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We determine the properties of generalized parton distributions (GPDs) from a lattice QCD calculation of
the off-forward Compton amplitude (OFCA). By extending the Feynman-Hellmann relation to second-order
matrix elements at off-forward kinematics, this amplitude can be calculated from lattice propagators
computed in the presence of a background field. Using an operator product expansion, we show that the
deeply virtual part of the OFCA can be parametrized in terms of the low-order Mellin moments of the GPDs.
We apply this formalism to a numerical investigation for zero-skewness kinematics at two values of the soft
momentum transfer, t ¼ −1.1;−2.2 GeV2, and a pion mass of mπ ≈ 470 MeV. The form factors of the
lowest twomoments of the nucleon GPDs are determined, including the first lattice QCD determination of the
n ¼ 4 moments. Hence we demonstrate the viability of this method to calculate the OFCA from first
principles, and thereby provide novel constraint on the x- and t-dependence of GPDs.
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I. INTRODUCTION

Since the 1990s, generalized parton distributions (GPDs)
have been recognized as crucial observables in understanding
hadron structure [1–3]. They encode the spatial distribution
of quarks and gluons in a fast-moving hadron [4]. Moreover,
their Mellin moments contain information about the spin and
orbital angular momentum of hadron constituents [2], which
would resolve the decades-old “proton spin puzzle” [5,6].
Finally, more recent research has explored the relationship
between GPDs and “mechanical” properties: pressure,
energy, and force distributions within hadrons [7,8].
GPDs can be measured from off-forward Compton

scattering processes, such as deeply virtual Compton
scattering (DVCS), which have been carried out at HERA

[9–13], COMPASS [14], JLab [15–18], and are planned
to be carried out in the future at the electron-ion collider
[19]. However, due to the high dimensionality of GPDs,
they are difficult to extract directly from experiment, and
global fits require assumptions about their functional
form [20,21]. Therefore, a stronger theoretical under-
standing of GPD behavior would allow for more precise
experimental determinations.
Historically, lattice QCD calculations have been limited to

Mellin moments of GPDs from matrix elements of leading-
twist local operators [22–33]. However, it has long been
known that matrix elements of leading-twist suffer from
power-divergent renormalization due to the broken Lorentz
symmetry on the lattice [34]. For the lowest moments, this
can be controlled [35], but it becomes more difficult for
higher moments [36]. As such, the n ¼ 3 moments are the
highest so far computed [27]. Determinations of higher
moments would allow for better constraint of GPDs [37,38].
More recently, there have also been major efforts to

reconstruct the full x-dependence of parton distributions in
latticeQCD, using the pseudo- [39] andquasidistribution [40]
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methods—see Refs. [41,42] for reviews. This includes
recent calculations of quasi-GPDs [43–45]. These methods
aim to extract the light-cone distributions directly, whereas
in the present work we are interested in the Compton
scattering amplitude, from which GPDs may be accessed
experimentally.
In this paper, we determine properties of GPDs from a

calculation of the off-forward Compton amplitude (OFCA)
in lattice QCD. The OFCA is defined as

Tμν ≡ i
Z

d4ze
i
2
ðqþq0Þ·zhP0jTfjμðz=2Þjνð−z=2ÞgjPi; ð1Þ

and describes the process of γ�ðqÞNðPÞ → γ�ðq0ÞNðP0Þ,
with qμ ≠ 0 ≠ q0μ. Here, jμ is the hadronic vector current,
and we limit ourselves to the case where the scattered
hadron is a nucleon.
Besides GPDs, this amplitude gives access to a range of

interesting physical quantities, including generalized polar-
izabilities [46–49] and the subtraction function [50,51]. In
the high energy region (jq2j and/or jq02j ≫ Λ2

QCD), it is
dominated by contributions from GPDs.
By calculating the Compton amplitude, we overcome the

issues of power-divergent renormalization that the leading-
twist matrix elements suffer from [52,53]. Moreover, with
the correction for lattice systematics, our calculation con-
tains the same higher-twist contributions as the physical
amplitude, which are of interest beyond their connection to
leading-twist GPDs [54]. Therefore, the present calculation
bears many similarities to the hadronic tensor approach,
which aims to access the forward structure functions from
the direct calculation of four-point functions [55,56].
The method presented here to calculate the OFCA is an

extension of Feynman-Hellmann methods used previously
to determine the forward Compton amplitude [57,58].
Two-point correlators calculated in the presence of a
weakly coupled background field can be expanded in
powers of the coupling, with their second-order contribu-
tion in terms of four-point functions. As such, Feynman-
Hellmann methods are a feasible alternative to the direct
calculation of four-point functions.
The numerical results presented here are the first lattice

QCD determination of the off-forward Compton amplitude.
This calculation is performed at the SU(3) flavor symmetric
point and larger-than-physical pion mass [59], for two values
of the soft momentum transfer, t ¼ −1.1;−2.2 GeV2, with
zero-skewness kinematics. In this preliminary work, we
assume leading-twist dominance, since our hard scale is in
the perturbative region: Q̄2 ≈ 6–7 GeV2. As such, we fit
Mellin moments of the OFCA and interpret these as the
moments of GPDs.
The structure of this paper follows: in Sec. II we review

key properties of the OFCA; in Sec. III we derive the
Feynman-Hellmann relation that allows us to determine the
OFCA; in Sec. IV we use an operator product expansion to

parametrize the scalar amplitudes of the OFCA in terms of
GPD moments; in Sec. V we outline the details of our
numerical calculation; and finally in Sec. VI we present our
results.

II. BACKGROUND

We start by considering a general process of off-forward
photon-nucleon scattering: γ�ðqÞNðPÞ → γ�ðq0ÞNðP0Þ
(see Fig. 1).
We choose the basis of momentum vectors

P̄¼ 1

2
ðPþP0Þ; q̄¼ 1

2
ðqþq0Þ; Δ¼P0 −P¼ q−q0:

From these, we can form at most four linearly independent
scalar variables: two scaling variables,

ω̄ ¼ 2P̄ · q̄
Q̄2

; ϑ ¼ −
Δ · q̄
Q̄2

;

and the soft and hard momentum transfers, respectively,

t ¼ Δ2; Q̄2 ¼ −q̄2:

In terms of these scalars, the usual skewness variable [60] is
ξ ¼ ϑ=ω̄, and hence ϑ ¼ 0, ω̄ ≠ 0 implies that ξ ¼ 0. In
terms of the conventional DVCS kinematics, where
q02 ¼ 0, we have that ϑ ≃ 1 and ω̄ ≃ ξ−1 for large −q2.

A. Tensor decomposition

The amplitude for this process, the OFCA, is defined in
Eq. (1). It can be decomposed into 18 linearly independent
tensor structures [46,61–64]:

Tμνðω̄;ϑ; t; Q̄2Þ ¼
X18
i¼1

Aiðω̄; ϑ; t; Q̄2ÞLμν
i ; ð2Þ

where Ai are invariant amplitudes and Lμν
i are Lorentz

tensors and Dirac bilinears.
As a consequence of the Ward identities of the OFCA,

qμTμν ¼ 0 ¼ q0νTμν, contributions to the Compton ampli-
tude that are proportional to qν or q0μ are not linearly
independent. Hence we can write the OFCA as

Tμν ¼ T̄ρσPμρPσν;

FIG. 1. The Feynman diagram for off-forward γ�ðqÞNðPÞ →
γ�ðq0ÞNðP0Þ scattering.
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where the gauge projector is

Pμν ¼ gμν −
q0μqν

q · q0
; ð3Þ

and T̄μν is the OFCA with no qν or q0μ terms.

We will choose a basis for the tensor decomposition of
T̄μν, since all other terms are entirely determined by the
Ward identities. In our chosen basis, the OFCA (before
gauge projection) is

T̄μν ¼
1

2P̄ · q̄

�
−ðh · q̄H1 þ e · q̄E1Þgμν þ

1

P̄ · q̄
ðh · q̄H2 þ e · q̄E2ÞP̄μP̄ν þH3hfμP̄νg

�

þ i
2P̄ · q̄

ϵμνρκq̄ρðh̃κH̃1 þ ẽκẼ1Þ þ
i

2ðP̄ · q̄Þ2 ϵμνρκq̄
ρ½ðP̄ · q̄h̃κ − h̃ · q̄P̄κÞH̃2 þ ðP̄ · q̄ẽκ − ẽ · q̄P̄κÞẼ2�

þ ðP̄μq0ν þ P̄νqμÞðh · q̄K1 þ e · q̄K2Þ þ ðP̄μq0ν − P̄νqμÞðh · q̄K3 þ e · q̄K4Þ þ qμq0νðh · q̄ − e · q̄ÞK5

þ h½μP̄ν�K6 þ ðhμq0ν þ hνqμÞK7 þ ðhμq0ν − hνqμÞK8 þ P̄fμūðP0ÞiσνgαuðPÞq̄αK9; ð4Þ

where we have introduced the Dirac bilinears

hμ ¼ ū0γμu; eμ ¼ ū0
iσμαΔα

2mN
u;

h̃μ ¼ ū0γμγ5u; ẽμ ¼ Δμ

2mN
ū0γ5u: ð5Þ

In Eq. (4), there are nine K, five unpolarized (H and E) and
four polarized (H̃ and Ẽ) amplitudes, which gives 18 in
total.
The basis in Eq. (4) is chosen to match onto the high-

energy limit, which we will derive in Sec. IV. While this
does introduce kinematic singularities into our basis, these
are not relevant to the leading-twist contribution or our
numerical calculation.
The amplitudes of Eq. (4) also reduce in the forward

(t → 0) limit to the more well-known functions of the
forward Compton amplitude:

H1⟶
t→0

F 1; H2 þH3⟶
t→0

F 2;

H̃1⟶
t→0

g̃1; H̃2 ⟶
t→0

g̃2;

where F 1;2 are the Compton structure functions [58] and
Img̃1;2 ¼ 2πg1;2, for g1;2 the spin-dependent, deep inelastic
structure functions [65]. On the other hand, the K ampli-
tudes vanish in the forward limit.

B. Dispersion relation

As in the forward case, we can use the analytic features
of the amplitudes in Eq. (4) to write out a dispersion
relation. For instance, following Refs. [47,66], H1 and E1

satisfy subtracted dispersion relations:

H1ðω̄;ϑ; t; Q̄2Þ ¼ S1ðϑ; t; Q̄2Þ þ H̄1ðω̄; ϑ; t; Q̄2Þ;
E1ðω̄;ϑ; t; Q̄2Þ ¼ −S1ðϑ; t; Q̄2Þ þ Ē1ðω̄;ϑ; t; Q̄2Þ; ð6Þ

where we have introduced

H̄1ðω̄; ϑ; t; Q̄2Þ ¼ 2ω̄2

π

Z
1

0

dx
xImH1ðω̄; ϑ; t; Q̄2Þ

1 − x2ω̄2 − iϵ
;

and similarly for H1 → E1.
The subtraction function in Eq. (6) is a generalization of

the forward Compton amplitude subtraction function [67]:
S1ðϑ; t; Q̄2Þ⟶t→0 S1ðQ2Þ, which has been studied elsewhere
[50,51]. The amplitudesH2;3 and E2 require no subtraction
in their dispersion relations [47,66].
The forward limit of H̄1 is

H̄1ðω̄; ϑ; t; Q̄2Þ ⟶t→0
4ω2

Z
1

0

dx
xF1ðx;Q2Þ

1 − x2ω2 − iϵ
;

where F1 is the deep inelastic scattering structure function
[47]. However, unlike the forward case, there is no optical
theorem to relate ImH1;2 to an inclusive cross section.
Instead, these amplitudes can be measured directly by
exclusive processes such as DVCS.

C. Generalized parton distributions

At high energies (Q̄2 ≫ Λ2
QCD), the amplitudes of Eq. (4)

are dominated by convolutions of GPDs [2,68]:

A ≃
Z

dxGðx; ϑ=ω̄; tÞ
�

ω̄

1þ xω̄ − iϵ
� ω̄

1 − xω̄ − iϵ

�
;

where G is a GPD. Or, in the Euclidean region, jω̄j < 1,

A ≃
X
n

ω̄n

Z
dxxn−1Gðx;ϑ=ω̄; tÞ:

Formally, GPDs are defined by the off-forward matrix
element of a light-cone operator. For a lightlike vector nμ
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such that n · P̄ ¼ 1 (and hence ξ ¼ −n · Δ=2) and taking
light-cone gauge n ·U ¼ 0, we have [2,69]

Z
dλ
2π

eiλxhP0jψ̄qð−λn=2Þ=nψqðλn=2ÞjPi

¼ Hqðx; ϑ=ω̄; tÞūðP0ÞγμnμuðPÞ

þ Eqðx;ϑ=ω̄; tÞūðP0Þ iσ
μνnμΔν

2mN
uðPÞ; ð7Þ

where Hq and Eq are the unpolarized twist-two GPDs for a
quark of flavor q. It is not possible to directly calculate the

quantity in Eq. (7) on the lattice, due to the Euclidean
signature of spacetime.
Instead, we can relate GPDs to a basis of leading-twist

local operators. These local operators are

OðnÞμ1���μn
q ¼ ψ̄qγ

fμ1iD
↔μ2 � � � iD↔μng

ψq − traces; ð8Þ

where D
↔ ¼ 1

2
ðD⃗ − D⃖Þ. See the Appendix A for the sym-

metrization convention of the Lorentz indices.
The off-forward nucleon matrix elements of the oper-

ators in Eq. (8) are [60]

hP0jOðnþ1Þκμ1���μn
q ð0ÞjPi ¼ ūðP0ÞγfκuðPÞ

Xn
i¼0

Aq
nþ1;iðtÞΔμ1 � � �Δμi P̄μiþ1 � � � P̄μng

þ ūðP0Þ iσ
fκαΔα

2mN
uðPÞ

Xn
i¼0

Bq
nþ1;iðtÞΔμ1 � � �Δμi P̄μiþ1 � � � P̄μng þ Cq

nþ1ðtÞmod ðn; 2Þ ūðP
0ÞuðPÞ
mN

ΔfκΔμ1 � � �Δμng; ð9Þ

where the Lorentz scalars Aq
n;i, B

q
n;i, and C

q
n are generalized

form factors (GFFs).
By Taylor expanding Eq. (7), one can relate the GFFs

from Eq. (9) to the GPDs H and E:

Z
1

−1
dxxnHqðx;ϑ=ω̄; tÞ ¼

Xn
i¼0;2;4

ð−2ϑ=ω̄ÞiAq
nþ1;iðtÞ

þmodðn;2Þð−2ϑ=ω̄Þnþ1Cq
nþ1ðtÞ;Z

1

−1
dxxnEqðx;ϑ=ω̄; tÞ ¼

Xn
i¼0;2;4

ð−2ϑ=ω̄ÞiBq
nþ1;iðtÞ

−modðn;2Þð−2ϑ=ω̄Þnþ1Cq
nþ1ðtÞ;

ð10Þ

recalling that ξ ¼ ϑ=ω̄ in the scalars defined at the start of
this section. These equations are the famous “polynomial-
ity” of GPDs [60].
A proof-of-principle determination of GPD moments is

the ultimate aim of this paper. Specifically, we will calculate
the linear combination of zero-skewness moments,

Aq
n;0ðtÞ þ

t
8m2

N
Bq
n;0ðtÞ; n ¼ 2; 4:

Equivalent expressions for polarized GPDs, H̃ and Ẽ, are
given in Appendix A.

III. FEYNMAN-HELLMANN RELATION

In this section, we will show how to calculate the off-
forward Compton amplitude from Feynman-Hellmann
methods in lattice QCD. Feynman-Hellmann methods
are a subset of background field methods, in which a

two-point function is calculated in the presence of a weakly
coupled field or current. This induces perturbations to the
two-point function, thereby giving access to observables
that may be difficult to calculate with a direct n-point
function.
For the Feynman-Hellmann derivation presented here,

we expand the perturbed propagator by means of a Dyson
expansion [70]. This is used to approximate a derivative of
the propagator, similar to Refs. [71–74], and hence extract
the OFCA for off-forward kinematics.
This differs from our previous proof of the forward

Feynman-Hellmann relation [58], where we expressed the
perturbed correlators as GλðτÞ ≃ Aλe−Eλτ, and related the
derivatives of the perturbed energy, Eλ, to the Compton
amplitude. While it is still possible to derive a Feynman-
Hellmann relation for the OFCA in terms of derivatives of
perturbed energies [75], such a proof is made difficult by
the fact that degeneracies in the unperturbed spectrum
cause there to be two low-lying perturbed energies. Similar
considerations are needed for nucleon electromagnetic
form factors from Feynman-Hellmann [76]. By contrast,
the Dyson expansion and correlator derivative formalism
presented below circumvents this difficulty.
We introduce two spatially oscillating background fields

to the QCD Lagrangian density:

LFHðxÞ ¼ LQCDðxÞ þ λ1ðeiq1·x þ e−iq1·xÞj3ðxÞ
þ λ2ðeiq2·x þ e−iq2·xÞj3ðxÞ; ð11Þ

where j3ðxÞ ¼ ZV ψ̄qðxÞiγ3ψqðxÞ and ZV is the lattice
renormalization constant for a local vector current.
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Therefore, the perturbed Hamiltonian is

HFH ¼ HQCD −
X
k

λkVkðτÞ; ð12Þ

where

VkðτÞ ¼
Z

d3xðeiqk·x þ e−iqk·xÞj3ðxÞ:

Simulating with the perturbed Lagrangian in Eq. (11) leads
to a modified lattice two-point propagator:

Gλðτ;p0Þ ¼ Γβα

Z
d3xe−ip

0·x
λhΩjχαðx; τÞχ†βð0ÞjΩiλ; ð13Þ

where λ ¼ ðλ1; λ2Þ, and Γ is the spin-parity projector.
Inserting two complete sets of states and taking

χðτÞ ¼ e−HFHτχð0Þ, Eq. (13) becomes

Gλðτ;p0Þ ¼ 1

4

X
s;s0

Γβα

X
X;Y

Z
d3p
ð2πÞ3

λhΩjχð0ÞαjXðp0; s0ÞihXðp0; s0Þje−HFHτjYðp; sÞihYðp; sÞjχ†βð0ÞjΩiλ
4EXðp0ÞEYðpÞ

: ð14Þ

Note that states and energies without a λ subscript are unperturbed.
We can expand the time evolution operator, e−HFHτ, with a Dyson series,

e−HFHτ ¼ e−HQCDτ

�
1þ

X
j¼1;2

λj

Z
τ

0

dτ1Vjðτ1Þ þ
X

j;k¼1;2

λjλk

Z
τ

0

dτ1

Z
τ1

0

dτ2Vjðτ1ÞVkðτ2Þ
�
þOðλ3Þ;

and hence Eq. (14) becomes

Gλðτ;p0Þ ¼
X
X;Y

Z
d3p
ð2πÞ3

1

4EXðp0ÞEYðpÞ λ
hΩjχð0ÞjXðp0ÞihYðpÞjχ†ð0ÞjΩiλ

× hXðp0Þje−HQCDτ

�
1þ

X
j¼1;2

λj

Z
τ

0

dτ1Vjðτ1Þ þ
X

j;k¼1;2

λjλk

Z
τ

0

dτ1

Z
τ1

0

dτ2Vjðτ1ÞVkðτ2Þ þOðλ3Þ
�
jYðpÞi: ð15Þ

Note that we have dropped the spin structure for brevity,
but will reintroduce it in the final result.
From Eq. (15), we see that the Oðλ2Þ terms of the two-

point propagator contain four-point functions (see Fig. 2).
In particular, the λ2i term has both currents inserting
momentum �qi, and hence provides access to the
forward Compton amplitude. Only the mixed, second-
order term, proportional to λ1λ2, will have different
incoming/outgoing momenta, and therefore off-forward
kinematics.

To isolate the mixed second-order term, we define the
combination of nucleon propagators,

Rλ ≡ Gðλ;λÞ þ Gð−λ;−λÞ − Gðλ;−λÞ − Gð−λ;λÞ
Gð0;0Þ

: ð16Þ

Having established how to isolate the second-order, off-
forward contribution to the perturbed propagator, we are
now interested in how to ensure ground state saturation at
the source and sink.

FIG. 2. The expansion of the perturbed propagator, Eq. (15), where we have suppressed the tower of states at source and sink.
Euclidean time increases left to right.
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As detailed in Ref. [58], provided that none of the
intermediate states are lower energy than EN , we have

X
X

hXðp0Þje−HQCDτ ≃τ≫a hNðp0Þje−ENτ:

Using this result, Eq. (16) becomes

Rλðτ;p0Þ ≃τ≫a
4λ2

X
Y

Z
d3p
ð2πÞ3

Aλ
Yðp0Þ

2EYðpÞ

×

�Z
τ

0

dτ1

Z
τ1

0

dτ2hNðp0ÞjV1ðτ1ÞV2ðτ2ÞjYðpÞi

þ
Z

τ

0

dτ1

Z
τ1

0

dτ2hNðp0ÞjV2ðτ1ÞV1ðτ2ÞjYðpÞi
�
;

ð17Þ

neglecting Oðλ4Þ corrections and where

Aλ
Yðp0Þ ¼ hΩjχð0ÞjNðp0ÞihYðpÞjχ†ð0ÞjΩi

jhNðp0Þjχð0ÞjΩij2 þOðλ2Þ:

Unlike a direct four-point function approach, ground
state saturation at the source is ensured by a judicious
choice of kinematics, not by large Euclidean time separa-
tions—see Appendix C for a full calculation. To summa-
rize, these kinematic restrictions require that the current
insertion momenta, q1 and q2, and sink momentum, p0, are
chosen such that

(i) jp0j ≤ jpþ nq1 þmq2j for m; n ∈ Z, which pre-
vents the intermediate states from going on-shell,

(ii) and jp0j ¼ jp0 þ q1 − q2j, which keeps the incoming
and outgoing states energy degenerate.

After these restrictions are imposed, Eq. (17) can be
written, up to Oðλ4Þ corrections, as

Rλðτ;p0Þ ≃τ≫a
λ2C þ 2λ2

ENðp0Þ

×

P
s;s0 tr½Γuðp0; s0ÞT33ðp0;q1;q2; s0; sÞūðp; sÞ�P

str½Γuðp0; sÞūðp0; sÞ� ;

ð18Þ

where T33 is the μ ¼ ν ¼ 3 component of the OFCA for a
single quark flavor with unit charge and p ¼ p0 þ q1 − q2.
The term C is constant in both λ and τ; it is made up of
contributions for which the source is not the ground state
[see Eq. (C4)].
Therefore, by fitting Rλðτ;pÞ in τ and λ, we can isolate

the OFCA.

IV. THE OFF-FORWARD COMPTON AMPLITUDE

Given the method to calculate the OFCA presented in the
previous section, we now show how to parametrize the
invariant amplitudes of the tensor decomposition, Eq. (4),
in terms of GPDs.
The suitable tool for a perturbative expansion of the

OFCA in the Euclidean region is the operator product
expansion (OPE), which is an expansion about points in
coordinate space and momentum space (zμ ¼ 0 and ω̄ ¼ 0,
respectively) that are accessible in a spacetime with
Euclidean signature [77]. There exist in the literature
several OPEs of the OFCA [78–81]. However, as these
largely focus on the spin-zero case and/or significantly pre-
date GPDs, in this section we give our own OPE.

A. Operator product expansion

Formally, the leading-twist contribution to the coordi-
nate-space current product is given by the “handbag”
contributions [77,82]

Tfjμðz=2Þjνð−z=2Þg ¼ −2
i

2π2
zμ

ðz2 − iϵÞ2 ×
�
Sμρνκ

X∞
n¼1;3;5

ð−iÞn
n!

zμ1…zμnO
ðnþ1Þκμ1…μn
q ð0Þ

þ iεμνρκ
X∞

n¼0;2;4

ð−iÞn
n!

zμ1…zμnÕ
ðnþ1Þκμ1…μn
q ð0Þ

�
; ð19Þ

where Sμρνκ ¼ gμρgνκ þ gμκgνρ − gμνgρκ and the operators are defined in Eqs. (8) and (A3).
To obtain the leading-twist OFCA, Eq. (1), we must take the off-forward matrix element of Eq. (19) and Fourier

transform it. Details of this calculation are presented in Appendix B.
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The final result is

Tfμνgðω̄; ϑ; tÞ ¼
X∞

n¼2;4;6

Xn−1
j¼0;2;4

�
4

Q̄2

1

n
ω̄n−2ð−2ϑ=ω̄Þj½hfμAq

n;jðtÞ þ efμBq
n;jðtÞ�ðω̄q̄νg þ 2P̄νgÞ

þ 8

ðQ̄2Þ2
1

n
ω̄n−3ð−2ϑ=ω̄Þj½Aq

n;jðtÞh · q̄þ Bq
n;jðtÞe · q̄�ððn − 1Þω̄P̄fμq̄νg þ ðn − 2ÞP̄μP̄νÞ

þ 8

ðQ̄2Þ2 δj;0ω̄
n−3ð−2ϑ=ω̄ÞnCq

nðtÞðh · q̄ − e · q̄Þðω̄P̄fμq̄νg þ P̄μP̄νÞ

−
2

Q̄2
gμνω̄n−1ðð−2ϑ=ω̄Þj½Aq

n;jðtÞh · q̄þ Bq
n;jðtÞe · q̄� þ δj;0ð−2ϑ=ω̄ÞnCq

nðtÞðh · q̄ − e · q̄ÞÞ
�
; ð20Þ

for the symmetric in μ ↔ ν contribution to the OFCA defined in Eq. (1), while for the antisymmetric contribution,

T ½μν�ðω̄; ϑ; tÞ ¼ 2

Q̄2
iεμνρκ

X∞
n¼1;3;5

Xn−1
j¼0;2;4

ω̄n−2ð−2ϑ=ω̄Þj
�
1

n
½h̃κÃq

n;jðtÞ þ ẽκB̃
q
nþ1;jðtÞ�ω̄q̄ρ

þ 2

Q̄2

n − 1

n
P̄κq̄ρ½Ãq

n;jðtÞh̃ · q̄þ B̃q
nþ1;jðtÞẽ · q̄�

�
; ð21Þ

where we have used the bilinear definitions given in Eq. (5).
Recall that the usual skewness variable is ξ ¼ ϑ=ω̄ in our
chosen scalars.
One can verify, by taking the Sudakov decomposition

and DVCS kinematics ω̄ ≃ ξ−1, ϑ ≃ 1, that Eqs. (20) and
(21) recover the standard twist-two DVCS amplitude [69].
Further, notice that Eqs. (20) and (21) violate electro-

magnetic (EM) gauge invariance (their Ward identities) by
terms linear in Δμ

⊥ ¼ Δμ þ ð2ϑ=ω̄ÞP̄μ. It has been found
that the necessary tensor structures to restore EM gauge
invariance appear when one considers higher-twist contri-
butions to the handbag diagrams [81,83–85]. Therefore, we
simply introduce the necessary tensor structures, Δ½μP̄ν�,
etc., which restore EM gauge invariance to Eqs. (20)
and (21).
We can now use the OPE results, Eqs. (20) and (21), to

interpret the high energy limit of each of the scalar
amplitudes in the tensor decomposition, Eq. (4):

(i) The scalar amplitudes either vanish at leading-twist
or can be parametrized in terms of convolutions of
GPDs. For instance,

H1ðω̄; ϑ; tÞ ¼ 2
X∞

n¼2;4;6

ω̄n

Z
1

−1
dxxn−1Hðx; ϑ=ω̄; tÞ:

See Eq. (B2) for a full list.
(ii) We have off-forward equivalents of the Callan-Gross

relation [86]:

H1 ¼
ω̄

2
ðH2 þH3Þ; E1 ¼

ω̄

2
E2:

In the forward case, Feynman-Hellmann methods
have recently been used to determine power-
suppressed Callan-Gross breaking terms [87].

(iii) The moments of polarized scalar amplitudes have
the following relation at leading-twist:

Z
1

0

dxxnImH̃1ð1=x; ϑ=ω̄; tÞ

¼ −
nþ 1

n

Z
1

0

dxxnImH̃2ð1=x; ϑ=ω̄; tÞ;

and similarly for the replacement H̃ → Ẽ. In the
forward limit, this reduces to a relation between the
spin-dependent structure functions [88].

(iv) The K scalar amplitudes vanish at leading-twist, but
do contribute at twist-three in terms of transverse
GPDs [64,89,90].

(v) The leading-twist contribution to the subtraction
function, Eq. (16), is

S1ðϑ; tÞ ¼ 2
X∞

n¼2;4;6

ð2ϑÞnCnðtÞ;

which has been studied in relation to the D-term
[91–94].

B. Parametrization of the lattice calculation

From the Feynman-Hellmann relation, Eq. (18), we
calculate
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P
s;s0 tr½ΓuðP0; s0ÞT33ūðP; sÞ�P

str½ΓuðP0; sÞūðP0; sÞ� ≡Rðω̄; t; Q̄2Þ: ð22Þ

Therefore, to get a parametrization that can be compared to
the lattice, we use the tensor decomposition of Sec. II and
the OPE with the following additional conditions:

(i) We choose the μ ¼ ν ¼ 3 component of our Comp-
ton amplitude.

(ii) The Feynman-Hellmann relation requires
q̄4 ¼ Δ4 ¼ 0.

(iii) We use zero-skewness (ξ ¼ 0 ¼ ϑ) kinematics by
choosing q2

1 ¼ q2
2.

(iv) We use the spin-parity projector Γ ¼ ðI þ γ4Þ=2.
The zero-skewness condition removes the tensor structures
with scalar amplitudes K3;4;6;8;9 and Ẽ2. Further, by
calculating the μ ¼ ν ¼ 3 component and taking a spin
trace, the tensor structures associated with the polarized
amplitudes H̃ and Ẽ are made irrelevant.
Finally, since we take Q̄2 ∼ 7 GeV2, we will consider the

remaining amplitudes, K1;2;5;7 to be suppressed, since they
have no leading-twist contribution.
Although a more complete study of the Q̄2-dependence

is essential, for this exploratory work wewill neglect the Q̄2

suppressed K1;2;5;7 amplitudes, keeping only the H1;2;3 and
E1;2 amplitudes.
Therefore, Eq. (22) is

Rðω̄; t; Q̄2Þ ¼ 1

EN þmN

�
δρσ

�
ðEN þmNÞH1 þ

t
4mN

E1

�

þ P̄ρP̄σ

P̄ · q̄

�
ðEN þmNÞðH2 þH3Þ

þ t
4mN

E2

��
P3ρPσ3; ð23Þ

with Pμν as defined in Eq. (3), and using Euclidean
conventions now to match the lattice.
Next, we subtract off the ω̄ ¼ 0 contribution,

R̄ðω̄; t; Q̄2Þ ¼ Rðω̄; t; Q̄2Þ −Rðω̄ ¼ 0; t; Q̄2Þ; ð24Þ

which is equivalent to replacing H1 → H̄1 and E1 → Ē1

in Eq. (23).
As in our previous study of the forward Compton

amplitude, we find anomalous asymptotic behavior of
the S1 subtraction function. A method for controlling this
behavior has been presented in the forward case, where the
anomalous behavior of S1 is found to have minimal effect
on the ω-dependence [95]. An extension to the OFCA is a
goal of future work.
We then take only the leading-twist contributions to the

amplitudes, a full list of which is given in Eq. (B2).

Imposing the off-forward Callan-Gross relation reduces
the number of linearly independent amplitudes in Eq. (23)
from five to two. The final form is then

R̄ðω̄; t; Q̄2Þ ¼ 2K33

X∞
n¼2;4;6

ω̄n

�
Aq
n;0ðtÞ

þ t
4mNðEN þmNÞ

Bq
n;0ðtÞ

�
; ð25Þ

where EN ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

N þ p2
p

is the sink energy and

Kμν ¼
P̄μq̄ν þ P̄νq̄μ þ Δ½μP̄ν�

P̄ · q̄
þ Q̄2

ðP̄ · q̄Þ2 P̄μP̄ν þ δμν: ð26Þ

For a first approximation of extracting the GPD moments,
we will calculate

R̄ðω̄; t; Q̄2Þ=K33ðP̄3; q̄3; P̄ · q̄; Q̄2Þ:

Since our lattice calculations are in frames that are
roughly near the rest frame (i.e., EN ≈mN), we can
approximately treat the combination of GFFs in Eq. (25)
as a Lorentz scalar:

Mq
nðtÞ≡ Aq

n;0ðtÞ þ
t

8m2
N
Bq
n;0ðtÞ: ð27Þ

A determination of the A and B GFFs independently, rather
than the linear combination defined in Eq. (27), is desirable.
To this end, note thatwe can also use the spin-parity projector,

Γ ¼ 1

2
ðI þ γ4Þγkγ5; k ¼ 1; 2; 3;

whichwould give linearly independent combinations of theA
and B form factors compared with Eq. (25), in a manner
analogous to the separation of F1 and F2 electromagnetic
form factors. Hence a separation of the A and B form factors
by varying the spin-parity projector is a goal of future work.

V. SIMULATION DETAILS

For this calculation, we use the same gauge ensembles as
Ref. [58]. Note, in particular, that we are at the SU(3) flavor
symmetric point, κl ¼ κs, with a larger-than-physical pion
mass, mπ ¼ 466ð13Þ MeV, and a lattice spacing of
a ¼ 0.074ð2Þ fm. See Table I for a summary of the gauge
configurations.

A. Feynman-Hellmann implementation

The Feynman-Hellmann implementation is almost iden-
tical to our previous study of the forward Compton
amplitude [58]. In practice, the objects we calculate are
perturbed quark propagators, given by
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Sλðxn − xmÞ ¼ ½M − λ1O1 − λ2O2�−1n;m; ð28Þ

where M is the usual fermion matrix.
For our case, where we choose to calculate the μ ¼ ν ¼ 3

component of the OFCA, the operators are

½Ok�n;m ¼ δn;mðeiqk·n þ e−iqk·nÞiγ3; k ¼ 1; 2:

Then, the usual formulas for hadrons in terms of quark
propagators apply, except with one or more of these
propagators replaced with a perturbed propagator.
The Feynman-Hellmann perturbation is applied to the

connected contributions only. While it is possible to perturb
the disconnected contributions, this would be much more
computationally expensive [96,97].
The determination of the ratio in Eq. (16) requires four

separate sets of correlators at each magnitude of λ. We
calculate two magnitudes of λ ¼ 0.0125, 0.025, chosen
based on λ-tuning tests carried out in the forward
case [58,98].

B. Kinematics

We calculate two sets of correlators on the same gauge
configurations (Table II).
To fit GPD moments, we need multiple ω̄ values.

However, we are restricted by the conditions of the
Feynman-Hellmann relation to a frame for which our sink
momentum, p0, and our momenta from the current inser-
tions, q1 and q2, must obey:

jp0j ¼ jp0 � q1 ∓ q2j;

which limits the number of ω̄ values that are accessible for
each q1;2 pair.
For each set of correlators, the ω̄ value is determined by

the value of the sink momentum, p0:

ω̄ ¼ 4p0 · ðq1 þ q2Þ
ðq1 þ q2Þ2

:

The explicit values of ω̄ for our kinematics are shown in
Table III.
Moreover, since our amplitude is invariant under the

exchanges Δμ → −Δμ, ω̄ → −ω̄, we average over �p0,
�ðp0 − q1 þ q2Þ to increase our statistics.

VI. RESULTS AND DISCUSSION

To demonstrate what can be accomplished with the
method outlined in the preceding sections, we determine
the first two even moments of the nucleon GPD.
First, we fit the combination of correlators Rλðτ;p0Þ from

Eq. (16) to the function fðτÞ ¼ c1τ þ c2, where τ is
Euclidean time. From the Feynman-Hellmann relation,
Eq. (18), the slope, c1, is proportional to the OFCA, while
c2 is a superfluous parameter. In fitting this linear function,
we apply a consistent fit window in Euclidean time for all
sink momenta. The χ2=d:o:f: for these fits are reported in
Table IV, and it is found that χ2=d:o:f: ∼ 1 for all the
momenta, which demonstrates that the data are largely well
described by a linear fit. An example of the Euclidean time
fits for set No. 1 is given in Fig. 3.
After the fits in Euclidean time have been performed, we

next investigate the behavior of the ratio, Rλðp0Þ, as a
function of the Feynman-Hellmann coupling, λ. From the
Feynman-Hellmann relation, Eq. (18), the λ2 contribution
to this ratio is proportional to the OFCA, and the next-to-
leading contribution is Oðλ4Þ, which is suppressed for our
calculations at λ ∼ 10−2.
Therefore, to test the effects of the λ4 contributions, we

compare the quadratic coefficient of the ratio as extracted
with a purely quadratic fit function, fðλÞ ¼ bλ2, to that

TABLE II. Current insertion momenta, q1;2, and derived
kinematics for two sets of correlators.

Set L
2π q1, L

2π q2 t [GeV2] Q̄2 [GeV2] Nmeas

No. 1 (1, 5, 1) ð−1; 5; 1Þ −1.10 7.13 996
No. 2 (4, 2, 2) (2, 4, 2) −2.20 6.03 996

TABLE III. ω̄ values for the two sets of correlators. Note that
jω̄j > 1 values are omitted.

Correlator set L
2π p

0 ω̄

(1, 0, 0) 0
(1, 0, 1) 1=13

No. 1 (1, 0, 2) 2=13
t ¼ −1.10 GeV2 ð1; 1;−1Þ 4=13
Q̄2 ¼ 7.13 GeV2 (1, 1, 0) 5=13

(1, 1, 1) 6=13
(1, 2, 0) 10=13
ð1;−1; 0Þ 0

No. 2 ð1;−1; 1Þ 2=11
t ¼ −2.20 GeV2 ð2; 0;−1Þ 4=11
Q̄2 ¼ 6.03 GeV2 (2, 0, 0) 6=11

(2, 0, 1) 8=11

TABLE I. Details of the gauge ensembles used in this work.

Nf cSW κl κs L3 × T a [fm] mπ [GeV] mN [GeV] mπL ZV Ncfg

2þ 1 2.65 0.1209 0.1209 323 × 64 0.074(2) 0.467(12) 1.250(39) ∼5.6 0.8611(84) 1763
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extracted with the function gðλÞ ¼ bλ2 þ cλ4. We find that
the quartic coefficient, c, is consistent with zero, and that
the quadratic coefficients, b, calculated using the two fit
functions agree within errors.
However, since the quartic fit determines two parameters

from two λ values, it is not a reliable estimate of the higher
order contaminations. Therefore, to further examine the
effect of these contaminations, we calculate the quotient
ðλ21Rλ2Þ=ðλ22Rλ1Þ, which is 1 for perfectly quadratic results.
In Table IV, we can see that, although the central value of
this quotient is close to 1 for all momenta, not all are within
errors of 1. This indicates a 2%–4% contamination from
higher order terms, which is negligible compared to our
overall errors.
Hence for this preliminary study, we find it sufficient to

use the purely quadratic fit function, fðλÞ ¼ bλ2. In Fig. 4,
we plot the normalized ratio, Rλ=λ2, as a function of λ, and
compare this to the quadratic coefficient from the fit. We
observe that the data are reasonably well described by a
purely quadratic fit.
Using the Feynman-Hellmann relation, Eq. (18), we can

now interpret the quadratic coefficient as the off-forward
Compton amplitude. Then, by varying the sink momentum,
we can calculate the amplitude at multiple values of the

scaling variable, ω̄. The results for the up quark in the
nucleon are shown in Fig. 5.
The forward t ¼ 0 curve in this plot is a fit to the Q2 ¼

7.13 GeV2 results from Ref. [58]. As that study also used
the Feynman-Hellmann method and the same gauge
configurations as the present calculation, we can compare
it to our off-forward, t ≠ 0, results to determine the
t-dependence of the OFCA.

A. Moment fitting

Using the results of our OPE in Sec. IV, we can interpret
the moments of the OFCA as GPD moments, defined in
Eq. (27). Hence, using Eq. (25), a fit in ω̄ to the function

fJðω̄; t; Q̄2Þ ¼ 2
X2J

n¼2;4;6

ω̄nMnðt; Q̄2Þ ð29Þ

yields the first J even GPD moments at fixed t and Q̄2

values. At leading-twist, these moments are

FIG. 3. Plot of τ-dependence of Rλ=λ2, as defined in Eq. (16).
The shaded bands are fits to the function fðτÞ ¼ aτ þ b. The two
λ magnitudes have been averaged over.

FIG. 4. Plot of λ-dependence of the combination of correlators,
Rλ=λ2, as defined in Eq. (16), after fitting in Euclidean time. The
shaded bands are the quadratic coefficient for each momentum.
Momenta correspond to those in Fig. 3.

FIG. 5. Plot of R̄, as defined in Eq. (25), divided by the
kinematic factor, K33, from Eq. (26). The red curve is a para-
metrization of results from Ref. [58]. The blue and green curves
are from the moment fits.

TABLE IV. Parameters demonstrating the quality of fits in
Euclidean time and the Feynman-Hellmann parameter, λ, for the
up quark results from set No. 1.

L
2π p

0 χ2=d:o:f: (τ fits) ðλ21Rλ2Þ=ðλ22Rλ1Þ
(1, 0, 0) 0.87 1.039(4)
(1, 0, 1) 1.1 1.033(5)
(1, 0, 2) 0.75 1.01(2)
ð1; 1;−1Þ 0.49 1.019(6)
(1,1, 0) 1.0 1.032(4)
(1, 1, 1) 0.57 1.022(6)
(1, 2, 0) 1.6 0.99(3)

A. HANNAFORD-GUNN et al. PHYS. REV. D 105, 014502 (2022)

014502-10



MnðtÞ ¼ An;0ðtÞ þ
t

8m2
N
Bn;0ðtÞ:

Unlike the forward case, there is no optical theorem
connecting the OFCA to the scattering cross section, and
therefore no requirement for the scalar amplitudes to be
positive definite. However, our moments, defined in
Eq. (27), are dominated by An;0ðtÞ, the moments of the
zero-skewness GPD Hðx; tÞ, which is typically treated as
positive in model-dependent parametrizations (for instance,
Refs. [99–102]), while the Eðx; tÞ GPD is suppressed by
t=8m2

N in our moments. Therefore, it is reasonable for this
proof of concept calculation to treat the underlying dis-
tribution, Hðx; tÞ þ ðt=8m2

NÞEðx; tÞ, as strictly positive on
the domain x ∈ ½−1; 1�, and thus its moments as mono-
tonically decreasing for fixed t:

M2ðtÞ ≥ M4ðtÞ ≥ � � � ≥ M2JðtÞ: ð30Þ

Future work will aim at a more extensive treatment of the
conditions on moments, such as incorporating model-
independent positivity constraints on GPDs [103–105]
and on the Compton amplitude [106].
To fit these moments, we use a Markov chain

Monte Carlo method [107,108]. In contrast to a least
squares fit, this method allows us to efficiently sample
prior distributions that reflect physically motivated con-
straints [58].
In Fig. 6, we compare the up quark, t ¼ −1.1 GeV2

moments fit using monotonically decreasing priors, as in
Eq. (30), to those fit with uniform positive priors,
MnðtÞ ∈ ½0; 100�. Since we truncate the series of moments
at a finite order, Fig. 6 also compares the values of the first
two moments fit at different orders of truncation, J, as in
Eq. (29). We observe that, for both the monotonic
moments, the value of J has little effect on the leading
moment,M2. Moreover, the values ofM2, as extracted with
the monotonic and uniform moments, are highly consistent.
On the other hand, the value of M4 differs significantly

depending on whether uniform or monotonic priors are
used. For the uniformly sampled moments, the M4 dis-
tributions are heavily skewed toward zero and do not
converge with J. By contrast, the monotonically sampled
moments, M4, do not depend greatly on the order of
truncation for J > 2, and the distributions appear only
slightly skewed toward zero. The higher moments require
larger values of ω̄ and more precise data to constrain them.
Therefore, the inconsistencies in the M4 results likely
reflect the fact that we have a limited number of larger
ω̄ values, which have significant errors. Moreover, these
inconsistencies may reflect that the monotonicity condition
is too severe for small moments. Investigating these issues
is a goal of future studies.

For this preliminary study, we choose to fit the first four
even moments, n ¼ 2, 4, 6, 8, using monotonic conditions,
and report the first two even moments. For consistency, we
only fit the first four moments of the forward results as well.
We present results for the t-dependence of the leading

moments in Fig. 7. The values of the n ¼ 2 GPD moments
are statistically consistent with moments from three-point
calculations at a comparable pion mass [27]. However, the
n ¼ 4 moments have never been determined from three-
point methods, and therefore the results presented here are a
first look at the t behavior of such moments.

B. Comment on systematics

As the present numerical results are exploratory, a
detailed assessment of systematic uncertainties remains
an objective of future work. A list of the most salient
systematics and proposals to control them is given below.
(1) To better isolate the leading-twist contribution, a

range of Q̄2 values must be calculated, and the
constant, leading-twist moments fit from this, as
in Ref. [58].

(2) The two datasets (No. 1 and No. 2) have different q̄3,
which means that the OðaÞ Ward identity violating
terms, induced by discretization, will differ between
the two datasets. Hence it is preferable to use the
conserved vector current, for which exact Ward
identities are known [109,110].

(3) The OPE performed in Sec. IV is a continuum
relation, and therefore a continuum extrapolation,
similar to that in Refs. [111–113], is desirable.

FIG. 6. Density distributions for the first two up quark moments
at t ¼ −1.10 GeV2. The upper two plots use monotonic priors
distributions, while the lower two plots use uniform positive
distributions. J is the number of moments fit in the parametriza-
tion, Eq. (29).
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(4) Finally, there are all the usual lattice systematics:
nonphysical quark masses, finite volume, and
excited state contamination, which must be ac-
counted for.

VII. SUMMARY AND CONCLUSIONS

This study has presented a novel means to determine the
off-forward Compton amplitude using lattice QCD, and
thereby calculate the properties of generalized parton
distributions. We derived a Feynman-Hellmann relation
to calculate the OFCA. In our parametrization of the
OFCA, we presented new results and collected old ones,
which lay the groundwork for comprehensive calculations
of GPDs from the OFCA. Finally, the nucleon moments
presented here are the first determination of n ¼ 4 GPD
moments.
We are now in a position to realize the full potential of

this method. A more detailed investigation of the sys-
tematics is a priority, including calculations at different
lattice spacings and with the conserved vector current.
Currently, such tests are being conducted for the forward
Compton amplitude [95]. Similarly, future work will be
aimed at calculating a greater spread of Q̄2 and t, which
will provide physical insights and allow us to more
accurately determine the leading-twist contribution.
Furthermore, we aim to separate out the H and E scalar
amplitudes—equivalently the A and B generalized form
factors.
Taking these steps would provide us with a wealth of

physical information. For instance, we could investigate

the nonperturbative features of the OFCA, including the
off-forward subtraction function and generalized polar-
izabilities. Moreover, we could investigate GPD proper-
ties, such as their scaling behavior, and higher-twist
contributions to the Compton amplitude. Finally, this
method allows us to constrain GPDs, by calculating their
moments, fitting models, and other methods to extract
parton distributions from the Euclidean Compton ampli-
tude directly [114].
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APPENDIX A: BACKGROUND

For symmetrization and antisymmetrization of a rank-2
tensor, we use the notation

Tfμνg ¼ 1

2
½Tμν þ Tνμ�; T ½μν� ¼ 1

2
½Tμν − Tνμ�:

The general expression for a fully symmetrized rank-n
tensor used in this paper is

Tfμ1���μng ¼ 1

n!

X
σ∈Sn

Tνσð1Þ���νσðnÞ ; ðA1Þ

where Sn is the group of permutations of the numbers
1; 2;…; n, and σ is an element of Sn. Here, we denote the
ith component of some group element, σ ∈ Sn, as σðiÞ.

FIG. 7. The t-dependence of the first two even moments,
Mq

nðtÞ, defined in Eq. (27), for up and down quarks. The t ¼ 0
points are from a fit to results in Ref. [58].
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1. Polarized GPDs

(i) Polarized light-cone matrix element:

Z
dλ
2π

eiλxhNðP0Þjψ̄qð−λn=2Þ=nγ5ψqðλn=2ÞjNðPÞi ¼ H̃qðx; ϑ=ω̄; tÞūðP0Þγμγ5nμuðPÞ

þ Ẽqðx;ϑ=ω̄; tÞΔ · n
2mN

ūðP0Þγ5uðPÞ: ðA2Þ

(ii) Local twist-two polarized operators:

ÕðnÞμ1���μn
q ðXÞ ¼ ψ̄qðXÞγfμ1γ5iD

↔μ2 � � � iD↔μng
ψqðXÞ − traces: ðA3Þ

(iii) Their matrix elements:

hNðP0ÞjÕðnþ1Þκμ1���μn
q ð0ÞjNðPÞi ¼ ūðP0; s0Þγfκγ5uðP; sÞ

Xn
j¼0;2;4

Ãq
nþ1;jðtÞΔμ1 � � �Δμj P̄μjþ1 � � � P̄μng

þ Δfκ

2mN
ūðP0; s0Þγ5uðP; sÞ

Xn
j¼0;2;4

B̃q
nþ1;jðtÞΔμ1 � � �Δμj P̄μjþ1 � � � P̄μng: ðA4Þ

(iv) Polynomiality:

Z
1

−1
dxxnH̃qðx;ϑ=ω̄; tÞ ¼

Xn
i¼0;2;4

ð2ϑ=ω̄ÞiÃq
nþ1;iðtÞ and

Z
1

−1
dxxnẼqðx;ϑ=ω̄; tÞ ¼

Xn
i¼0;2;4

ð2ϑ=ω̄ÞiB̃q
nþ1;iðtÞ: ðA5Þ

APPENDIX B: OPERATOR PRODUCT EXPANSION

We start with the matrix element of the leading-twist contribution to the current product, Eq. (19). The symmetric under
the μ ↔ ν component is

hNðP0ÞjTfjfμðz=2Þjνgð−z=2ÞgjNðPÞi ¼ −2
i

2π2
zμ

ðz2 − iϵÞ2 Sμρνκ

X∞
n¼1;3;5

ð−iÞn
n!

Xn
j¼0;2;4

�
1

nþ 1
ðΔ · zÞj

× ðP̄ · zÞn−j½hκAq
nþ1;jðtÞ þ eκBq

nþ1;jðtÞ�

þ n − j
nþ 1

ðΔ · zÞjðP̄ · zÞn−j−1P̄κ½Aq
nþ1;jðtÞh · zþ Bq

nþ1;jðtÞe · z�

þ j
nþ 1

ðΔ · zÞj−1ðP̄ · zÞn−jΔκ½Aq
nþ1;jðtÞh · zþ Bq

nþ1;jðtÞe · z�

þ δj;0ΔκðΔ · zÞnCq
nþ1ðtÞ

1

mN
ūðP0ÞuðPÞ

�
: ðB1Þ

The antisymmetric component is no different from the symmetric component, except with hðeÞ → h̃ðẽÞ, Aq
nþ1;j → Ãq

nþ1;j,

Bq
nþ1;j → B̃q

nþ1;j, and the C GFFs set to zero.
The general recipe for the Fourier transform of these matrix elements is as follows:
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First, introduce Fourier conjugates,

ðP̄ · zÞn ¼ in
Z

∞

−∞
dχeiχP̄·z

∂n

∂χn δðχÞ;

ðΔ · zÞn ¼ in
Z

∞

−∞
dηeiηΔ·z

∂n

∂ηn δðηÞ;

h · z ¼ i
Z

∞

−∞
dχ̃1eiχ̃1h·z

∂
∂χ̃1 δðχ̃1Þ;

e · z ¼ i
Z

∞

−∞
dχ̃2eiχ̃2e·z

∂
∂χ̃2 δðχ̃2Þ:

For the polarized component hðeÞ → h̃ðẽÞ, but otherwise
the process is the same.

Next, we use the identity

Z
d4zeil·z

zμ

2π2ðz2 − iϵÞ2 ¼
lμ

l2 þ iϵ

to integrate out the z-dependence. Finally, we use the
identity

Z
b

a
dxfðxÞ ∂n

∂xn δðx − yÞ ¼ ð−1Þn ∂n

∂xn fðxÞ
���
x¼y

to evaluate the integrals over the Fourier conjugates. After
applying these steps, we arrive at Eqs. (20) and (21).
The leading-twist contributions to the scalar amplitudes

in Eq. (4) are

H1ðω̄; ϑ; tÞ ¼ 2
X∞

n¼2;4;6

ω̄n

Z
1

−1
dxxn−1Hðx; ϑ=ω̄; tÞ;

H2ðω̄; ϑ; tÞ ¼
2Q̄2

P̄ · q̄

X∞
n¼2;4;6

ω̄n

Z
1

−1
dxxn−1

�
Hðx;ϑ=ω̄; tÞ − 2

n
½Hðx;ϑ=ω̄; tÞ þ Eðx;ϑ=ω̄; tÞ�

�
;

H3ðω̄; ϑ; tÞ ¼
2Q̄2

P̄ · q̄

X∞
n¼2;4;6

ω̄n 2

n

Z
1

−1
dxxn−1½Hðx;ϑ=ω̄; tÞ þ Eðx;ϑ=ω̄; tÞ�;

E1ðω̄; ϑ; tÞ ¼ 2
X∞

n¼2;4;6

ω̄n

Z
1

−1
dxxn−1Eðx; ϑ=ω̄; tÞ;

E2ðω̄; ϑ; tÞ ¼
2Q̄2

P̄ · q̄

X∞
n¼2;4;6

ω̄n

Z
1

−1
dxxn−1Eðx;ϑ=ω̄; tÞ;

H̃1ðω̄; ϑ; tÞ ¼ 2
X∞

n¼2;4;6

ω̄n−1
Z

1

−1
dxxn−2H̃ðx;ϑ=ω̄; tÞ;

Ẽ1ðω̄; ϑ; tÞ ¼ 2
X∞

n¼2;4;6

ω̄n−1
Z

1

−1
dxxn−2Ẽðx;ϑ=ω̄; tÞ;

H̃2ðω̄; ϑ; tÞ ¼ −2
X∞

n¼2;4;6

n
nþ 1

ω̄n−1
Z

1

−1
dxxn−2H̃ðx;ϑ=ω̄; tÞ;

Ẽ2ðω̄; ϑ; tÞ ¼ −2
X∞

n¼2;4;6

n
nþ 1

ω̄n−1
Z

1

−1
dxxn−2Ẽðx;ϑ=ω̄; tÞ;

Kiðω̄; ϑ; tÞ ¼ 0; for all i: ðB2Þ

APPENDIX C: FEYNMAN-HELLMANN

Starting with the λ1λ2 terms of Eq. (15), we have

Z
τ

0

dτ1

Z
τ1

0

dτ2hNðp0ÞjV1ðτ1ÞV2ðτ2ÞjYðpÞi þ ðV1 ↔ V2Þ ¼
Z

τ

0

dτ1

Z
τ1

0

dτ2hNðp0ÞjeHQCDτ1

×
Z

d3x1ðeiq1·x1 þ e−iq1·x1Þj3ðx1ÞeHQCDðτ2−τ1Þ
Z

d3x2ðeiq2·x2 þ e−iq2·x2Þj3ðx2Þe−HQCDτ2 jYðpÞi þ ðq1 ↔ q2Þ: ðC1Þ
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(Note that we use the unperturbed time-evolution operator here, since, as in all perturbation theory, the matrix element at
each order is calculated for zero-coupling.)
Next, after inserting a complete set of states, Eq. (C1) becomes

X
X

Z
d3pX

ð2πÞ3
1

2EXðpXÞ
Z

τ

0

dτ1

Z
τ1

0

dτ2hNðp0ÞjeHQCDτ1

Z
d3x1ðeiq1·x1 þ e−iq1·x1Þj3ðx1ÞeHQCDðτ2−τ1ÞjXðpXÞi

×
Z

d3x2ðeiq2·x2 þ e−iq2·x2ÞhXðpXÞjj3ðx2Þe−HQCDτ2 jYðpÞi þ ðq1 ↔ q2Þ

¼
X
X

Z
d3pX

ð2πÞ3
1

2EXðpXÞ
Z

τ

0

dτ1

Z
τ1

0

dτ2e−ðEXðpXÞ−ENðp0ÞÞτ1e−ðEXðpXÞ−EY ðpÞÞτ2

×
Z

d3x1ðeiq1·x1 þ e−iq1·x1ÞhNðp0Þjj3ðx1ÞjXðpXÞi
Z

d3x2ðeiq2·x2 þ e−iq2·x2ÞhXðpXÞjj3ðx2ÞjYðpÞi þ ðq1 ↔ q2Þ: ðC2Þ

Focusing solely on the Euclidean time dependence for a moment, we see that, if EYðpÞ ¼ ENðp0Þ, then
Z

τ

0

dτ1

Z
τ1

0

dτ2e−ðEXðpXÞ−ENðp0ÞÞτ1eðEXðpXÞ−EY ðpÞÞτ2 ¼ 1

EXðpXÞ − ENðp0Þ
�
τ þ e−ðEXðpXÞ−ENðp0ÞÞτ

EXðpXÞ − ENðp0Þ
	
: ðC3Þ

And if EYðpÞ ≠ ENðp0Þ,
Z

τ

0

dτ1

Z
τ1

0

dτ2e−ðEXðpXÞ−ENðp0ÞÞτ1eðEXðpXÞ−EYðpÞÞτ2

¼ 1

EXðpXÞ − EYðpÞ
�
e−ðEXðpXÞ−ENðp0ÞÞτ − 1

EXðpXÞ − ENðp0Þ −
e−ðEYðpÞ−ENðp0ÞÞτ − 1

EYðpÞ − ENðp0Þ
	
: ðC4Þ

Because of our choice of perturbing potential, the only values the source momentum can take are p ¼ pþ nq1 þmq2 for
m; n ∈ Z at order OðλmþnÞ. As we stated before, we choose our kinematics so that jpj ≤ jpþ nq1 þmq2j. Therefore, for
any state in the nucleon spectrum X and any momentum q ¼ p0 þ nq1 þmq2, we must have EXðqÞ ≥ ENðp0Þ.
This ensures two things: (1) that the exponentials in Eqs. (C3) and (C4) are decaying, and (2) that if EYðpÞ ¼ ENðp0Þ,

then Y ¼ N, and hence we have ground state saturation of the source.
Therefore,

Z
τ

0

dτ1

Z
τ1

0

dτ2hNðp0ÞjV1ðτ1ÞV2ðτ2ÞjYðpÞi þ ðV1 ↔ V2Þ ¼ τ
X
X

Z
d3pX

ð2πÞ3
1

2EXðpXÞ
1

EXðpXÞ−ENðp0Þ

×
Z

d3x1ðeiq1·x1 þ e−iq1·x1ÞhNðp0Þjj3ðx1ÞjXðpXÞi

×
Z

d3x2ðeiq2·x2 þ e−iq2·x2ÞhXðpXÞjj3ðx2ÞjNðpÞi

þ ðq1 ↔ q2Þ þ ½exponentially decaying in τ� þ ½constant in τ�:
ðC5Þ

The exponentially decaying terms will be heavily suppressed for τ ≫ a compared to the purely linear in τ terms and the
constant. Therefore, we will neglect these. For the moment we neglect the term that is constant in τ; however, we will
consider this in our fit to the lattice data.
From translational invariance of the current,

j3ðxÞ ¼ e−iP̂·xj3ð0ÞeiP̂·x;

and hence Eq. (C5) becomes
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Z
τ

0

dτ1

Z
τ1

0

dτ2hNðp0ÞjV1ðτ1ÞV2ðτ2ÞjYðpÞi þ ðV1 ↔ V2Þ

¼ τ
X
X

Z
d3pX

ð2πÞ3
1

2EXðpXÞ
hNðp0Þjj3ð0ÞjXðpXÞihXðpXÞjj3ð0ÞjNðpÞi

EXðpXÞ − ENðp0Þ Δ12 þ ðq1 ↔ q2Þ; ðC6Þ

where

Δ12 ≡ ð2πÞ6½δð3Þðp0 − q1 − pXÞ þ δð3Þðp0 þ q1 − pXÞ�½δð3Þðp − q2 − pXÞ þ δð3Þðpþ q2 − pXÞ�: ðC7Þ

Although we have kept all the delta functions here, in our final evaluation we will only keep those that ensure jpj ¼ jp0j, as
this is the condition that allowed us to take ENðpÞ ¼ ENðp0Þ.
It is convenient to define the operator

Ôðp;qÞ≡X
X

1

2EXðpþ qÞ
j3ð0ÞjXðpþ qÞihXðpþ qÞjj3ð0Þ

EXðpþ qÞ − ENðpÞ
:

Therefore, we evaluate

X
X

Z
d3pX

ð2πÞ3 ð2πÞ
6½δð3Þðp − q1 − pXÞ þ δð3Þðp0 þ q1 − pXÞ�½δð3Þðp0 − q2 − pXÞ þ δð3Þðpþ q2 − pXÞ�

×
1

2EXðpXÞ
hNðp0Þjj3ð0ÞjXðpXÞihXðpXÞjj3ð0ÞjNðpÞi

EXðpXÞ − ENðpÞ
þ ðq1 ↔ q2Þ

¼ hNðp0Þjð2πÞ3½δð3Þðp − q2 þ q1 − p0ÞÔðp0;−q1Þ þ δð3Þðp − q2 − q1 − p0ÞÔðp0;q1Þ
þ δð3Þðpþ q2 þ q1 − p0ÞÔðp0;−q1Þ þ δð3Þðpþ q2 − q1 − p0ÞÔðp0;q1Þ�jNðpÞi þ ðq1 ↔ q2Þ: ðC8Þ

Since jp0j ¼ jp0 þ q1 − q2j, the only terms to survive are

δð3Þðpþ q2 − q1 − p0ÞÔðp0;q1Þ and δð3Þðp − q1 þ q2 − p0ÞÔðp0;−q2Þ:

Inserting this into Eq. (17), we have

Rλðτ;p0Þ ≃τ≫a
4λ2τ

Z
d3p0

ð2πÞ3
Aλ
Nðp0Þ

2ENðpÞ
hNðp0Þjð2πÞ3½δð3Þðpþ q2 − q1 − p0ÞÔðp0;q1Þ

þ δð3Þðp − q1 þ q2 − p0ÞÔðp0;−q2Þ�jNðpÞi þ λ2C þOðλ4Þ; ðC9Þ

where C is constant in λ and τ, obtained from Eq. (C4).
Noting that the OFCA for a single quark flavor and unit charge can be expressed as

T33ðp0;q;q0Þ ¼ hNðp0ÞjÔðp0;qÞjNðpÞi þ hNðp0ÞjÔðp0;−q0ÞjNðpÞi;

Eq. (C9) becomes

Rλðτ;p0Þ ≃τ≫a 2λ2τ

ENðp0ÞT
33ðp0;q1;q2Þ þ λ2C þOðλ4Þ; ðC10Þ

where we have used the fact that Aλ
Nðp0Þ ¼ 1þOðλÞ at most, but once again odd powers of λ vanish as a consequence of

our combination of propagators, Eq. (16).
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Hořejši, Fortschr. Phys. (Prog. Phys.) 42, 101 (1994).

[2] X. Ji, Phys. Rev. Lett. 78, 610 (1997).
[3] A. V. Radyushkin, Phys. Rev. D 56, 5524 (1997).
[4] M. Burkardt, Phys. Rev. D 62, 071503 (2000).
[5] F. Myhrer and A.W. Thomas, J. Phys. G 37, 023101

(2010).
[6] C. A. Aidala, S. D. Bass, D. Hasch, and G. K. Mallot, Rev.

Mod. Phys. 85, 655 (2013).
[7] M. V. Polyakov and P. Schweitzer, Int. J. Mod. Phys. A 33,

1830025 (2018).
[8] V. D. Burkert, L. Elouadrhiri, and F. X. Girod, Nature

(London) 557, 396 (2018).
[9] C. Adloff, V. Andreev, B. Andrieu, T. Anthonis, V.

Arkadov, A. Astvatsatourov, A. Babaev, J. Bähr, P.
Baranov, E. Barrelet et al., Phys. Lett. B 517, 47 (2001).

[10] S. Chekanov, M. Derrick, D. Krakauer, J. Loizides, S.
Magill, B. Musgrave, J. Repond, R. Yoshida, M. Mattingly,
P. Antonioli et al., Phys. Lett. B 573, 46 (2003).

[11] C. Adloff, V. Andreev, B. Andrieu, T. Anthonis, V.
Arkadov, A. Astvatsatourov, A. Babaev, J. Bähr, P.
Baranov, E. Barrelet et al., Phys. Lett. B 517, 47 (2001).

[12] A. Airapetian, N. Akopov, Z. Akopov, E. Aschenauer, W.
Augustyniak, R. Avakian, A. Avetissian, E. Avetisyan, S.
Belostotski, N. Bianchi et al., Phys. Lett. B 704, 15 (2011).

[13] A. Airapetian, N. Akopov, Z. Akopov, E. C. Aschenauer,
W. Augustyniak, R. Avakian, A. Avetissian, E. Avetisyan,
H. P. Blok et al., J. High Energy Phys. 07 (2012) 032.

[14] P. J. Lin (COMPASS Collaboration), Int. J. Mod. Phys. A
586 (2020).

[15] M. Defurne, M. Amaryan, K. A. Aniol, M. Beaumel, H.
Benaoum, P. Bertin, M. Brossard, A. Camsonne, J.-P.
Chen, E. Chudakov et al., Phys. Rev. C 92, 055202 (2015).

[16] H. Jo, F. Girod, H. Avakian, V. Burkert, M. Garçon, M.
Guidal, V. Kubarovsky, S. Niccolai, P. Stoler, K. Adhikari
et al., Phys. Rev. Lett. 115, 212003 (2015).

[17] E. Seder, A. Biselli, S. Pisano, S. Niccolai, G. Smith, K.
Joo, K. Adhikari, M. Amaryan, M. Anderson, S. A. Pereira
et al., Phys. Rev. Lett. 114, 032001 (2015).

[18] J. Dudek, R. Ent, R. Essig, K. S. Kumar, C. Meyer, R. D.
McKeown, Z. E. Meziani, G. A. Miller, M. Pennington, D.
Richards et al., Eur. Phys. J. A 48, 187 (2012).

[19] A. Accardi et al., Eur. Phys. J. A 52, 268 (2016).
[20] K. Kumerički, S. Liuti, and H. Moutarde, Eur. Phys. J. A

52, 157 (2016).
[21] M. Guidal, H. Moutarde, and M. Vanderhaeghen, Rep.

Prog. Phys. 76, 066202 (2013).
[22] P. Hägler, J. W. Negele, D. B. Renner, W. Schroers, T.

Lippert, and K. Schilling, Phys. Rev. D 68, 034505 (2003).
[23] M. Göckeler, R. Horsley, D. Pleiter, P. E. L. Rakow, A.

Schäfer, G. Schierholz, and W. Schroers, Phys. Rev. Lett.
92, 042002 (2004).

[24] M. Gockeler, P. Hagler, R. Horsley, D. Pleiter, P. E. L.
Rakow, A. Schafer, G. Schierholz, and J. M. Zanotti
(QCDSF and UKQCD Collaborations), Phys. Lett. B
627, 113 (2005).

[25] M. Göckeler, P. Hägler, R. Horsley, Y. Nakamura,
D. Pleiter, P. E. L. Rakow, A. Schäfer, G. Schierholz,

H. Stüben, and J. M. Zanotti (QCDSF and UKQCD
Collaborations), Phys. Rev. Lett. 98, 222001 (2007).

[26] M. Ohtani, D. Brömmel, M. Göckeler, P. Hägler, R.
Horsley, Y. Nakamura, D. Pleiter, P. E. L. Rakow, A.
Schäfer, G. Schierholz, W. Schroers, H. Stuben, and
J. M. Zanotti, in Proceedings, 25th International Sympo-
sium on Lattice field theory (Lattice 2007): Regensburg,
Germany, 2007 (2007), Vol. LATTICE2007, p. 158
[arXiv:0710.1534].

[27] P. Hägler, W. Schroers, J. Bratt, J. W. Negele, A. V.
Pochinsky, R. G. Edwards, D. G. Richards, M. Engelhardt,
G. T. Fleming, B. Musch et al., Phys. Rev. D 77, 094502
(2008).

[28] D. Brömmel et al. (QCDSF and UKQCD Collaborations),
Phys. Rev. Lett. 101, 122001 (2008).

[29] J. D. Bratt, R. G. Edwards, M. Engelhardt, P. Hägler, H. W.
Lin, M. F. Lin, H. B. Meyer, B. Musch, J. W. Negele, K.
Orginos et al., Phys. Rev. D 82, 094502 (2010).

[30] C. Alexandrou, J. Carbonell, M. Constantinou, P. A.
Harraud, P. Guichon, K. Jansen, C. Kallidonis, T. Korzec,
and M. Papinutto, Phys. Rev. D 83, 114513 (2011).

[31] A. Sternbeck, M. Göckeler, Ph. Hägler, R. Horsley, Y.
Nakamura, A. Nobile, D. Pleiter, P. E. L. Rakow, A.
Schäfer, G. Schierholz, and J. Zanotti, Proc. Sci., LAT-
TICE2011 (2011) 177 [arXiv:1203.6579].

[32] P. Shanahan and W. Detmold, Phys. Rev. D 99, 014511
(2019).

[33] P. Shanahan andW. Detmold, Phys. Rev. Lett. 122, 072003
(2019).

[34] G. Martinelli and C. Sachrajda, Nucl. Phys. B478, 660
(1996).

[35] S. Capitani and G. Rossi, Nucl. Phys. B433, 351 (1995).
[36] G. Beccarini, M. Bianchi, S. Capitani, and G. Rossi, Nucl.

Phys. B456, 271 (1995).
[37] F. Ynduráin, Phys. Lett. 74B, 68 (1978).
[38] W. Detmold, W. Melnitchouk, and A.W. Thomas, Mod.

Phys. Lett. A 18, 2681 (2003).
[39] A. Radyushkin, Phys. Rev. D 96, 034025 (2017).
[40] X. Ji, Phys. Rev. Lett. 110, 262002 (2013).
[41] M. Constantinou, Eur. Phys. J. A 57, 77 (2021).
[42] H.-W. Lin, E. R. Nocera, F. Olness, K. Orginos,

J. Rojo, A. Accardi, C. Alexandrou, A. Bacchetta, G.
Bozzi, J.-W. Chen et al., Prog. Part. Nucl. Phys. 100, 107
(2018).

[43] J.-W. Chen, H.-W. Lin, and J.-H. Zhang, Nucl. Phys. B952,
114940 (2020).

[44] H.-W. Lin, Phys. Rev. Lett. 127, 182001 (2021).
[45] C. Alexandrou, K. Cichy, M. Constantinou, K.

Hadjiyiannakou, K. Jansen, A. Scapellato, and F. Steffens,
Phys. Rev. Lett. 125, 262001 (2020).

[46] D. Drechsel, G. Knochlein, A. Y. Korchin, A. Metz, and S.
Scherer, Phys. Rev. C 57, 941 (1998).

[47] B. Pasquini, M. Gorchtein, D. Drechsel, A. Metz, and M.
Vanderhaeghen, Eur. Phys. J. A 11, 185 (2001).

[48] H. Fonvieille, B. Pasquini, and N. Sparveris, Prog. Part.
Nucl. Phys. 113, 103754 (2020).

[49] V. Pauk, C. E. Carlson, and M. Vanderhaeghen, Phys. Rev.
C 102, 035201 (2020).

GENERALIZED PARTON DISTRIBUTIONS FROM THE OFF- … PHYS. REV. D 105, 014502 (2022)

014502-17

https://doi.org/10.1002/prop.2190420202
https://doi.org/10.1103/PhysRevLett.78.610
https://doi.org/10.1103/PhysRevD.56.5524
https://doi.org/10.1103/PhysRevD.62.071503
https://doi.org/10.1088/0954-3899/37/2/023101
https://doi.org/10.1088/0954-3899/37/2/023101
https://doi.org/10.1103/RevModPhys.85.655
https://doi.org/10.1103/RevModPhys.85.655
https://doi.org/10.1142/S0217751X18300259
https://doi.org/10.1142/S0217751X18300259
https://doi.org/10.1038/s41586-018-0060-z
https://doi.org/10.1038/s41586-018-0060-z
https://doi.org/10.1016/S0370-2693(01)00939-X
https://doi.org/10.1016/j.physletb.2003.08.048
https://doi.org/10.1016/S0370-2693(01)00939-X
https://doi.org/10.1016/j.physletb.2011.08.067
https://doi.org/10.1007/JHEP07(2012)032
https://doi.org/10.1142/9789811219313_0100
https://doi.org/10.1142/9789811219313_0100
https://doi.org/10.1103/PhysRevC.92.055202
https://doi.org/10.1103/PhysRevLett.115.212003
https://doi.org/10.1103/PhysRevLett.114.032001
https://doi.org/10.1140/epja/i2012-12187-1
https://doi.org/10.1140/epja/i2016-16268-9
https://doi.org/10.1140/epja/i2016-16157-3
https://doi.org/10.1140/epja/i2016-16157-3
https://doi.org/10.1088/0034-4885/76/6/066202
https://doi.org/10.1088/0034-4885/76/6/066202
https://doi.org/10.1103/PhysRevD.68.034505
https://doi.org/10.1103/PhysRevLett.92.042002
https://doi.org/10.1103/PhysRevLett.92.042002
https://doi.org/10.1016/j.physletb.2005.09.002
https://doi.org/10.1016/j.physletb.2005.09.002
https://doi.org/10.1103/PhysRevLett.98.222001
https://arXiv.org/abs/0710.1534
https://doi.org/10.1103/PhysRevD.77.094502
https://doi.org/10.1103/PhysRevD.77.094502
https://doi.org/10.1103/PhysRevLett.101.122001
https://doi.org/10.1103/PhysRevD.82.094502
https://doi.org/10.1103/PhysRevD.83.114513
https://arXiv.org/abs/1203.6579
https://doi.org/10.1103/PhysRevD.99.014511
https://doi.org/10.1103/PhysRevD.99.014511
https://doi.org/10.1103/PhysRevLett.122.072003
https://doi.org/10.1103/PhysRevLett.122.072003
https://doi.org/10.1016/0550-3213(96)00415-4
https://doi.org/10.1016/0550-3213(96)00415-4
https://doi.org/10.1016/0550-3213(94)00428-H
https://doi.org/10.1016/0550-3213(95)00502-5
https://doi.org/10.1016/0550-3213(95)00502-5
https://doi.org/10.1016/0370-2693(78)90062-X
https://doi.org/10.1142/S0217732303012209
https://doi.org/10.1142/S0217732303012209
https://doi.org/10.1103/PhysRevD.96.034025
https://doi.org/10.1103/PhysRevLett.110.262002
https://doi.org/10.1140/epja/s10050-021-00353-7
https://doi.org/10.1016/j.ppnp.2018.01.007
https://doi.org/10.1016/j.ppnp.2018.01.007
https://doi.org/10.1016/j.nuclphysb.2020.114940
https://doi.org/10.1016/j.nuclphysb.2020.114940
https://doi.org/10.1103/PhysRevLett.127.182001
https://doi.org/10.1103/PhysRevLett.125.262001
https://doi.org/10.1103/PhysRevC.57.941
https://doi.org/10.1007/s100500170084
https://doi.org/10.1016/j.ppnp.2020.103754
https://doi.org/10.1016/j.ppnp.2020.103754
https://doi.org/10.1103/PhysRevC.102.035201
https://doi.org/10.1103/PhysRevC.102.035201


[50] D. Mueller and K. Semenov-Tian-Shansky, Phys. Rev. D
92, 074025 (2015).

[51] S. J. Brodsky, F. J. Llanes-Estrada, and A. P. Szczepaniak,
Phys. Rev. D 79, 033012 (2009).

[52] C. Dawson, G. Martinelli, G. Rossi, C. Sachrajda, S.
Sharpe, M. Talevi, and M. Testa, Nucl. Phys. B514, 313
(1998).

[53] G. Martinelli, Nucl. Phys. B, Proc. Suppl. 73, 58 (1999).
[54] F. Aslan, M. Burkardt, C. Lorcé, A. Metz, and B. Pasquini,
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