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This article is an addendum to [S. Baek et al., Phys. Rev. D 90, 055014 (2014).]. Here, we discuss
the invisible Higgs decay width Γinv

h in the Higgs portal vector dark matter (VDM) model in the limit
mV → 0þ. In the effective field theory (EFT) approach where the VDM mass is attributed to the
Stückelberg mechanism, ðΓinv

h ÞEFT is divergent, which is unphysical and puzzling. On the other hand
ðΓinv

h ÞUV becomes finite in a UV completion, where the VDM mass is generated by the dark Higgs
mechanism. Then we can take the limit mV → 0þ by taking either (i) the dark gauge coupling
gX → 0þ with a fixed dark Higgs vacuum expectation value vΦ, or (ii) vΦ → 0þ with a fixed gX. Such
a difference in the behavior of Γinv

h in the massless VDM limit demonstrates another limitation of EFT
for the Higgs portal VDM, and the importance of gauge-invariant and renormalizable models for the
Higgs portal VDM.

DOI: 10.1103/PhysRevD.105.015007

I. INVISIBLE DECAY WIDTH
OF THE HIGGS BOSON

Higgs portal (HP) interactions are simple and generic
nongravitational channels for communication between the
visible and the dark sectors. Quite often the effective field
theory (EFT) approach is taken for concrete realizations of
HP interactions (see Ref. [1] for a recent review on this
approach). However, some aspects of HP interactions in the
EFT approach appear to be qualitatively different from
those in UV-completions with gauge-invariance, unitarity,
and renormalizability. These issues were discussed in detail
in Refs. [2,3] for Higgs portal singlet fermion dark matter
(HP SFDM), and Refs. [4–6] for HP VDM. In particular,
the correlations between the invisible Higgs decay branch-
ing ratio and the spin-independent DM-nucleus scattering

cross section for direct detection in the Higgs portal DM
models, both in the EFT and in UV completions were
discussed in Ref. [7]. Various collider signatures of gauge-
invariant renormalizable HP DM models were discussed in
Refs. [8–11], including the discussions on how unitarity is
recovered at high-energy colliders contrarily to the EFT
approaches.
One of the most pronounced differences between the EFT

and the full UV completions is the invisible decay width of
the standard model (SM) Higgs to VDM ðΓinv

h Þ in the Higgs
portal VDM scenarios. In the massless VDM limit, the
invisible Higgs decay width diverges in the EFT approach,
whereas it remains finite in UV completions, as described
below. Such an appearance of a physically unacceptable
observable indicates another limitation of the EFTapproach,
demanding care in the interpretation of the results of the EFT
approach. In this addendum, we will demonstrate that this
divergent catastrophe in the Higgs invisible decay width for
the Higgs portal VDM in the EFT approach disappears in
gauge-invariant renormalizable UV completions discussed
in Refs. [5,6]. The analytic expression for ðΓinv

h ÞUV in a UV
completion was given in Ref. [7] already. But its behavior in
the limit ofmV → 0þ was not discussed in detail therein. The
aim of this addendum is to complete discussions on what
happens to Γinv

h when we take mV → 0þ limit.
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II. EFFECTIVE FIELD THEORY PREDICTION

In the EFT approach for the Higgs portal VDM, the
model Lagrangian is defined as [12]

LVDM ¼ −
1

4
VμνVμν þ 1

2
m2

0VμVμ þ 1

2
λVHVμVμH†H

−
λV
4
ðVμVμÞ2; ð1Þ

assuming that VDM is the gauge boson for dark Uð1Þ
gauge group. The VDM mass is supposed to be generated
by the Stückelberg mechanism. Then the DM phenom-
enology can be described in terms of two parameters, mV
and λVH.
One of the important physical observables in the Higgs

portal DM models (and in general) is the invisible Higgs
decay width. In the EFT approach for HP VDM, this
quantity is given by [12]

ðΓinv
h ÞEFT ¼

λ2VH
128π

v2Hm
3
h

m4
V

�
1−

4m2
V

m2
h

þ12
m4

V

m4
h

��
1−

4m2
V

m2
h

�
1=2

;

ð2Þ
where mV is the mass of the VDM, and mh and vH ¼ffiffiffi
2

p hH0i ≈ 246 GeV are the mass and the vacuum expect-
ation value of the canonically normalized neutral component
of Higgs field, respectively. Within the EFTapproach,m2

V ¼
m2

0 þ λVHv2H=2 with m0 and λVH being arbitrary free
parameters subject to only phenomenological constraints.
Hence, there is no definite relation between mV and λVH
unless m0 ¼ 0 which is however already ruled out by
constraints from the XENON1T experiment (for example,
see Fig. 1 in Ref. [1]). Note that the prefactor in (2) becomes
independent ofmV form0 ¼ 0. Then the Higgs decay width
is predicted to be m3

h=32πv
2
H ≈ 320 MeV in the limit

mV → 0þ, which is already well above the current LHC
upper bound of 14 MeV at 95% C.L. [13]. Therefore, we
should takem0 ≠ 0, and the invisible decay width ðΓinv

h ÞEFT
will grow indefinitely when mV → 0þ, which is the well-
known puzzle in theHiggs portal VDM in the EFTapproach.

III. RENORMALIZABLE AND
GAUGE-INVARIANT THEORY

The model Lagrangian in Eq. (1) violates gauge invari-
ance, unitarity, and renormalizability, and has to be fixed.
One simple UV completion is to consider the Abelian-
Higgs model in the dark sector, and the VDM mass is
generated by dark Higgs mechanism [4–6]. The SM and the
dark sectors will communicate through the Higgs
portal coupling (λHΦ in Eq. (3) below) between the SM
Higgs doublet H and the dark Higgs Φ, both of which
develop nonzero vacuum expectation values. The renorma-
lizable and gauge-invariant model Lagrangian is simply
given by [4–7]

L¼−
1

4
VμνVμνþDμΦ†DμΦ−

λΦ
4

�
Φ†Φ−

v2Φ
2

�
2

−λHΦ

�
H†H−

v2H
2

��
Φ†Φ−

v2Φ
2

�
−
λH
4

�
H†H−

v2H
2

�
2

;

ð3Þ

where Dμ ¼ ∂μ þ igXQΦVμ, with QΦ being the dark
charge of Φ. There are two neutral scalar bosons; a
125 GeV SM Higgs-like one, and the other being mostly
a singlet-scalar dark Higgs boson. The dark Higgs boson
can play interesting and important roles in DM phenom-
enology, particle physics, and cosmology, including such as
Higgs-portal assisted Higgs inflation [14] (see Refs. [15,16]
for reviews).
After electroweak and dark-gauge symmetry breaking,

the SM Higgs boson and the dark Higgs boson will be
mixed with each other through the Higgs-portal interaction
term, λHΦ. In the unitary gauge, we have

HðxÞ ¼
�

0

1ffiffi
2

p ðvH þ h̃ðxÞÞ
�
; ΦðxÞ ¼ 1ffiffiffi

2
p ðvΦ þ φðxÞÞ:

ð4Þ

The mass matrix in the basis ðh̃;φÞ can be written as

�
λHv2H=2 λHΦvHvΦ
λHΦvHvΦ λΦv2Φ=2

�

¼
�

m2
1c

2
α þm2

2s
2
α ðm2

2 −m2
1Þsαcα

ðm2
2 −m2

1Þsαcα m2
1s

2
α þm2

2c
2
α

�
: ð5Þ

The mass eigenstates ðH1; H2Þ are defined by the following
relation,

�
H1

H2

�
¼

�
cos α − sin α

sin α cos α

��
h̃ðxÞ
φðxÞ

�
; ð6Þ

where H1 ≡ h is identified as the 125 GeV Higgs boson
observed at the LHC, and the mixing angle α between h̃ and
φ is given by

tan 2α ¼ 4λHΦvHvΦ
λΦv2Φ − λHv2H

: ð7Þ

The invisible Higgs decay width within the full gauge-
invariant and renormalizable model (3) is given by [7]

ðΓinv
h ÞUV ¼ g2XQ

2
Φ

32π

m3
h

m2
V
sin2 α

�
1 −

4m2
V

m2
h

þ 12
m4

V

m4
h

�

×

�
1 −

4m2
V

m2
h

�
1=2

: ð8Þ
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In the limit mV → 0þ, the main contribution to (8) comes
from the longitudinally-polarized Vs, where the polariza-
tion vector is in the form ϵμðkÞ ≈ kμ=mV . This also explains
the enhancement factor m2

h=m
2
V in Eq. (8). The invisible

Higgs decay width is constrained by the signal strengths of
Higgs boson in various production and decay channels, and
the upper limits on the Higgs invisible branching ratio, as
well as on the nonstandard Higgs decay width (see, for
example, [17,18]).
The critical difference of Eq. (8) compared with the EFT

result in Eq. (2) is thatm2
V ¼ g2XQ

2
Φv

2
Φ in the UV completed

model. Note that the massless VDM limit, mV → 0þ, can
be achieved by taking either gXQΦ → 0þ or vΦ → 0þ in
Eq. (8). We find that in both cases the Higgs invisible decay
widths are finite, and physically sensible results are
obtained as described below.

A. gXQΦ → 0+ with vΦ ≠ 0 fixed

For a finite fixed vΦ, we notice that the mixing angle α is
fixed and finite, since the 2 × 2 scalar-mass matrix in
Eq. (5) is independent of gX. And the prefactor in Eq. (8)
becomes

g2XQ
2
Φ

m2
V

¼ g2XQ
2
Φ

g2XQ
2
Φv

2
Φ
¼ 1

v2Φ
¼ finite:

Then, one obtains

ðΓinv
h ÞUV ¼ 1

32π

m3
h

v2Φ
sin2 α; ð9Þ

which is finite irrespective of the VDM mass and is
physically sensible.1 Note that, mh ≫ mV in this limit
and the VDMs produced in the decay of the SM Higgs are
highly boosted. Hence, the decay rate in Eq. (9) is actually
mostly from the longitudinal mode of the VDM. Then, it is
clear that from the Goldstone boson equivalence theorem
one should have the same rate as the one in Eq. (9) for the
decay of the SM Higgs to its associated Goldstone bosons
when gXQΦ ¼ 0.
Indeed, for gXQΦ ≡ 0 and vΦ ≠ 0, there is no interaction

between Vμ and the dark Higgs Φ. Specifically the Higgs-
V–V interaction vanishes identically-

−g2XQ2
ΦvΦ sin αVμVμh≡ 0;

and consequently the partial width Γðh → VVÞ vanishes.
Since V is massless for gXQΦ ¼ 0, the Goldstone boson aΦ
from Φ is not absorbed into the longitudinal component of
V but becomes a physical degree of freedom. That is, the
dark Uð1Þ symmetry acts as a global symmetry. In this case
the Higgs boson h can decay into a pair of the Goldstone

bosons through the mixing with the dark Higgs boson, and
the partial decay width is found to be [19],

Γðh → aΦaΦÞ ¼
sin2 αm3

h

32πv2Φ
; ð10Þ

which is exactly what we obtain from Eq. (8) with
gXQΦ → 0þ as shown in Eq. (9).

B. vΦ → 0+ with gXQΦ fixed

Another possibility for a massless VDMwould be taking
vΦ → 0þ with a finite value of gX. In this limit, the mixing
angle α defined in Eq. (7) is approximated as

α !vΦ→0þ
−
2λHΦvΦ
λHvH

: ð11Þ

Then the prefactor (including the mixing factor) in ðΓinv
h ÞUV

[Eq. (8)] becomes

g2XQ
2
Φ

m2
V

sin2α !vΦ→0þ 4λ2HΦ
λ2Hv

2
H
¼ 2λ2HΦ

λHm2
h

¼ finite; ð12Þ

where in the second equality we have used m2
h → λHv2H=2

as vΦ → 0þ. Then the invisible Higgs decay rate in Eq. (8)
can be approximated as

ðΓinv
h ÞUV !vΦ→0þ 1

16π

λ2HΦmh

λH
; ð13Þ

which is again finite. Note that Eq. (13) is exactly what one
finds for the decay of the SM-like Higgs to Goldstone
bosons in the linear representation ofΦ in the broken phase.
Hence, we find that in the broken phase (i.e., vΦ ≠ 0)
whichever limit we take to get a massless VDM limit,
namely either gXQΦ → 0þ or vΦ → 0þ to realizemV → 0þ,
the invisible decay rate of the SMHiggs in the UV complete
model is finite and physically consistent with the expect-
ation from the Goldstone boson equivalence theorem, as
opposed to the case of the EFTapproach discussed in Sec. II.

C. Unbroken Uð1Þ case with gXQΦ ≠ 0 and mV = 0

For completeness, we briefly discuss the unbroken Uð1Þ
case with gXQΦ ≠ 0, for which the dark Uð1Þ gauge boson
remains massless, mV ≡ 0. In this case, we have
Γðh → VVÞ≡ 0. The scalar potential form of Eq. (3) in
the broken phase for the Uð1Þ is not adequate here. Instead
we shall write the scalar potential as

L ⊃ −
1

2
m2

ΦΦ†Φ −
λΦ
4
ðΦ†ΦÞ2 − λHΦ

�
H†H −

v2H
2

�
Φ†Φ

−
λH
4

�
H†H −

v2H
2

�
2

; ð14Þ

where mΦð> 0Þ is the physical mass of Φ. Since Φ is the
lightest (actually the only) charged field under the unbro-
ken dark Uð1Þ gauge symmetry, it is stable and makes

1This behavior of ðΓinv
h ÞUV in the limit A was presented by one

of the authors (P. K.) in two DM@LHC workshops, one at
Amsterdam (2016) and the other at Irvine (2017).
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complex scalar dark matter. The massless photon V plays
the role of the dark photon and can contribute to the energy
budget of the Universe as a part of dark radiation (DR).
Although it has a cold dark matter candidate Φ, the model
is no long the same as our original Higgs portal VDM. Now
it is a Higgs portal complex scalar DM model. The
contribution to ðΓinv

h ÞUV comes from h → ΦΦ†, if kine-
matically allowed, and the result is

ðΓinv
h ÞUV ¼ 1

8π

λ2HΦmh

λH

�
1 −

4m2
Φ

m2
h

�
1=2

; ð15Þ

which is clearly finite. Note that the rate in Eq. (13) in the
limit ofmV → 0 differs from the one in Eq. (15) in the limit
of mΦ → 0 only by a factor of 2. This can be understood
from the fact that in the linear representation of Φ in both
broken and unbroken phases the three-point couplings of h
to the real components and to the imaginary components of
Φ are equal to each other. Hence, if kinematically allowed,
the decay rate of h → ΦΦ† should be larger than that for the
decay to Goldstone bosons by a factor of 2, modulo the
phase space factor.

IV. CONCLUSION

In conclusion, the invisible decay rate of the SM
Higgs ðΓinv

h ÞUV in the UV-complete model of Eq. (3)
remains finite and physically sensible in the mV → 0þ
limit obtained by taking either gXQΦ → 0þ or vΦ → 0þ,
which is in sharp contrast with Eq. (2) derived in the EFT
approach. Also note that the cases of gXQΦ ≡ 0 or vΦ ≡ 0
are different from the VDM we are discussing as

described above, since in such cases the vector field is
massless and becomes dark radiation instead of being dark
matter.
Before closing, let us make additional comments on what

happens in another possible UV completion. It is well
known that there are, in general, more than one UV
completion for a given EFT operator. As an alternative
to the UV completion [Eq. (3)] for the Higgs-portal VDM,
a radiatively generated Higgs-portal VDM model was
discussed in Ref. [20], where new heavy fermions were
introduced in Eq. (3) in order to generate (radiatively) the
Higgs-portal interaction term in Eq. (1). It is found that the
one-loop induced invisible decay rate of Higgs is also finite
in this scenario. It is another example that the Higgs
invisible decay width is finite in gauge-invariant and
renormalizable UV completions for Higgs portal VDM.
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