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We discuss the amplitude of the B — [T1~I't/ decays and the differential decay rate d°T"/dq*dq”, q the
momentum of the /7~ pair emitted from the electromagnetic vertex and ¢’ the momentum of the I’/ pair
emitted from the weak vertex. For the relevant form factors, we construct dispersion representations in qz,
which consistently take into account the Ward identity constraints at g> = 0 and the contributions of
light vector resonances. This allows a consistent description of the form factors in the range 0 < ¢*> <
1 GeV? that saturates around 99% of the decay rate. The differential decay rate behaves at small ¢> as
dU(B — ITI7I'V)/dg* < 1/4* in the limit m) = O but contains also more singular contribution of order
m;z /q*, which we take into account. For the case m) < my, the latter may be neglected, and one obtains a
mild logarithmic dependence of I'(B — [*17I'V) on m,. For the case m; < m|, however, the m}?/¢* terms
dominate the decay rate, leading to I'(B — [TI7I'V') ~ m? /m?. We find the following features of the four-
lepton B decays: i) The decay rates I'(B — u*u~(uv,, ev,)) are fully dominated by the region of light
vector resonances g> =~ M2, M2, ii) The decay rate I'(B — e*e”ev,) receives comparable contributions
from the region near g> ~ 4m2 and from the resonance region. iii) One finds a strong enhancement of the
decay rate I'(B — e"e~pv,) ~ m}/m?, which is dominated by the region ¢* ~4m? due to the terms

O(m3/q*) in the differential distribution.

DOI: 10.1103/PhysRevD.105.014028

I. INTRODUCTION

In this paper, we revisit the amplitude B — y*I't/: we
discuss constraints imposed by gauge invariance, construct
dispersion representations for the corresponding form
factors, and obtain predictions for the differential distribu-
tions in the B-meson decays into four leptons in the
final state, B — [T[7I'V. The latter reactions are being
studied experimentally [1-4], thus requiring a proper
theoretical understanding of the B-meson form factors in
two currents. By now, there have been a few theoretical
papers [5-8] in which B decays into two lepton pairs have
been studied.

The B — y*I'V/ amplitude (see Fig. 1) may be para-
metrized via Lorenz-invariant form factors as

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP’.

2470-0010,/2022/105(1)/014028(12)

014028-1

Tu(q.q|p)=i / dxei® (O[T {j5™ (x).5(0)0,5(0))} B (p))
= La@.d)Fiq” ")+ p=q+d,

(1.1)

with ¢’ the momentum of the weak b — u current and ¢ the
momentum of the electromagnetic current. In Eq. (1.1),
O, =v,.7.75, and jS™. is the conserved electromagnetic
current

J&™(0) = eQ,b(0)r,b(0) + €Q,(0)7,u(0).

The quantities Lgfg(q, q') represent the transverse Lorents

(1.2)

structures, q"LSJB(q,q’ ) =0, and the dots stand for the

b
<

FIG. 1.

Feynman diagrams describing the amplitude (1.1).
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longitudinal part, which is constrained by the conservation
of the electromagnetic current, d,,j5™ = 0, and the equal-
time commutation relations.

The form factors F;(q%, ¢*) are complicated functions of
two variables, ¢’ and ¢?; the general properties of these
objects in QCD have been studied recently in Ref. [9]. It is
noteworthy that gauge invariance provides essential con-
straints on some of the form factors describing the transition
of the B meson into the real photon, i.e., at q2 =0[10-13].

In the past, theoretical analyses focused on a family of
similar reactions, namely, the B — y[™[~ and B — ylv
decays (see, e.g., Refs. [14-24]); these processes are
described by the same form factors as four-lepton B decays,
but evaluated at a zero value of one of the momenta
squared. The corresponding form factors depend on one
variable g%, ¢’ the momentum of the weak current; for
instance, for radiative leptonic decays B — yI't/, one needs
the form factors F;(¢”, ¢> = 0).

The four-lepton decay of interest, B — [*1~I'V/, requires
the form factors F;(¢%,q*) for 0 < ¢?,q"* < M%. The
dependence of the form factors on the variable ¢’> can
be predicted reasonably well: there are no hadron reso-
nances in the full decay region 0 < ¢”> < M%, and the ¢
dependence of the form factors is determined to a large
extent by the influence of the beauty mesons with the
appropriate quantum numbers; all these mesons are heavier
than the B meson and therefore lie beyond the physical
decay region of the variable ¢’?. The calculation of the g>
dependence of the form factors is a much more difficult
task; light vector mesons V = P, w, ... lie in the physical
decay region and should be properly taken into account. At
g” in the region of light vector meson resonances, the form
factors cannot be obtained directly in perturbative Quantum
Chromodynamics [9]. Here, considerations based on the
explicit account of these light vector resonances—includ-
ing their finite width effects—are mandatory; the resonance
contributions of interest may be unambiguously expressed
via the weak B — V form factors. Then, at ¢*> = 0, gauge
invariance constrains the values of the form factors. These
features allow us to calculate the form factors F;(¢"?, ¢°) in
the region 0 < ¢ < 1-2 GeV?, which dominates the four-
meson decay rates, and to obtain consistent predictions for
the latter.

Let us now turn to the differential distributions. After
summing over the polarizations of the final leptons, the
square of the amplitude of the B — [T[~/'V/ decay may be
written in the form

AP = |AZ + |A|51;2 +..., (1.3)
where |A[3 corresponds to the massless leptons,
m; =m) =0, |A\2m;2 is the term proportional to m/* which

provides the most singular behavior of the amplitude, and
the dots stand for those terms which yield negligible

contributions to the differential and to the integrated decay
rate compared to |A[3 and may be safely omitted. Among
the terms given by the dots in Eq. (1.3), one finds also the
terms O(m?/q*) [¢* = (¢*)*], but the contribution of the
latter both to the differential and to the integrated decay
rates may be neglected.

Because of the gauge-invariance constraints on the form
factors, one finds

AR« 1/¢% (1.4)

This property was already emphasized in Ref. [8], in which
it is pointed out that the naive behavior 1/g*, reported
earlier in Ref. [6], is unphysical. Nevertheless, we find it
useful to present here an explicit derivation of the con-
straints on the amplitude imposed by gauge invariance.
The term |A|3 yields the contribution to the integrated decay
rate I'(B — [T17I'V) that has a mild logarithmic depend-
ence o log(m?).

The term |A[?,, for which we derive an explicit
expression, is proportional to m/? but has a more singular
behavior at g> — 0 compared to |A[3:

AR P /g (1)

The |A|?, contribution to the differential decay rate is
1

negligible compared to the contribution of |A[3 in the full
kinematical region of B decay and may be safely omitted
except for one case: if m; < m}, the contribution of |A]? ,

1

dominates over |A|3 in the vicinity of the end point
g* = 4m?. Moreover, in this case, |A|fn,2 gives the dominant
1

contribution to the decay rate I'(B — [T I7I'V) o« m}? /m3.

We shall demonstrate that these essential qualitative
features of the ¢* distribution at small ¢* yield important
consequences for the theoretical estimates of the B —
ITI~I'V branching fractions:

(i) The branching fraction Br(B — u*u~(uv,. ev,) is
dominated by the region of ¢ around the light
vector, resonances whereas the region of small g?
yields a much smaller contribution.

(ii) The branching fraction Br(B — eteev) receives
comparable contributions from the resonance region
and the end point region near g*> = 4m?2.

(iii) The branching fraction Br(B — e*e~uv,) is fully
dominated by the end point region g*> = 4m2.

It is noteworthy that in all these cases the region ¢> >
1 GeV? contributes less than 1% of the decay rate.

II. CONSTRAINTS ON THE TRANSITION
FORM FACTORS

We now discuss the requirements imposed by the
electromagnetic gauge invariance on the B — y* transition

014028-2



THEORETICAL ANALYSIS OF THE LEPTONIC DECAYS ...

PHYS. REV. D 105, 014028 (2022)

amplitudes (y*(q)|@{y,.7,7s}b|B.(p)) induced by the
vector and the axial-vector charged currents.' The corre-
sponding form factors are functions of two variables, g>
and ¢, where ¢’ is the momentum of the weak b — u
current and ¢ is the momentum of the electromagnetic
current, and p = g + ¢'. Gauge invariance provides con-
straints on some of the form factors describing the
transition of B, to the real photon, ¢> = 0.

A. Form factors of the vector weak current

In case of the vector charged quark current uy,b, the
gauge-invariant amplitude contains one Lorentz structure
and one dimensionless form factor Fy (g, ¢*):

Toy =i / dxe (O[T {je™ (x). i, b(0) }|Bu ()
2.1)

The amplitude is transverse, ¢*T,, =0, and contains
no contact term. It is free of the kinematical singularities,
so gauge invariance provides no constraints on
Fy(q?, ¢*> = 0). The contribution of the vector charged
quark current to the amplitude of the B — y*I'V/ decay
reads

Avector(B - ]/* l/l/)
Gr., - " Fy(4”.q%)
= eﬁvuhl/%/(l _yS)yle{z(Q)euuq’qM—B' (22)

B. Form factors of the axial-vector weak current

For the axial-vector current, ity,ysb, the corresponding
amplitude is more complicated; it contains three indepen-
dent gauge-invariant structures and three form factors,
f14(d?, @%), f24(q”, ¢*), and f34(q"*, ¢*), and, in addition,
it has the contact term which is fully determined by the
conservation of the electromagnetic current, 0% ;5™ = 0:

75, =i / dxe# (0T {j™ (x). @, 75b(0) } B, (p))

. dad : qq
= ie <gw - ;J) q'qfia +ie <q’a - ?qa>

. qdaP
XApufoa + qufsa} +ieQpfp Zzb'

(2.3)

Here, Qp = Qp, = Q) — O, 1s the electric charge of the B,
meson, and fp > 0 is defined according to

lAppendix A provides the relations between the amplitudes
containing B, and B, mesons.

(Olay,rsb|B.(p)) = ifpp.- (2.4)
The last term in (2.3) is just the longitudinal contact term
mentioned above. Let us briefly recall the standard way this
term is obtained (see Ref. [25] for details): we calculate
4T3, Tepresent g,e'® = —i- ¢*, and perform parts
integration, moving the derivative to the 7 product. Making
use of the conservation of the electromagnetic current
0%j¢™ =0, the only nonzero contribution comes from
the differentiation of the € functions defining the 7 product,
leading to the equal-time commutator. In the end, we obtain

[Q is the time-independent electric charge operator,
0 = [dxjy(x°,%)]

QaTgr.u = _<O|[Q’ ﬁquSb(O)”B(p» = iQBpru' (25)
This relation does not determine the longitudinal Lorentz
structure in the unique way; one can, e.g., choose this
structure in the form p,p,/pq [10,11] or in the form
guPy,/q> [13]. However, only the latter form, which is
implemented in Eq. (2.3), corresponds to the longitudinal
part in the form of a contact term.” Obviously, different
choices of the longitudinal part lead to redefinitions of the
form factors f;4 in the transverse part of the amplitude [27].
The choice of the longitudinal structure in the form of a
contact term g, p,/q* is suggested by the structure of the
quark electromagnetic vertex and is preferable with respect
to the analytic properties of the form factors f;4 [11].
The projectors in Eq. (2.3) contain kinematical singu-
larities at g> = 0. These singularities, however, should not
be the singularities of the physical amplitude, as the
spectrum of physical states does not contain a massless
vector particle in the g> channel; recall that the absence of
massless vector mesons is a fundamental feature of QCD.
Therefore, as the consequence of gauge invariance and the
property of the spectrum of hadrons in QCD, we obtain the
following relations between the form factors at g*> = 0:

[f14(d”%. ¢%) + f34(q?% ¢*)] o= = O, (2.6)

[d'af24(d% ¢*)p—0 = QpS5- (2.7)

To implement these constraints at q*> = 0, we write down
dispersion representations for the form factors 4, fo4, and
f3a in the variable ¢ with one subtraction and determine
the subtraction terms to satisfy (2.6) and (2.7). Such
representations have the following form:

2By definition, a contact term is a quantity represented by a o
function and its derivatives in configuration space; therefore,
qu.D./q* is a contact term, whereas p,p,/ pq is not a contact term
according to the standard definition. For further details, we refer
to Ref. [26].
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d
flA(q’z,qz)=€(Q’2)+q2/mﬂm(qa,s} (2.8)
: 2051 d :
fa(q” 4% :ﬁ+q2/mpzA(Q .8),
(2.9)
n 2 ” 2 ds ”
f3a(d?. %) = =&(q”%) +¢q /ﬁpm(‘l )
7s(s = q°)
(2.10)

The form factor &(g?) is related to the form factor
of the B — y/'V/ transition, and for the spectral densities
pai(q¢?.s), we will construct phenomenological
|

Aua(B =7 1) =ie Sy, T 1 —yswea(q){ (gay -

7

o Gry, o .
+ leQngvubl/yv(l - yS)Ulga(Q)fB(_gay)7

the last term being the bremsstrahlung contribution (2.11).

expressions based on the contributions of the light vector
resonances p, and .

Next, we should add the bremsstrahlung contribution
(i.e., the photon emitted from the lepton !’ in the final state)
that in the limit of a massless lepton m; = 0 reads

ABrems (B - )/* l/yl)
.G 5 .
= lte7gVuhl/yv(1 - yS)V/g(l(q)fB(_g(w)’ Ql = QB'
(2.11)

The axial part of weak-transition amplitude B — y*/'t/ then
takes the form

q4q qaP
)q/Qfm + (Clﬁl —?Cla) [Pufon+4uf3a]+ QpSfp aqz ,,}

(2.12)

The amplitude may be simplified by taking into account that ¢%¢j,(¢) = 0, yielding

G _
Awiat(B = 7 1IV) = ie =LV 'y, (1 = ys5)V/el(q)

V2

X {(gwq’q ~ quq,) { "

Op/5

. . . ,
Introducing dimensionless form factors ;4,4 and F%,,

] +6]f1qy{f2A +f3a+fia— 7q

Op/f5

} + QquLfZA}' (2.13)

Fia(q?. %) Osf
T T = flalg? @) - =222,
My q9q
Fou(q”. q°) Opf
AT T f2a(d?. %) + f3a(d?. ¢*) + f1a(d*. ¢*) — #,
Mp q'q
Fyu (g% %)
ZAT :sz(C]'Z’qz)’ (2~14)
B

we find the final expression for the contribution of the axial-vector part of the quark current, #1y,ysb, to the amplitude

F

e _ . F F F
Agia(B = 7 IV) = le% Vv, (1 =ys)Ve(q) { (9ed'q = 4o) ~2+ 4hg, 2 + dlq, 2“}~
B B

The contribution of the Lorentz structure ¢/,q, in (2.15) is
proportional to mj but generates the most singular,
~mf?/(¢?)?, contribution to the differential decay rate
and the enhanced, ~m/?/m?, contribution to the integrated
decay rate; see Sec. IV. The Lorentz structure ¢, ¢, can be

neglected in most of the cases, except for the case m; < mj.

1

(2.15)
M M My

[

Notice that, as follows from Egs. (2.6) and (2.7), the
form factors F,, and F%, for the real photon in the final
state satisfy the conditions (see also Ref. [28])

FZA(q/27 6]2 = O) = 0’ (216)
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_ 203fsMp

Fy,(q%.¢* =0) = M- (2.17)

The conditions (2.16) are (2.17) are crucial, as they
determine the behavior of the differential distributions in
B — lllv at small ¢*>. For our parametrization of the
amplitude in the form (2.3), the condition (2.16) comes
out as a direct consequence of Eqs. (2.6) and (2.7). Physics,
of course, does not depend on the parametrization of the
amplitude, but we find the parametrization (2.3) particu-
larly convenient for the analysis of B decays.

III. B — yI'v/ TRANSITION

We now illustrate the way the well-known formulas for
the amplitude and the differential distribution in the
leptonic radiative B decay, B — yl'V/, emerge.

Since, as the consequence of gauge invariance,
F»4(q"%,¢*> =0) =0, only the form factors F,, and Fy
contribute to the amplitude for the real photon and the
massless lepton in the final state, and one finds the B —
yI'v amplitude,

Gp. -
AB=ylV)=ie=LV Ty, (1-75)V€i(q)

V2

F q/2 ) F q/2
X { (g(wq/q - q/a%/> f;‘(lB ) + L ‘;‘(43 ) ’
(3.1)

where Fa(q”)=Fi4(q%.¢>=0) and Fy(q?)=Fy(q",

2 _
q*=0).
The differential decay rate (for the massless lepton
my = 0) takes a simple form:

dr(B—ylI'V) GV,
dE, 487
x,=2E,/Mp,

M?}ae.m.x;(l _xy)<|FA|2+ |FV|2)’
(3.2)

where MzE, = pq = q'q and E, is the photon energy in
the B-meson rest frame.

IV. B~ - I*17I'"¢ TRANSITION

The amplitude of the B — [II'V transition is readily
obtained from the amplitudes of the B — y*I't/ transitions
induced by the vector and the axial quark current by
performing the replacement

(4.1)

SO we obtain

G - 1
AB = III'V) = ie? £V, Ty l - Ty, (1 —ys)/ p

V2

FlA F2A
X {(gwq’q ~ quq,) M, + quq, M,
F' Fy
+ qhq, 22+ ey —} (4.2)
a1y MB vaquB

By summing over the lepton polarizations and integrating
over the phase space of the /"~ pair and the It/ pair, one
obtains the explicit analytic expression for the double
differential distribution. Neglecting term proportional to
the lepton masses m) and m;, one obtains (see also Ref. [8])3

G2 . 48 ¢ 1
AR ==LV 2z 55—
02 33 (g%)P M3
+ Fi4Fi,{2(4'9)* + ¢*q*}4*4"
+ (F1aF3, + F{yF20)Aq*q"* + F25 F3,%),

[2FyFyAq*q"

(4.3)
with 1 = (¢'q)* — ¢*¢"> = 1 A(M%. ¢*, ¢*), where
Ma,b,c) = (a—b—c)*—4bc

is the triangle function. The factors 4/3 and 8/3 in Eq. (4.3)
result from the summation over polarizations of massless
leptons coming from the electromagnetic vertex and from
the weak vertex, respectively. It is noteworthy that the
expression in large square brackets behaves at small ¢* as
o ¢* because of the constraint F, (g%, ¢*> = 0) = 0.

More singular terms ~1/¢* arise when one considers
the effects of nonzero lepton masses. Most of them
can be safely neglected except for the contribution propor-
tional to m/:

G3 4 ¢t
|A|3n’2 — —Fy2 e
1

1 _
PR EYPea e [|[Fh,[*4mP (g — 4m7?)A).

(4.4)

This term is negligible compared to Eq. (4.3) in the full
kinematical B-decay region except for a close vicinity of
the end point g = 4m? in the case m; < m). The term (4.4)
leads to a singular ~m/?/¢* contribution to the differential
decay rate and the ~m}?/m? contribution to the integrated
decay rate. The latter turns out to dominate the integrated
decay rate in the case m; < mj. It is noteworthy that the
relevant form factor at ¢g> = 0 is fixed by the Ward identity

3Our form factors f1a04 34 are related to the form factors used

in Ref. [8] as fiu=Fi/q'q, foa=(Qpfs—a*F4s)/dq.
fan = (=F1 — ¢*F¢ + q°F4)/q'q. Our form factors F,,, are

related to the form factors of Ref. [8] as Fj, | :‘g—;’F 1A

F ? 42 2
Fpp = =Fyy + 1 Fy, and Fp = —Fpy — F1, =5
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and contains only well-known parameters, Eq. (2.17).
Finally, we write
AP = A + AL, + - (4.5)

where the dots stand for those terms proportional to the
lepton masses, m; and m}, which may be safely neglected in
the full kinematical region.

The double differential distribution then takes the form
(we display separately all numerical factors according to
the definition of the differential distribution):

dIT(B-1Y) (2n)* 1 A 2(q*m}.m3?)

dg*dq®  2My (27)"? 247
)(71'/11/2(61’2 mlz/,O)mll/z(M%;,C]Q,qlz)|A|2'
24" 2M3%
(4.6)

The kinematical constrains on the variables ¢ and ¢’> come
from the A functions in Eq. (4.3) and read

4ml2 quy mlz/ S q/Z’ /q2+ /ql2 SMB

First, let us notice that, because of the gauge-invariance
constraint (2.16), one finds the behavior |A|3 o 1/¢ and
not « 1/(g*)?, as may be naively obtained when the gauge-
invariance constraint is not taken into account. Such terms
in |A]? lead to a mild logarithmic dependence of the
integrated decay rate on m;. Second, there are terms
o m?/(g*)? in |A|?, which emerge from |A|2m;2; these terms

(4.7)

are, however, essential only in a specific case m; < m].
They lead to the low-g> enhancement of the decay rate
as mp? /m3.

We emphasize that the double differential distribution
d’T'(B = I"I71'V)/dq*dq"* is easily calculable due to the
fact that the leptons emitted from the electromagnetic
vertex and the lepton emitted from the weak vertex have
different flavors; no exchange diagrams emerge in this case,
and one obtains the explicit analytic expression for the
double differential distribution.

V. FORM FACTORS AND THE DIFFERENTIAL
DISTRIBUTIONS

A. Modeling the form factors

The form factors Fi4,4(q"%, ¢*) are obtained from the
form factors f4 24 34, using for the latter the g>-dispersion
representation with one subtraction at ¢g> = 0, Eqgs. (2.8)-
(2.10). The subtraction procedure allows us to incorporate
the constraints imposed by gauge invariance.

Similarly, for the form factor Fy (g, ¢*), a single-
subtracted dispersion representation in g? is used: the form

factors F4(0,¢) and Fy(0,q") should be equal to
each other at the leading order of the double 1/E,
(MyE, = M3 — ¢'*) and 1/Mp expansions in QCD [15].
To satisfy this requirement, we make a subtraction in
Fy(q*, ¢"%) at ¢ = 0 and add a subtraction term Fy(¢q).

Furthermore, we assume that the spectral densities are
saturated by the light vector-meson resonances p° and w in
the ¢* channel, and since these resonances emerge in the
physical region of the B-decay of interest, we take into
account the finite-width effects of these resonances. In the
end, we come to the following expressions:

M
F1A(C]'2742) = FA(Q/Z) —%

1 2Mp(Mg+M,)
- Z <M2 M2 — M3, — g

V=p".0
MVfV )
X : AB—»V q/2 , 5.1
- iy, 1))
My f
F /2’ 2y — 2M vJVv
2A(q q ) q szp:wMz M2 qz_irv(qz)MV
|: MB+MV B—»V( /2)_ AzB_’V(qlz)]
ML —M2%—g*"! (Mp+My)
2Mp 2Mp
— , (5.2
+ QBfB ( /2 M% _ q/z _ 612> ( )
FV(qQ’qz)
:FV( /2)_612M
B>V ( 2
% Z ( vav 2V (¢ ))
Ve —¢*=ily(q*)My Mp+My

(5.3)

Let us discuss the expressions above:

(i) The form factors F4(g"?) and Fy(g'*) describe the
B — yl'V transition; they emerge as subtraction
terms at g> = 0 in the g>-dispersion representations
for the form factors F4 (g%, ¢*). The form factors
F4(q”) and Fy(q”) are equal to each other at the
leading order of the double 1/E, QM gE, =M% —q'"*)
and 1/My expansions in QCD [15] but differ in the
subleading orders [17,18,20]:

QufsMp | QnfsMp
F Ry — _
) == 0 T 2Em,
O(Q.fsMp/E3). (5.4)
QufsMp  OpfsMp
F 2y — _ _
W) ==, " 2Em,
0(Q.fsM3/E3). (5.5)
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The magnitude of the form factors F,(q'?) and
Fy(q?) is determined to a large extent by the
parameter Ag, the inverse moment of the B-meson
light-cone distribution amplitude ¢ [15]. The
value of Ap presently has a large uncertainty: for
instance, Ref. [18] makes use of Az(1 GeV) =
0.35 GeV; the sum-rule estimate of Ref. [16] led
to Az(1GeV)=0.57GeV; Ref. [29] obtained
Ap(1 GeV) = 0.46 £ 0.11 GeV; a recent next-to-
leading-order analysis of Ref. [24] reported
Ag(1 GeV) = 0.36 £ 0.11 GeV,; the results of cal-
culating F,(¢"”) and Fy(q”) [17] using the
dispersion approach [30] correspond to a relatively
large value A3(1 GeV) = 0.657 GeV. Obviously, the
uncertainty in the parameter Az dominates the un-
certainty in the differential distributions dI'(B —
1I'Y)/dg? at small g?.

In Ref. [19], the form factors F4(g"?) and Fy(g")
have been calculated in a broad range 0 < ¢ <
25 GeV? using the dispersion approach of Ref. [30].
It was found that the monopole form (5.4) and (5.5)
describes the results of our calculation for 0 < ¢”> <
15 GeV? with a few percent accuracy, whereas
at ¢'> ~25 GeV?, the monopole formula overesti-
mates the calculated form factors by ~20%.
Nevertheless, taking into account a large uncertainty
in the present knowledge of the parameter Az, we
find it eligible to use the monopole form (5.4) and
(5.5) in the full kinematically allowed region
of ¢ and consider the variation of Az in the
range Ag(1 GeV) = (0.5 £ 0.15) GeV.

(ii) In the region 0.4 < ¢*(GeV?) < 0.9, where light
vector meson resonances show up in the differential
distributions, the form factors of interest cannot be
calculated using perturbative QCD [9]. To calculate
the form factors F4 54 v(q'2, ¢*) in this region of ¢>
and for any ¢'> appropriate for the four-lepton decay,
we make use of the dispersion representations and
assume [6,19] that they may be saturated by the
intermediate p° and w states in the g2 channel.* Since
the light neutral vector mesons lie in the physical
decay region of ¢2, it is necessary to take into account
their finite ¢g*>-dependent width 'y (g?). For a rela-
tively broad p meson, the function I'y (¢?) takes into
account the effects of the 2z intermediate states; the
appropriate formulas are given in Ref. [31]. In
practical calculations, we use a simplified expression

“We would like to note that no relative phase between the p°
and w contributions to the form factors F;(¢'?, ¢*) as proposed in
Ref. [6] may emerge; these form factors contain a sum over the
intermediate states |V)(V/|, so even if one introduces arbitrary
complex phases in the states |V), these phases appear both in the
decay constants fy and the B — V weak form factors such that
they finally drop out from F;(¢q, ¢%).

TABLE I. Meson parameters entering the expressions for the
form factors, Egs. (5.1)—(5.3). Data from Refs. [34,35].

s MeV) 2£9 (MeV) 3v2f, MeV) I')p MeV) T, (MeV)
190 216 190 150 8.49

TABLE II.  Selected theoretical predictions for the weak form
factors describing B decays into light vector mesons. The form
factors from Refs. [32,36,37] are expected to have a 10%—15%
uncertainty. To obtain the form factors for B~ = p® and B~ - @
decays, the numbers given in this table should be multiplied by

the isotopic factor 1/+/2.

Ref. Af"P(()) AB=2(0) Ag_”’(o) AB=(0) VB=r(0) VE=(0)

[32] 0.26 e 0.24 e 0.31
[36] 0.24 0.22 0.22 0.20 0.32 0.29
[371] 0.26 e 0.24 e 0.28

[33]0.22£0.1 0.194+0.11 0.27+0.14

which takes into account the correct threshold
behavior of the p — 7z phase space: I'o(g*) =
0(q> —4mz) (1 = 4mz/q*)*? /(1 = 4mz /M) °T .
For a narrow @ meson, we take an approximation of
constant width. (This approximation is not fully
theoretically clean; the imaginary part of the propa-
gator of the vector meson should vanish below the
threshold in the corresponding decay channel. This
means that I'y,(¢?) should vanish below the corre-
sponding light-meson threshold. But for a narrow @
meson, the effect is tiny). Table I gives the meson
parameters entering the form factors Egs. (5.1)—(5.3).

Notice that I'y(¢?) takes into account the contri-
bution of continuum of light pseudoscalar mesons; in
this way, we effectively take into account the con-
tribution of hadron continuum to the spectral den-
sities of the form factors F4 54 v(¢’%, ¢*) [31]. In the
end, one finds that the nonresonance g region,
g*> > 1.0 GeV?, gives a small contribution to the
decay width of the B — [II'V/ decay. This agrees with
the expectations of the analysis of Ref. [8].

(iii) The contribution of the light vector mesons V =
p°, w to the form factors Fy444v(q?, ¢*) is unam-
biguous (cf. Ref. [8]) and are expressed via the form
factors A8~V (g"?), A5~V (¢"?), and VB~V (¢"?) de-
scribing the weak decay B — V. In spite of many
efforts to calculate these form factors in a broad
kinematical decay region 0 < ¢’> < M%, our knowl-
edge of these quantities is not very accurate.
Table II presents some selected results for the
relevant form factors: although the central values
of the form factors at ¢”> = 0 from different ap-
proaches are in reasonable agreement with each
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FIG.2. The differential distributions (a) d['(B — u*u~ev,)/dq? and (b) dU(B — u*pu~ev,)/dq", for the weak transition B — V form
factors from Ref. [32]. Solid lines corresponds to Az = 0.35 GeV, and dashed lines correspond to 1z = 0.65 GeV.

other, the uncertainties vary from an ‘“educated
guess” of 10% for Ref. [32] to almost 50% in
Ref. [33]. The uncertainties in these form factors,
along with the uncertainty in the parameter Ag, is the
second main source of the uncertainty in the theo-
retical predictions for B — [T[7I'V decays. Appen-
dix B summarizes the necessary parametrizations of
the form factors used in our numerical estimates.

B. Differential distributions

With the analytic expressions for the form factors,
Egs. (5.1)—(5.3) at hand, Eqgs. (4.6) give the differential
distributions in B — p*u~ev, decays, Fig. 2. Here, we use
V., = 0.004 and 75- = 1.638107!2 5. The plots show the
impact of the parameter A3 on the differential distributions

dl'/dq? and dU"/dq".

FIG. 3. The double differential distribution d’I'(B —
wru"ev,)/dg*dg” calculated for 1z = 0.65 GeV and the form

factors from Ref. [32].

Figure 3 shows the double differential distributions

calculated for Az = 0.65 GeV and the form factors
from Ref. [32].

VI. CONCLUSIONS

Our results are summarized below:
(1) Gauge invariance provides essential constraints on

the amplitude of Eq. (2.3):

75, =i / e (O[T 5™ (x). iy, 7 (0) } B ().
(6.1)

We emphasize that for a consistent analysis of the
B — [T[7I'V amplitude it is necessary to start with
the amplitude (6.1) and properly parametrize this
amplitude, taking into account all constraints im-
posed by the electromagnetic gauge invariance and
analyticity. Taking into account these constraints
leads to

2 M
Fora™.q? =0) =0.Fiy (g% q> =0) =222/ 5M5.
Mg —q
These relations determine the behavior of the differ-
ential decay rate d*T'(B — llI'V')/dq*dq* at small

q* [see Egs. (4.3) and (4.4)].

(2) For the form factors Fy 1424 (¢"%, ¢*), describing the

014028-8

amplitude of B — [llI'V decay, we obtained
dispersion representations in g> with one subtrac-
tion. This allows us to properly take into account
both the constraints imposed by gauge invariance at
small ¢* and the contributions of vector mesons (V);
the latter involve the weak form factors describing
B — V decays. Assuming that the light vector
mesons p° and o saturate the spectral densities,
we obtained analytic representations for the form
factors in a broad range of ¢> and ¢”.
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TABLE IIL

The branching ratios of the B — [T/~ v integrated over the specific ¢> ranges for the form factors from Ref. [32] and
Ag = 0.5 GeV. For B —» e¢Teev, and B — utu~pv,, the results for I'(B — [1I'V)]

my=m, Ar€ given.

Mode q* = [4m2, 4m3) q* = [4m>,0.4 GeV?] q*> =[0.4 GeV2,1 GeV?] q* = [1 GeV?, g2l Total

etemp, 6.05 x 1077 6.72 x 10~ 251 x 1078 4.14 x 10710 6.38 x 1077
utueu, - 5.42 x 107° 242 %1078 4.10 x 10710 3.01 x 1078
W, . 541 x 107 241 x 1078 4.07 x 10710 3.00 x 1078
ete ey, 1.96 x 1078 6.81 x 10~° 2.52 %1078 4.17 x 10710 521 x 1078

3

Our assumption may seem oversimplified in
comparison with a sophisticated analysis of the form
factors presented in Ref. [8]. Moreover, our spectral
representations saturated by merely light vector
mesons do not reproduce the correct ¢> behavior
and overshoot the form factors at large values of ¢,
where the form factors may be calculated using
operator product expansion [8,9]; this means that
our form factors do not produce realistic differential
distributions at large values of g>.

Nevertheless, our approach has a certain advantage
compared to that of Ref. [8]: making use of the once-
subtracted ¢>-dispersion representations allows us to
take properly into account both the gauge-invariance
constraints and the resonance contributions to the form
factors; the latter may be calculated unambiguously
and are found to be nozero (see Eq. (2.16)]. On the
other hand, in Ref. [8], the resonance contributions to
F,, are omitted in order to satisfy the gauge-invariance
constraints.

A proper description of the resonance region of ¢ is

crucial as it produces the bulk of the B — utu~lv
cross section and nearly a half of the B — eTe™ I
cross section (the other half comes from the region of
small g?). So, from the point of view of obtaining
numerical predictions, we find it eligible to trade the
proper description of the region of 0 < g*> < 1 GeV?
against overestimating the contribution of the region of
large g*> which anyway, even with our overshot form
factors, contributes at less than a percent level.
We derived an explicit analytic expression for the
differential distributions dI"'/dq*dq’?> in B — lII'V
decays including the O(m/?/q*) terms which pro-
vide the most singular behavior of the differential
distribution at small g>. We then obtained numerical
predictions for the differential and the integrated
branching ratios of the B — [T[~I't decays.

To illustrate the lepton-mass effects, Table III
presents the numerical results for various decay
modes. For the modes with identical particles in
the final state, instead of the full decay rate that
includes the exchange diagrams, Table III shows the
quantity I'(B — 11I'V) The full results for the

identical leptons in the final state are discussed in
the next item.

|ml/:ml'

(4) We now present the numerical results including the
estimated uncertainties. The uncertainties in our
predictions come from the two main sources:

(1) First is the uncertainty in the parameter Ag,
which governs the behavior of the g>-differ-
ential distributions at small g> < 0.4 GeV? but
has an impact on the ¢’ distributions in the
broad range of ¢”>. We allow the parameter 1
to vary in the range Az = 0.35-0.65 GeV (the
lower values of this range has been advocated in
several analyses [15,18,24], whereas the upper
values of Ap are obtained in explicit model
calculations [16,17]).

Second is the uncertainties in the B — w,p

weak form factors V,A;,A,, which mainly

govern the differential distributions in the
region of g*> = (0.4 —0.9) GeV2. To obtain
the numerical estimates, we use as the basic

scenario the form factors calculated in Ref. [32]

and, in order to estimate the uncertainties, allow

a 15% uncertainty on these form factors. We

take into account a 10% suppression of the B —

@ form factors compared to the corresponding

B — p form factors according to Ref. [36].

Taking into account these uncertainties, we obtain the
following estimates:

(i)

BI‘(B —),u+/l_€l/e) = (301t815;|1h i0'82|weakffs) 10_87
(6.2)

Br(B — ete u,) = (6.38107,;, % 0.08] e 1) 1077
(6.3)

We emphasize that the full integrated rate Br(B —
etepy,) is an order of magnitude larger than
Br(B — utu~ev,). The former is fully dominated by the
region 4m? < ¢* < 4my, where the distribution contains an
enhancement factor (f/Mpg)?*(m,/m,)* due to the O(m?)
terms in the amplitude (1.5).

For the decay B — [TI7 [Ty, (I = u, e) with identical
positive-charged leptons in the final state, the amplitude is
given by the sum of direct and exchange diagrams,
A = Agir + Acxchange> and the phase space includes a factor

014028-9
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1/2 because of the presence of the identical particles in the
final state. The phase-space integration of both |A4;,|> and
|Aexchange|2 leads to the same result, I'(B — [1I'V)
and one can write (see, e.g., Ref. [8]),

|m,/:m1’

F(B - llll/) = F(B - lllll/)|m1/:m, +Finterference(B - l”’/)9
(6.4)

where [jperference (B = [1IV) is the phase-space integral of
(AdirAsxchange T AlirAexchange)- The interference term should
be calculated numerically as the integral over the phase
space. A simple analytic result similar to Eqgs. (4.3) and
(4.6) cannot be obtained. We have performed a numerical
calculation of the branching fraction (6.4) and found that
the interference branching fraction leads to a very mild
increase of the integrated branching fraction Br(B — I1I'V/)
at the level of less than 1% (our detailed results for the
differential distributions for this case will be presented in
Ref. [38]). We report

Br(B" - u'upty,) = (3-02J_rg.§55|/1b £ 0.62]yeak 1) 1075
(6.5)

This estimate agrees with the result of Ref. [8] and is
only marginally compatible with the upper limits obtained
by the LHCb Collaboration [4] Br(B" — u"u~u*p,) <
1.6 x 1078, Recall, however, that the experimental upper
bound applies certain kinematical cuts, whereas our result
corresponds to the branching fraction integrated over the
full allowed region of the lepton momenta.
For electrons in the final state, we find

Br(B" — etemetn,) = (5.261703;, £ 0.70] e 11,) 1078
(6.6)
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APPENDIX A: RELATIONS BETWEEN THE B,
AND Bq AMPLITUDES

Here, we derive the relations between the amplitudes of
B, and B, mesons. Such relations are obtained by applying
charge conjugation. .

The fermion field transforms under charge conjugation C
(C*=1,C"=0C) as [39]

CyC =n.Cyp", (A1)

Cy C=ny’(ch)™, (A2)

[n.| = 1, where the charge-conjugation matrix C is defined
by the relation

CruC" = -7, (A3)
and has the following properties: CT = —C, C~! = —-C,

C?> = —1. In the Dirac representation of the y matrices,
one can choose C = iygy,, leading to

CriC = —ys, (A4)
Crur5)"C = —v,1s. (AS5)
C(6,,)"C =0y, (A6)
Clouwrs)'C = 0,1s. (A7)

Making use of these relations, one obtains the expression
for charge conjugation of bilinear currents (of anticommut-
ing) fermion operators,

C(710w2)C = =, (COTChyy, (A8)
leading to
C(ryn)C = Wy, (A9)
C(1ysw2)C = —aysy. (A10)
C(@lyyvfz)é = —Pr.¥is (AL1)
é(‘f’l)’ﬂ}’sllfz)é =VoYu¥s¥i, (A12)
C(‘/_/l%ullfz)é = Y0¥, (A13)
C#10,,75w2)C = =20, 7591 (Al4)

The C-conjugate states are related to each other as follows
(no arbitrary phase is implied):

N

C[By(p)) = |By(p))- (A15)

The QCD vacuum state is C invariant, C|0) = |0). So, if we

are going to consider QCD effects in the amplitudes, we can
apply C conjugation and relate to each other the amplitudes

(01gy,rsblB,(p)) = if Py

<O‘B}/ﬂ75q|3q(p)> = ipr/,{

(A16)
(A17)

and obtain the relation fz = fp. Similar relations may be
obtained for more complicated amplitudes such as

014028-10
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T3 (p.q) = i/dxei""<0T{jZ'm'(X), g(0)Ob(0)}B,(p)).
(A18)

TO(p.q) =i / dxe (0| T{j5™ (x). B(0)Og(0)}|B, (p)).
(A19)

The parametrizations of these amplitudes are given via the
same form factors but with appropriate sign adjustments
between (A18) and (A19). For instance, for the relation
between the amplitudes (we use in this Appendix the
notation 7 for the amplitudes containing B meson in the
initial state)

Tou = i/dxei""<0|T{j§'m'(X),Q(O)mb(o)}ll_?q(l?)%

(A20)

75, =i / dxe (O[T {5™ (x). 4(0)7,75b(0)} B, (p)).
(A21)

T =i / dxe (O[T (5™ (x). 4(0)0,, b(0)} 1B, (p)).

(A22)
75, =i / dxe'®(0|T{ /5™ (x). 3(0)0,755(0)} B, ()
(A23)

and the corresponding amplitudes 7', T; an> Layw» and T w
as defined according to Egs. (A18) and (A19), we obtain

To(P.q) = Tau(p. ), (A24)
Tou(p.q) = ~Tou(p. q), (A25)
Tow(P:q) = Taw(p. q), (A26)
Tow(P.q) = Tou (. q)- (A27)

In conclusion, the amplitudes (A18) and (A19) are related to
each other by charge conjugation.

APPENDIX B: PARAMETRIZATIONS OF THE
FORM FACTORS

1. FV,A (qll)
In our numerical estimates, we use the following para-

metrizations for the form factors (Q, = 2/3, Q, =

~1/3):

M2 M2

FV( ) _Qu 2 ,gﬁ_B_ Qb C] i_i’ (Bl)
M2 M2

FA( ) = _Qu £ ,zﬁB Qb qzi;_i7 (BZ)

with fp = 190 MeV and m;, = 5 GeV. The parameter 1z
varies in the range Az = 0.35-0.65 GeV.

2. V(g?).A1(q%).A2(¢?)

All the form factors are parametrized as follows:

Fi(0)

—_ 2 2
r)(l—a(lﬁr—l—agi)rz)’ r=q"/Mz. (B3)

Fi<q,2): ;
(1 —6((;)

For the basic scenario of Melikhov and Stech [32], the
parameters are given below, and Mp = Mp, = 5.32 GeV.
Note that all tables give F;(0) for the B — p™ transition (for
B — p° transition, F;(0) should be multiplied by isotopic
factor 1/+/2):

(i) For B — w transition, a reduction of the form factors
at zero by 10% compared to B — p° was applied
following the estimates of Ref. [36]. The ¢
dependence is taken the same as for B — p.

(i1) To estimate the uncertainty in the predictions for the
rates, the range of the form factors from Ref. [33]
was used (see Table II).

VA= (0) AT (0) AS"(0)
F(0) 0.31 0.26 0.24
[0} 1 0 0
) 0.59 0.73 1.4
0y 0 0.10 0.50

3. Resonance g>-dependent width

[z MeV) V2f9 MeV) 3v2f, MeV) [ MeV) T, (MeV)
190 216 190 150 8.49

For a relatively broad p° meson, the function T'y(g?)
takes into account the effects of the 27 intermediate states;
the appropriate formulas are given in Ref. [31]. In practical
calculations, we use a simplified expression, which takes
into account the correct threshold behavior of the p — zx
phase space:

Ty(q*) =0(q> —4m3)(1=4mz/q*)*? /(1= 4m3 /M) T .

(B4)

For a narrow @ meson, we take an approximation of
constant width.
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