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We present results of the first lattice QCD calculations of the weak matrix elements for the decays
Bf - D%*v,, Bf — D} ¢+ ¢~ and Bf — Dy vp. Form factors across the entire physical ¢> range are then
extracted and extrapolated to the continuum limit with physical quark masses. Results are derived from
correlation functions computed on MILC Collaboration gauge configurations with three different lattice
spacings and including 2 + 1 4 1 flavors of sea quarks in the highly improved staggered quark (HISQ)
formalism. HISQ is also used for all of the valence quarks. The uncertainty on the decay widths from our form
factors for B} — D°/*v, is similar in size to that from the present value for V,,. We obtain the ratio
[(Bf = D%t v,)/|newV.p|* = 4.43(63) x 10'? s™'. Combining our form factors with those found
previously by HPQCD for Bf — J/yu*v,, we find |V, /V ,|*'T(BE - D°utv,)/T(Bf - J/yu'ty,) =
0.257(36) _(18)5 _;,- We calculate the differential decay widths of Bf — D/ "¢~ across the full ¢>
range and give integrated results in ¢> bins that avoid possible effects from charmonium and ui resonances.
For example, we find that the ratio of differential branching fractions integrated over the range ¢> =
1 GeV?-6 GeV2forBf — D" p~ and Bf — J/yu'v,is 6.31(90)5 _p (65)p s/ < 1076, We also give
results for the branching fraction of Bf — D vp. Prospects for reducing our errors in the future are discussed.
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I. INTRODUCTION

In this paper, we use lattice QCD methods to calculate
the form factors that capture the nonperturbative physics of
the pseudoscalar B meson decaying weakly into either
D¢*uv,, D¢+ ¢~ or D v, This is the first time that these
calculations have been performed. To ascertain the suc-
cesses and shortcomings of the Standard Model’s descrip-
tion of the physics observed in experiment, it is essential to
produce predictions from the Standard Model at high
precision that fully incorporate the nonperturbative strong
interaction phenomenology of hadrons. Lattice QCD
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provides a route towards achieving this for the weak matrix
elements studied here.

We present the first lattice QCD calculation of the form
factors f and f, for the vector current matrix elements for
B — D°/*v, throughout the entire range of physical
momentum transfer squared, g*>. An accurate prediction
from the Standard Model of the normalization and shape of
the form factors for Bf — D°/*v, will complement
observations of this process from experiment and ulti-
mately lead to a new exclusive determination of the CKM
matrix element |V ;| in the future. LHCb expects [1] that
Upgrade II will make it possible to have a measurement of
B — Do;ﬁvﬂ with sufficient accuracy to offer a competi-
tive determination of V. Further scrutiny of V;, is needed
to address the long-standing unresolved tension between
inclusive and exclusive determinations (for example, see
world averages of V;, from both inclusive and exclusive
determinations in [2]). Exclusive determinations of V,,
using form factors from lattice QCD have so far been
focused on the semileptonic decays B — z, B, — K and
A, — p, so determining V ,;, via semileptonic B, — D will
offer another data point. We also consider the branching
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fraction ratio of B, — D and, using form factors from [3],
the process B, — J/w. This allows the combination
Vur/Vep to be examined given experimental information
on this ratio.

Alongside our calculation of the form factors for
B} — D% *uv,, we also carry out a lattice QCD calculation
of the form factors f, f, and f for the vector and tensor
current matrix elements of the rare processes B —
Df¢*¢~ and B — D{vp. These semileptonic decays are
examples of flavor-changing, neutral current (FCNC) proc-
esses, and they are of interest in their own right. Such
processes are not allowed at tree level in the Standard Model;
thus, contributions from physics beyond the Standard Model
may be more visible than with tree-level decays. Therefore,
FCNC transitions are an important avenue towards under-
standing the validity of the Standard Model.

The form factors calculated here are part of an ongoing
program by HPQCD to study weak decays of mesons
containing a bottom quark. Our ultimate aim is to determine
Standard Model contributions at high enough precision
such that comparison with experiment reveals or constrains
new physics scenarios. We are now in an era in which fully
relativistic lattice QCD calculations of decays of mesons
containing bottom quarks are achievable. We use the highly
improved staggered quark formalism (HISQ) [4], which is
specifically designed to have small discretization errors.
The large mass of the b quark requires very fine lattices to
control discretization effects. We simulate with bottom
quarks at their physical mass on our finest lattice and
unphysically light bottom quarks on the coarser lattices.
Together this data inform the limit of vanishing lattice
spacing and physical quark masses through HPQCD’s
“heavy-HISQ” strategy. Recent calculations that have
established the method for determining semileptonic form
factors include [3,5-9].

We also investigate strategies for improving on this first
calculation of the form factors for B, — D and B, — Dj.
These methods will inform the strategy for other future
calculations of heavy-to-light quark decays. Form factors
with smaller uncertainties will offer a more powerful
examination of the precision flavor physics we envisage.
To minimize cost, we try these improvements in the B, —
D, case only.

The sections in this paper are organized as follows:

(1) Section II gives a comprehensive description of how
the form factors across the entire physical range of
4-momentum transfer are obtained from lattice cor-
relation functions. Results from fitting the correlation
functions are attached to this paper [10]. Appendix A
discusses intermediate results from the correlation
function fitting and form factor fits.

(i1)) In Sec. III, we present our form factors obtained
from taking the physical-continuum limit of the
lattice data. We plot and tabulate observables found
from combining our form factors with CKM matrix

elements and known Wilson coefficients. Details of
the form factor fits are presented in Appendix B.
Appendix C gives the means for the reader to
reconstruct our form factors.

(iii) In Sec. IV, we investigate extensions to our calcu-
lations that aim to improve the precision of our
determination of the physical-continuum form fac-
tors in a future update. These discussions will guide
other calculations of heavy-to-light decay processes
in the future.

II. CALCULATION DETAILS

A. Form factors

Our calculations use equal-mass u and d quarks. The
corresponding quark flavor is denoted as /. In this paper, we
use the shorthand B. — D; and B. — D, to label the two
different decays considered here. The subscript on the D,
and D, mesons denotes the flavor of the daughter quark that
arises from the decay of the parent b quark.

The form factors f, and f, are defined through the
vector current matrix element

{Dys) (p2)[V¥[Bc(p1))

M2 _M2
! B, Dys
= fo(s)(qz) {42”) Q"]
q
M% — M?
[ B, Dy
+10(g) {p’z‘ + plf a7 — q"} (1)

where ¢ = p; — p, is the 4-momentum transfer, and, since
we study the transitions B, — D; and B, — D, in tandem
throughout this article, we will use the notation f(’)‘ , and
Jo.o.7» Tespectively, to differentiate between their form
factors.

The semileptonic weak decay Bf — D°/*v, is facili-
tated by a b - uW~ quark transition. Ignoring isospin
breaking effects and possible long-distance QED correc-
tions, the differential decay rate is related to the form
factors through

dr 5 G> m2\ 2
R T S L
dq2 ’7EW| uh| 24”3< qz |q|
2
nmy 240 (,2)2
| (1452 s )
3m2 (Mp — Mp)?
8q° M3

; fé(aﬁ)ﬂ L ©

c

This is proportional to 72y |V,,|?, where the factor ngw =
1.0062(16) is the electroweak correction to G [11] and we
use the same value as in [3] for Bf — J/w¢ " v,. The mass
of the lepton in the final state is m,. The contribution of f,
is suppressed by the lepton mass and so is only relevant for
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TABLE L

Parameters for the MILC ensembles of gluon field configurations. The lattice spacing a is determined from the Wilson flow

parameter wq [19]. The physical value wy = 0.1715(9) fm was fixed from f, in [20]. Sets 1 and 2 have a ~ 0.09 fm. Set 3 has
a ~0.059 fm, and set 4 has a ~ 0.044 fm. Sets 1, 3, and 4 have unphysically massive light quarks such that m;/m, = 0.2. We give M, L
and M, values for each lattice in the fifth and sixth columns [24]. In the seventh column, we give 7g,, the number of configurations used
for each set. We also use four different positions for the source on each configuration to increase statistics.

Set Handle wo/a N3xN, ML M,MeV ng ami® am$ am$® am)®  am?™ ami™ T

1 Fine 1.9006(20) 323 x96 4.5 316 500 0.0074 0.037 0.440 0.0074 0.0376 0.450 14, 17, 20
2 Fine-physical 1.9518(17) 643 x96 3.7 129 500 0.00120 0.0364 0.432 0.00120 0.036 0.433 14, 17, 20
3 Superfine 2.896(6) 483 x 144 4.5 329 250 0.0048 0.024 0.286 0.0048 0.0245 0.274 22, 25, 28
4 Ultrafine 3.892(12) 643 x192 4.3 315 250 0.00316 0.0158 0.188 0.00316 0.0165 0.194 31, 36, 41

the decay mode B} — D°z*v,. The physical range of
momentum transfer

m2 < q* < (Mg —Mp)* =19.4 GeV? (3)

is large here because of the large mass of the b quark.
The short-distance physics of the FCNC transition B, —
Dy is described by form factors f(, . of the vector current
5y*b and the form factor f; of the tensor operator T# =
506"*b where 2¢6** = [y*, y*]. The form factor f is defined
through the matrix element of the tensor operator

(D () [T, 1)) — ~2 M8

== f(my;q*). (4
S ). (9

The tensor form factor f% is scheme and scale dependent.
We will quote results in the MS scheme at scale 4.8 GeV.
Within the Standard Model, the tensor form factor f is
relevant for the rare decay B — Df#*¢~ that proceeds
via b — s, but not for Bf — D}vi or the tree-level decay
B — D°/*v,. The daughter quark for B, — D; is heavier
than in the case of B. — D. The computational expense of
computing lattice quark propagators increases as the quark
mass decreases, so computing the form factors for B, — D
amounts to a less expensive computation than for B, — D.
Hence, we compute the tensor form factor fr only for the
process B, — D;,. In the future, we intend to also calculate
the tensor form factor for b — d processes.

From matrix elements of the scalar density and vector
current on four different lattices with a selection of heavy
and light quark masses, we fit the corresponding form
factor data to obtain the form factors in the continuum limit
with physical quark masses. By combining existing values
of CKM matrix elements V,, and V;,, along with values of
Wilson coefficients, we predict the decay rate for B —
D¢t ¢~ within the scope of Standard Model phenom-
enology. The expression for the decay rate follows similarly
to Sec. VIL in [12] for B — K¢~ where we take the MS
scale to be m,, for the tensor form factor. We also predict the
decay rate for B — D}vb using an expression similar to
that for B - Kvv in [13,14].

B. Ensembles and parameters

We use ensembles with 2 4 1 4 1 flavors of HISQ sea
quarks generated by the MILC Collaboration [15-17].
Table I presents details of the ensembles. The Symanzik-
improved gluon action used is that from [18], where the
gluon action is improved perturbatively through O(a,a?),
including the effect of dynamical HISQ sea quarks. The
lattice spacing is identified by comparing the physical value
for the Wilson flow parameter [19] wy = 0.1715(9) fm
[20] with lattice values for wy/a from [21,22]. The
following calculations feature strange quarks at their
physical mass and equal-mass up and down quarks, with
mass denoted by m;. We use lattices with m,/m; = 5 in the
sea and also the physical value m,/m; = 27.4 [23]. The
corresponding pion masses are tabulated in Table 1 [24].
Values for M, L (where L = aN,) are also given in Table I
as an indicator of sensitivity to finite-volume effects. In the
more precise calculation of [12] for the form factors for
B — K, finite-volume effects were found to be small
compared to final uncertainties. Hence, we expect finite-
volume effects to be very small compared to the uncer-
tainties we achieve in this first calculation, so we ignore
them. The valence strange and charm quark masses used
here, also tabulated in Table I, were tuned in [22,25]
slightly away from the sea quark masses to yield results that
more closely correspond to physical values. Corrections
due to the tuning of valence strange quark and charm quark
masses away from the masses of the sea quarks should, at
leading order, simply amount to a correction linear in the
sea mass mistuning, which we allow for in our fit of the
form factors (described in Sec. I1F). We take the mass of
valence [ quarks to be equal to the mass of the sea / quarks.
We ignore isospin-breaking and QED effects in this first
calculation. The propagators were calculated using the
MILC code [26].

The numerical challenge of generating the finest lattices
that we use here means that the ensembles do not fully
explore the space of all possible topological charges. The
effects of topology freezing on meson phenomenology
calculated on these lattices were explored in [27]. It was
found that a topological adjustment of 1% is required for
the D meson decay constant on the ultrafine lattice (set 4).
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FIG. 1. The mass My_of the heavy-charm pseudoscalar meson

is plotted against the lattice spacing squared for each of the values
am;, = 0.5, 0.65, 0.8 used in the heavy-HISQ calculation. Values
for My are obtained from fitting the correlation functions as
described in Sec. IIE. The continuum-physical point is denoted
by a cross at a =0 fm and My = Mp_ from experiment [28].
Data from sets 1—4 are denoted by the colors red, blue, green and
magenta, respectively. Data for am;, = 0.5, 0.65, 0.8 can be
identified by the diamond, triangle and circle markers, respec-
tively. These choices will be repeated in all subsequent plots.

The adjustment for D, is negligible, and this is also
expected to be the case for the B, meson. The sizes of
the errors achieved in our calculations here are such that
effects from topological freezing (which could be of similar
size for form factors as those seen for decay constants) are
negligible, so we ignore them. In the future, more accurate
form factor calculations may need to incorporate adjust-
ments due to nonequilibrated topological charge distribu-
tions on the ultrafine and finer lattices.

The heavy-HISQ method sees all flavors of quarks
implemented with the HISQ [4] formalism. This is a fully
relativistic approach which involves calculations for a set of
quark masses on ensembles of lattices with a range of fine
lattice spacings, enabling a fit from which the physical
result at the b quark mass in the continuum can be
determined. In our heavy-HISQ method, we utilize a
valence HISQ quark with mass m; that takes values
between m, and m,;. We describe this quark as “heavy.”
In the limit of physical quark masses, the heavy quark will
coincide with the b quark. Regarding the mesons that this

TABLEIL.
(11

quark forms with a constituent charm, strange or light
quark, we adopt nomenclature for these mesons that is
similar to mesons with a constituent bottom quark. For
example, we label the low-lying heavy-charm pseudoscalar
meson as H . If we were to take m; = m,,, then this meson
would coincide with the B, pseudoscalar meson.

This heavy-HISQ calculation uses bare heavy quark
masses am;, = 0.5, 0.65, 0.8 on all four sets in Table I. The
masses of the corresponding heavy-charm pseudoscalar
mesons H . are plotted in Fig. 1. The mass of the heaviest
heavy-charm pseudoscalar meson is only 6% lighter than
the physical B, meson.

Momentum is inserted only into the valence light
(strange) quark of the D) meson; thus, the initial H.
meson is always at rest on the lattice. The momentum
insertion is implemented through partially twisted boun-
dary conditions [29,30] in the (1 1 1) direction. The
twists used on each set are given in Table II. The twist angle
0 is related to the three-momentum transfer ¢ = p; — p, by

MREAES 5

For example, zero twist (8 = 0) corresponds to zero recoil
where ¢? takes its maximum physical value, which we
denote as g2,,. In previous studies, such as Fig. 3 in [6], it
has been observed that the continuum dispersion relation is
closely followed for mesons with staggered quarks, par-
ticularly on the finer lattices. The twists we use allow a
considerable proportion of the physical ¢* range to be
probed. Most of the twists in Table II originate from a
variety of past calculations in which the corresponding
propagators were saved for future use.

Figure 2 shows the ¢ realized by the twists in Table II.
The values of g?/q2.x are given for each twist and heavy
quark mass for both H. — D; and H, — D,. Twists that
give negative g are unphysical but will nevertheless aid the
fits of the form factors across the physical range. For all of
the sets except one, all of the g* range is covered for the
lightest heavy quark mass value am;, = 0.5 (recall that
Fig. 1 shows the corresponding mass of the heavy-charm
pseudoscalar mesons). For the finest lattice, set 4 in Table I,
Fig. 2 shows for the largest heavy quark mass, close to m,,.

Twists used for heavy-HISQ calculations on each of the four sets given in Table I. The twists are in the
1) direction and defined in Eq. (5). The corresponding values of ¢* as a proportion of ¢, are shown in

Fig. 2.

Set twists @ for B, — D Twists 0 for B, — D,

1 0, 0.4281, 1.282, 2.141, 2.570 0, 0.4281, 1.282, 2.141, 2.570
2 0, 0.8563, 2.998, 5.140 0, 3.000, 5.311

3 0, 1.261, 2.108, 3.624, 4.146 0, 1.261, 2.108, 2.666

4 0, 0.706, 1.529, 2.235, 4.705 0, 0.706, 1.529, 2.235, 4.705
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FIG. 2. The ¢* values on each set as a proportion of the
maximum value ¢, = (My —M Dm)z. From top to bottom,
data from sets 1-4 are displayed (see Table I). For different am;,
on a given set, the same twists were used. As described in the
caption for Fig. 1, data from sets 1-4 and heavy quark masses
amy, are denoted by different colors and marker styles. Values
used here for the masses of the initial and final mesons are found
from fits of correlation functions (to be discussed in Sec. I E).

C. Extracting form factors from matrix elements

The conserved HISQ vector current is given explicitly in
Appendix A of [31]. It takes the form of a complicated
linear combination of multilink point-split operators. While
the conserved current has the advantage that it does not
require a multiplicative renormalization factor, its form is
unwieldy for lattice computations. Hence, we elect to use
simple local currents that are not conserved and determine
the corresponding renormalizations.

Our calculation uses HISQ quarks exclusively. In par-
ticular, since we use HISQ for both the parent heavy quark
and the daughter light or strange quark, we can use the
partially conserved vector current Ward identity to relate
matrix elements of the renormalized local vector current
Zy Vi ., with matrix elements of the local scalar density
through
('Iﬂ<Dl(s)|V{loca1|HC>ZV = (mh - ml(s)><Dl(s)|Slocal‘Hc>' (6)
This holds since the mass and scalar density multiplicative
renormalization factors Z,, and Zg satisfy Z,,Z¢ = 1. Using
Eq. (6) to determine Zy, is a fully nonperturbative strategy.
Up to discretization effects, the renormalization factor is
independent of g?, so it is sufficient to deduce its value at
zero recoil (g =0 and maximum ¢?). Using different
staggered “tastes” of mesons in Eq. (6) will contribute a

discretization error that is accounted for when fitting the
lattice form factor data. At zero recoil, Eq. (6) only features
matrix elements of the scalar density and the femporal
component of the vector current, so we do not compute
matrix elements of the spatial components of the vector
current (though they will be considered in Sec. IV B as part
of our investigation towards future improvements).
Combining Egs. (6) and (1) yields

mp — my(s)

I(s
fo( (¢?) = (D5 |S1ocal | H ) Y Y
H,. Dl(x)

(7)

We use Eq. (7) to extract f, from the given combination of
quark masses, meson masses and the matrix element of the
scalar density.

Equation (1) for u = 0 can be trivially rearranged to
yield

0 0pl(s)/ 2 M‘z"f_M%’m)
s ZV<DI(.V)|Vloca1|Hc>_q fO (C] ) T
)= — @
+ q-)= M2 —M>2 .

0 0_ 0 _He "Pus

P>+pPi—q pe

At zero recoil, the denominator vanishes so f, cannot be
extracted here. In practice, using Eq. (8) near zero recoil is
problematic since both the numerator and denominator
approach 0 as g increases towards its maximum value at
zero recoil. This is discussed further in Appendix B. [In
Sec. IV B, we consider an alternative extraction of f, by
using Eq. (1) with p # 0.]
Finally, the tensor form factor is obtained through

13 (qQ) _ ZT<DS|T11(;Sal|Hc>(MH(. + MDS) (9)
’ 2iMy p} :

where Tll(;(c)al is the local tensor operator and Z; is its
multiplicative renormalization factor that takes the lattice
tensor current to the MS scheme. We use values of the
associated multiplicative renormalization factor Zj
obtained using the RI-SMOM intermediate scheme. We
give these values in Table III. Values in the RI-SMOM
scheme at scale 3 GeV are converted to scale 4.8 GeV in the

TABLE III.  Values used for the multiplicative renormalization
factor Zy of the tensor operator obtained from Tables VIII and IX
in [32] at scale m,, in the MS scheme. The set handles correspond
to those given in Table 1. The top row gives the mean values of
Z7, and the rows beneath give the covariance matrix scaled by a
factor of 10°.

Sets 1 and 2 Set 3 Set 4
0.9980 1.0298 1.0456
0.6250 0.6242 0.6059
0.6250 0.6057

0.6250
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FIG. 3. Diagrammatic representations of the three-point func-

tions we calculate on the lattice. The top two diagrams are
relevant for extracting matrix elements of the scalar density and
temporal vector current, and the bottom diagram is calculated for
the case B, — D, and the tensor current. Each operator insertion
is shown by a cross and is labeled by its description given in the
spin-taste basis, while the lines represent lattice quark propa-
gators. The heavy quark propagator is represented by the line,
labeled by the flavor h, between the leftmost operator and
the insertion. The daughter quark propagator is represented by
the line, labeled by the flavor [(s), between the insertion and the
rightmost operator. The remaining quark propagator is the
spectator quark, labeled by the flavor c.

MS scheme. Nonperturbative (condensate) artifacts in Z;
in the RI-SMOM scheme are removed using the analysis of
the J/w tensor decay constant [32].

D. Euclidean correlation functions on the lattice

We obtain the matrix elements discussed in Sec. II C
from correlation functions on the lattice with ensembles
and parameters specified in Sec. II B. We now describe the
construction of these correlation functions.

To ensure that nonvanishing correlation functions are
obtained when exclusively using staggered propagators in a
heavy-HISQ calculation, operators at the source, sink and
current insertion must be carefully selected so that the
overall correlator is a taste singlet. As we detail in Sec. ITE,
matrix elements of the scalar density, vector current and
tensor operator are extracted from three-point correlation
functions whose constructions we now describe.

Our choice of operators used in the three-point corre-
lation functions that we compute are given in Table IV and
shown in Fig. 3. The operators are expressed in the
staggered spin-taste basis. Note that the scalar density,
temporal vector current and tensor operator all take the
form I' ® I' for some combination of gamma matrices I
thus, they are all local operators as discussed in Sec. II C.

TABLE IV. Summary of the interpolators used in the all-HISQ
three-point correlation functions. The interpolators are given in the
spin-taste basis. Matrix elements of the scalar density, vector current
and tensor operator are extracted from the correlation functions
constructed from the first, second and third rows of interpolators,
respectively. The relevant form factor is given in the first column.
The tensor form factor is calculated for B. — D only here.

H, Dy Insertion
So 7s ®7s Ys ®7s I®1
fs Ysv: ® rsy: 75 ®7s Y ®v:
fr Y57 ® s, Ys ® sV« ViV ® Va¥y

To extract the overlaps of the H. and Dy interpolators
used in the three-point functions onto the low-lying
pseudoscalar meson states, we compute the relevant two-
point functions, namely, H,. with ys ® ys and ysy, ® ys7;
at both the source and sink, and D, with ys ® ys and
¥s ® vsy. at both the source and sink. The Dy interpolator
7s ® sy, is the only nonlocal interpolator that we use.

We calculate the correlation functions needed to study
the form factors for B, — D; and B, — D, together since
the calculations share gluon field configurations and other
lattice objects. From a computational perspective, these
processes are similar since they both involve a charm quark
which spectates a bottom quark that changes flavor. Hence,
we are able to construct lattice correlation functions such
that sequential b quark propagators, i.e., the combined
bottom and charm propagator object, can be utilized in both
calculations, thus saving us a computational expense.

E. Fitting correlation functions

The correlation functions are fit to the following forms
using the corrfitter package [33]. The fit seeks to minimize an
augmented y? as described in [34-36]." We simultaneously
fitall of the two-point and three-point correlation functions at
all twists and heavy quark masses to account for all possible
correlations between the fit parameters. We use singular
value decomposition (SVD) cuts in our fits; thus, the

x*/d.o.f. values from our fits of correlation functions do

not have a straightforward interpretation in the sense of
frequentist statistics. More discussions and details can be
found in Appendix A 1. This includes details of our priors
and a variety of tests of the stability of our fits.

The two-point correlator data are fit to the functional
form

Nﬂ NO

C2pt(t) = Z( Qp f(Enn Z

i i

(Eo,iv t)

(10)

'In the limit of high statistics the results from this method are
equivalent to those from Bayesian inference.
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where
f(E t) = e B 4 e~ EWi=1), (11)

This follows from the spectral decomposition of the
Euclidean correlation functions. The sums over i enumerate
the tower of states that have nonvanishing overlap with the
interpolators such that £, ; < E, ;. ;and E,; < E ;1. Asis
characteristic of staggered quarks, we find contributions to
the correlation functions that switch signs between adjacent
time slices. These contributions that oscillate with time are
accounted for by the second piece in Eq. (10), where the
subscript “o” is shorthand for “oscillating.” Similarly, the
subscript “n” in the first piece in Eq. (10) is shorthand for
“nonoscillating.” The function f(E,t) accounts for the
periodicity of the correlator data in the temporal direction.
The amplitude a, is normalized such that

{0lo|p)
ano = (12)
V2Ep
where O is the pseudoscalar meson interpolator, P is the
low-lying pseudoscalar state, and Ep = E|  is its energy.
The three-point data are fit to the functional form

No,Ny
C3pt(t’ T) = Z an.ie_E“‘itVnn,ijbn,je_E"’j<T_t)
LJ
Ni.No
- (_1)T_tan,ie_En'itVno,ijbo,je_Eo'j(T_t)
i

\J
Ny.N,
E t —E, it —E, (T—t
- (_1) o i€ ™ Von,ijbn,je "'j( )

i.j

Ny.N,

+ Z (-1)7a, ;e E Eo;(T—1)

©'Vo0,ijbo.j€ )
ij

(13)

where the amplitudes a and b are the amplitudes in Eq. (10)
corresponding to the initial and final pseudoscalar meson
states in the three-point correlator.

For an insertion of the local scalar density, both source and
sink operators are ys ® ys. For an insertion of the temporal
component of the local vector current, the Dy and H.
mesons are interpolated by ys ® ys and ygys ® y¢7s5, respec-
tively. The matrix elements of the vector current and tensor
operators are related to the fit parameters V., ;; of the three-
point functions through

<Dl(r)|J|Hc> = Zvnn,OO\/ 2ED,(S)2EHL.’ (14)

where J is the insertion that facilitates the &7 — [ or s flavor
transition and Z is the corresponding multiplicative renorm-
alization factor for V or T. The pseudoscalar mesons of

interest are the lowest-lying states consistent with their quark
content and the gamma matrix structure of the interpolators,
so we only require extraction of the matrix elements for
i = j = 0. The presence of i, j > 0 terms is necessary to give
a good fit and allows for the full systematic uncertainty from
the presence of excited states to be included in the
extracted V, oo-

F. Fitting the form factors

From the parameters V,, oo in the fit form of the three-
point correlation functions in Eq. (13), matrix elements are
found using Eq. (14). The values of the form factors are
then obtained by using Eqgs. (7)—(9).

The form factor data at all momenta and heavy quark
masses on all sets in Table I are then fit simultaneously to a
functional form that allows for discretization effects,
dependence on the heavy meson mass, and any residual
mistuning of the light, strange and charm quark bare mass
parameters. The fit is carried out using the Isqfit package
[37], which implements a least-squares fitting procedure.

1. z-expansion

It is convenient, and now standard, to map the semi-
; : 2 2 _ 2
lept-omc region my < g <t = <MHC._ MD;@)) to a
region on the real axis within the unit circle through

) = VD d = VE TR (1)
Vi@ + i =i

The parameter ¢, is chosen to be the threshold in g for
meson pair production with quantum numbers of the current
[38.i.e., (My + M, ))*. Any quark mass mistunings in our
calculations are allowed by the fit function of the form factor
data. Inour B, — D; calculation, we determine the M value
for evaluating 7, from heavy-light two-point correlation
functions that we fit simultaneously with the correlation
functions described in Sec. II D. In our B, — D, calculation,
which we analyze separately from B, — D;, we estimate M
by taking My, = My_— (Mp_— Mp). A similar approxima-
tion was taken in [3], a calculation of the form factors for
B, — J/y. Also, we choose the parameter £, to be 0 so that
the points g> = 0 and z = 0 coincide. The form factors can
be approximated by a truncated power series in z. The
validity of this truncation is scrutinized in Appendix B 3.

2. Fit form

Form factor data from our heavy-HISQ calculation is
obtained, as described in Sec. II C, from matrix elements
extracted from the fits detailed in Sec. II E. Data for each of
the form factors are fit to the functional form
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The dominant pole structure is represented by the factor
P(q?) given by 1 — g?/ MZ,. The values we use for M2, are
discussed in Sec. IIF 3. The combination P(q?)f(q?) is
fitted to a truncated series, or polynomial, in z(g?) given in
the rhs of Eq. (16). We use the Bourreley-Caprini-Lellouch
(BCL) parametrization [39], where

2(()}1,[\/”) — Zn’

N,+1-n
AN g DT 17
ST TETTUN L S a7

in Eq. (16). We defined z(¢?) in Eq. (15). The priors for
Ak gre taken to be 0(2) except for j + k = 1 where the
prior is 0.0(3) to account for the removal of a” errors in the
HISQ action at tree level [4]. In Appendix B 1, we show
plots of the lattice data for P(g?)f(q?) plotted against z in
Figs. 25 and 26.

The factor £ contains a chiral logarithm for the case
B. — D, and we take £ = 1 for the case B, — D,. For the
case B, — D, then

2

A A
L=1+ (do) +C<1>—+C<2>—>xﬂlogxn 18)
My, M%{[ (

where we take A = 500 MeV for the QCD energy scale,
X, =MZ/A2, and A, =4xf, is the chiral scale. It is
convenient for us to write x, in terms of quark masses.
By using M2~ mM; /m and approximating the ratio
M, [Axf,, wetake x, = m;/5.63m ™! as in [40]. We give
the coefficients £, common to all form factors, priors of
0o(1).

The (A/Mpy, )" factors in Eq. (16) account for the
dependence of the form factors on the heavy quark mass.
This dependence is given by a HQET-inspired series in
A/M H,,» Which we truncate.

The Q) factors are given by

M
QM =1+ p™log <ﬂ> (19)
MD/(S)

Here, Q") allows for heavy quark mass dependence that
appears as a prefactor to the expansion in inverse powers of
the heavy mass given in Eq. (16). From HQET this
prefactor could include fractional powers of the heavy
quark mass and/or logarithmic terms which vary in differ-
ent regions of ¢ [41]. We allow for this with a logarithmic
term with a variable coefficient that depends on the form

factor and the power of z in the z-expansion. We take priors
for the p(") of O(1).

The kinematic constraint f(0) = f, (0) follows since
the vector current matrix element must be finite at g*> = 0.
This constraint holds in the continuum limit for all My .
Recalling that we choose 7, = 0, which gives z(0) =0,
then this constraint is imposed on the fit by insisting that
(Ag) 000 = (A, )(0r0) for all r and p(()o) = p(f).

The mistuning terms are given by

) Smi oy Sm¥ () sm; ()
Nmis =1+ mtcuned Ky mtcuned L) lomguned 3
Smsed " S val "
i g (m 4 ms (n) (20)

Kz ",
tuned "4 tuned "5
10m} 10m}

The parameters KE.") allow for errors associated with

mistunings of both sea and valence quark masses. For
each of the sea and valence quark flavors, §m* and ém*?
are given by

Smsed = psea — yptuned

Sm¥dl = vl — mtuned’ (21)

giving estimates of the extent that the quark masses deviate
from the ideal choices in which physical masses of hadrons

are exactly reproduced. The sm}¥ term in N ,(:11 is not
included for the B, — D, form factors since no valence
strange quark is present in this case. For priors, we take 0(1)
for those « associated with valence quark mass mistunings,
and 0.0(5) for sea quark mass mistunings, which are
expected to have a smaller effect.

We now explain the specific values used for m™"d for
each flavor of quark. The tuned mass m"“"¢ is an estimate
of the valence strange quark mass that would reproduce the
“physical” #, meson mass on the gauge field configurations
we use. The 7, is a fictitious s5 pseudoscalar meson where
the valence strange quarks are prohibited from annihilating.
It is not a particle that is realized in nature, though its mass
can be determined in lattice QCD by ignoring disconnected
diagrams. Hence, we use it as a tool to evaluate the extent to
which the strange quark mass in simulations has been
mistuned. We construct a physical value for the mass of the

1y meson (M2™*) based on masses of pions and kaons [20].
We find am'™™ through

M

Un

phys\ 2
am®™d = gmYd (L) (22)

where am¥ is the valence strange quark mass given in
Table I, aM, is taken from Table III of [6] (which also
used our am® values), and finally we use ML =
688.5(2.2) MeV from [20]. The value m{"™! is fixed by

multiplying m"¢ from Eq. (22) by the physical ratio [24]
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my 1

e 23
m,  27.18(10) (23)
We take am™™! to be
Mexpt
amtuned amzal ( J/W) , (24)
MJ/II/

where M 3’;‘;} = 3.0969 GeV (ignoring the negligible uncer-
tainty) from PDG [42], and lattice values for aM,, are

obtained from Table III in [43] (which also used our am}¥
values). Thus, the tuned valence charm mass is designed to
closely reproduce the physical mass of the J/y meson. A
detailed discussion of tuning the valence charm quark mass
can be found in [43].

3. Heavy quark mass dependence of M .

For the f and f. 7 form factors, the relevant poles are
the masses of the scalar and vector heavy-light(strange)
mesons, respectively. Since these particles have a valence
heavy quark, their masses vary with m;,. Determination of
these meson masses at comparable precision to the energies
of the pseudoscalar mesons is unnecessary. For the J* = 1~
mesons, this would require the set of correlation functions
described in Sec. IIE to be augmented by two-point
correlation functions with propagators from different
sources. Hence, additional propagators would need to be
calculated. Instead, we approximate these meson masses
similarly to the estimation of the J* = 0%, 1~ heavy-charm
mesons in [3,6] and the estimation of the JX =07, 1~
heavy-strange mesons in [8].

Here, for B. — Dy(,), we take the extra step in scrutiniz-
ing this method of approximating the masses of the J© =
0™, 17 mesons by demonstrating that our fits of the form
factors are insensitive to shifts in these estimates. These
checks are particularly important for processes facilitated
by b — uorb — s since g2, is close to M2, so we expect
the z coefficients in the fit form in Eq. (16) to be more
sensitive to the position of the nearest pole. For example,
B, — Dy has ¢p/Mp. =029 while B, — D, has
Gmax/ Mg = 0.63 (with errors ignored). We show this

analysis in Appendix B, which is summarized by Fig. 29.

We now show how we approximate masses of the heavy-
light (strange) J© = 1= and J* = 0" mesons. We denote
these mesons as H .,y (17) and H,,(0"). Similarly, in this
section we refer to the pseudoscalar meson as H (07).

The nearest pole for f is the vector heavy-light (strange)
vector meson. We use the fact that the hyperfine splittings

AHI(.;)(I’) = MH:(S)(V) - MH/(.Y)(Of) (25)

are expected to vanish as A/my, in the limit m; — oo [44]
since, by HQET [45], there is a spin symmetry in this limit,

meaning that the vector and pseudoscalar mesons become
degenerate. We model the leading order dependence on m,
through

Xis)

MHI(;)(I_) ~ MHz(s)(O_) + (26)

My, 07

where M Hy, Are proxies for mj, and the parameters x;(,) are
set at m;, = m,, using values from [28]; we take

x5y = Mg, -y = My 0))Mp 0 (27)

so that the approximation in Eq. (26) yields M Hygy (1) equal
to MB,(S)(lf) at my = my,.

Regarding the pole for f, the differences between the
pseudoscalar and scalar mesons,

Ay (my) =My, 0+ — M, 0-)» (28)

are expected to be largely independent of the heavy quark
mass because the scalar meson is simply an orbital
excitation of the pseudoscalar meson. For example, note
that A (m,) =0.344 GeV and A (m.) = 0.3490 GeV
(ignoring errors) are very similar [B,, Dy, and D, masses
taken from [28] and B, mass taken from [46] (predicted)],
providing qualitative support of this statement. Therefore,
we approximate M Hyp)(0) a8

My, 05 R M, 0-) + D) (mp). (29)

The errors on Ay, (m,,) are ignored.

In Table V, we summarize the values of the masses that
we use and subsequent values for x; and x, from Eq. (27).
By construction, all of the heavy-light (strange) meson
masses match the physical values (observed or predicted) at
the point m;, = m,,.

In Eq. (16), the pole factor P(¢*)~! multiples a poly-
nomial in z with degree N,. For our final results, we use
N, =3, i.e., a cubic polynomial in z. We demonstrate in
Appendix B that results with N, =4 are in good agree-
ment, and hence the truncation of the z series is justified.

TABLE V. Masses of the lightest mesons with J” quantum
numbers (given without error) in GeV [28,46,47] used for
approximating the leading order dependence of the heavy quark
mass on the location of the vector and scalar poles (see the text in
Sec. I F2). These values are also discussed in Appendix C. The
parameter x is defined in Eq. (27), and the parameter A(m,,) is
defined in Eq. (28).

0~ o+ 1= A(m,) GeV  x GeV?
B.— D, 527964 5627 5324 0.34736  0.9368
B.— D, 536684 5711 54158 034416 1.0510
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III. RESULTS

A. Form factors

We use the correlation function fits on each set indicated
in Table IX of Appendix A 4. The energies and matrix
elements on each set are stored (with all correlations) in the
ancillary file corrfit results.tar [10]. We fit the
subsequent form factor data to the form described in
Sec. ITF 2. Fitting with noise added to both the data and
priors, as demonstrated in [48] to compensate for the
reduced y?/d.o.f. from fitting with a SVD cut, we find
y%/d.of. = 0.65 and y?/d.o.f. = 0.43 for the cases B, —
D, and B, — D, respectively.

We check that our priors are sensible and conservative by
performing empirical Bayes analyses [34]. We use the
lsgfit.empbayes fit function to test the width of
the parameters in the following two sets: p(*) and A("700),
and A% for j + k > 0. The widths of each parameter in
these sets are varied simultaneously by a common multi-
plicative factor w. The empirical Bayes analyses show that
the values for w are around 0.5, so our priors are moderately
conservative.

In Fig. 4, we present our form factors in the limit of
vanishing lattice spacing and physical quark masses across

for

20 ()

0,+,T

0.055 5 10 15 20
¢ GeV?

FIG. 4. Fit functions for the B. — D; and B. — D, form
factors f(’), , and [, , respectively, tuned to the continuum

limit with physical quark masses. The tensor form factor is at the
scale 4.8 GeV.

0 5 10 15 20
¢ GeV?

FIG. 5. Fit functions for the four form factors ff,‘f+ tuned to the
continuum limit with physical quark masses.

the entire physical range of ¢>. Details of the fits of the
correlation functions and lattice form factors from which
Fig. 4 is derived are given in Appendixes A and B.
Appendix C provides details of our form factors in the
limit of vanishing lattice spacing and physical quark
masses.

Figure 5 shows the form factors f{;i on the same plot.
This figure shows how the form factors vary as the daughter
quark mass changes from m, to m; = m,/27.4. We plot
each form factor from ¢ = 0 up to the zero-recoil point
where ¢* = (M — M) m), which depends on the daughter

quark mass. The form factors for the strange daughter quark
are larger than those for the light daughter quark at all ¢?
values. This mirrors what is seen, for example, in the
comparison of D — 7 and D — K form factors [49].

For the case B. — D,, we show in Fig. 6 the ratio
fr(m,)/f+ across the entire range of ¢>. Large energy
effective theory (LEET) [41] expects this ratio near ¢g> = 0

2.0f
z‘;i_
<L L ——
=
S
=0

0.5¢

0 5 10 15

¢* GeV?

FIG. 6. Ratio of the tensor and vector form factors of B, — D
across the entire range of physical g?. The behavior is in
agreement with LEET [41], which predicts a constant ratio
(Mp, +Mp )/ Mp,.
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20 — total = - (™)
o statistics —— quark mistunings
é A(n.r%o.jk) _____ p(n)
§ A(nm:&]k) _____ C
— 101
(o]
=)
SN—
w2
[ e
20 — total = - (™)
55‘ statistics —— quark mistunings
E A(T?J'#U‘jk) _____ p(“)
50 Ar=04k) ¢
—
o 10 V
S—
cay )
O L : - :
0 5 10 15 20
2
¢ GeV

FIG. 7. Errors on the form factors flo’ +- The black curve shows
the total error, and the other lines show a particular partition of the
error. When added in quadrature, these contributions yield the
black curve. The dashed curves show uncertainties from the fit
coefficients in Eq. (16). The solid blue curve shows the statistical
errors resulting from our fits of correlation functions. The solid
red curve represents the contribution to the final error from the
determinations of the quark mass mistunings on each lattice
[see Eq. (20)].

to take the value (Mp + Mp )/Mp = 1.31 [28] in the
limit m;, — oo, ignoring renormalization corrections. This
follows from the spatial-temporal tensor and spatial vector
matrix elements coinciding in the limits m;, — co and
g¢* = 0, and the definitions of f, and f; in Egs. (8)
and (9). We find that the ratio f;/f, near ¢> =0 is
consistent with LEET and that this ratio does not change
significantly as g is varied.

We use the gvar package [50] to propagate correlations
throughout our calculation. The package also allows us to
decompose the uncertainty on the form factors and resulting
branching fractions to create an error budget. We plot a
particular breakdown of the errors in Figs. 7 and 8 for the
form factors f% 4 and f§ ., respectively. We find that
statistical errors contribute substantially to the final error.
Of a similar size are the uncertainties from the coefficients
A(07K) in the fit form in Eq. (16). The fit function in Eq. (16) is
complicated since the coefficients A(""/¥) responsible
for the extrapolations am;, — 0, am, — 0 and A/M Hy =
A/Mg, , are mixed to allow for all possible effects. Terms in
the fit form with » = O are associated with discretization
effects of the leading order term in the HQET expansion. This
error could be decreased by including the exafine lattice
(a =~ 0.03 fm) so that am; can be taken smaller to further

20 — total Alnr#0,k)
- statistics A(nr=0,jk)
8 quark mistunings ~ ----- p(n)

g | )

=]

N

10

—~
(]

=
S—

B \

20 — total Alnr#0.jk)
3 statistics Alnr=0.jk)
= —— quark mistunings =~ ----- p(n)

N )
— 10
[a]
@ \/
S~—
Ly
0 ___________

20 — total Anr#0,jk)
= statistics A(nr=0,jk)
o . .
= quark mistunings
g

N
— 10
(o]
[
S—
KIS
iy
0
FIG. 8.  Errors on the form factors f3 | ;. The curves are labeled

similarly to Fig. 7.

constrain the limit am,;, — 0. Also, b quarks, at their physical
mass, can be directly simulated on the exafine lattice since
amy, is well below 1. We investigate the impact of adding the
exafine lattice in Sec. IVA.

Regarding the ¢ and p parameters in Eq. (16), only £(©
and (p™*)© are determined accurately by the fit. We
find £ = —0.66(24), (p}, ) = —-0.544(76), (p; ) =
—0.579(64) and (p3)©) = -0.676(92).

B. Observables for B — D¢*v,

We plot the differential decay rate nga|V,p| 2dl(BS —
D°¢*v,)/dg* derived from our form factors as a function
of g% in Fig. 9. The form of the decay rate is given in
Eq. (2). We integrate this function (using gvar.ode.in-
tegral in the gvar package [50]) to find ng3 |V*?|T.
This is then combined with 7gy, the CKM matrix element
V., = 3.82(24) x 107 [51] (an average of inclusive and
exclusive determinations), and the lifetime of the B, meson
to obtain the branching ratios in Table VI. At present, errors
from our lattice calculation dominate those associated with
the lifetime of the B, meson and are comparable with those
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FIG. 9. Differential decay rate ng3 |V*?|72dT(Bf —
D°/*v,)/dg* as a function of ¢> for the cases # = u in blue
and Z = 7 in red.

from the CKM element V ;. For the ratio of widths with =
and u in the final state, we find that

I(Bf - D’t"v,)
L(B: — D0H+yﬂ)

= 0.682(37). (30)

Much of the error on our form factors cancels in this ratio,
and we achieve an uncertainty of 7%.

We compare our results with those for the decay mode
BY - J/wtf v,. We take the form factors for this decay
from HPQCD’s lattice QCD calculation in [3]. We combine
these form factors with those for B — D°/*v, computed
in this study to find the ratios

Ve |? I“(BC+ — D0;4+1//4) =0 257(36)(18)
Vub F(B:r e J/l///’ﬁryﬂ) . s
Vo|? T(Bf = D'vfu,)
= 0.678(69)(45). 31
' V| T(BE = T/yt'v,) (69)(45).  (31)

The first error comes from our form factors for
Bf — D%y, and the second error comes from the form
factors for B — J/wu"v, in [3]. We treat the form factors

TABLE V1. For Bf — D°/*v,, we give values for the branch-
ing ratios (BR) for each of the cases £ = e, u, 7. We take the
lifetime of the B, meson to be 513.49(12.4) fs [52]. The errors
from the lifetime and the CKM matrix element V,;, are shown
explicitly. The error from #gw is negligible. We ignore uncer-
tainties from long-distance QED contributions since the meson
DO in the final state is neutral.

BR x 10°

3'37(48)lattice(8)134’ (42)CKM
3'36(47)1attice (8)15(_ (42)CKM
2.29(23)sattce (6)z, (29)ckm

Decay mode

Bf = D%*u,
Bf - Dutu,
Bf —» D%y,

[Vio|? dT (BF — J/9plFvy) Jdg?

0.0 2.

5.0 7.

) 10.0
¢ GeV?

at
at

FIG. 10. We plot the ratio of dI"/dg” for each of the processes
B = J/yt*v, and B} — D°¢*u, for the ¢ range of the B —
J/wé*v, decay. The decay width for the former process is
derived from form factors found in [3], and the decay width of the
latter process is derived from form factors determined in this
study. The case £ = p is shown in blue, and the case £ = 7 is
shown in red.

for Bf — J/yu'v, as uncorrelated to the Bf — D¢,
form factors (a conservative strategy). In Fig. 10, we plot
the ratio of dI"/dq” for the two processes for m2 < ¢* <
(Mp_—M,;,,)* and each of the cases £ = y, 7. Note that
the ratio plotted is the inverse of the one used in Eq. (31).

A possible method for determining the ratio of
|Vesl/| Vs is to determine the ratio of branching fractions
for the B, decay to D’e*v, and B,e*v,. Using our form
factors for B, — D and the form factors for B, — B from
[7], we find

Vus|* B(BS — Bje'v,)

=5.95(84)(1 1073, 32
Vol BBE = Doera,) I 2

References [53,54] point out that the weak matrix
elements for B, - D and B, — B, have a simple ratio
at the zero-recoil point in the limit of m;, > m, > Agcp. In
this limit, the B, meson is a pointlike particle, and the weak
matrix elements factorize into a factor that depends on the
daughter meson decay constant and a factor that depends
on the B. wave function, which is the same in both
processes. Thus, the ratio of weak matrix elements becomes

(D|V,|B,) _ Mpfp
<BS‘V[4|BC> zero—recoil MB.;st

(33)

Using the decay constants from [24], the rhs evaluates to
0.32. We expect an uncertainty on this value of size
Agep/m. (~30%) since the HQET result relies on
m. > Aqgcp- By using our form factors for B, — D and
those for B, — B, from [7], we find that the lhs evaluates to
0.571(17)(8), much larger than the prediction from HQET.
We conclude that HQET is not a reliable guide here.
Calculations from three-point sum rules [54] give 0.5(2).
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We now give the angular dependence of the differential
decay rate. Let 0 be the angle between the direction of flight
of the lepton # and the D° meson in the center-of-mass
frame of Zv. Then, we have

d*T4(q%,cos )

dg?*dcos 6 = as(q*) + bs(q%) cos 0 + c4(q*)cos?0.

(34)

On performing the integration with respect to 8, the piece
linear in cos@ vanishes, though it is of interest when
studying the angular dependence of the decay width. This
forward-backward asymmetric piece, b,(g?), is sensitive to
the lepton mass. It is given by

bf(qz)z—w l_m_bzﬂ zm_é
647[3M% 2 7
X /,{(M%L’M%)’ qz)l/z(M%r - MZD)fO(qZ)f+(q2)

(35)

where A(x%,y%,z%) =[x —(y—2)*][x*~ (y+2)?]. In Fig. 11,
we plot b,(q?) for the cases # = y, 7. The shape of b,(q?)
differs between the two cases. To exhibit in more detail the
low-¢* behavior of b,(¢%), we separately plot the regions
g*> <1 GeV? and 1 GeV? < ¢°.

C. Observables for B} — DS ¢*¢~ and B} — DS ww

Like B — K£"¢~, the process B — D ¢"¢~ is arare
decay mediated by the loop-induced b — s transition.
Here, we follow nomenclature commonly used for B —
K¢ ¢~ as in [55] and replace the initial and final mesons in
the B — K formulas with B, and Dy, respectively. We
calculate observables for Bf — DF# ¢~ from our form
factors f3 | ; ignoring small nonfactorizable contributions
at low ¢* [56,57].

We use the same value for |V, Vi| = 0.0405(8) [58] and
the Wilson coefficients in [12]. The Wilson coefficients
used in [12] are quoted at the scale 4.8 GeV.

The determination of the branching fraction includes
effective Wilson coefficients expressed in terms of the
functions h(q?, m.) and h(q*, m,,) that depend on the ¢ and
b pole masses. We take m, and m,, in the MS scheme to be
1.2757(84) GeV [59] and 4.209(21) GeV [60], respectively,
each at their own scale. Using the 3-loop expression in
Eq. (12) of [61] that relates the pole mass to the mass in the
MS scheme, we find the values 1.68 GeV and 4.87 GeV for
the pole mass of the charm and bottom quarks, respectively,
each taken with an uncertainty of 200 MeV to account for
the presence of a renormalon in the pole mass [62] suffered
by the perturbation series in the expression in [61].

In Fig. 12, we plot the differential branching fractions
for the cases Z=pu, t for the physical range

.
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N
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=
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o
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o

—b, (¢%) /mew |Vas|? x 10715 GeV ™
(N}
(@n)

=2
o
o

0.25 0.50 0.75 1.00

—b, (¢%) /miew |Vas|? x 10715 GeV ™

—br (%) /mw [Vas|* x 10714 Gev ™!

5 10 15 20
¢* GeV?

FIG. 11. Plot of the b,(g?), as defined in Egs. (35) and (34), for
Bt — D¢ ¢~. The top plot shows the case £ = u (blue) for the
region m’ < ¢* <1 GeV2. The middle plot shows the case
¢ = pu (blue) for the region 1 GeV? < ¢* < g2, Finally, the
lower plot shows the case £ = 7 (red).

4m% < q* < (Mp_—Mp )?. These are constructed from
the expressions in [55] for B — K. The yellow bands span

across \/¢% = 2.956-3.181 GeV and 3.586-3.766 GeV.
These regions are the same as in [63], and they represent
veto regions which largely remove contributions from
charmonium resonances via intermediate J/y and y/(2S)
states. The effects of charmonium resonances are not
included in our differential branching fractions. For dB,,/

dq® between +/q> = 2.956 and /q*> = 3.766, we interpo-
late the function linearly as performed in [64] for the B — K
branching fraction.
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FIG. 12. Plotof the Bf — D¢ *¢~ differential branching ratio
for £ = p (top) and £ = 7 (bottom) in the final state. The yellow
bands show regions where charmonium resonances (not included
in our calculation) could have an impact. The grey band is
between the two yellow regions labeling the charmonium
resonances. Through the yellow and gray bands, we interpolate
the function dB,/ dq® linearly when integrating to find the
branching fraction and related quantities.

On integrating with respect to ¢*, we report the ratio

2.
f:lzh‘g“ dq*dB, /dq*
-y (36)
S dg*dB;,/dq?

2
lo

¢
Rf; <q120w’ q%igh) =

for different choices of final-state lepton ¢ , and integra-
tion limits g, qfig,- We find that

RE(4m2, g2.y) = 1.00203(47), (37)
RE(1 GeV?,6 GeV?) = 1.00157(52), (38)
RE(14.18 GeV?, ¢2,.) = 1.0064(12), (39)

RZ(14.18 GeV?, g2.) = 1.34(13), (40)
R7(14.18 GeV2, g2,,) = 1.33(13), (41)

TABLE VII. For B — D ¢*¢~, we give values for dB/dq* x
107 integrated with respect to g> over the given ranges
(Giow» Giign) in GeV? for each of the cases ¢ = e, u, 7. We take
the lifetime of the B, meson to be 513.49(12.4) fs [52]. Note that
these results do not include effects from charmonium or wuiz
resonances.

Decay mode (4m2, Grax) (1,6) (14.18, gZ.0)
BY —» Dfete” 1.00(11) 0.285(41) 0.146(22)
Bl = Diutu=  1.00(11) 0.286(41)  0.147(22)
Bf - Dfttr 0.245(18) 0.195(14)

where g2, = (Mp_— M )*. The latter three ratios above
involve the differential decay widths above the veto region
associated with the resonance from w(2S). The ratio in
Eq. (38) lies beneath the J/y veto region and above g <
1 GeV? where effects from uii resonances could have an
impact; these are not included in our calculation. We give in
Table VII integrals of differential branching fractions for
these ranges of g>. As in the case B} — D°/*v,, the ratio
of widths with # =t and £ = y in the final state,

['(Bf — Dft77)
T(Bf — Diptu™)

= 0.245(20), (42)

has reduced error.

In the low-g? region 1 GeV? to 6 GeV?, we find that the
ratio of integrated branching fractions for Bf — Dfu*u~
and Bf — J/yutv, is

6 GeV? dq? dB(BS =Dy u™)

1 GeV? dq® _ 6
o aEy ~ 63100)(69) x 10, (43)
1 Gev? 44 a7

The first error is from the numerator, and the second error is
from the denominator, which we compute using the form
factors for Bl — J/yu*v, from [3]. As in [3], we take
|V,p| = 41.0(1.4) x 1073 [65] from an average of inclusive
and exclusive determinations, scaling the uncertainty by 2.4
to allow for their inconsistency.

Next, we show in Fig. 13 the “flat term” F Z, first
introduced in [66] in the context of B — K. This term
appears as a constant in the angular distribution of the
decay width. Taking the same parametrization of the decay
width as in Eq. (34), then performing the integration with
respect to g*, we have

1 dl'y(cos®) 3

1
F,,;W_ﬂl —Fjy)(1—cos’0) ‘i‘EFZ—I-Af;BcosG

(44)

where
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FIG. 13.  From top to bottom, we show plots of the flat terms F%,
for each of £ = e, u, 7, respectively. We use a log scale for the
cases ¢ = e, p. Error bands are presented, though the errors are
small due to the correlations in the construction of the flat term.

|
A= [ debila?) (45)
4 q?nin
2 2 [ dhax ) ) )
Fh == [ dganla?) + eng?). (46)
4 ql_nin
and we define
2(a,(q?) + ¢ (g>
Fz(qz) _ ( f(q ) f(q )) (47)

©2a,(q%) +2c.(q?)

(=)

Ut

e

(98]

\]

—_

dB(B} — Divw)/dg® x 10° GeV ™2

o

o
t
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FIG. 14. Differential branching fraction for Bf — Dvp as a
function of ¢?.

The flat term F%, may be sensitive to contributions from
new physics since it is small according to the Standard
Model. This quantity is a ratio of combinations of the form
factors, and uncertainties are much less than those exhibited
by the raw form factors or branching fractions.

We determine the differential branching fraction for
BY — Dfuvp using the expressions for the B — Kub case
in [13,14]. The differential branching fraction, summing
over the three neutrino flavors, is

dB(Bf — D{wp)
dq*

Gia® X7
3275 sin*6y,

< gl £ (q?) (48)

= 7B, | Vip V:Y(d) |2

which we plot in Fig. 14. We take X, = 1.469(17) [67] and
a~ ' (M) =127.952(9) [65]. Integrated from ¢*> =0 to
G%ax» We find the branching fraction

B(Bf — Divi) = 8.23(85) x 1077, (49)

There are no issues from charmonium resonances or
nonfactorizable pieces in this case. Since m, > M, , there
is also no long-distance contribution for the 7 case (unlike
for B - Kv,v,). We find the ratio of branching fractions

B(B — D)
B(Bf = J/wuty,)

= 5.49(57)(55) x 1075.  (50)

The first error is from the numerator, and the second error is
from the denominator, which we compute using the form
factors for B — J/yu*v, from [3].
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IV. FUTURE PROSPECTS: IMPROVING
ACCURACY OF THE FORM FACTORS

We consider two extensions to our current strategy to
improve uncertainties in the future: the addition of a finer
lattice and the inclusion of the spatial vector current.

A. Simulating with a physically massive
b quark on the exafine lattice

We carry out the first heavy-to-light decay analysis on
the exafine gluon field configurations, with size N3 x N, =
96> x 288 and lattice spacing a = 0.033 fm. These con-
figurations are finer than all the sets used in our calculation
thus far. The lattice spacing is such that am, =~ 0.625;
therefore, we are able to simulate with physically heavy b
quarks on this lattice with reasonably small discretization
effects associated with amy,.

Computations on the exafine lattices are expensive due
to the large size, N3 x N,. Hence, since these investigations
are preliminary, we restrict the calculation to B, — D, and
compute with a small selection of parameters on 100
configurations, each with 4 different positions of a random
wall source. We take am; = 0.35, 0.625 and calculate with
three different momenta (including zero recoil), plus a
further larger momentum for am, = 0.625: a three-
momentum transfer of roughly 2.8 GeV.

In Fig. 15, we show form factor results on the exafine
lattice with these two masses along with our physical-
continuum curve at my; = m,; derived from the coarser
lattices (presented in Sec. III A). The exafine data at am,, =
0.625 closely follow the physical-continuum curve.

Errors on the physical-continuum form factors from fits
with and without the data from the exafine lattice are shown
in Table VIII. From this table, we see that errors are reduced
by 15%-25% at zero recoil on inclusion of data on the
exafine lattice.

Given our present statistics on the exafine lattice, we are
able to cover at least half the range of g> with reasonable
errors. Reducing the uncertainties at lower g> values will
require higher statistics; however, data on exafine with
g% > qra/2 give some error reduction at g> = 0.

B. Extracting f, from matrix elements of the spatial
vector current

As can be clearly seen in Figs. 23-26 in Appendix B, the
errors on the lattice data for f near zero recoil (maximum
¢*) are much larger than the errors seen away from zero
recoil. This is not because our extraction of the matrix
elements (D) |Soea|H ) and (D) |Vi, . |H ) is especially
imprecise at these momenta, but because we extract the
form factor via Eq. (8). The denominator in Eq. (8)
approaches zero as g* approaches ¢2,,.. However, f, is
finite and analytic at ¢2,,, so the numerator also vanishes at
g%.x. In practice, the smallness of both the numerator and
the denominator at large ¢> results in a large error for the

0.0

1.5

1.0

0.5

0.0

0 5 10 15 20
¢’ GeV?

FIG. 15. We show data from the exafine lattice in blue
with squares, denoting amj, = 0.625, and circles, denoting
amy, = 0.35. Alongside the exafine data, we show the fits of
the form factors f3 (top) and f*, (bottom) from ultrafine sets to
coarser sets as presented in the upper plot of Fig. 4. The lattice
data at am;, = 0.625 (~am,,) closely follow the fit curves.

extracted value of f,. As a consequence, the error on the
final physical-continuum form factor f__ is large, certainly
larger than the error on f, at zero recoil.

We now propose and investigate a method to reduce the
error on f, near zero recoil. For these purposes, we
consider only the process B, — D,. As an alternative to
extracting f, viaEq. (8), wesety = i # 0in Eq. (1) to find

oty - DAV G+ 15 (M, M)
' q* + M3 — M},

(51)

TABLE VIII. Comparison of extremal values of the form
factors in the physical-continuum limit. The second column
gives results from our fit without any data points on the exafine
lattice. The third column gives results using the same fit form but
now including results on the exafine lattice. Errors are reduced
from the second to the third column.

Without exafine With exafine

fo.4(0) 0.217(18) 0.221(16)
F(@hax) 0.736(11) 0.7383(91)
Fi(dhax) 1.45(12) 1.433(97)
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FIG. 16. Diagrammatic representation of the three-point func-
tions we calculate on set 1 for insertions of the local spatial vector
current ¥, ® y, as described in the text in Sec. IV B. Each
operator is shown by a cross and is labeled by its description
given in the spin-taste basis, while the lines represent lattice quark
propagators as in Fig. 3.

which, in addition to the matrix elements calculated in our
existing setup, involves matrix elements of a spatial
component of the vector current.

To achieve this we include the three-point function given
in Fig. 16 where the spatial vector current has spin-taste
7. ® 7,. This correlation function has the advantage that
the spatial vector current has the same multiplicative
renormalization as for the y, ® y, insertion in the middle
diagram of Fig. 3 (up to discretization effects handled when
fitting the form factor data).

To demonstrate the effectiveness of extracting f, via
Eq. (51) versus the extraction of f, via Eq. (8), we apply
the method outlined above to set 1 in Table I. In Fig. 17, we
show lattice data for f, from the different methods of
extraction.

From Fig. 17, we see that the different extractions are in
excellent agreement and that the improvement in accuracy
of the lattice data for f, by using Eq. (51) is very large
close to zero recoil (maximum ¢?). By utilizing the spatial
vector current, we observe errors near zero recoil

1.50 1
1.25
g &
1.00 & i &
¢ &
0.75 A - 1
o © & =)
0 i D 3

¢* GeV?

FIG. 17. Lattice data on set 1 (see Table I) for f* for different
methods of extraction which we differentiate by color. The blue
points are the f* data extracted via Eq. (51) using the local spatial
vector current y, ® y,. The red points are the f* data extracted
via Eq. (8) using the local temporal vector current. The blue and
red points agree very well at all g>. Near zero recoil, the errors on
blue points are much smaller than the red points.

comparable to those seen at momenta further away from
maximum ¢°. Hence, using this approach on all lattices, we
can expect an error on the physical-continuum f, form
factor near zero recoil comparable to that seen for f,.
Therefore, by including matrix elements of the spatial
vector current, we expect errors on our physical-continuum
S form factor at zero recoil to reduce roughly by a factor
of 2.

V. CONCLUSIONS AND OUTLOOK

For the first time from lattice QCD, we obtain the scalar
and vector form factors f;, , for B, — D,, and the scalar,
vector and tensor form factors fy, , r for B, — D; across
the entire physical ranges of g in the continuum limit with
physical quark masses. Our lattice QCD calculation uses
four different lattices with three different lattice spacings,
both unphysically and physically massive light quarks, and
a range of heavy quark masses. Together, the lattice data
inform the limit of vanishing lattice spacing, physical b
quark mass, and physical (equal-mass) up and down quark
masses. The reader should consult Appendix C for instruc-
tions on how to reconstruct our form factors.

The error on the decay widths I'(Bf — D°/*v,) (see
Table VI) from our form factors is similar to the error on the
present determination of V ;. For the cases £ = e or u, the
lattice error is 13% larger than the error from V,;,, whereas,
for £ = 7, the lattice error is nearly 20% smaller than the
error from V ;. The error on the form factors calculated
here for B, — D, is smaller than that for B. - Dby uptoa
factor of 2 at small recoil.

Experimental observations are expected from LHC in the
near future [68]. In Secs. I1I B and III C we give results for a
host of observables that can be compared to experiment. In
Sec. IV we demonstrate how the uncertainties in our
calculation can be reduced in the future to complement
experimental results as they improve.
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APPENDIX A: CORRELATOR
FITTING ANALYSIS

1. Method

As described in Sec. I E, we fit our two- and three-point
correlation functions to the fit forms given in Eqs. (10)
and (13). We minimize the usual y?,

=Y (fOip) = y)(@)P(fxp) —y) (Al
i
with the additional piece
priory o
Pa — Pa
T (= 2o NS

with respect to the fit parameters p, where f(x;; p) is the
corresponding fit function with parameters p (functions of
the amplitudes, energies and matrix elements), y is the data,
and the (estimated) covariance matrix ¢’ is

o f(xip)f(xjip) = fxisp) f(x:p)
ij NS(Ns — 1) .

(A3)

The prior distribution for the parameter p, in the fit
prior )
s Yal-

function f(x;; p) is the normal distribution N '(p}
Therefore, the function to be minimized is y3,, = x> +
;(grior [34-36].

The covariance matrix ¢ of the correlation function data
is very large, so small eigenvalues of the covariance matrix
are underestimated [48,69], causing problems when carry-
ing out the inversion of ¢” in Eq. (Al) to find y°. This is
overcome by using a singular-value decomposition (SVD)
cut; any eigenvalue of the covariance matrix smaller than
some proportion ¢ of the biggest eigenvalue A, is
replaced by cA,.. By carrying out this procedure, the
covariance matrix becomes less singular. These eigenvalue
replacements will only inflate our final errors; hence, this
strategy is conservative. The y?/d.o.f. values are affected
by the SVD cut, demonstrated in Appendix D of [48].

Priors for ground state energies, amplitudes and matrix
elements (V,00) are motivated by plateaus in plots of
effective quantities. For example, a straightforward effec-
tive energy can be constructed from a two-point correlation
function as

CZpt(t) >
aE g log <C2p[(t Y (A4)

and the effective simulation amplitude

Aeff = C2pt(t)eaEEff<t)' (AS)

Priors associated with the oscillating and excited states
are informed by our previous experiences. From expect-
ations of QCD, the energy splittings between excited states
are taken as aAqcp x 2(1) where Agcp is taken to be
500 MeV. The prior for the energy of the lowest-lying
oscillating state is given a prior twice as wide as the prior
for the energy of the nonoscillating ground state. The log of
the amplitudes for the oscillating states and the remaining
nonoscillating states are given priors of —2.3(4.6). Finally,
Vin,ij for i.j other than i = j = 0 are given priors of 0(1)
for the case of insertions of the scalar density and temporal
vector current, and 0.0(5) for the tensor current insertion.

A variety of different fits are carried out with different
SVD cuts, numbers of exponentials, and trims of correlator
data at early and late times. Results from these fits are
inspected in Appendix A 4. Insensitivity to these choices is
observed, thus demonstrating stable and robust determi-
nation of the matrix elements. The SVD cuts considered for
each lattice are based around the suggested cut given by the
svd_diagnosis tool within the corrfitter package [33].

2. Energies and amplitudes

As described in Appendix A 1, plots of effective energies
and amplitudes from Eqgs. (A4) and (AS5) are inspected to
guide the selection of suitable priors for the nonoscillating
ground states. The ground state energies from the fit are
always within their prior distribution, and the error from the
fit is always at least considerably smaller than the error on
the prior.

For the purposes of demonstration, we consider the
effective energies on set 1 (the fine lattice). Figure 18 shows
how the effective energies for the H, pseudoscalar meson
plateau over the first 35 timeslices. The behavior is an
oscillatory decay towards a plateau whose position is read
off and used as the mean of the prior value accompanied by
a broad error that comfortably accounts for any misreading
of the plateau position. Similar behavior is observed for the
other three sets in Table I. The size of the oscillatory
behavior differs according to which two-point correlation
function is being analyzed. The effective energy for the D
pseudoscalar with interpolator ys5 ® ys in Fig. 19 shows
almost no oscillatory contamination, whereas the effective
energy for the D, meson with taste ysyy ® y57o in Fig. 20
fluctuates strongly between early timeslices; nevertheless, a
plateau emerges at later timeslices, which indicates a
suitable prior.

3. Vector current renormalization

For each heavy-quark mass, the renormalization factor
Zy is obtained at zero recoil using Eq. (6). Results are
plotted in Fig. 21. The smallest uncertainties are observed
on sets 1 and 2 (red and blue points), which have the best
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FIG. 18. Plots of effective energies for the pseudoscalar heavy-charm meson at each am;, value for set 1. The left plot shows the

7s57: ® sy, meson. The right plot shows the y5 ® y5 meson.
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FIG. 19. Plots of effective energies for the D, meson with taste y5 ® y5 at each twist in Table II for set 1.
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FIG. 20. Plots of effective energies for the D; meson with taste ysyy ® ysyo at each twist in Table II for set 1.
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FIG. 21. Results for the local vector current renormalization

factor Zy, obtained from Eq. (6) by the ratio of scalar density and
temporal vector current matrix elements at zero recoil. The top
and bottom plots show the results from the calculation of B, —
D, and B. — D,. The different colors and shapes of markers
relate to sets and amy, values as described in Fig. 2.

statistics. The differences between the top (B, — D;) and
bottom (B, — D,) plots are very small. This is expected
since the Zy, values in the two plots differ only by a
discretization effect associated with the mass of the two
daughter quarks, strange and light, which are both small.
The figure suggests a mild discretization effect associated
with the bare heavy quark mass am,,, though the values are
comparable across the four sets. The central values for Zy,
with am;, = 0.8 are positioned above the other two values
for am,, for each set. Discretization errors associated with
amy, are taken into consideration when fitting the form
factor data obtained on the lattices.

4. Stability of correlation function fits

We are required to make many choices when fitting the
correlation functions to the forms given in Egs. (10) and
(13). However, we demonstrate in this section that the fit
results for the sought-after ground state quantities are
insensitive to the particular strategy of any given fit. In
fact, we explore many different choices to assess robust-
ness. For the purposes of demonstration, Fig. 22 shows a
selection of matrix elements plotted against /, enumerating
different fits, which we now describe. By inspecting this
plot, we can identify a region in the space of fitting
strategies where the fit results are stable and reasonable.

In Table IX, we tabulate the regimes for each set used in
our final determination of the physical-continuum form
factors. These fits are chosen from a variety of fits that, as
explained in Sec. I E, use different SVD cuts, numbers of
exponentials, and trims of the correlator data. To demon-
strate the robustness of the correlation function fits used to
extract the form factor data, we show that the fits are stable

and are selected among regions in parameter space where
the matrix elements are insensitive to these choices of
fitting regime. In Fig. 22, as an example, we display results
for the V, oo parameter associated with the scalar density at
zero recoil for am;, = 0.65 on each of the four sets in
Table I (similar behavior is found for the other currents,
momenta and heavy quark masses). We plot V, oo against
an index I, which enumerates the fit. We define I as

[ =n;+3s; + 150" + 7567 (A6)
where n; =0, 1, 2 indexes the choice of the number of
exponentials N, + N, € {4,5,6}, and s; =0, 1, 2, 3
indexes the choice of SVD cut in either {0.0075,
0.005,0.0025,0.001} for sets 1 and 2, or the set {0.01,
0.0075, 0.005, 0.0025} for sets 3 and 4. These ranges of SVD
cut cover the recommendation from the svd_diagnosis
tool within the corrfitter package [33]. We investigate the

effect of trimming the correlator data: 0 < ™', ™ <3
indexes the choice of " /a and £ Ja in {2,4,6,8} for

min min
sets 1 and 2,1in {6, 8, 10, 12} for set 3, and in {8, 10, 12, 14}
for set 4. We are guided by the expectation that we should
trim according to some fixed distance in physical units away
from the interpolator. Hence, we generally trim more data
points for finer lattices. Note that tiﬁ; is the slowest running
parameter. To aid the reader’s understanding of the organi-

zation of the fits in Fig. 22, we separate fits with different
values of 72! /a with black dashed vertical lines.

min

Considering figures such as Fig. 22 for all matrix elements
helps us to identify choices of parameters where the fit is
stable while also ensuring that we avoid unnecessarily
bloated fit models with more exponentials than required.
The fit takes longer to complete for more exponentials;
hence, a judicious selection of N, and N, allows us to
feasibly explore, in reasonable computing time, the param-
eter landscape in other directions. Nevertheless, a variety of
fits with N, + N, = 7, 8 and greater have also been carried
out to ensure that the convergence demonstrated in Fig. 22 is
maintained for more exponentials. Indeed, similar extrac-
tions of the ground state quantities are obtained by these fits.
For the purposes of fitting form factors, it suffices to use fits
with N, + N, =7or8onsets l and2,and N, + N, = 5 or
6 on sets 3 and 4. In summary, each plot shows results from
192 different fits (0 < I < 191). The parameters used for our
final fits are shown by the bold entries in Table IX, and the
plots demonstrate that these choices lie within regions of
parameter space that admit stable fit results.

First, we address the dependence on the number of
exponentials. In Fig. 22, we show fits for N, + N, €
{4,5,6} with N, — N, =0 for N, + N, even, and N, —
N, = 1for N, + N, odd. The fits with N, + N, = 4 show
some variation as the other parameters are varied, particu-
larly for smaller trzrf’i; /a and smaller SVD cuts. In contrast,
fits with Ny + N, =5 and N, + N, =06 are in good
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FIG. 22.  Parameter V, oo from Eq. (13) corresponding to the H, — D, three-point correlator at zero recoil with am; = 0.65 plotted
against the fit index 7 [defined in Eq. (A6)]. From top to bottom, results on sets 1, 2, 3 and 4 (see Table I) are presented respectively. Red,
green and blue points indicate that the fit used N, + N, = 4, 5, 6 exponentials respectively (see Egs. (10) and (13). The different marker
styles reflect the SVD cut chosen: squares, circles, triangles, right and left pointing triangles correspond to SVD cuts of
0.001,0.025,0.05,0.075 and 0.01 respectively. The scale of the y axis is shared by the four plots. We scrutinise the form factors

associated with correlator fits detailed in Table IX.

agreement with each other for most choices of SVD cut and
larger correlator function trims, and there are clear regions
where Voo appear stable.

Addressing the different extents that correlation function
data have been trimmed, the fit results show some mild
instability for tﬁﬂ; /a =2 where the correlation function
data to be fit contain the most excited state contamination.
This instability is expected to be better resolved by

introducing more exponentials that can absorb more con-

tributions from higher energy states and short-distance
2pt

effects. For example, fits with 7
stable than those for 77 /a = 2.
Finally, we discuss the behavior of the fit results as the
SVD cut is varied, denoted by different marker styles in
Fig. 22. It is consistently apparent throughout the fits on

each set that increasing the SVD cut has the effect of

/a > 2 appear more
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TABLE IX.

Input parameters (see text for definition) to the fits of correlation functions for the heavy-HISQ
calculation together with fits including variations of the SVD cut

2P a, £

s fon/ @ T /a and N. Bold entries indicate those

fits used to obtain the final results. Other values are used in tests of the stability of our form factor fits to be discussed

in Appendix B 3.

B, — D, B, — D
Set SVD e /a 6k /a N SVD e /a ok /a N
1 0.005 4 4 8 0.005 6 4 7
0.0025 8 8 8 0.0025 6 2 7
2 0.0025 4 6 8 0.005 6 6 7
0.005 4 8 8 0.0025 8 6 8
3 0.005 8 8 6 0.005 10 10 6
0.0075 10 10 5 0.005 10 12 5
4 0.0075 10 12 6 0.0075 12 12 6
0.0075 10 10 5 0.0075 10 14 6

increasing the error on the value obtained for the V,
parameter. The matrix elements extracted are consistent
with each other as the SVD cut is increased, so it appears
from these plots that using too large a SVD cut is too
conservative. Decreasing the SVD cut substantially below
the recommended cut taken from the svd diagnosis
tool within the corrfitter package [33] gives unstable and
unreliable results. Hence, we do not deviate far from this
recommended cut. On the finer lattices, sets 3 and 4, fits
with a SVD cut of 0.001 are frequently in tension with the
other fits. While this may be an appropriate SVD cut for
some fits on sets 1 and 2, the same is not true on sets 3 and
4. This is unsurprising since sets 3 and 4 have poorer
statistics than sets 1 and 2. Fits on sets 3 and 4 benefit from
alarger SVD cut. Indeed, in Table IX, we show that we take
fits with SVD cuts of no smaller than 0.005 for sets 3 and 4.
SVD cuts for sets 1 and 2 are chosen among 0.0025 and
0.005. Obtaining higher statistics on sets 3 and 4 would
enable a smaller SVD cut to be taken, thus achieving a
smaller error on the extracted matrix elements.

In conclusion, based on our exploration of different fits,
it is clear that fitting with larger trims of the correlation
function data is warranted for the finer lattices, reflected by
our choice of fits in Table IX. The finer lattices also require
fewer exponentials and slightly larger SVD cuts than the
fine and fine-physical sets.

APPENDIX B: FORM FACTOR FITTING
ANALYSIS

1. Fit results

In Figs. 23 and 24, we show our form factor data
alongside the fit functions tuned to the physical-continuum
point. Note that the g¢> corresponding to zero recoil,
Gmax = (M, — My, )?, varies as a function of the heavy
quark mass. Hence, the spread over ¢> of the form factor
data for larger amy, is greater than for smaller am;, on each
set. See Fig. 2 for the g> we access as a proportion of g2,
on each set and heavy quark mass am;,.

Errors on the data for f near zero recoil are large, and
we exclude points with errors in excess of 25% from the fit.
These large errors are a result of the kinematic factors
associated with determining f, from the temporal vector
current matrix elements [see Eq. (8)]. Further discussion
can be found in Sec. II C of [7] and Sec. IV B here.

Figures 25 and 26 show the same data and fit after
multiplying by the pole factor P(g?) [see Eq. (16)]. The fit
function shown in Eq. (16) is the polynomial in z that gives

0075 5 10 05 30
¢* GeV?
FIG. 23. Data and fit for the form factors fé +- The scale of the

y-axis is the same as for Fig. 24. The different colours and shapes
of markers relate to sets and am;, values as described in Fig. 2.
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2.0

0.0

0 5 10 15 20
¢ GeV?

FIG. 24. Data and fit for the form factors f3 , ;. The scale of the
y-axis is shared with Fig. 23.

the residual momentum dependence of the form factors not
accounted for by the pole factor P(¢?)~!. Note that the y
axis is smaller in Figs. 25 and 26 than for Figs. 23 and 24
since most of the ¢> dependence of the form factors has
been removed on multiplying by the pole factor P(g?). The
polynomial for f, appears linear in z-space to a good
approximation. For f, ;, the fit curves show a small
amount of curvature. We compare fits with N, =3 and
4 in Appendix B 3 to ensure that our truncation of the z-
expansion is appropriate.

As is standard with heavy-HISQ analyses of decays of a
valence b quark, the ¢g*> dependence of the form factors is
inferred from data on multiple lattices, which each have a
different range of g> since g2, varies with amy,. This can
make the plots shown in Figs. 23-26 difficult to interpret

0.8

FIG. 25. Data and fit for the form factors f(’)‘ . multiplied by the
pole factor P(g?) [see Eq. (16)]. The fit band is the polynomial
3=, ¢ (=z)" [coefficients c¢(™) are defined in Eq. (C2)].

since there are several different extrapolations taking place
simultaneously to reach the fit curve in the continuum limit
with physical quark masses. Considering just the data at
zero recoil can provide a clearer understanding of how the
fit curves shown in the figures relate to the lattice data for
the form factors. Figure 27 shows, for both the cases B, —
D, and B, — D, data for f| at zero recoil plotted against
My alongside the fit function tuned to the continuum limit
with physical light, strange and charm quark masses. This
figure shows how the dependence on the heavy quark mass
is resolved by the factors Q) (A/M Hw)’ in Eq. (16). For
the purposes of presenting the fit as a continuous function
of the My , we approximate the heavy-light and heavy-
strange pseudoscalar mass as M H, A My, — (Mg —M Bq)
where ¢ = [ or s. The lattice data follow the curve closely.
The error band is most narrow at around 4 GeV, and the
error flares slightly as My _approaches Mp .

2. Imposition of the kinematic constraints
The form factors must obey f,(0) = f,.(0) in the
continuum limit for all masses of the heavy-charm pseu-
doscalar meson (see Sec. Il F 2). Since we take #, = 0 in
Eq. (15), z = 0 at ¢*> = 0. Hence, the kinematic constraint
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FIG. 26. Data and fit for the form factors f{ , ; multiplied by
the pole factor P(g?)] see Eq. (16)]. The fit band is the
polynomial 3", ¢ (=z)" [coefficients ¢ are defined

in Eq. (C2)].

can be straightforwardly applied to our fit: we insist that
(Ag)©@90) = (A )00 for all r and pi” =p{¥ [see
Eq. (16)] by setting a narrow prior on their differences.
Table X compares the errors at the g> extremes from fitting
with and without these parameter constraints. We also
compare integrated quantities. The two fits are in good
agreement. Uncertainties are reduced very slightly when
fitting with the kinematics constraint. The form factors ff)’ n
at ¢> = 0 see the most benefit.

3. Fit variations

In Table IX, we describe two different fits of correlation
functions on each set and fit the form factors to each

)

max.

Fig

0.4t

IHHX)

Fila

_Q

FIG. 27. Data and fit for the form factor f, multiplied by the
pole factor [see Eq. (16)] plotted at zero recoil as a continuous
function of My . The vertical dotted lines show the masses of the
H . meson for the cases in which the heavy quark coincides with
the charm and bottom quarks.

TABLE X. We compare fits with and without imposition of the
kinematic constraint (KC) f,(0) = f,.(0). Form factors are
shown at ¢g> = 0 and maximum ¢>. We also present integrated
values where we find the variation between the two fits to be
especially small. The three uncertainties on the branching
fractions are from the lattice, the lifetime of the B. meson,

and V,,, respectively.

Final Without KC

710) 0.186(23) 0.191(27)
£1(0) 0.158(34)
() 0.668(20) 0.669(20)

7 () 1.50(18) 1.48(17)
B(Bf — Doeﬁ/e) x 107 3.37(48)(8)(42) 3.17(51)(8)(40)
B(Bf — DOT+IJT) x 10° 2.29(23)(6)(29) 2.29(23)(6)(29)
£5(0) 0.217(18) 0.224(19)
75.(0) 0.192(23)
(@) 0.736(11) 0.736(11)

£ () 1.45(12) 1.44(12)

B(Bf = Dfe*te™) x 107 1.00(11) 0.95(11)

B(Bf — Dirte-) x 107 0.246(18) 0.246(18)
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FIG. 28. For each of the 16 different correlator fits indexed by J [see Eq. (B1)], we show the fitted values of the physical-continuum
form factors for B, — D; (top) and B, — D, (bottom) evaluated at maximum ¢ and ¢> = 0. These plots show results from all possible
combinations of the correlation function fits described in Table IX and demonstrate the stability of our results under these changes. The

filled black points show the results from our final fit.

different combination, resulting in 16 different fits of the
form factors. In Fig. 28, we show the physical-continuum
form factors evaluated at ¢g> = 0 and g2, from each of the
fits. The fits are indexed by J where

(B1)

where n; € {0,1} indexes each of the two fits on set j
given in Table IX. For example, the fit labeled by J =0
uses correlation function fit results corresponding to all the
bold entries in Table IX. The figure shows that the form
factors are insensitive to the particular choice of correlator
fits. The fit J = 0 yields form factors very similar to the 15
alternative fits with J > 0. All central values lie within the
1-o error band of those parameters corresponding to the
J = 0 fit from which our final results for the form factors
are derived. We conclude that the form factor fits are robust
and stable as the choices of correlation function fits are
varied.

Next, we consider other variations of form factor fits. In
Fig. 29, we show results from a variety of different fits
which we now describe. The fit variations are labeled on the
y axis. Our final fit, results from which we report in Sec. III,
is labeled “final.”

Beginning at the top of the plot for f& 4» We consider
removing the chiral log by setting £ = 1. The fit labeled
“hard pion chiral PT” uses £ = 1 + {(%x, log x, instead of
the £ given in Eq. (18). Similar fit results are achieved with
these fit variations indicating that, with the current status of
errors, the dependence on the light quark mass can be

absorbed into the analytic terms in the A/ 1(:11
form at Eq. (16).

Next, we consider fits varying N, , ; ; in the fit form at
Eq. (16). Doing so allows us to investigate the impact of
truncating our fit form. Varying N, tests the truncation
N, = 3 of the z series for P(q?)f(g?). Form factor values
and errors at both ¢g> = 0 and zero recoil change very little
between fits with N,, = 3, 4. We use N,, = 3 in our final
results. Similarly, increasing N, ;; yields consistent fit
results.

factor in the fit
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FIG. 29. For each of the different form factor fits described in Appendix B 3, we show the physical-continuum form factors for
B, — D, (top) and B, — D, (bottom) evaluated at maximum ¢ and ¢> = 0. The filled black points show the results from our final fit.

Results from increasing prior widths of parameters
Ak and p( are shown next. The fit results are in
agreement with our normal priors. Recall in Sec. III A that
we perform an empirical Bayes analysis to check that our
priors are appropriate.

Fits where the zV+*! terms are removed are shown. It
appears as though these terms make very little difference to
the form factors.

We then consider fitting with different subsets of the
data. First, we consider fitting without the smallest and
largest am; values on all sets. Next, we remove certain

twists on the four different sets. Fitting with these smaller
data sets gives form factors consistent with our final results.
It is often the case that fitting with these reduced data sets
gives errors larger than those observed when fitting with all
of the data.

We also check that the fits are insensitive to the value
given for M., in P(q*) by perturbing the pole mass. In
Sec. IT F 3, we described how we estimate the masses of the
heavy-strange (light) vector and scalar mesons used in the
pole factor P(g?). With the pseudoscalar meson mass fixed,
the splitting between the pseudoscalar and vector mesons is
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changed by +50%, and similarly for the splitting of the
pseudoscalar and scalar mesons. The agreement of the fits
here suggests that the approximations made in Sec. IIF 3
are appropriate. Finally, we show a fit that uses correlation
functions in which the priors for V, o, of each insertion are
25% wider.

Good agreement is observed between the fits shown in
Fig. 29. Hence, we conclude that our fit of the form factors
is robust.

APPENDIX C: RECONSTRUCTING
THE FORM FACTORS

We now provide instructions for reconstructing our form
factors in the continuum limit with physical quark masses.
For the convenience of the reader, we have provided the
script construct ffs.py which constructs our form
factors [10].

The form factors in the continuum limit (¢ — 0) and the
limit of physical masses [6m = 0 in Eq. (21)] are shown in
Fig. 4. In these limits, the fit form collapses to the physical-
continuum parametrization

Nn
f(qZ) — P(qz)_l C(n)z(n,N,,)_

n

(C1)

i
o

The values for the pole factors P(g?) = 1 — ¢* /M2, in the
case my, < my, are discussed in Sec. Il F 3. For m;, = m,,
we use the M, values given in Table V. Recall that we
define 2("N4) in Eq. (17), and we take t, = 0 in Eq. (15). In
the limit of vanishing lattice spacing and physical quark

masses, the coefficients ¢ of the 2(“N+)-polynomial
P(q*)f(g*) are given by
N, A\
(O A(nrOO)g(n)( ) o
c .
2 My, (2)

Here, the factor £ is given in Eq. (18), and we use the
physical ratio m;/m, given in Eq. (23) to evaluate
x, = m;/5.63m", The coefficients ¢ are determined
by the fit. Also, the factors Q") given in Eq. (19) are
evaluated for M Hyy = M Biy-

TABLE XI. Values we take for various different meson masses.
To reconstruct our form factors, these masses should be used in
conjunction with the coefficients ng.r in the files cn_BcD1.py
and cn_BcDs . py via Eq. (C1). The bottom four rows give the
masses used in the pole factor P(g?), and the middle three rows
are used to construct ¢, which is needed to transform ¢ into z via
Eq. (15). The top three rows allow g2, = f_ to be found. These
masses are featured in the script construct ffs.py, which
we provide.

Meson (JF) Mass GeV
B.(07) 6.2749 [28]
D(07) 1.8648 [28]
D,(07) 1.9690 [28]
B(07) 5.27964 [28]
2(07) 0.134977 [28]
K(07) 0.497611 [28]
B(17) 5.324 [28]
B(0") 5.627 [47]
B,(17) 5.4158 [28]
B,(07) 5711 [46]

We now give values for the parameters needed to recon-
struct the form factors using the form in Eq. (C1). First, we
take N, =3 and N,=2. For B. —» D; and B. - Dy,
coefficients ¢ are given in the files cn BcD1.py and
cn_BcDs.py [10].

Table XI gives all meson masses required to construct the
form factors. For B.— D;, we use f_ = (MBC<O-) -
MD(O—)>2 and t, = (MB(O’) + M,r(()—))z. For B. — D,, we
usef_ = (MBC(O‘) _MDS(O‘))Z andf, = (MB(O‘) +MK(0—))2.
Recall that the pole factor is given by P(¢?) = 1 — ¢*/ M2,
where for M, we take the masses of the mesons B(0"),
B(17), B,(0") and By(17) for f{, f', f§ and f% ;.
respectively. The masses of the pseudoscalar and vector
mesons are obtained from PDG [28]. Estimates for the
masses of the scalar mesons are obtained from [46,47],
though precise values are not necessary for our calculation.
We do not include an error on these values. The reader should
use these masses to exactly replicate the form factors shown
in Fig. 4.
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