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We discuss the processes 7z — zz and zz — zzy from a general quantum field theory (QFT) point of
view. In the soft-photon limit where the photon energy @ — 0 we study the theorem due to F.E. Low.

We confirm his result for the 1/ term of the zz — 7y amplitude but disagree for the »” term. We analyze

the origin of this discrepancy. Then we calculate the amplitudes for the above reactions in the tensor-

Pomeron model. We identify places where “anomalous” soft photons could come from. Three soft-photon

approximations (SPAs) are introduced. The corresponding SPA results are compared to those obtained
from the full tensor-Pomeron model for c.m. energies /s = 10 GeV and 100 GeV. The kinematic regions
where the SPAs are a good representation of the full amplitude are determined. Finally we make some

remarks on the type of fundamental information one could obtain from high-energy exclusive hadronic

reactions without and with soft photon radiation.
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I. INTRODUCTION

In this paper we shall be concerned with photon emission
in some strong-interaction processes. In particular, we shall
consider soft photon emission, that is, the emission of
photons with energy @ approaching zero. For this kin-
ematic region there exists Low’s theorem [1] which is based
strictly on quantum field theory (QFT). The theorem states
that for @ — 0 the photons come exclusively from the
external hadrons in the process considered. But this poses
immediately the question: how close do we have to come to
@ = 0 in order to see the behavior of the photon-emission
amplitude predicted by Low?

There have been a number of experimental studies trying
to verify Low’s theorem [2-12]. For a review of the
experimental situation see [13]. The result is, that many
experiments see rather large deviations from theoretical
calculations in the soft-photon approximation (SPA) based
on Low’s theorem. Clearly, this situation is unsatisfactory.
This has motivated the feasibility study of measuring soft-
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photon phenomena in a next-generation experiment in the
framework of the heavy-ion physics program at the LHC
for the 2030’s [14]. Clearly, for preparing such soft-photon
experiments accompanying theoretical studies are needed.

One class of hadronic reactions one can study at the
LHC are exclusive diffractive proton-proton collisions.
Examples are pp elastic scattering and central exclusive
production (CEP) reactions, for instance pp — pztza™p.
In these reactions we can, of course, also have photon
emission:

ptp—=>p+tp+ty,

ptp—opt+rta+pty, (1.1)
and we can study the soft-photon limit. The advantage of
these exclusive diffractive reactions is that they are “clean”
from the experimental side and that we have reasonable
theoretical models for them. We shall work within the
tensor-Pomeron model as proposed in [15]. There, the soft
Pomeron and the charge conjugation C = +1 Reggeons are
described as effective rank-2 symmetric tensor exchanges,
the Odderon and the C = —1 Reggeons as effective vector
exchanges. The tensor-Pomeron model has been applied to
quite a number of CEP reactions [16-25] which can and
should all be studied by the present RHIC and LHC
experiments [26—-31]. The next generation LHC experiment
[14] should be able to study these reactions in even greater
detail, in particular, in the region of low transverse
momenta. Applications of the model of [15] have further-
more been made to photoproduction of z"z~ pairs [32],
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a reaction which is also of interest for the LHC, and to
deep-inelastic lepton-nucleon scattering at low x [33].
In [34] it was shown that the experimental results [35]
on the spin dependence of high-energy proton-proton
elastic scattering exclude a scalar character of the
Pomeron couplings but are perfectly compatible with the
tensor-Pomeron model. A vector coupling for the Pomeron
could definitely be ruled out in [33].

With the present paper we want to start the theoretical
study of soft photon emission in exclusive diffractive high-
energy reactions in the TeV energy region in the framework
of the tensor-Pomeron model. Our first example will be, for
simplicity, pion-pion elastic scattering. This is, of course,
not easy to study for experiments. But, as we shall see, we
can in this example compare our “exact” model results for
photon emission to approximations based on Low’s theo-
rem which gives the photon-emission amplitude to order
o~ ! and @° in the photon energy o for @ — 0. We shall
show, as an important result, that the term of order ",
presented in [1], needs modifications.

Before coming to our present investigations we make
remarks on some hadronic processes where photon emis-
sion has been studied, frequently using the soft-photon
approximation.

Direct photons (i.e., photons which originate not from
hadronic decays, but from inelastic scattering processes
between partons) are an important electromagnetic probe of
the quark-gluon plasma as created in heavy-ion collisions.
Since pions are the dominant meson species produced in
the heavy-ion collisions, the photon production via brems-
strahlung in pion-pion elastic collisions was found to be a
very important source to interpret the data on the direct
photon spectra and elliptic flow simultaneously [36,37].
In [36,37] the SPA was used and, therefore, the resulting
yield of the bremsstrahlung photons depends on some
model assumptions.

The description of the photon bremsstrahlung in meson-
meson scattering beyond the SPA, within the one-boson
exchange (OBE) model, was discussed for the first time in
[38] and applied to the dilepton bremsstrahlung in pion-
pion collisions. Later on, in [39], it was applied to the low-
energy photon bremsstrahlung in pion-pion and kaon-kaon
collisions. Within the OBE model the interaction of pions is
described by three resonance exchanges o, p and f,(1270)
in the 7, u and s channels (the u channel diagrams are
needed only in the case of identical pions).

In [40,41] the authors applied the covariant OBE
effective (chiral) model for the pion-pion scattering. The
“exact” OBE model result of the invariant rate of photon
bremsstrahlung was compared with that of the SPA. It was
noted there that the accuracy of the SPA approximation can
be significantly improved and the region of its applicability
can be extended by evaluating the on-shell elastic cross
section not at the c.m. energy /s of the zz — zzy process
but at a certain smaller energy. One can see in Fig. 6 of [40]

(or Fig. 21 of [41]) that the “improved SPA model” gives a
good approximation to the “exact” OBE result up to photon
energies ~2 GeV. There the dominant contribution to the
rates comes from low collision energies 1/s. The deviation
between the OBE result and that calculated within the
improved SPA is most pronounced at high /s and high
photon energies.

Whereas the examples of photon radiation discussed
above concerned low energy reactions, there have, of
course, also been studies of photon radiation for exclusive
reactions at the LHC. Exclusive diffractive photon brems-
strahlung in proton-proton collisions was discussed in
[42,43]. Feasibility studies of the measurement of the
exclusive diffractive bremsstrahlung cross section in pro-
ton-proton collisions at the center-of-mass energy /s =
13 TeV at the LHC were performed in [44,45].

Very interesting general investigations of photon emis-
sion in hadronic reactions have been presented, for in-
stance, in [46-51]. We shall comment on results given in
these papers below, as far as they have a bearing on our own
investigations.

Now we list the high-energy reactions which we want to
study in our present paper. In Sec. II we discuss the
reactions 777" — 77 7° and 7~ 7° — 7~ 2" from a general
QFT point of view. Section III deals with the limit of
photon-energy @ — 0 and we discuss the terms in the
amplitude of orders w™' and @°. In Sec. IV we introduce
our model for zF z° and charged-pion scattering and for the
corresponding reactions with photon emission. Section V is
devoted to a comparison of our “exact” model results to
various approximations based Low’s theorem. In Sec. VI
we give our conclusions and an outlook on further work.
In the Appendix A we compare in detail our results for
the terms of order w~! and @” in the photon emission
amplitude to results presented in the literature. In
Appendix B we discuss the cross section do/dw for @ — 0.

II. GENERAL PROPERTIES OF THE
REACTIONS zir — nx AND zzx — nry

Here we study general QFT relations for pion-pion
elastic scattering without and with photon radiation. We
shall work to leading order in the electromagnetic coupling.
For simplicity we shall consider z~z" scattering, that is, the
reactions

7= (pa) +72°(pp) = 7= (p1) + 7°(p2), (2.1)

7 (pa) + 7°(py) = 7 (py) + 2°(p3) +v(k.e). (22)
Here p,, py, P1. P2, P, p5 and k are the momenta of the
particles and e is the polarization vector of the photon,
respectively. The energy-momentum conservation in (2.1)
and (2.2) requires
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Pa+ Py = D1+ P (2.3)

Pa+ Py =D+ 05tk (2.4)

We denote the amplitude for the reaction (2.1) by

T (pa- Py P1-P2) = (7 (p1). 2°(p)| T |7~ (pa). 72°(p))-
(2.5)

Since pions have G parity —1 all diagrams for (2.5) are one-
particle irreducible. In QFT we can extend the amplitude
(2.5) for off shell pions (Fig. 1).

This off shell scattering amplitude will still satisfy the
energy-momentum conservation (2.3) and can only depend
on the following 6 variables

S, = PaPp+ P1D2s

t=(pa—p1)* = (pp— P2)*

2

— 2 2 2
my, = Pas

mi = p3, m} = p3, m35=p5. (2.6)

Here we use as squared energy variable s;, following [1],
instead of the more usual Mandelstam variable s. We have

7 (Pa) T (p1)
- \Q N
" (m) m(p2)

FIG. 1. Diagram for the off shell z~z" scattering amplitude.

v(k)
ﬂ‘\(pa)
N W ().
~ -

0 0(, 1\~
(a) ™ (pb> ™ (pQ)

1
s =5 +§(m§+mi+m%+m§).

(2.7)
The on- or off-shell amplitude corresponding to (2.5) as a
function of the variables (2.6) will be denoted by

MO (s, t,m2, m2, m}, m3)

= T(pa’ Pb» pl’pZ)lon shell or off shell* (28)

The on-shell amplitude (2.5) is then M@ (s, 1, m2, m2,
m2, m2).

Next we study the reaction (2.2) where we have two one-
particle reducible diagrams [Figs. 2(a),(b)] and one irre-
ducible diagram [Fig. 2(c)].

For the diagrams (a) and (b) we need the off-shell zx
amplitude (2.8), the pion propagator A(p?) and the pion-
photon vertex function I';(p’, p):

™ ™
- -
—
p

FIG. 2. One-particle reducible (a, b) and irreducible (c) diagrams for 7~z

(2.9)
inp?),
p'/, R
92 /
AVAVAVAC) | (2.10)
iel\(p',p).
v(k)
T (p) O 7w
T e,
i
(b) ~ () w(ph) =
0 — 7=2%.
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We denote by e = v/4zxa > 0 the z charge.
The expressions for the amplitudes of Figs. 2(a,b) can be
written as follows:

M = e MODA[(p, = kPIT;(pa = k. pa).
MO = MO(p, —k, p,) + P - Ph. (s — Ph)%

(Pa = k)?, mz, mz, mz], (2.11)
MP = e, (p). p + AP + k)2 MOD),
MOD = MO[p, - py, + (P} + k. ph). (P — Ph)%
mz, mz, (p} + k)*, mz]. (2.12)

The photon-emission amplitude is

(r(k.€),z=(p}). 2 (PH)|T |7~ (pa). 2°(py)) = ()" M,
(2.13)

where

My = MY 4 M 4 M, (2.14)

M, also determines the emission of virtual photons of

mass k> > 0 which then decay to a lepton pair. For k> < 0

M, enters the amplitude for the 3-body reaction e*7~ 7" —

e*n 7. The amplitude M, must satisfy the gauge-

invariance relation, valid for all k2,

KM, = iEMD + MP + MY =0, (2.15)
that is, we have
c a b
MM = kMO — M. (2.16)

We shall now use (2.11), §2.12), and (2.16), to get a
simple relation between k*M f) and M9 M) For
this we recall the normalization conditions for the pion
propagator and the vertex function. We have

0
-1 2 _ -1 2 —
A (p >|p2=m,2, =0, aPZA (p ) pr=m? -t
Fﬁ(])l, p>|p’:p.112:m,2( = 2]9}L (217)

Furthermore we have the Ward-Takahashi identity [52,53],
(P =p)Tu(p' p) = A7 (p?) = A7 (p?).  (2.18)

From (2.17) and (2.18) we obtain for p2 = m2

A[<pa - k)z]r/l(pa —k, ptl)k/1
= _A[<pa - k)z}r‘/l(pa -k, pa)(pa —k— pa)/I
= —A[(pa — K)’{A (o — k)*] = A [p2]}

— 1. (2.19)
Similarly we get for p?? = m2
KT, (ph. ph 4+ k)A[(p] + k)]

= —[p| = (P} + )I'Tu(p}. Pl + k)A[(P} + k)7

= —{A71[p] - A7 (P} + k)*FA(P) + k)?

—1. (2.20)

From (2.11), (2.12), (2.16), (2.19), and (2.20), we obtain

k’lMga) = eMO0a),

KMP) = —e M), (2.21)

k‘Mﬁd = —e M09 e MO, (2.22)
where M) and M(©) are given explicitly in (2.11) and
(2.12), respectively.

III. THE EXPANSION OF THE
PHOTON-EMISSION AMPLITUDE
TO THE ORDER o»~! PLUS o’

In this section we discuss the expansion of the amplitude
M, (2.14) to the orders ™' and @". Here @ = k° and, if
not stated otherwise, we work in the overall c.m. system of
the reaction (2.2). We shall in the following assume that all
components of the photon momentum are proportional to
w, k" x w, with @ — 0. This is perfectly alright theoreti-
cally, but can this also be realized in nature? For real photon
emission, k2 = 0, this clearly can be realized. It is also
possible for k> < 0 in the 3-body collision

et +r +2° > et + 1 + 10 (3.1)
For k> > 0 we can have e*e™ production
a4+’ et +e +a + a0 (3.2)

But here @ = 2m, and k> > 4m2, with m, the electron
mass. Thus, in (3.2) we cannot reach w = 0. But the
electron mass is very small on a hadronic scale,
m, ~ 0.5 MeV, and, therefore, the limit @ — 0 should also
be of relevance for the reaction (3.2).

We start our investigation of the small @ limit with the
pion propagator (2.9). We are working to lowest order in
the electromagnetic coupling. Thus, A~!(p?) is for us a
purely hadronic object. Its nearest singularity to p> = 0 is
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at p> = (3m,)? as we see from the Landau conditions
(cf. for instance [54]). Therefore, we can expand A~!(p?)
around p*> = m2 as follows with ¢ a constant:

AN p)=pP—mi+c(pP—mi)?+ ... (33)

This gives for p2 = m2 and p’? = m2 the following

A (pa=k)’] = (=2p4 -k +i?)
X [1+c(=2p,-k+k*)+O(w?)],

Allpa=kPl ==
X[1=c(=2p, - k+k*)+O(?)], (3.4)
AT(p) + k)] = (2p] -k + &)
x [1+¢(2p) -k +#2) + O(a?)],
A+ 47 =
x [1=c(2p) -k + k) + O(@?)]. (3.5)

From (2.11), (2.12) and (2.14) we see that we must now

expand I";, M4 and M) up to order @ and M/(f) up to

order " for getting the total amplitude M, expanded up to

order «°.

We start with I';(p’, p) which has the general expansion

L, (p'.p)=(p' +p)Alp*—mz,p*—mZ.(p'—p)*]

+(p'=p)Blp?—mz.p*—mz.(p'=p)’].  (3.6)

The functions A and B are analytic in their variables in the
region of interest to us as we see again from the Landau
conditions. The Ward-Takahashi identity gives

(p' = p)'Tu(p'. p)
= (p? - pHA[p? —m2, p* —m2, (p' — p)?]
+ (p' = p)*B[p? —m2, p* —m2,(p' - p)?]

=A7'(p?) = A7 (p?). (3.7)

Now we setin (3.7) p = p,, p' = pa — k, p2 = m2 and get

(p? =m)A(p? = mz. 0, k%) + K*B(p” — mz,0,k)

=AY P =p?-mi+c(p?-m2)+... (3.8)
Therefore, we must have
B(p? = mZ,0,k%) = (p* —m2)B(p? —m2,k*) (3.9)

and we get with p? —m2 = —2p, -k + k>

A(=2p,  k+K*,0,k%) =1+ c(-2p, - k + k*) + O(w?),

B(=2p, - k+k*,0,k*) = O(w). (3.10)
Inserting (3.10) in (3.6) we find
F/l(pa - k7 pa) = (2pu - k)/l[l + c(_zpu -k + k2)]

+ O(a?). (3.11)

In a completely analogous way we get for pf = m?

0,(ph. Pl + k) = 2p) + k), [1 + c(2p) - k + k)]

+ O(w?). (3.12)
From (3.4), (3.5), (3.11) and (3.12) we get
(zpa - k)
Al(pa = k)T = k. pa) = W
+ O(w), (3.13)
!/ / / 2 | + k
C(rhpf + DAL + 07 = 5 P
+ O(w). (3.14)

Next we investigate the energy-momentum conservation
conditions (2.3) and (2.4) for the reactions (2.1) and (2.2),
respectively. It is clear that for k #0 we cannot have
p1 = p) and p, = p) since

Pa+ Py # P1+ P2tk (3.15)
This means that when going from (2.1) to (2.2) we must
have a change of momenta p, — p| # p; and p, —
Ph # p,. In fact, choosing for the reaction (2.2) some
k # 0, even a small momentum &, this does not fix p} and
p5. This is best seen in the rest system of the four-vector
Pa + Py — k. There we have pj + p, = 0, |p}| is fixed and
thus p) can still vary on a sphere of radius |p}|. For the
following we work, however, in the overall c.m. system of
reaction (2.2).

We write
pi=ri—1, py=pa—b, (3.16)
and get from (2.3) and (2.4) the conditions
L+bh=k (pi=L)=mz (p2=hL)=m;. (3.17)

For given k these are 6 conditions for the 8§ unknowns [, I,
giving a 2-parameter solution as it should be. Working in
the common c.m. system of the reactions (2.1) and (2.2) we

set with py = p1/|p1|
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lO
m=(" ) 1, -p; =0,
(1) (llﬁ1+lu 1L "P1
B
(lﬂ) = ( o > L, -p1 =0,
? Lypy + 1l
(k) (“’ ) K, By —0

Inserting this in (3.17) we get the system of equations

(3.18)

L =k-1,
1
P?l(l) - |I’1|l1|| = El%’

1
P8 + 1|ty = PYK® + |py K _E(k_ ). (3.19)

Now we make an important choice for the following.
We assume that together with the soft photon emitted with
energy @ — 0 we consider only slight changes of the
momenta p; — p} and p, — p5. That is, we assume

(3.20)

With this we can neglect the quadratic terms in /q, /5, k in
(3.19). The solution of the resulting equations is

/

b
Ly
P1

Da Do

/

p%\
D2 k

FIG. 3. [Illustration of the momentum configurations for

0 = 772% (2.1) and 7~ 7° - 77 7% (2.2) in the c.m. system.

) — (ﬁ(pz-k) )

mﬁl(lh k) + 1,

- <2—§,?(p1 k) >
2) — R .
k- mpl(Pz : k) -l

T

(3.21)

Here [;, stays undetermined, corresponding to the
2-parameter freedom of the momenta p/, p) for given k.
This is illustrated in Fig. 3. In the order of @ considered
we get

(3.22)

pi-l =0, P2l =0.

Now we can expand M©4) (2.11) and M©b) (2.12) up
to order w. We get with s; and ¢ from (2.6),

MOD = MO(p, — k. py) + P} - P (Py = P5)?. (Pa — k)?. mE, m2, m2)]
= M(O)[SL - (Pb + Plvk) - (Pz : 11>’t_ 2(Pa - pi. k- ll>7m721 - 2<Pa : k),m,%, mizszzr] + O(a’2>

= {1= 1 Pk 4 (02 )] = A = 1k =200 )] -

aSL

0 2 .2 2 2
x M )(sL, t,ms, mz, mz, mx)

mi=m2

+ O(0?),

0
2(p, - k) W}

(3.23)

MOD = MO[py - py + (P + k. ph). (py = P2 mz. 3. (ph + k)2, i)
= MO s, = (py k), t=2(py = p1.k) +2(py - 1)), m2, m2, m2 + 2(p; - k), m2] + O(w?)

~{1= 005~ R = p0 =21+ 2010 5

x MO (s, t,m2, m2, m?, m2)

m

.. TO@). (3.24)

1

To determine /\/lgc) to order @” we use (2.22). To order @ we get, inserting (3.23) and (3.24) in (2.22),

c d 0
KM =e{(pb+p2,k)—+2(pa K)o+ 2(py k)5
a 1

0 2 .2 .2 2
ER }M< )(sL,t,ma,m,,,ml,m,,)
L

o +O(a?).

m%zml m2

(3.25)

From (3.25) we can read off the term of order »° for /\/lﬁdz
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)
o +OW).  (3.26)

mi=m}=m?

+2pu }M(O)(SL,t, mg,m%,m%,m%)

(@) _ 9 5, 9
M; e{(!’b + p2); Ds, +2Paa o2

Now we collect everything together and we obtain from (2.14), (3.13), (3.14), (3.23), (3.24), and (3.26) the following

expansion for the amplitude 7z~7° — 7~ 2%:

M, = MY+ MP 4 M

2p, — k 2p) +k
= eMO (s, t,m2, m2, m2, m2) [2( Pa—k); - @py +-k); ]

(pa-k) =k 2(p - k) + k2

0 Pai
+2e— MO (s, t,m2, m2, m2, m2 [ k @4 ]
s, O (s )| =(ps - k) (Pa k) Pbi
0 Pa P
—2e=—MO (s, t,m2, m2, m2, m2)[(p, — p1.k) = (p, -1 [ -
ot ( L )[(p P1 ) (P l)] (pa . k) (pl k)
+ O(w). (3.27)

In the first term on the right-hand side (r.h.s.) of (3.27) we should, for consistency of the expansion in @ up to @°, make the
following replacements:

2Pa ‘ 1 X
2((P§7 k) >k2 (pl: ./lk) + 2(p, - k)? [Paik® = k;(pg - k).
2((;,, K +) e Hnt 2(p11- 2 P2 8) = ) = 2Ly = k) (py - R (3.28)

With (3.27) and (3.28) we have obtained the terms of order w™! and " in the expansion of the amplitude for the reaction
(2.2). Now we compare our result with the corresponding one given in Eq. (2.16) of [1]. Using our notation we get for real

photons, k* = 0, from Low’s result an amplitude M, as follows:

Mﬁ:eM<°><sL,r,mz,,mz,,mz,,mz>[ Pu___Pu ]

(Pa-k)  (p1-k)
(Pb'k)p _(Pz‘k)
(Pa-B)" " (p1-k)

The term of order w~! in (3.29) agrees with that from (3.27), (3.28) for k> = 0 but the terms of order @ from (3.27), (3.28)
and (3.29) disagree. What is the origin of this discrepancy? To elucidate this we have a look at the derivation of (3.29).
Following [1] we consider the reactions

0
4+ e=— MO (s, t,m2, m2, m2, m2) {— P+ Poi+ pu| +Ow). (3.29)

dsp

7 (pa) +7°(pp) = 77 (p1) + 2°(p2) (3.30)

and

7= (pa) +7°(pp) = 77 (p1) + 2°(p2) + r(k.€). (3.31)

But note that requiring energy-momentum conservation for (3.30),

Pa+Po = P1+ P2 (3.32)

we cannot have also energy-momentum conservation for (3.31) if k # 0:

Pa+ Dy #P1+ D2tk (3.33)
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Thus, (3.31) is a fictitious process. We continue, nevertheless, with the analysis along the same lines as in Sec. II. We get

then for (3.31) setting k> = 0:

My = MY 4 A+ A, (3.34)
MWD = 4o fif0a)_Par__ 3.35
g (pa ' k) ( )
MOD = MO[(py =k py) + (p1 - P2)s (P6 = P2)% (Pa = k)2, m, m, m?]
= MO [sp = (pp - k), t,mz = 2(p, - k), mz, mz, mz]
=<1-=(py- k)i —2(pa- k)i2 MO (s, t,m2, m2, m2, m2) + O(w?). (3.36)
aSL ama m2=m2
MY = _e o) _P1i__ 3.37
1 (1) 537
MOD = MO(p - py) + (p1+ ks p2), (py = p2)2s mi, 3, (py + k)2, m2]
L (2 )4 2p1 - s Y MO syt i) +O@?). (338)
Osy, om; =
We determine Mﬁd to order @” again from the gauge invariance condition
KM = 2 S — P (3.39)
This gives in a way completely analogous to (3.25), (3.26)
0o - 0 5, 9 5 9 1y 2 2 2. 2 o 3.40
3 =eq(py +P2),18—SL+ Paza—m%‘f' Pua—m% (sp.t,mg, mz, my, mz) i +O0(w).  (3.40)

From (3.35)—(3.40) we get, indeed, (3.29).

Our conclusion is, thus, as follows. The term of order @’
in the expansion of the amplitude given in [1] corresponds
to the fictitious process (3.31) which does not respect
energy-momentum conservation. The correct expansion up
to order @° for the amplitude of the physical process (2.2) is
given in (3.27), (3.28).

In Appendix A we make some remarks on selected
papers from the literature where Low’s theorem is dis-
cussed. Our conclusion is that none of the papers which we
have studied gives a derivation of (3.13) and (3.14) as we
have done it, using the Ward-Takahashi identity, and none
gives a result for the term of order @ equivalent to the one
obtained from our Egs. (3.27), (3.28).

IV. THE REACTIONS nzx — nzx AND nx — nxy
IN THE TENSOR-POMERON MODEL

In this section we shall discuss elastic zz scattering,
without and with photon emission, in the tensor-Pomeron
model [15]. Let us make some remarks on the tensor-
Pomeron model which is a special Regge-type model. Of

course, Regge theory for high-energy reactions has a long
history, starting from papers around the 1960s. Some early
papers are [55-57], for reviews see [58—62]. In the tensor-
Pomeron model of [15] the assumption is made that the
Pomeron and the charge-conjugation C = 41 Reggeons
far» arr couple to hadrons like symmetric tensors of rank 2,
the Odderon and the C = —1 Reggeons wg, pr as vectors.
The idea, that the Pomeron couplings could be related to a
tensor coupling was, to our knowledge, first proposed in
[63]. There the Pomeron couplings were related to the
couplings of the energy-momentum tensor. For more his-
torical remarks on the tensor Pomeron ideas we refer to [34].
The tensor-Pomeron model [15], which we shall use in the
following, is for soft hadronic high-energy reactions and has
its origin in general investigations of the soft, nonperturba-
tive, Pomeron in QCD using functional-integral techniques
[64]. We note that also in holographic QCD a tensor
character of the Pomeron couplings is preferred [65,66].
In [15] the constants in the vertex functions describing the
Pomeron-hadron couplings were, as far as possible, deter-
mined from comparisons of theory and experiment.
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Now we shall first, for simplicity, discuss the reactions 7~ 7° — 7~2° and 7~2° — 77 7% [see (2.1), (2.2)] and then turn
to charged-pion scattering.

0 0

A. The reactions 7~ 7" - 7~ z° and 7~ 7° - 7~ 2%
We consider the elastic zz scattering at high c.m. energy /s where Pomeron (P) exchange dominates. The amplitude for
the subleading Reggeon (f,r, pr) exchanges will be treated in Sec. IV B. The propagator and the pion couplings of the

tensor Pomeron are given in (3.10), (3.11) and (3.34), (3.45), (3.46) of [15], respectively,

P
AVAVAVAVAV IR IE
224 KA T
1 (4.1)
A (P 1 1 . -1
ZAI(W,)KA(S/ t) = s (&mgm + &uA8vk — igl“’gk)\) (_ZS‘X]/P)“H)U) ’
(l[p(t) = ap(O) + aﬁ;nt, (Z[p)(o) =1 + €p,
ep = 0.0808, ap = 0.25 GeV~2%; (4.2)
k,/1// i k,/1// 7T+ k//'// 7T0
P i P e P .
W \ AN AN
* EN N

4.3
NS N NS (4.3)

T T S0

irgEHN)(k,/k) = _izﬁll’ﬂnFM[(kl - k)z] [(kl + k)y(k, + k)v - }Lgyv(kl + k)z} ’

2

Here we set
o = 176 GVl Fy(t) = —50—,
_ 1
m = 0.50 GeV?. 44 Fols.t) =T |:SL +3 (m2 + m} + m} + m3), t]
The Pomeron-exchange diagram for the reaction (2.1) = [2BpunF (t)]zi (—isd, )ap(r)—l (4.6)
— 0 _ . . A Przt M P . .
n—n’ — n~n°, allowing the pions to be off-shell, is shown

in Fig. 4, and easily evaluated. We get with the kinematic
variables of (2.6) and (2.7) for (2.8):

For the scattering of 777 — 772" with on-shell pions

this gives
./\/l[(p?)(sL,t, m%,m%,m?,m%) £

= iFp(s.1)|2(pa + P1. Py + P2)° - ~

i 7 (Pa) 7 (p1)

| - = 5 - - 5 - =
5 (Pa+ P1)*(Py+ Pz)z]
P

— iFp(s, 1) |2(2s + 1) () _ m(p)

_ l (—t + 2m3 + Zm%)(—t + 2mi + Zm%)] . (4,5) FIG. 4. Diagram with Pomeron exchange for z~z° = 7~ z° in
2 the tensor-Pomeron model.
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(7 (p1), 22 (P2)| T 17 (D) 2°(Po)) o shent = MY (1., 1, m2, m2, m2, m?2)

. 1
= iFp(s.1) [2(pa + p1. Py + p2)? =5 (Pat p1)*(py + Pz)z}

Am -1 3
— 8is> Fp(s.1) {1 ezl = (4ni2 t)z}, (4.7)
1
o(n7’) = Wlm<”_(pa)’ﬂo(pb)|7|”_(pa)7ﬂo(pb»
= 2(2Bpz)* (s )P oS (geﬂﬂ’) <1 - 4’;17%)_1/2 {1 - 4’:1% + % <4’:172r) 2] . (4.8)

Now we come to the photon-emission process (2.2)

7= (pa) + 7°(py) = 7= (p)) +2°(py) +r(k.€).  (4.9)
The relevant kinematic variables are here
s = (pa+pp)* = (P} + Py + k)%,
1= (pa—p1)* = (po— Py — k)7,
= (py—Ph)* = (pa = P} = k)*. (4.10)

We have to calculate M p (2.13), (2.14) from the diagrams
of Fig. 5. First we calculate /\/l/({é,) and ./\/lfw@ from (2.11) and

(2.12), respectively, inserting for M(©) the tensor-Pomeron

expression (4.5). Furthermore, we use the standard pion|

(Zpa - k)i

M(“):_ M(Os“) ,
w TR o, k) R

propagator and the standard yzz vertex function (see e.g.,
[15,32]). This gives

Al(pa = K)AT,(pa = k. po) = %’
D@LM+@M@H¢W=5%?$%%. (@.11)

From (3.13) and (3.14) we see that in QFT these relations
are exact for @ — 0 up to corrections of order w. For us
(4.11) is part of our model assumptions.

With (4.5) and (4.11) we get from (2.11) the following
amplitude M AE; corresponding to the diagram of Fig. 5(a):

a . 1
MED = iFpl(pa+ py— k). 1) |:2(pa + Py =k ppt p) =5 (Pat Py =K (P + Plz)z] : (4.12)
From (2.12) we get for Mﬁlﬂ’m) corresponding to the diagram of Fig. 5(b):
2p + k) (0.b)
MY = —o CPLERL 00
TR R
. 1
MO = iF (s 1) [2(1% + Py +k P+ P5)? =5 (pat P+ K (Py + p’z)z] : (4.13)
7 (k) 7 (k) 7 (k)
™ (pa) L) T (Pa T (p}) T (Pa 7 (ph)
- > - - - - — > — ->— > — - = > - - > - =
P P P
) L ) ) L ) ) L )
(a) (b) (c)
FIG. 5. Pomeron-exchange diagrams for 7~7° — 7z~ 7% in the tensor-Pomeron model.
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For M,(ﬁ:? we get from (2.22)
kﬂMgﬁ)? = —eM[(F?’a) + e/\/lg)'b)
 ie{ ol 80K pu t PP+ DL pa )+ 20k Py P+ )
+ [Fel(pa + o — k)7, 12)] = Fp(s, 1r)]

1
20+ 0l = ke + 202 = 30+ 0= R2 00+ 7

Using the explicit expression for Fp (s, 1,) (4.6) we get

2(pa+ Py k) — K
S

Fel(pa+ pp— k)% 1)) = Fo(s. 15) = Fp(s. 1)(2 — ap(ty)) ge (%, 1),

where we define

z(pa + pbyk) - k?

gp(x. 1) = (2_0{;02))}{ [(1- }{)(I[P(lz)—Z —1]
X }{2
=1+ 2—!(3 —ap(ty)) + 5(3 —ap(tr)) (4 = ap(ts)) + ...

The series expansion in (4.17) is absolutely convergent for |x| < 1 which is the only region of interest for us.

Inserting (4.15) in (4.14) we get

kM%Q——waa@ﬂ—&hm+m9@¢+m4%+p9+zw¢a+me+ma2

2(pa +pbvk) _k2
S

+

(2 —ap(ty))gp (. 1)

1
x [2(pa + Pl =k, pp + ph)*— 5 (Pa+ P - k)*(py + Pé)z} }

From this we see that a simple solution of (4.18) for MEE)? is

M) = —ieFp(s, tz){—S(pb + 05):(Pa + DL Py + Ph) +2(pa + PPy + Ph)?
+ (2pa +2pp — k), (2 = ap(t2))gp (%, 1)

1 1
2t ol = ke 22 = 50+ = K20+ 7 |

However, we could add to Mﬁg from (4.19), for instance, terms proportional to
Par(Py k) = pii(pa - k),

or

3
Eup D DEK (Eaps DDA DT DY),
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and still have a solution of (4.18). Thus, the solution (4.19)

for M;ﬁ,} is in general not unique as it is to order »’; see
(3.26). This fact is well known in the literature; see for
instance [50].
Collecting now everything together we get for the
amplitude of reaction (4.9) in our model
|

0

=0 a b c
M D= MY+ MY+ M) (4.22)

with Mﬁg given in (4.19) and M%} and /\/l%) obtained
from (4.12), (4.13) and (4.15), as follows:

M) = ieFp(s.1) [1 (2-ap(t)

X {Z(m +p =k, py+ ph)? —

. 1
Mﬁfl’)? = —ieFp(s.t) [2(Pa + Py + k. pp+ Ph)? — E(p“ +ph + k)2 (py + p’z)z}

These results hold for arbitrary k. Below in Sec. V we shall
consider only real photon emission where we have k*> = 0.

Some comments on these results are in order. We are
interested in soft photon emission where @ < +/s. We have
then from (4.16) and (4.17) |x| = O(w/+/s) and

gp(x, 1) = 1. Looking at Mﬁf,;) we see that there the term
proportional to gp(x,1,) is a correction of order w/+/s

relative to the leading term. On the other hand, in Mﬁg the
term proportional to gp(x, f,) is not suppressed relative to
the first term in the wavy brackets of (4.19). But in the soft

photon region Mﬁg is, anyway, only of order w/\/s
relative to Mﬁ? and Mﬁﬁ?. Thus, in the soft-photon region
our model should give reliable results. But the question
arises how high we can go in @ and still trust the model. We
have, as basis of the model, used the high-energy approxi-
mation, given by the Pomeron-exchange term, for the zz
scattering amplitude. Therefore, in MO (4.5), (4.6) the
c.m. energy squared s should be large enough, above the
resonance region, say

s =50 =(5GeV)% (4.25)
But in the reaction zzw — zmzxy we need the off-shell

amplitudes M9 (4.12) and M (4.13) where the
squared c.m. energies are, respectively,

Sa = (pa+pp—k)? = (p) +ph)*  (4.26)

sy = S. (4.27)

Surely, in order to apply our Regge model also for M (04
we should require

Sa=(PatPp—k)?=5=2(py+pp.k) +k*=50. (4.28)

2(pa + Py k) — K2
( Sb ) gp (. lz)]
1 / (217 _k)
- k)? L2 A 4.23
(put = K200+ ) 50 (4.23)
2p +k
@R R g
2p k) +k
[
In the overall c.m. system this means
! 2

Below, in Sec. V, we shall take this constraint into account.

In [32] vertices for the coupling of yzz and Pyzz were
derived from a Lagrangian; see (B.66)—(B.71) there. Using
these vertices for evaluating the diagrams of Fig. 5 and
using in all three diagrams the Pomeron propagator

AP

uv kA

M ME) and M) as in (4.23), (4.24), and (4.19),
respectively, but setting gp (¢, ;) = 0. Thus, our full results

(s,1,) with the common value s = (p, + p;)?* gives

for /\/l%,), Mﬁ?, MEE,? above are an improvement of the
simple results, as we respect now the general QFT structure
of the amplitudes shown in Fig. 2. As discussed above, for
soft photons the improvement amounts to suitable additions
of nonleading terms of relative order w//s.

What about anomalous soft photons in this framework?
Given the amplitude for z7z° — 772" we have constructed

Mﬁﬁ,ﬁ? and Mﬁ? in a straightforward way. Of course, we had
to extrapolate to off-shell pions and to assume (4.11) to
hold not only for @ — 0. But by and large we think that

Mﬁﬁ,ﬂ? and Mﬁ? leave little room for anomalous soft

photons. This is quite different for /\/l/(ﬁ)? which we
determined here as the simplest solution of the gauge-
invariance condition (4.18). Clearly, other solutions of

(4.18) for Mﬁg are possible which could describe “anoma-
lous” production of soft photons. One of the present authors
has been involved in a suggestion for the origin of such
anomalous soft photons: “synchrotron radiation from the
vacuum” [67-71]. For a list of suggestions by other authors
we refer to [13].
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B. Charged-pion scattering without 77__(_(12)_ _ o 71__171)
and with photon radiation
In this section we consider the following reactions at P, for, pr
high energies in the tensor-Pomeron model: N N
7T_ (_ bL_ B _ 7: (_P2)

77 (pa) + 7 (py) = 77 (p1) + 77 (p2), (4.30)

, , FIG. 6. The diagram for z7z" — 7z~ z" elastic scattering with
7= (pa) + 77 (pp) = 7 (p}) + 7t (ph) +v(k.e), (431)  exchange of the Pomeron, the f,g, and the pg Reggeons.

and
and the fopzz couplings are as in (4.1)—(4.3) with the
7 (pa) + 75 (py) = 75(p1) + 75 (pa), (4.32) replacements
7 (pa) + 7 (py) = () +77(ph) +r(koe).  (4.33) ap (1) = (1) = ag,, (0) + ), 1.
Again we leave k arbitrary and do not require k> = 0. ar, (0) = 0.5475, a/sz = 0.9 GeV~2,
The diagrams for the elastic scattering processes (4.30) ) . -
and (4.32) are analogous to the one in Fig. 4 but now we P 2M,
include the subleading f5g and pg Reggeon exchanges; see Gpore =930, My =1GeV. (4.34)

Fig. 6. To evaluate these diagrams we need the effective f>r
and pp propagators and their couplings to pions. In our
model these are given in (3.12)—(3.15) and (3.53), (3.54), For the effective pp propagator and the pgzz coupling we
(3.63), (3.64) of [15], respectively. The f,r propagator  have

|

[AVAVAVAVACRR E
T (4.35)

: : 1 : _
ZA%)/R)(S/ t) = uvy (—15“;R)“pm(t) '

a, (1) =a, (0)+a,t,
a, (0) =05475,  d, =09 GeV2,

M_ =141 GeV. (4.36)
k/ // T k/ // 7T+
PR ,/; PR ,/;
" NN ’ NN

(4.37)

T k) = T T ) = 2 g Eul(K = K2 (K + )y,
gpIRr[f[ — ].563,

where Fy (1) is defined in (4.4).
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Now everything is prepared to evaluate the diagram of Fig. 6 for the general off-shell 7~z scattering amplitude. We get
[cf. (2.8) and (4.5)]

(7= (p1). 7" (P T |7 (Pa). 7 (Po)) oty shent = MO (spo 1. mg miy, m3, m3)
=M + MY + M), (4.38)

where

_ 1
MY = iFp(s.1) {2(1)“ + PPyt p2)? =5 (Pa+ P1)* (s + Pz)ﬂ

1
= iFp(s,1) {2(2& +1)? - 3 (=t +2m2 + 2m3)(—t + 2m3} + Zm%)} , (4.39)

; 1
M}gé = iFp(s:1) [2(190 +p1.ps+p2)* - 5(17“ +p1)*(po + Pz)z]

1
=iFy,(s.1) |:2(2SL +1)% - 3 (=t +2m2 +2m3)(—t + 2m3 + Zm%)] , (4.40)
Mf)?x) = f/}R(S, t)(pa + P1:DPb + pZ) = pr(S, t)(ZSL + t)' (441)

Here Fp(s,t) is defined in (4.6) and we have set

9fsprn 21, . ao ()=
ffzu@ (S, t) = |:2fM0 FM(I):| ZS(_lsa}zR) 728 1’ (4'42)
Ipprn 2 coo ) \a, (1)—1
pr(s,t) = o F (1) (—zsapR) R . (4.43)

For the on-shell elastic z~z" scattering we get, setting m2 = m? = m} = m3 = m2 in (2.6), (2.7) and (4.39)~(4.41)

(a=(p1). 7™ (p)I Tz (pa). 7 (py)) = MOTT (sp.t,mz, m3, m3, m3)
= MO (51)

= Fo(6.0) 4 (5] 200+ 12 22 = 5P 21200t )]

+ F oo (s.)(pa + P12 Py + P2)

2 _
= 8is?[Fp(s. 1) + Fp (5.1) {1 _dma it % (4m2 — t)z]
2 _
+25F, (5.1) [1 - 4’"& ’} . (4.44)

For brevity of notation we use in the following the notation M7 %" (s, ¢) for the on-shell pion-pion elastic scattering

amplitude.
Turning now to the reactions (4.32) of like sign zz scattering we get from the diagrams analogous to Fig. 6 the following

for on-shell pions
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(@ (p1), 7" (P T 17" (Pa), 77 (Py)) = (& (1), 7~ (p2)T |7~ (Pa). 7~ (Pb))

dmi—t 3
= Bis[Fu(s, 1) + Fp (5. 0] |1 = 22— (4m2 — 1)?
= s 16s
4mz —t
=27, (5.0 1= 5 4 (51 < ). (4.45)
The exchange p; <> p, implies t <> u where u = —s — t + 4m2.

The total cross sections for zz scattering are obtained from the forward-scattering amplitudes using the optical theorem.
In this way we get from (4.44) for 7~z " scattering

1

Ot (5) = WIHK”_(PJ, 7 (pp)|T |7 (pa), 7" (py))

—2(1- 4’?'2’)_”2{ (a0 cos (5 an0) < 1))

9fopan 2 ar - T 4m,2, 3mf,
+ (2225[0 ) (sa}.m) 1 (0-1 cos (E (ar, (0) = 1))} <1 7 + 2

Ypprn 2 a. (0)=1 .- T 27’)’[%
—+ (ﬁ) <Sa//0[R) /1|R( ) Sin (E(l - apR(O))> (l - R . (446)
|
The total cross sections for z7z % and 7=z~ scattering are (2= (P)). 7" (p3). v(k. )| T |n~(pa), " (Py))
obtained from (4.45) for t = 0. Here for s > 4m2 and t = 0 vk gt Tty
the term (p; <> p,) is highly suppressed and, thus, very = (e')"M; ’ (4.47)

small. Neglecting the term (p; <> p,) for = 0 we get the
total cross sections for z7z" and 7z~ z~ scattering as in (mt(ph), 7t (ph),v(k.e)|T|xt (pa). n* (py))
(4.46) but with a sign change in the pg term. o wtatotaty)

For the photon emission process (4.31) we have 6 = ()M, : (4.48)
diagrams shown in Fig. 7. The diagrams for (4.33) are o _
analogous but in addition we have the diagrams with p/ and Our building blocks for these M); amplitudes are
p5 interchanged. The kinematic variables for these reac- ME“), s Mﬁf ) corresponding to the diagrams (a)—(f) from
tions are as in (4.10). We have Fig. 7. We have here

v (k) 7 (k)
) T ™) ™ (Pa)_ _ LT W)
P, for, pr P, for, pr f2]R>
LT ) _ ) )

(b) (©)

I P B O NP ),
fQIRale fQIR;P]R P, for, pr
T ) ™) )
k k
@ v (k) © 7 (k) ®

FIG. 7. Diagrams for the reaction z~z" — z~z"y with exchange of the Pomeron, the f,r, and the pp Reggeons.

N)\
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M = M+ M, + M (4.49)

PR

and similarly for M\, ..., M. The amplitudes M%), M2, and M(S) are as in (4.23), (4.24), and (4.19), respectively.
From these we obtain the amplitudes ME;ZR M,(l?z .» and Mf&lR with the replacements (4.34). For pp exchange we get

(a) (0,a) (2pa - k)ﬁ
Min =M 3,0 -
a 2(pa + . k) = K
MR = oot |14 (1= (1) LD ) k9] = e+ ). (4.50)
) _ _, (2p) + k), (0.b)
A z(p/l -k) + k2 PR
MR = F, (5.0)(pa+ P + k. py + Ph). (4.51)

(2p, +2p, — k), (

M;;L =eF,, (s, tZ){Z(Pb +ph); = p

V= () )P~ Koput ) | (452)
Here x and gp(x, ) are defined in (4.16) and (4.17), respectively, g;,. (x. 1) is defined analogously

o) = ! (1 = )02 _ 1] (4.53)

2—ay, (1)x

and g, (x, 1) is defined as

gﬂm{(}{’ t) = (1 _all,R(t))}{ [(] —}{)aﬂ[m(t)_l _ ”,
x }{2
= 1452 =ay (1) + 37 2=, ()3 = ay, (1) + ... 454

We emphasize that Mﬁﬂ,‘;} ME?ZR and M/(IZL are obtained as the simplest solution of the gauge-invariance relation
MY+ MO+ M) = o. (4.55)

For the diagrams of Fig. 7(d)—(f) we find

(d) _ (a)
M;"=-M; |pmp’1«>pb,p’2’ (4.56)
e b)
Mﬁ ) = _M/(I Pa-Pi PPy’ (4.57)
Ml(lf) = _Mflc>|pa»p’l<—>pb»17’z' (4.38)
Note that (p,, p}) < (py, pb) implies t; <> t,; see (4.10). We have also here
(MY 4 MO+ M) =o. (4.59)
For the amplitudes (4.47) and (4.48) we get finally
rat s at (a) b c (d) e) f)
M} D= MO+ MY+ MO+ M+ M+ MY (4.60)
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MET T = (A 4 Y+ M)+ M+ M+ S (0 o ). (4.61)
Here we define

D = M £ M g (462)

PR

and similarly for /\A/lgb), s /\A/ll(lf ).
The inclusive cross section for the real-photon yield of the reaction (4.31) is as follows

do(n~nt — a~nty(k))

B 1 &k / &ph & p)
2 s(s —am?) (27)2k° | (2z)*2p} (27)°2ph)

x (22)*69 (P + ph + k= pa = pp) M T DM T DY (—g) (4.63)

and similarly for ztz* — z"z %y, including a statistic factor 1/2.

In the following we shall compare our “exact”” model results, which we shall call “standard” results, for (4.60) and (4.61),
using (4.23), (4.24), (4.19), (4.49)—(4.52), and (4.56)—(4.58), to various soft-photon approximations (SPAs). Below we list
the explicit expressions for photon emission in 7~z ™" scatterin%. .

SPA1: Here we keep only the pole terms o o~ for /\/lfla ~~-/\/l/(1]) in (4.60). From (4.19), (4.23), (4.24), (4.44),

(4.49)~(4.52), and (4.56)—(4.58) we see that this amounts to the following replacements, using k> = 0, and Py = pis

Py = pa
MY S e MO (5 Pa ,
g ( ) (pa : k)
M) S e MO (g P ,
; 5000
Mﬁc) -0,
MD 5 _e MOz s, t Py ,
i 500, 8
M S eMOF (5 P2 ,
ﬂ SRy
MD S0 (4.64)
p : .
From (4.60) and (4.64) we get then
M
= e MO 7" 5.t { Par P Pn 1 P2 . 4.65
S [P R PSR P R Y (463

Inserting this in (4.63) we get the following SPA1 result for the inclusive photon cross section where, for consistency,
we neglect the photon momentum k in the energy-momentum conserving 6(4>(.) function:

3
do(n~nt — = wy(k))spar = (275)%/ d*p d’ pye?
X[Pa/l __Pu Pw + sz}
(Pa-k) (pi-k) (pp-k) (pa-k)
DPap _ Pip _ Pop P2y A
Lo o o el )

do(nnt > a7 xt)

(4.66)
d3P1d3P2
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where

do(z~nt - n~nt) 1 1

d3P1d3P2

24/s(s — 4m2) (27)*2p (27)*2pf

2a)*89 (1 + P2 = pa = pp)IMOT (). (4.67)

In (4.66), (4.67) we have a frequently used SPA. One takes the distribution of the particles without radiation [see
(4.67)] and multiplies with the square of the emission factor in the square brackets in (4.65).

SPA2: Here we take into account that the squared momentum transfer is ¢, for the diagrams of Fig. 7(a)—(c) and ¢, for
those of Fig. 7(d)—(f), where t,, are defined in (4.10). We make in (4.63) the replacement:

(rat—>n"aty) (znt>n"aty)
M, = M spa2

= eMOT (s.1,) [<pp“.‘k> )

(P - k)

/
}—Fe/\/l(o)”_’ﬁ(s,tl) __Pw Py (4.68)

(py-k)  (py- k)]

In the calculation of the photon distribution we keep the correct energy-momentum conserving 5(4)(.) function

in (4.63).

SPA3: In our third example we make in (4.63) the replacement

T aTy) - M (zat—naty)

(m~x
Mﬂ A,SPA3

= eMOT 7 (5, 7)

where we choose

Pai P/u Pba P'zz
- - + : 4.69
AR AR (4.69)
' =min(t, t,). (4.70)

Also here we keep the correct energy-momentum conserving 8(*)(.) function in the evaluation of (4.63).

We shall also consider approximations which we
shall call “improved SPA1” and “improved SPA2”, respec-
tively. For this we consider Fig. 7. In the diagrams (a) and
(d) the squared c.m. energy of the off-shell zz — 7z
amplitude is s, = (p, + p» — k)%, in the diagrams (b)
and (e) it is s = (p, + p,)*; see (4.26), (4.27). For real
photons, k> = 0, and working in the overall c.m. system
we have

Sq =5 —2w/s. (4.71)

Now we take, as a compromise, the average value § of s,
and s,

§=15— s, (4.72)

as squared c.m. energy of the zz — 7z amplitudes. With
the amplitudes M©7 7 (5.¢) and M7 7 (5,1,,) in
(4.65) and (4.68), respectively, we get what we call the
improved SPA1 and SPA2 results. The prescription to
replace s by § (4.72) has been advocated by Linnyk
et al. [40,41].

|
V. RESULTS

Below we show our results for elastic zz — zz scatter-
ing (subsection V A) and results for the 7z — 7y reaction
(subsection V B).

A. Comparison with the total and elastic zx
cross sections

Here we compare our model results with the 7=zt and
#* 7+ total and total elastic cross section data.

First we briefly review the experimental results for the 7z
total and elastic cross sections. There are no direct measure-
ments of total and elastic zz cross sections at present.
However, indirect data at low and intermediate /s, the
pion-pion center-of-mass energy, have been extracted from
reactionslikez~p — zt7a " n, 7~ n" At [72-75]and 2t p —
A*TX and 7n — pX [76,77]. They are compared with our
predictions in Fig. 8. In the left panel the experimental data are
from [72-78]" while in the right panel from [81,82].

'There are also the data of the total 7=z~ cross section from
[72,75] (see, e.g., Fig. 3 of [79] or Fig. 2 of [80]). It was stated in
[79] that these results are not consistent with other data at lower
energies probably due to incorrect treatment of final state
interactions. The uncertainties of these data are therefore very
large and hence we do not show them in Fig. 8.
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FIG. 8. Resultsforz™z" and z* 7" or z~z~ total (left panel) and total elastic (right panel) cross sections as a function of /s together with
the experimental data. The single Pomeron exchange is given by the blue solid line, the Pomeron plus f»r Reggeon exchanges by the blue
dotted line, the complete result (P + f>r + pr) for the opposite-sign pions and the same-sign pions is given by the black long-dashed line
and the red short-dashed line, respectively. In the right panel we show also the f,r Reggeon and the pp Reggeon terms separately.
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FIG. 9. The two-dimensional distributions in (w, k| ), (w, y), and (k| ,y), for the 7~z
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— 7z~ x "y reaction including only the Pomeron
exchange. Calculations were done for /s = 10 GeV, 0.001 GeV < k; < 0.2 GeV, w < 3 GeV, and |y| < 8. The lines plotted in the
panel (a) correspond to the photon rapidities y = 1,2, ..., 6. In panels (b) and (c) we show the results only for 0 < y < 8 since these
distributions are symmetric under y — —y.
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FIG. 10. The ratios R(w, k) (5.2) for the z~z" — z~z"y reaction for /s = 10 GeV for the three soft-photon approximations SPA1
(4.65), SPA2 (4.68), and SPA3 (4.69). The lines corresponding to the photon rapidities y = 1,2, ..., 6 are also plotted. The right panels
show the region of small k; and small @ in greater detail.
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We present for the scattering of z~z" (opposite-sign
pions) and 7 7 (same-sign pions) the total (left panel) and
total elastic (right panel) cross sections versus +/s. The
results for the single Pomeron exchange (), for the
Pomeron and f,r Reggeon exchanges (P + f,gr), and
the complete results (P + fog + pr) are shown. The
corresponding theoretical expressions are given in
(4.34)—(4.46). According to our model we treat the pg
Reggeon as effective vector exchange and the Pomeron and
for Reggeon as effective tensor exchanges. Thus, in the
Regge parametrization of the zz* cross section, the pg
contributes with a sign opposite to P and fyp.

We find good agreement with the experimental data
taking into account the default values from [15] for the
parameters of the propagators and vertices. One has to keep
in mind that for the subleading exchanges the errors of the
coupling constants are quite large, in particular for the
coupling g, .., as was discussed in Sec. 7.1 of [15]. In
addition one also has to keep in mind that there should be a
smooth transition from Reggeon to particle exchanges
when going to very low energies. Note that the same-
sign-pions channels do not contain s channel resonances in
contrast to the opposite-sign-pions channel. Thus, our
theoretical results, which include only #-channel
exchanges, are in better agreement with the experimental
data for 6©* than for ¢* * . Moreover, such effects as
absorption corrections and multiple soft and hard
exchanges, discussed in [83], were not included in our
calculation. Clearly, all these topics deserve careful analy-
ses, but this goes beyond the scope of the present paper.

There are also the data of 7%z~ total cross sections from
the analysis performed in [84]. In that work, a triple Reggeon

model with absorption was used to extract 6%, from the
atp - AT"X and ztn — pX processes. The authors

~ 104§\ LA I B B B R T E
'g_ F TRt -ty E
Z 10’k Vs=10GeV, 0 <3 GeV .
z E 0.1 MeV <k <1 MeV E
S 102F —— 1MeV <k <10 MeV .
o Fo----- 10 MeV <k | <100 MeV E
10 .

1 §
10k ,
107F .
10°F .
_4: L L L Lo \ \ ‘ ]
% 2 4 6 8 10

y

FIG. 11.

of [84] found that the inclusion of absorptive corrections
in these two reactions decreases the results by about 10% to
15%. The uncertainty of these results is large and therefore
we do not show these data in Fig. 8 and instead we refer to
[83,85]. In [83] the effect of absorption corrections (double-
scattering effect) on the total cross section for zz scattering
as a function of /s was discussed. The 7-dependence of the
elastic zz cross sections was also discussed there. The
authors of [83] found that the absorption is much weaker for
the same-sign pions than for the opposite-sign pions; see,
e.g., Figs. 5, 9 and Table 2 of [83].

The total ztz~ and z*z* cross sections including
subleading Reggeon exchanges were also discussed in
[79,80,86]. There is the question of the reliability of the
Regge model down to low energies and whether in the
region of low /s but not low |z| the Regge parametrization
can be properly applied. On general grounds, one expects
Regge theory to work when s> [f[, 5o [see (4.25)] and
|{| <1 GeV? and, in fact, the Regge parametrization for 7z
becomes unreliable at large |z|. The interested reader may
consult Refs. [79,80] for the detailed discussion of this and
other related issues.

In the next subsection we shall discuss soft-photon
emission in zz scattering for c.m. energies /s =
10 GeV and 100 GeV. We see from Fig. 8 that at /s =
100 GeV the zz cross sections are completely dominated
by the Pomeron-exchange contribution. At least, this is the
result of our model. Therefore, in Sec. V B we shall take
into account only the Pomeron-exchange term for the
reactions 7z — zmy at /s = 100 GeV. At /s ~ 10 GeV
we will show results including the Pomeron exchange alone
and in addition the pr and f,r Reggeon exchanges. As we
will show below in Fig. 14, the secondary Reggeon
exchanges play a significant role there.

— 10T ‘
=1 Fonnt >ty E
= 10°F Vs=100GeV, <40 GeV -
2 0.1 MeV <k < 1 MeV ;
S 102F —— 1MeV <k <10 MeV N
S E - 10 MeV <k <100 MeV E
10g E

1 .
107k .
102 .

: \S

10°F X
Y R R B R R
105 2 4 6 § 10

y

The distributions in rapidity of the photon in the z~z" — z~z"y reaction calculated for \/s = 10 GeV, @ < 3 GeV (left

panel) and for /s = 100 GeV, @ < 40 GeV (right panel) for different k| intervals. Plotted are the results only for positive y since the

distributions are symmetric under y — —y.
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FIG. 12. The differential distributions in transverse momentum of the photon and in the energy of the photon for the 7~z
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SPA3 (4.69).
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B. Comparison of our ‘“‘exact” model or ‘“‘standard”
results for the zz — nzy reactions with various
soft-photon approximations

First, in Fig. 9, we present the two-dimensional distri-
butions in (w,k,), (w,y), and (k,, y), for the z7z" —
7~ x"y reaction for our “standard” result (4.60), (4.63),
including only the Pomeron exchange. Calculations were
done for the pion-pion collision energy /s = 10 GeV.
Here, @ = k" is the center-of-mass photon energy, k| is the
absolute value of the photon transverse momentum, and y is
the rapidity of the photon. We must remember here, that in
order to stay with all amplitudes in the Regge regime we
certainly have to require (4.29) which reads here, with
k> =0 and s, = 25 GeV?,

) =3.75 GeV. (5.1)

1
a)sz—ﬁ(s—so

To be on the safe side, we shall in the following only show
results for @ < 3 GeV. In the panel (a) we show the lines

corresponding to the absolute value of the rapidity of the
photony = 1,2, ...,6. Large y is near the w axis and y = 0
on the k| axis. There are in all three plots also regions that
are not accessible kinematically. From the panel (b) we see
that an upper cut on w is effecting the upper limit of the
allowed y range.

Now we compare our “exact” model or “standard” result
for the z=z" — 7~ xty reaction to various soft-photon
approximations (SPAs) discussed in Sec. IVB. We
consider /s = 10 GeV and include only the Pomeron
exchange.

A quantity of great interest is the ratio of the cross
section calculated in one of the SPAs to the “standard”
result. This ratio will now be studied as a function of
@ = k° and k, in the w-k; plane. In Fig. 10 we show, in
two-dimensional plots, the ratio
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4 in the 77zt — 7~y reaction calculated for /s = 10 GeV, 1 MeV < k; < 10 MeV, and
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The results for the three scenarios of the SPA amplitudes
are presented. The result on the panels (a) corresponds to
SPA1 (4.65), the result on the panels (b) corresponds to
SPA2 (4.68), and the result on the panels (c) corresponds
to SPA3 (4.69). We also show the lines corresponding
toy=12,...,6.

Now we discuss results separately for the three k|
intervals of photon transverse momenta: 0.1 MeV < k| <
1 MeV, 1MeV <k, <10MeV, 10MeV <k, <100MeV.
We do so due to difficulties in the numerical evaluation of
integrals. In Fig. 11 we show the distributions in y for the
standard results [see Eq. (4.60)] including only the
Pomeron exchange. Calculations were done for /s =
10 GeV and 100 GeV. When going from /s = 10 GeV
to /s = 100 GeV the maximum of the y distribution shifts
from yax 2 3.4 10 Yiax =~ 5.8.

In Fig. 12 we present the distributions in k£, and o for the
reaction z~zt — 727ty calculated for /s =10 GeV

including only the Pomeron exchange. Results are shown
for three k, intervals for our model and for the various
SPAs. From the semilogarithmic plots of Fig. 12 we see that
the three SPAs follow the general trend of our standard
results quite well for k; <20 MeV and for @ <1 GeV.
But let us now have a closer look at these kinematic regions
at a linear scale.

Figure 13 shows the ratios of the SPAs to the standard
cross section:

dospa/dk

- . 5.3

dastandard/ ko_ ( )
dogpp/dw

- 5.4

do—standard/dw ( )

as functions of k; and w, respectively. The rapid fluctua-
tions of the ratio as a function of k| are due to different
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FIG. 15. The two-dimensional distributions in (@, k | ), (®, y), and (k | , y), for the reaction =27 — z~z"y at \/s = 100 GeV. This is
the same as in Fig. 9 but for /s = 100 GeV, @ < 10 GeV, and |y| < 11. The lines plotted in the panel (a) correspond to the photon

rapidities y = 4, 6, 8.
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organization of integration in the two codes: one for the full
three-body phase space (standard approach, SPA2, SPA3)
and one for the two-body phase space supplemented by
additional integration over photon three momentum
(SPA1). The SPAs which we consider deviate from the
standard results only at the percent level for 0.1 MeV <
k; <1 MeV but at the 10% to 50% level for
k| =50 MeV; see the left panels of Fig. 13. From the
right panels of Fig. 13 we see that the deviations of the
SPAs from the standard results are up to around 50% for
@ < 1.5 GeV. We also note that the discrepancies of the
SPAs to the standard results typically increase rapidly with
growing k| and w. For the SPA 1 approximation we have on
purpose set k =0 in the energy-momentum conserving
delta function in (4.63), since this corresponds to a
frequently used procedure in the literature. Thus, the
SPAT1 approach does not respect the upper kinematic limit
for w. But this is no problem for us since we are interested
here only in soft-photon production. But we note that the

nrt — nrty, Vs=100 GeV

R(w,k)), SPAI/standard
10 T 1.1
s B : 6
S o
S sp :
20
'M -
6'
| 1
4.
e 0'95
Lo
J_I_I_l . j | )
(a) -

accuracy of the SPA1 can be significantly improved and
the region of its applicability can be extended by keeping
the correct energy-momentum conservation as in the SPA2
and SPA3.

Now we wish to illustrate the effect of inclusion of
Reggeon exchanges (pr and f,r) in addition to the

Pomeron exchange. In Fig. 14 we show the ratio

(P+R) , (P) :
Ogandard/ Cstandara fOT 0Ur model as a function of &, o,

and y. Inclusion of the subleading Reggeon exchanges in
the calculations leads to a sizable increase of the cross
section. We get for the ratio of the total cross sections with
the cuts 1 MeV < k| < 10 MeV and w < 3 GeV

P+R
Ot _ 295040 55)
oF) 206 '

that is, an about 36% increase due to the Reggeon
exchanges. From the ratios of differential distributions in
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FIG. 16. The ratios R(w, k) (5.2) for the 7~z — z~x "y reaction for \/s = 100 GeV for the three SPAs. The lines corresponding to

the photon rapidities y = 4, 6, 8 are also plotted.
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FIG. 17. The same as in Fig. 12 but for /s = 100 GeV. Shown are results for three k; intervals and with cuts on w specified in the
figure legends.
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FIG. 18. The same as in Fig. 13 but for /s = 100 GeV. Shown are results for three k| intervals and with cuts on w specified in the
figure legends. The oscillations in the SPA1 results are of numerical origin.

o and in y we see that these ratios vary from 1.25 to 1.55 Pomeron-exchange contributions. As we see already from

depending on kinematics. Fig. 8 the nonleading exchanges are negligible there.
Now we turn to the results at c.m. energy /s = In Fig. 15 we show the distributions in (w, k), (@, y),

100 GeV. Here we include in the calculations only the  and (k |, y), for our standard results. Here we consider only
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c.m. photon energies @ < 10 GeV. The constraint (4.29),
setting k> = 0, is then always well satisfied. That is, we are
in the Regge regime for all relevant amplitudes. These
distributions are the analogs of those shown in Fig. 9
for /s = 10 GeV.

Figure 16 shows the ratios R(w, k| ) (5.2) for the reaction
ant - atyat /s =100 GeV for the approximations
SPA1 (4.65), SPA2 (4.68) and SPA3 (4.69).

In Figs. 17 and 18 we show the results for /s =
100 GeV which are analogs of those shown in Figs. 12
and 13 for /s = 10 GeV. The calculations were done with
cuts on w specified in the figure legends. In all cases the
constraint on @ from (4.29) is well satisfied. We see that at
/s = 100 GeV the three SPAs are all close to our standard
results in the region of small £, and w. For 0.1 MeV <
k, <1 MeV the SPAI1 result deviates strongly from the
standard result for @z 4 GeV; see the upper most
right panel of Fig. 17. This is due to the incorrect
energy-momentum § function used, on purpose, there;

see (4.64)—(4.67). Figure 18 shows that for k; <
10 MeV the deviations of the SPAs from the standard
results are only at the percent level. For the @ distributions
these differences are up to around 10% for @ <3 GeV.

We also note that in Fig. 18 the SPA results are in most
cases above the standard results (ratio > 1) but in some
cases also below (ratio < 1). Thus, the ratios SPA/standard
depend strongly on the kinematics.

As for /s = 10 GeV, the rapid oscillations of the ratios
for SPA1 in Fig. 18 are a numerical artefact caused by
different integration procedures in two different codes.

At this point we can discuss the qualitative accuracy
estimates of the SPA1 approximation as given a long
time ago in [46]. For the scattering reaction this
estimate is given following Eq. (19) of [46] and reads
for our case

Pa-krp k<< m?, (5.6)

Py -k py k< m?. (5.7)
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FIG. 19. The ratio SPAl/standard (5.2) for /s = 10 GeV (top panel) and for /s = 100 GeV (bottom panels). The lines
corresponding to ¢ = 1.0, 0.5, 0.1, and 0.01 in (5.10) are plotted. All other curves in the bottom right panel are numerical artefacts.
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FIG. 20. The ratios R(w, k) (5.2) for the z=z" — z~n "y reaction for our improved SPA scenarios for /s = 10 GeV and 100 GeV.
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In the c.m. system, choosing p, in z direction, p, - k (p,, - k)
can only become small for the longitudinal component k;
of k being positive (negative). We have then

Pa-k=plo—palk;, = pSo — |p.|\/@* — K2
2mz” + 5 (s —4m7)k3
_ Zmerta(s—dmokl e o, (5.8)
VS0 + /s —4m2\/o? — K
and
2mzw* 45 (s —4mz)k]
py-k mew” (S Akl ok <0, (59)

N sw+ /s —4m2\/w® — k?
Vo +y/ 1

In Fig. 19 we show again the ratio SPA1/standard in the
w-k | plane together with the lines

2mie? +3(s—4m2)k3

=cm2, ¢=1.0,0.5,0.1,0.01.
VS04 /s —dm2\/0? — k2

(5.10)

If the accuracy estimate (5.6), (5.7) would be valid, say
with p, -k < cm? and pj, - k < cm2 and ¢ = 0.1 or 0.01,
the area below the corresponding curves in Fig. 19 should
be colored green, indicating that there the SPA1 is a good
representation of our standard result. But we see from
Fig. 19 that the green areas, which we obtained from
explicit calculations, seem to have only very little to do
with the qualitative conditions (5.6), (5.7). The areas below
the curves of constant ¢ have regions where the SPA1 is not
a good representation of the standard results. On the other
hand, there are large green areas above these curves where
the SPA1 gives a good representation of the standard
results. Of course, all these statements refer to a comparison
of SPA1 to our standard results and things could be
different for possible other calculations including, for
instance, anomalous terms.

Figure 20 shows the ratios R(w,k,) for the two
“improved SPA” scenarios calculated for /s = 10 GeV
and 100 GeV. Comparing these results to the corresponding
results from Figs. 10 and 16 we observe that the improved
SPAs greatly reduce the discrepancies to our standard
results. This is particularly the case for the improved
SPA1 case. One can see from Figs. 20(a) and (e) that
the improved SPA1 is a good approximation with the
accuracy up to 10% for k; < 0.2 GeV and w < 2 GeV for
Vs =10 GeV, and for k; $0.2 GeV and w <20 GeV
for /s = 100 GeV.

VI. CONCLUSIONS

In this paper we have studied elastic pion-pion scattering
without and with photon radiation. In Sec. I we have given
a detailed analysis, from a QFT point of view, of the

reactions 7~7° — 77 7° and 77 7° — 7~ z"y. We have used

this analysis in Sec. III to derive the expansion of the
amplitude for 7~7° — 7~2% in powers of w, the photon
energy in the overall c.m. system, for ® — 0. The term of
order w~! agrees with that given by F.E. Low in [1] but, to
our great surprise, our term of order »” disagrees with that
given in [1]. We have analyzed this important discrepancy
and we have shown that our expansion is for the photon-
emission amplitude satisfying energy-momentum conser-
vation. In contrast, we find that the term of order »° from
[1] corresponds to the expansion of an amplitude violating
energy-momentum conservation for photon-momentum
k #0. In Appendix A we compare our findings for this
term of order @ to further results from the literature. We
find that our result is new compared to the results of the
papers which we study in Appendix A. We emphasize that
our result for the @ term is a strict consequence of
QFT. Therefore, absolutely no model dependence is con-
tained there.

In Sec. IV we have calculated the amplitudes for zz —
zr and zm — zmay in the tensor-Pomeron model. The
diagrams for the latter process where the photon is emitted
from the external pion lines [Figs. 7(a),(b),(d),(e)] are
determined completely by the (off-shell) zz — zx scatter-
ing amplitude. The amplitudes corresponding to the dia-
grams of Fig. 7(c) and Fig. 7(f), the “structure terms,” have
to satisfy gauge-invariance constraints involving the pre-
vious amplitudes. We have given a solution of these
constraints which involves again only the (off-shell) zz —
zzr scattering amplitude. But we have emphasized that this
solution is not unique (as is well known in the literature, see
e.g., [50]) and there “anomalous” terms in the zz — zzy
amplitudes, not directly related to the zz — zz amplitude,
could come up. We considered then as “standard,” or
“exact” model, our zzx — zzy amplitudes without such
anomalous terms. Clearly, in Sec. IV we used a model. We
summarize here our main model assumptions.

(1) We used the tensor-Pomeron model, both for the on-
shell and off-shell zz — 7z amplitudes. For the
high-energy reactions which are our main interest
we needed the effective Pomeron propagator
and the Pomeron zz vertex. These quantities were
taken from [15] where they were derived from
comparison of theory to data, in particular for
nucleon-(anti)nucleon and pion-nucleon scattering.

(2) We used the standard pion propagator and yzzw
vertex; see (4.11). Possible off-shell form factors
in the Pomeron- and photon-pion vertices and the
pion propagator are set to one.

(3) To determine the structure terms [Figs. 5(c), 7(c), 7(f)]
we used the simplest solutions of the respective
gauge-invariance relations; see (4.18), (4.19), (4.52).
Throughout our paper we denote as anomalous terms
possible additional structure terms, which then have to
satisfy the gauge-invariance relations by themselves.
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In our model we excluded such anomalous terms in
the radiative amplitudes.
We consider point (3) as our main model

assumption.
We have defined three soft-photon approximations to
our above “exact model”: SPA1, SPA2, and SPA3; see
Sec. IV B. In the SPA1 the photon momentum k was, on
purpose, omitted in the energy-momentum conserving
8™ (.) function in the evaluation of the cross section. In
the SPA2 and SPA3 the correct energy-momentum con-
servation was required.

In Sec. V we have presented quantitative calculations for
the elastic zz scattering without and with photon radiation
within the tensor-Pomeron model. We have shown results
for our “standard model” and for the three SPAs for two
different collision energies /s = 10 GeV and 100 GeV.
‘We have shown, for instance, the results of our model for
the two-dimensional distributions in photon transverse
momentum k| and rapidity y [Figs. 9(c) and 15(c)]. For
/s = 10 GeV the distribution is largest for k; < 0.1 GeV
and 2 <y <5. For /s =100 GeV the distribution is
largest for k; <0.004 GeV and 3 <y < 7. These are the
results of our calculations in the framework of our standard
model where we have listed the assumptions in (1), (2), (3)
above. We note that the distributions in k, and y give very
small values for y =~ 0, that is, in the midrapidity region.
Clearly, this is then a region where anomalous contribu-
tions to the radiative amplitude could be large compared to
our standard. But we note that such anomalous contribu-
tions cannot come directly from the high-energy exchange
object, the Pomeron P. Charge-conjugation (C) invariance
of the strong and electromagnetic interactions forbids a
PPy vertex. The Pomeron has C = +1 and the photon
C = —1. Butin zz scattering there can be central exclusive
production (CEP) of single photons by the fusion reactions
P+ pr — v and for + pr — 7. In the terminology used in
our paper these would be called anomalous photon con-
tributions even if their origin is quite conventional. These
photons, indeed, can be expected to populate preferentially
the midrapidity region; see [43].

Another main purpose of our paper was a study of the
various soft-photon approximations (SPAs). How close or
far away are they from our standard results? As expected,
the SPAs are good approximations to the standard results
for low k; and low w. To be concrete: this means k; <
10 MeV and o < 50 MeV for /s = 10 GeV (see Fig. 10)
and k; <10 MeV and w < 0.5 GeV for /s = 100 GeV
(see Fig. 16). For larger values of k, and/or w the
discrepancies between the standard and SPA results
increase rapidly. But these discrepancies also depend on
the detailed kinematics. The “improved SPA” approaches
with the variable §, defined in (4.72), in the zn — an
amplitudes greatly reduce the discrepancies to our standard
results, especially in the case of SPA1 (see Fig. 20). For
these numerical studies we have considered only the

leading exchange at high energies, the Pomeron. This
should be a very good approximation for /s =100GeV.
For /s = 10 GeV we have also considered the subleading
Reggeon exchanges and we found that they increase the
cross sections for 7=zt — 2~ z"y by about 20% to 40%.

As already mentioned in the Introduction there are plans
for a new detector for the LHC, ALICE 3. One physics aim
for this new initiative is an experimental study of soft-
photon emission in hadronic reactions. What can we say in
this context from our investigation of zz scattering without
and with photon radiation? From the theory side we have a
good model for the basic process 7z — zz. This allowed us
to construct our standard amplitude for zz — zzy but we
have excluded anomalous terms, as described above.
Suppose now that we have experimental measurements
at all photon energies w. Then we could study, as an
example, the ratio

doey,/dw

= 6.1
do_standard/ dw ( )

Rexp(@)

From the results of our present paper we know that the
terms of order 1/ and @ in the expansion of the standard
amplitude are strict results from QFT without approxima-
tions, given the on-shell zz — zz amplitudes. Therefore, if
QFT describes experiment we must have (see Appendix B
for a detailed discussion)

dR (@)
. _ . exp
i) =1ty

=0. (6.2)
A violation of these relations would mean a terrible crisis
for QFT. For higher  a value R.y,(®) # 1 would mean that
there are soft photons from anomalous terms (in the sense
defined above) present in experiment. From our point of
view the origin of such anomalous terms should be
searched for in nonperturbative QCD. One will have to
first consider carefully all conventional sources of anoma-
lous photons like photons from central exclusive produc-
tion reactions (see above) and then more unconventional
sources; see for instance [13] and [67-71]. Let us note that
for very small w one has to take care of infrared divergences
and multiple soft photon emission. But these effects can be
calculated with the methods originally developed by Bloch
and Nordsieck [87].

What can we do if we do not have a good model for the
amplitude of the basic process, e.g., for multi-particle
production? Typically one has then the experimental or
theoretical distributions of particles and one uses the analog
of our SPA1 approximation (4.64)—(4.67) instead of
dOyungara/de in (6.1):

oy /do

Rep (@) = .
p() dospay/dw

(6.3)
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Then, the firm prediction from QFT is only

lim Ry (@) = 1.

w—0

(6.4)

Note that the ratios R(w) for SPA1 shown in the right
panels of Figs. 13 and 18 do not satisfy
dR(w)

lim——==0
wl—r{(l) dw ’

(6.5)

and this must be expected to be the case in general. If then
Rexp(w) turns out # 1 for larger @ the conclusions for
anomalous terms in the photon-emission process will not
be so straightforward, since it will depend on an estimate of
the accuracy of the SPA used. For our zz scattering reaction
these accuracies can be read off, as function of the kinematic
region considered, from the figures shown in Sec. V. But, in
general, such accuracy estimates are a difficult task.

In the future we plan to study proton-proton elastic
scattering and central exclusive production (CEP) reactions
like pp — prtz~ p without and with soft photon produc-
tion using the methods which we have developed here for
the zz scattering case. We hope that with the planned
ALICE 3 detector at the LHC our theoretical studies of soft
photon emission in exclusive reactions will find their
experimental counterparts. The goals will be to establish
if QFT has a crisis there in the sense of a violation of
relations of the type (6.2) and if anomalous soft photons,
compatible with QFT, are present.
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APPENDIX A: SOME REMARKS ON THE
LITERATURE CONCERNING
LOW’S THEOREM

Here we compare our findings concerning the revision of
the order @° term in the soft-photon expansion from Sec. IIT
to results from a number of papers from the literature. We
find it surprising that so many versions of “Low’s theorem”
can be found in the literature. This, clearly, poses the
question if they are all equivalent. A genuine theorem of
QFT should give a unique result. We think that a clarifi-
cation of this question is important especially for exper-
imentalist trying to check this theorem. They should know
precisely what they are supposed to check. In this spirit, as
a service to experimentalists, and in order to answer to
various points raised by the referee of our paper, we shall in
the following compare results from the literature to our
findings.

For these comparisons we shall mainly restrict ourselves
to the simple pion-pion scattering reactions (2.1) and (2.2).

We start by recalling our Egs. (3.27) and (3.28) which
we specialize here for real photons, k> = 0. We get then
for 772° — n~2%, dropping gauge terms proportional
to k s

2 2)

(Pb : k)
(Pa k)

n 0
Pai T Pba s,

~2pa = prck) = - 101 P -

Now we have a look at Gribov’s paper [46]. As far as we
can see the emphasis there is on the question of determining
the kinematic region of validity of the w~! term in Low’s
theorem. The @° term is only mentioned in the context of
the cancellation of the off-mass-shell effects. This happens
also in our calculation when adding the amplitudes /\/l/(f'),

./\/lﬁb), and Mﬁc) in (3.27). The question where the »~! term

L S AMO Gyt + O
Pr-

T (A1)

[
gives a reliable result is discussed in detail in our Sec. V
where we also compare to [46].

Next we study Lipatov’s paper [47]. From the many
interesting considerations presented in this paper we are
only concerned with the form of Low’s theorem given there
for the photon case. From Eq. (11) of [47] we get for our
process (2.2), using our notation,
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] MO (s, t,m2, m2, m2, m2)

Par p/l/l
Miaov:e|: -
o = €100 T B
Pa
—epa—p,k[ -
Pa= P DD

This result clearly is different from our Eq. (A1). There is in
(A2) no term OM© /9s; and the term proportional to
OM©) /9t is different from our result.

Concerning the paper [48] we see no overlap and,
therefore, no conflict with our results. In [48] hard
processes with photon emission are considered. Let Q
be the scale of a hard process. Then, including photon
radiation, the region of @ mainly discussed in [48] is
m?/Q < w < m, with m being some mass scale. But we are
considering a soft process and we are interested in the strict
limit @ — 0.

Concerning the papers which we want to discuss next we
would like to make a general remark. In many papers the
results for the soft-photon expansion of the amplitude, say for
2~ n% = 77 2%, contains derivatives with respect to the
momenta of the basic amplitude, here for 7~2° — 7~ x°.
Let us consider as in (2.8) the, in general off-shell, amplitude

T(pm Pbs P1s p2)

= T(pa’ Pb> P1s p2)|0ff shell or on shell* (A3)
In order to calculate derivatives like 97 /9p’ we have to
consider

T(pa+6pasPos P12 P2) = T (Pas Pis P1- P2)

oT
+5PZ8—I);¢(Pa,Pb,P1,P2)

+0((6p)*)- (A4)

But clearly, with (A4) we have to go outside the physical
region for 7 which requires always p,+ p,—p1—p>=0.
Thus, it is our opinion that all expressions for Low’s theorem
which contain derivatives like 97 /dp" etc., have to be
considered as potentially problematic.

Keeping this in mind we shall now discuss the aspects
relevant for Low’s theorem in the paper by H. Gervais [49].
In [49] the reactions considered are fermion-scalar (f-s)
elastic scattering and the corresponding photon-emission
process. In our notation we have then

f(pa) +5(pp) = f(P1) + 5(p2), (AS)

f(pa) +5(pp) = f(P) + s(p3) +7(k.€).  (AO)

The masses of f and s are m; and m,. Now it is correctly
stated in [49] that the momenta of f and s cannot all stay

P }8 2 .2 2 (A2)

1B EM(O)(SL,L m2, m%, mx, mz).
[

fixed when going from (A5) to (A6); see Eq. (9) of [49].
The four variables &, n; (i =1, 2) introduced there
correspond to our /|, variables; see (3.16). We have only
two such variables since we keep p, and p, the same in
(AS5) and (A6) which is, of course, legitimate. Let

T (pas Py» P1> P2) be the elastic amplitude, stripped from
the spinors, and, in general, for off-shell particles. The
relevant formula giving the terms of order w~!' and @ for
the amplitude from (A6) is then Eq. (20) of [49]. There, the
following expressions, using our notation, occur:

0 0 |=
I - _la -5 _ka T ) ) ) )
1 [ lap? 2apg apg] (Pa> Py P15 P2)
0 0 0 =
I - _la—_ la ka T bl ) b )
2 |: ]81)7 28Pg+ ap(lx:| (pa Pb> P1 p2)
Iy, :Wj'(pa’phvpl’pﬁv
ap
I4I4 = aplﬂ T(paa pb’ p17 p2) (A7)

We shall now choose a simple trial function for T
T(Pas Pys P1- P2) = hlpa + P} = Py — p3).  (A8)
On shell we have

,jd(pav PbsP1> pZ)on shell — h[zmjzf - 2mﬂ

= const. (A9)

We shall assume that /1(2m} — 2m3) # 0 and that also the
derivative
W [2m7 —2mg] # 0, (A10)

but otherwise arbitrary. Evaluating I, ..
get, using (3.22),

., 1, from (A7) we

Iy = [~y - p1) + (I p2) = (k- pa)]20' (2mG = 2m3)
— (k- p )2 (22 20,

I, = (k- p1)2h’(2m§- —2m?),

I3, = 2p,, ' 2m3 — 2m3?),

Ly, =2py, W (2m% —2m?).

N N

(Al1)

~
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We conclude, that the expression (20) of [49] which is
supposed to give Low’s theorem up to order »° contains, in
our simple example, the arbitrary quantity A'(2m7 —2mj).
Thus, in our opinion, this equation has a problefn. On the
other hand, inserting 7 from (A8) in our Eq. (A1) we geta
sensible result. Here, the on shell 7° equals the constant
(A9) and on the right-hand side (r.h.s.) of (A1) only the
terms proportional to M survive, M /s, and
() /9t being zero.

Finally we want to discuss the form of Low’s theorem
presented in Egs. (2.8), (2.9) of [50] and (25), (26) of [51].
For our reactions (2.1) and (2.2) these give for M from our
Eq. (2.13)

e e
M :{— ai— Mgk ) ———~(Pia—imk"J 1, }
A (Pa-k) (Paz—in ) (p1 k) (Pry—imk“J )

XTI (PasPp:P1:P2) +O(). (A12)
Here
Jaw = i(Pa/li - payi>’
ap, s
Jiw = i<pl’1<?iﬂl’_pl”8ip’})’ (A13)
and we have inserted factors n, = £1 and 5; = £1 in

(A12) because we could not always find out the precise
momentum orientations used in [50] and [51]. But this will
play no role in the following.

Now we shall use as trial function in (A12)

T(Pas Pos P15 P2) = Rl(pa + pu)* = (P + P2)], (Al4)
where 7 is a function satisfying
h(0)#0 and R'(0)#0 (A15)

but otherwise arbitrary. In the physical region we have, on
shell and off shell, p, + p, = p1 + p», and therefore our
M from (2.8) is given by

M = h(0) = const. (Al6)
Thus, from (A1) we get our result as
Pa P
M;=e -
’ {(pa-k) (p1-k)
1 -
- W[Pu(ll k) = 1;(py -k)]}h(O)
+ O(w). (A17)

On the other hand, from (A12) we find

M= e{ [( b (zfll-l@] w0

(i)
(p2-k)

+1 <pum—p2,1)] 2%'(0)} +0(w).  (A18)

Clearly, the results (A17) and (A18) differ. In (A18) we also
see the completely arbitrary quantity 7’(0) occurring. That
is, at least for this example (Al) and (A12) are not
equivalent.

The reader may wonder if our trial function (Al4) is
reasonable since in 77 2° — 777° we have the same
particles in the initial and the final state. Should there be
some symmetry requirement for /(-)? We can counter such
an argumentation by considering instead of 7~ 7° — 7~ 2°
the reaction 7~ 7" — K~K° where there is no symmetry
between the initial and the final state. The results (A17) and
(A18) stay the same.

With this we close our remarks on some papers from the
literature.

APPENDIX B: THE CROSS SECTION
do/dw FOR @ — 0

In this Appendix we shall discuss the cross section
do/dw for @ — 0 for the reaction 7~7° — 7~z for real
photon emission. The results for charged-pion scattering
are analogous.

We consider, thus, the reaction (2.2) where the scattering
amplitude is defined in (2.13). The cross section is given as
in (4.63). We work in the overall c.m. system, setting k¥ =
@ and

M, = M F=m 7, (B1)
do(z~ 7’ - n=2%(k))
B 1 Bk / Bp, &Pl
2/s(s—4m2) (27)*2k° (2ﬂ)32p (27)°2p%
X (2,,)45<4> (P} +p’2+k—pa—pb)(— JMy(MP)*
IP’ |2
/
\/Wﬁ a7 swdwdQ; /dQ / d|p} |
xS(p + py + o —/5)(=MM*). (BZ)

Here we have
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Py = m
py=-p—k
Py = \/m
— ViR + 2o - k) + o? + 2, (B3)

where p, = p,/|p| and k = k/|k|
of the energies in (B2) requires

=k/w. The § function

Pl+pY=Vs-w (B4)
which allows us to calculate |p/| for given \/5, , p/; and k.
We get as solution

R R R S 3)

[p/|:\/s(\/—_2w)2_4(\/§_ ~
! 4[(v/5 — )* — (P} - k)?]

For @ = 0 this gives, as it must be,

|
IpllHa):O = 5 = 4m721

Now we define the phase space function

lp’ |2

(B6)

J(s,wﬁl,A) _/ dll’/| (P + Py + o= /s)

IP/ |2
TR+ P+ oy R))
Here p/? and p% have to be substituted according to (B3)

and finally everywhere |p}| from (B5) has to be inserted.
For @ = 0 we get

(B7)

A 1 4m?2
J(5,0,p5.k) ==/ 1 ——=. B8
(5.0.p1. k) 3 p (B8)
Collecting everything together we find
d
d_Z) (=2 = 272%)
B 1 1
Vs(s —4m2) 2*(2n)
« / 49,49 1(s. . k) (=M M>).  (BY)

We are interested in the behavior of do/dw for @ — 0.
Therefore, we shall now consider the expansion of M in
powers of  as given in (A1l). We have used in (B9) k and
P} as phase-space variables. Therefore, we should choose
the expansion of M keeping p] fixed, independent of w:

Py = D1 (B10)

This means that we choose in the expansion (Al)

P 1 [ V35— 20)a(p; - k)
4 [(V5 - ) - oP(p -k

(BS)

~

2(s — @)’ = a?(py - k)*

see (3.21). Then k*, If and 5 are, for fixed k, strictly
proportional to w. Therefore, we can write from (Al):

M, :éMﬁo) + MY+ 0(a?), (B12)
where
MO = M (s5.pasb1. k)
- {(pia-lk) B (pl: 1-ﬁk)] MO o ).
(B13)

~ (1 ~ (1 A n
ME ) = M,(l )(s’pa’pl’k)

_ e{-(pl_k)z {pu(zl )= Da(py -k)]

(Pb k) ] 0
+2 at
Gt ol

2= o[- )

x MO (s, t,m2, m2,m%,m2). (B14)
Inserting (B12) in (B9) we find
d
d_z) (=2 = n=2%)
1
=—[AO(s, ®) + 0AV (5,0) + O(w?)],  (B15)
w
where we have with (B10)
A© = ! ! dQdQ
(s,a)) = \/W24 27.[ 5 k=D,
x I(s, @, pr, k) (=M O, (B16)
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A(l)(s,w):mz4(;ﬂ)5/dQ,;in,lJ(s,w,ﬁl,ic)
X [ (MO = MM (B17)

We clearly have from (B16)
A (s, ) #0. (B18)

Furthermore, A (s,®) and A()(s,w) are continuous
functions of @ in the region of interest for us.

Given the amplitude M (©) for the basic process 7~ 7
7~ 7° the result for do/dw in (B15) is a strict consequence
of QFT. Thus, the experimental cross section should also be
of the form

0

da(_
—(nx
dw

> n )

exp

1 [AO) (s, 0) + @AV (s, @) + O(0?)].

w

(B19)

Therefore, if we have a good “standard” representation of
the basic 7z~ 2" — n~x° process, compatible with experi-
ment, and if the corresponding calculation of do/dw
respects the rules of QFT, in particular the relation (Al),
this standard result must also give the expansion (B15) for
@ — 0 and we shall then have

A6y, /dw
Rexp(w) =_—=F

— =1+ O0(0?).
dastandard/ dw * (w )

(B20)

Equation (B20) should, in particular, be true for our
standard result as discussed in Sec. IVA for 7~z
-7’ and in Sec. IVB for charged-pion scattering. Of
course, there we must stay in the relevant energy range, that
is for large /s where Pomeron exchange is dominant.
From Eq. (B20) we get immediately Eq. (6.2) for which
we have, thus, given a detailed derivation. Finally we note

-

that (B20) and (6.2) will also hold if cuts in phase space are
introduced, e.g., of the following forms:

o k| <c <1, (B21)

or
Pk <c<1, (B22)

or
(|pa k| <c<1) A (py-k| <c<1). (B23)

Applying, for instance, the cut (B21) we have to replace in

A

(B16) and (B17) the kinematic function J(s, @, py,k) from
(B7) by

J(s..p1.R)0(c — [p, - k). (B24)
If this cut is applied both to the standard calculation and to
the experimental determination of do/dw the result is again
(B20). The analogous statements hold for the cuts of the
type (B22) and (B23).

Finally we note that relations for the radiative cross
sections for @ — 0 were discussed already a long time ago
by Burnett and Kroll [88]. They considered, in particular,
the case where the charged particle carries spin 1/2. The
critique which we have to formulate here is that their results
contain derivatives of the nonradiative amplitudes with
respect to one momentum keeping the other ones fixed, i.e.,
derivatives where one has to extrapolate into the unphysical
region; see (A4). We have shown in Appendix A that in this
way one can get essentially any arbitrary result. We have
demonstrated in our present paper that such extrapolations
into the unphysical region of the basic amplitude are never
necessary when our methods are used.
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