the 4D theory with
the 5D GHU theory.

The quark Yukawa interactions are derived from the 5D
SU(3)y gauge interaction as

5220 [aiZ 1w, L iox(UDu 05 +HIRUDACY |

+H.c., (20)

where gy denotes the SU(3)y, gauge coupling. The up-type
and down-type quark Yukawa matrices, Y,, Y, are
extracted as Y, = i% Ui, Yy = —i97“;- U;. Unfortunately,
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TABLE III. 4D vectorlike fermions localized at y = 0. Index a
runs as a = 1, 2.

SUB3)¢ SUQ2)w Uy U(l)y
X 3 1 + e
X 3 1 - % 0

these Yukawa matrices are unrealistic because the unitarity
relation ULU;+ULU,=diag(1,1,1) gives Y1Y,+ Y ¥,=
%diag(l ,1,1), which contradicts the smallness of the first
and second generation Yukawa couplings. To reproduce
their smallness, we introduce two generations of 4D
vectorlike fermions of Table III at y = 0.

4D vectorlike fermions y, ¥4 mix with the massless KK
modes of 5D fermions through the term

7R : 1
—AS—/d4X/ Rdyé(y) [Mﬁ'l)(f{mdz?{f

L
MW+ Hee + iy + eyl (21)

which reduces the Yukawa couplings of two generations by
the ratio pu, /M, or ps/M,.

Even with the above mechanism to reduce the first and
second generation Yukawa couplings, there is a tight
connection between the third generation Yukawa couplings
and the SU(3), gauge coupling. Since the relation

VoY, + Yy, = %diaga, 1,1) is still valid for the third
generation quarks, by neglecting the mixing between the
third generation and other generation quarks, we get

i+ 2%9@, (22)
where y,, y, denote the top and bottom quark Yukawa
couplings. As y, is dominantly large, and gy matches with
the weak gauge coupling, Eq. (22) materializes the idea that
equality of the top quark Yukawa coupling and the weak
gauge coupling hints at 5D GHU.

As for the lepton sector, the charged lepton Yukawa
matrix and the neutrino Dirac Yukawa matrix are derived in
the same fashion. The fourth line of Eq. (16) gives a lepton
mass matrix, which can be recast into the form

Vi W,
wig(Myg  Os) ( ) ( ), (23)
R
ViVs

Vi V,
wher.e MY, 4 is a 3 x 3 diagonal .matrix, (v! v4) is a unitary
matrix, and V4, V,, V3, V4 are its 3 x 3 submatrices. The
massless chiral modes below

Welz

l.UzlPDf

(Vs)kj‘l’fél}i + (V4)kji52lpif|R = Lli (24)

are identified with the SM isospin-doublet leptons. The
vectorlike modes with mass M}, ; that comprise

WZ;R’
(Vi (Pelp)* + (Vo)yjioaWle|p = X5 (25)

represent new, vectorlike leptons, which have the same
charges as the SM isospin-doublet leptons. Other fields
W |z, W, are identified with the SM charged leptons
and isospin-singlet neutrinos, respectively. The realistic
charged lepton Yukawa couplings and tiny active neutrino
masses are obtained by introducing vectorlike fermions
analogous to those of Table III.

As with the vectorlike quarks, the presence of the
vectorlike leptons Eq. (25) is an important prediction of
the model.

II. ESTIMATION OF VECTORLIKE FERMION
MASS AND COMPACTIFICATION SCALE

The presence of vectorlike quarks Eq. (19) and vector-
like leptons Eq. (25) can modify the RG evolutions of SM
parameters and amend the discrepancy between the scale of
vanishing Higgs quartic coupling and that of equality of the
top Yukawa and weak gauge couplings, enabling us to
match the 4D theory with the 5D GHU theory. Noting this
fact, we estimate the mass of the vectorlike fermions with
which the matching conditions of the 4D theory with the
5D GHU theory are satisfied. Additionally, we obtain the
compactification scale from the matching scale.

The matching relates the radiatively generated potential
for the fifth-dimensional component of SU(3), gauge
boson in 5D GHU with the Higgs potential in the 4D
theory. It also relates the SU(3)y, gauge coupling in the
former with the weak gauge coupling and quark Yukawa
couplings in the latter. For the Higgs potential, we adopt the
general result [2] that the scale of vanishing Higgs quartic
coupling A at one loop equals the compactification scale of
5D GHU models as

A (2%1«) 0. (26)

Note that Eq. (26) has been derived by considering one-
loop threshold corrections from all the Kaluza-Klein modes
of the SU(3),, gauge field and bulk fermions in a general
5D GHU model. Hence, we can use Eq. (26) without
further including threshold corrections from Kaluza-Klein
modes. Note also that the 4D fermions localized at y = 0 do
not alter Eq. (26) at one-loop level because these fermions
do not couple to the Higgs field at tree level. For the weak
gauge coupling and quark Yukawa couplings, we perform a
tree-level matching around the compactification scale as
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9w = 9su@2),»
1
=9 =i + 5

1
3 at = — (27)

27R’
where ggy(z), denotes the weak gauge coupling, and the
second condition is based on Eq. (22).

We numerically estimate the value of the vectorlike
fermion mass with which Eqgs. (26), (27) are simultaneously
satisfied at one unique scale and the matching is successful.
This scale is then identified with the compactification scale
1/(2zR). To this end, we solve the two-loop RG equations
[15—17] of the 4D theory (comprising the SM content and
the vectorlike fermions) by varying the vectorlike fermion
mass. The masses of the vectorlike quarks and leptons are
assumed degenerate, for simplicity. As for the SM param-
eters used as inputs of the RG equations, since the top quark
pole mass significantly affects the RG evolution of the
Higgs quartic coupling, we vary it in the 30 range of the
latest measurement of the CMS Collaboration, 170.5 +
0.8 GeV [18].* The strong gauge coupling is fixed at the
central value of the same measurement, and the other
parameters are fixed at their central values in accordance
with Ref. [20]. The pole masses of the top quark, Higgs
particle, and W, Z particles are translated into the input
values of the top Yukawa coupling, the Higgs quartic
coupling and the weak mixing angle for the RG equations
by using the code [21], based on the results of [22-28].
In Fig. 1, we give a contour plot of

logy (M/ng% (28)
where
M) =0, (29)
1
EggU@)w'”:”w' - ytz + y%"”:”y,\" (30)

on the plane of the vectorlike fermion mass M. versus the
top quark pole mass M,.

The contour of logy (u;/u,,) = 0 is the region where
Egs. (26) and (27) are simultaneously satisfied at one scale
and the matching is successful. Thus, this contour is the
model’s prediction on the vectorlike fermion mass M .. and
the precise top quark pole mass. Since the contour exists
only for M, =2 171.4 GeV, if future measurements of the
top quark pole mass exclude this range of M,, the present
model is falsified. To confirm the model, one should test the
relation between the vectorlike fermion mass and the top
quark pole mass given by the contour. This is not possible
in near-future collider experiments, since the vectorlike

“The latest measurement of the top quark pole mass of the
ATLAS Collaboration is 171.135 GeV [19], which favors large
values compared to the CMS result.

10 ¢

I—Og 10 [Mvec/GeV]
~

51
ab
168 169 170 171 172 173
Top quark pole mass M; (GeV)
FIG. 1. Contour plot of logyq (#;/1,y) Eq. (28), which is the

logarithm of the ratio of the scale where the Higgs quartic coupling
vanishes and the scale where the quark Yukawa couplings and
weak gauge coupling satisfy Eq. (27). The vertical axis is the
logarithm of the vectorlike fermion mass log;o(M,../GeV), and
the horizontal axis is the top quark pole mass M,. The range of the
horizontal axis corresponds to the 3¢ range of the top quark pole
mass measured by the CMS Collaboration, and the range between
the two vertical dashed lines corresponds to the 2¢ range. On the
contour of logyg (4;/#4) = 0, Egs. (26) and (27) are simulta-
neously satisfied at one scale and the matching is successful.

fermion mass is predicted to be above 10° TeV. On the
contour of log;o (#,/u,y) = 0, the value of u; = p,,,, which
corresponds to the compactification scale 1/(2zR), varies
from 10" GeV to 10'°2 GeV from the upper left to the
lower right. The above range is the model’s prediction on
the compactification scale.

The contour of log; (1;/u,,) = 0 is interrupted at M, ~
171.4 GeV because for lower values of the top quark pole
mass, the Higgs quartic coupling remains positive along
RG evolutions and hence y, is not defined. There are no
contours in the area under the contour of log; (u,/4,,) = 0
because the Higgs quartic coupling remains positive there.
The reason that the Higgs quartic coupling tends to remain
positive for smaller values of the vectorlike fermion mass is
that the presence of the vectorlike fermions increases the
weak gauge coupling along RG evolutions, which changes
the beta function of the Higgs quartic coupling positive. To
visualize the situation, we show in Fig. 2 the plot of
logyo (#;/1,y) for a fixed value of the top quark pole mass
M, = 172.1 GeV. One sees that as the vectorlike fermion
mass decreases, logg (4;/p,,) increases and becomes
about 0, and then the plot line vanishes because p; is
not defined for lower values of the vectorlike fermion mass.
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1

Logiolpa/Hgy

Log of the vectorlike fermion mass L0go[Myec/GeV]

FIG. 2. logyo (u;/m,y) versus the logarithm of the vectorlike
fermion mass, for a fixed value of the top quark pole mass
M, = 172.1 GeV. The plot line vanishes for lower values of the
vectorlike fermion mass because y, is not defined.

Interestingly, those parameter sets that yield p;/u,, = 1
are critical in the sense that the Higgs quartic coupling
nearly remains positive for such sets. To illustrate this,
we present in Fig. 3 the RG evolutions of the Higgs
quartic coupling, the square sum of Yukawa couplings,
and the weak gauge coupling for a parameter set
(M,,10g,0(Me./GeV)) = (172.1 GeV,6.6). The solid
purple, blue, and green lines are the RG evolutions of
the Higgs quartic coupling, the Yukawa coupling square
sum, and half the weak gauge coupling squared, respec-
tively. The dashed lines are their RG evolutions if the 4D
theory were valid at high scales. One confirms g, /p,, = 1
and that the Higgs quartic coupling nearly remains positive.
For such parameter sets, even a slight decrease in the

1.0

0.8:

0.6:

0.4}

0.2}

00 4 6 8 10 12 14 16 18
Logso[1/GeV]

FIG. 3. RG evolutions of the Higgs quartic coupling A, the

square sum of Yukawa couplings y? 4+ y?, and half the weak
gauge coupling squared (1/2)g§U<2>W for M, = 172.1 GeV and
logo(Me./GeV) = 6.6, colored in purple, blue, and green,
respectively. 4 denotes the renormalization scale. The solid lines
are the RG evolutions in the current model, and the dashed lines
are those if the 4D theory were valid at high scales.

vectorlike fermion mass enhances the weak gauge coupling
and the Higgs quartic coupling along RG evolutions,
rendering the Higgs quartic coupling nonvanishing.

IV. SUMMARY

The vanishing of the Higgs quartic coupling and the
proximity of the top Yukawa and weak gauge couplings at
high energy scales hint at 5D GHU. Based on the above
idea, we have proposed a model where the scale of
vanishing Higgs quartic coupling and equality of the square
sum of the top and bottom Yukawa couplings y? + yi and
half the weak gauge coupling squared (1/ 2)g§U(2>W is
interpreted as the compactification scale of 5D GHU.
The model is characterized by the embedding of the SM
fermions in 3 representation of the SU(3),, gauge group.
This embedding leads to the equality of y? +y? and
(1/2) g%U(Z)W that must be satisfied at the compactification

scale. The model structure necessitates the presence of
isospin-doublet vectorlike quarks and leptons. These
vectorlike fermions modify the RG evolutions of the 4D
theory and reconcile the scale of vanishing Higgs quartic
coupling and that where y? + y; = (1 /2)g§U(2)W holds,
thereby achieving the successful matching of the 4D theory
with 5D GHU. Based on this property, we have calculated
the RG equations of the 4D theory and obtained a
prediction for the vectorlike fermion mass, the precise
top quark pole mass, and the compactification scale. The
prediction for the former two is given by the O contour in
Fig. 1, and that for the compactification scale varies from
10" to0 10'%2 GeV as one moves from the upper left to the
lower right on the contour. About experimental testability
of the model, if future measurements of the top quark pole
mass exclude the region above about 171.4 GeV, the model
is ruled out. The model can be confirmed by testing the
relation between the vectorlike fermion mass and the top
quark pole mass given by the 0 contour in Fig. 1, but this is
not possible in near-future collider experiments, since the
vectorlike fermion mass is predicted to be above 10° TeV.
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APPENDIX: MATCHING CONDITION
FOR THE HIGGS QUARTIC COUPLING

We rederive the one-loop matching condition for the
Higgs quartic coupling in Ref. [2] utilized in the main text,
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1
M=—]=0.
(271’R>

First, we study a general SU(3)y, gauge theory in a five-
dimensional spacetime compactified on S'/Z, orbifold,
with 5D bulk fermions in the fundamental representation,
and without 4D chiral fermions localized at y = 0 or zR.
The action with the gauge-fixing term is given by

/d4/ dy——trWMNWMN]

[(a WH — EDsWs)?]

+ 2u[b(9, D — EDsDs)c]

+2‘PFMDM‘P—§(DM‘I‘)FM‘P (A1)
where £ is the gauge-fixing parameter, b, ¢ are ghost fields,
and W represents multiple bulk fermions in the 3 repre-
sentation of SU(3)y, gauge group. Also, in the first line, Ds
denotes a covariant derivative whose gauge field part is
replaced by the VEV of W5 field. We restrict ourselves to
the case when W is Z, even, as Z,-odd bulk fermions give
the same contribution as Z,-even ones to the one-loop
effective potential. The gauge field, ghost fields, and bulk
fermions transform under the Z, as

W, (y) = PW,(=y)P',  Ws(y) = =PWs(-y)P",
b(y) = Pb(=y)P".  c(y) = Pc(-y)P",

-1 0 0
P=|0 -1 0 (A2)
0 0 1

The Z, transformation property above breaks SU(3)y
into SU(2)y, x U(1)y,. The massless mode of the

U@3)y/(SU2)y x U(1)y,) component of W5 is identi-
fied with a Higgs field. Unlike Ref. [2], we do not impose
any nontrivial condition for the periodic change y —
v+ 2zR.

We compute the one-loop effective potential for the W5
VEV. To this end, we extract the quadratic part of the action
Eq. (A1) in the presence of the W5 VEV parametrized as

1 _ _ _
Slquad = /d4 / dytr{ <11’“’D (1 - E) 6"6”) W, — W, DsWH—-Ws[OWs + EWsD3Ws + blc — ébDsc

+ %749, + iysDs)¥

+2 |:/ d4xtr[2(3”Wﬂ)W5 + WMD5Wﬂ - 5W5D5W5] — ‘il]/5‘P:| s

where Ds is a covariant derivative whose gauge field part is
given by (Ws) of Eq. (A3). From the Z, transformation
property and the periodicity, the fields obey the following
boundary conditions at y = 0, zR:

W, (y) = PW,(y)P" Ws(y) = —=PWs(y)P"
DsW,(y) = —PDsW, (y) Ws(y) = PDsWs(y)P'
b(y) = Pb(y)P! (y) = Pc(y)P",
Dsb(y) = —PDsb(y) Dsc(y) = =PDsc(y)P",
P(y) = ysP¥(y),
Ds¥(y) = —ysDsP¥(y), aty=0,zR. (A6)

Note that given the above boundary conditions, the
boundary action Eq. (A5) vanishes, and the ghost term

. 0 0 O
=— A
Ws) =250 0 @ (A3)
0 a O
The quadratic part is found to be
(A4)
y=nR
(AS)
y=0

is Hermite. We calculate the eigenvalues of the quadratic
operators in the bulk Eq. (A4) under the condition that the
eigenfunctions fulfill the boundary conditions Eq. (A6).
The eigenvalue equations are given by

1 _
<;7/‘”D - (1 - E) aw) W, — DIWH = Jy WH,
—DWS + CED%WS - /1W5 W5,
Lle — ngc = A.C,
Ob — ED2b = Ayb,

(l.}’ﬂaﬂ - }/SDS)ZIP - )“‘P‘P (A7)

The solutions to the above equations, before the boundary
conditions are imposed, are in the form,

015018-7



HABA, OKADA, and YAMADA

PHYS. REV. D 105, 015018 (2022)

W, = e=P*Q(y){CI* cos(my) + SIE sin(my) } Q' (y)
+ e=P*Q(y){C5 cos(my) + S5 sin(my) }Q7 (),
Ws = e=P*Q(y){Cs cos(my) + S sin(my) }Q" (y),
¢ = e Q(y){C, cos(my) + S sin(my) }Q" (y),
b = e*P*Q(y){C, cos(my) + S, sin(my) }Q' (y),
= P Q(y){CL cos(my) + St sin(my)}
(

Here p denotes a four-momentum, and m denotes the mass
of Kaluza-Klein modes determined from the boundary
conditions. The zero-modes correspond to the case where
m = 0. The Cs and Ss are constants satisfying p*C}L =
prSIt =0, C§ «x STt « p,, ysCh = —CE, ysSt = -SE,
ysCR = CR, y5SR SR. The corresponding eigenvalues
are given by

Ay = =pP+m?, dys = —p/E+m?,

+ e*P*Q(y){CR cos(my) + SR sin(my)}, (A8)
Aw, = p*—ém?,
where de = —p? + Em2,
r v Ay = —=p* +Em?,
— ; ° /
Q(y) = exp _lg/o <W5>dy] dy = —p? + m2. (A10)
[ /0 0 O . .
i y Now we impose the boundary conditions Eq. (A6) on the
= exp ) 0 0 a Rl (A9) solutions Eq. (A8) and determine the value of m. The
0 a O boundary conditions are equivalent to the following con-
) straints on the constants:
|
PCItPT =Clt,  PSIEPT = -SIE,

PQ(xR){CI" cos(manR) + ST- sin(mzR)}Q" (zR)P" = Q(zR){CI* cos(mnR) + ST sin(mzR)}Q' (zR),
PQ(xR){—CI* sin(maR) + ST cos(mnR)}Q' (zR)P" = —Q(xR){—CIt sin(maR) + SI* cos(mzR)}Q"(zR),  (All)
(the same for C3, S5, C,., S.., Cy, Sp,, and the sign is flipped for Cs, Ss),

and
PCt = —CF, PSt = St,
PQ(zR){CE cos(mznR) + St sin(maR)} = —Q(zR){CL cos(mnR) + S sin(mzR)},
PQ(zR){—CL sin(mzR) + St cos(maR)} = Q(xR){—C" sin(mzR) + S* cos(mzR)},
CR = CR, PSR = —SR,
PQ(nR){CR cos(maR) + S®sin(mzR)} = Q(zR){CR cos(maR) + S¥ sin(mzR)},
PQ(zR){—CEFsin(maR) + S® cos(maR)} = —Q(zR){—CR sin(mzR) + SK cos(mnR)}. (A12)
|
In Eq. (All), nonzero solutions for the set which, respectively, correspond to the photon, W* bosons,
(CiE cos(my), SEE sin(my)) exist when and Z boson with the wrong Weinberg angle. The values of
m and the number of solutions for each m are the same for
uh na (G- S2), (CeuSe), (Cp. Sp), and (Cs, Ss).
m :ﬁ, ntal , n a’ (n=0,4£1,42,...), (A13) In Eq. (Al12), nonzero solutions for the set
R R R (CE cos(my), St sin(my)) exist when
and when n > 0 there are one solution for m = n/R, two n n+al2
solutions for each of m = (n + %)/R, and one solution for m = R R (n=0,%+1,£2,...), (Al4)

each of m = (n+a)/R. The solutions when n <0 are
degenerate with those when n > 0. When n = 0, there are
one solution for m =0, two common solutions for
m = £4 /R, and one common solution for m = *+a/R,

and when n > 0 there are one solution for m = n/R and
one solution for each of m = (n4§)/R. The solutions

015018-8



ARE LOW-ENERGY DATA ALREADY HINTING AT FIVE ...

PHYS. REV. D 105, 015018 (2022)

when n < 0 are degenerate with those when n > 0. When
n = 0, there are one solution for m = 0 and one common
solution for m = 4§ /R, which, respectively, correspond to
one Weyl fermion that does not have a Yukawa coupling
with the Higgs field® and one of a pair of Weyl fermions
that have a Yukawa coupling.

Nonzero solutions for the set (CX cos(my), Sg sin(my))
exist when

n nta/2
R’ R

(n=0,+1,42,...), (Al5)

-p* + (n+%?/R?

and when n > 0 there are one solution for m = n/R and
one solution for each of m = (n£4)/R. The solutions
when n < 0 are degenerate with those when n > 0. When
n = 0, there only is one common solution for m = £ /R,
which corresponds to one of a pair of Weyl fermions that
have a Yukawa coupling.

Substituting Egs. (A13)-(A15) into Eq. (A10), we obtain
the true eigenvalues.

From the eigenvalues and their duplications found
above, the one-loop effective potential for the W5 VEV
a is computed as

-+ (n-97°/R

i [ d*p &
Veff(a)_veff(o) :_2/<2”)4;|:3{210g —p2—|—n2/R2 +210g —p2+n2/R2
-p*+ (n+a)*/R? -p*+ (n—a)*/R?
+log 3 2 p2 2 2/ p2
-p~+n°/R —-p°+n°/R
2 a\2 2 2 a\2 2
—r"+(n+9)°"/R —p"+ (n-9)°*/R
—2Ny< 21 21
‘P{ 0g 2+ 2R +2log P2+ /R
2 a\2 / p2 2 2/ p2 2 a2/ p2
-p?+(9?/R - R -p-+(5)/R
+3{210g P _(22)/ + log P ji/ }—4N\Plog—p _;22)/ . (A16)

After summation over n and a Wick rotation with p® = ip9, one gets

sin® (%)

Verla) = Ver(0) = 5 | f§5>33{21°g (1 ierpny) e 1 *ﬁ”

sin? (74 ) (a1

2

— 4Nyl 1+ ——"7—
w08 < + sinh?(zRpp)

where p2 denotes the Wick-rotated momentum squared, and pj denotes its square root. Note that the above effective
potential is finite.

We are interested in the Higgs quartic coupling derived from the effective potential Eq. (A17). We have the formula

d* [ d'pe sin?(7a) 31

dd* ! 5 | = T prlog (4sin*(na)). Al8

da* (27[)4 < Sinhz(ﬂ'RpE)> A2 R Og( Sin (ﬂ'a)) ( )

Applying Eq. (A18) to (A17), we find that the quartic coupling for the physical Higgs boson # is derived as
d* d*
erff(a) = (gR)4QVeff(a)
3 i 1 ) a ) 1 ) a
=529 3.2. ?log 4sin 5 + 3log (4sin*(7za)) — 4Ny - ?log 4sin = . (A19)

This should be compared with the Higgs quartic coupling derived from the one-loop effective potential of a 4D model that
contains W* bosons with mass m = % /R, Z boson with mass m = a/R, Ny Dirac fermions with mass m = % /R, and a
Higgs boson whose quartic coupling vanishes at tree level. In the 4D model, the Higgs quartic coupling derived from the
one-loop effective potential reads

°In the model of the main text, this fermion gains a vectorlike mass with a 4D fermion localized at an orbifold fixed point.
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d* 3

g 4
WVpSMeff = Au) +8—7r2 {3 : 2(§> log

where p denotes the renormalization scale and A(u) is
the Higgs quartic coupling generated from RG evolutions.
In Eq. (A19), when a < 1 but loga is still O(1) (note
that a need not correspond to the true Higgs VEV 246 GeV
when deriving the matching condition for the Higgs
quartic coupling), one can make approximations of
log(4sin?(ra)) ~log(4n*a?)  and  log(4sin*(7%))~
log(n?a®), while perturbation theory remains valid.
Given these approximations, and noting that A in
Eq. (A20) is related to a as h = a/(gR), we obtain from
the comparison of Egs. (A19), (A20) the following one-
loop matching condition for the Higgs quartic coupling:

1
{(52z) O

In addition to the field content of the above general
model, the model of the main text contains extra U(1),
gauge group that is involved in the breaking of
u(l)y, xU(l), - U(1l)y, and 4D chiral fermions

1 h2 2h2 4 1 2h2
492 +3g410gg—2—4N\P<g> log“g2 }
H H

(A20)

localized at y = 0 that mix with 4D-decomposed compo-
nents of the 5D bulk fermions along the breaking. However,
the presence of the U(1), gauge group and the 4D
chiral fermions has negligible impact on the matching
condition A(5iz) = 0, as shown below. The scale of the
U(1l)y, x U(1),, — U(1), breaking is given by the VEV of
a scalar ¢ localized at y = 0. When coupling constants

Aij7Bij’Cij’Eij in Eq (16) are 0(1), we have

Myec ~ (). (A21)
As seen in Sec. III, the model predicts M, < 1073 GeV
and 1/(2zR) > 10'%2 GeV, and hence there is a large
hierarchy between (¢) and the compactification scale given
by (¢)/(2zR) < 10727, Consequently, the mixing of the
U(1), and U(1)y, gauge bosons and that of the 4D chiral
fermions and 4D-decomposed components of the 5D bulk
fermions, induced by (¢), change the scale of A = 0 only by
a negligible amount of about 10727 or below.
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