PHYSICAL REVIEW D 105, 014003 (2022)

Unified formalism for electromagnetic and gravitational probes: Densities
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The use of light front coordinates allows a fully relativistic description of a hadron’s spatial densities to be
obtained. These densities must be two-dimensional and transverse to a chosen spatial direction. We explore
their relationship to the three-dimensional, nonrelativistic densities, with a focus on densities associated with
the energy-momentum tensor. The two-dimensional nonrelativistic densities can be obtained from the light
front densities through a nonrelativistic limit, and can subsequently be transformed into three-dimensional
nonrelativistic densities through an inverse Abel transform. However, this operation is not invertible, and
moreover the application of the inverse Abel transform to the light front densities does not produce a physically
meaningful result. We additionally find that the Abel transforms of so-called Breit-frame densities generally
differ significantly from the light front densities. Numerical examples are provided to illustrate the various

differences between the light front, Breit frame, and nonrelativistic treatment of densities.
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I. INTRODUCTION

The energy-momentum tensor (EMT) and the associated
gravitational form factors [1] have recently attracted signifi-
cant interest in the hadron physics community. Major open
questions such as the proton mass puzzle [2—8] and proton
spin puzzle [9—13] are directly related to the EMT. Moreover,
the EMT encodes information about the magnitude and
distribution of forces within hadrons [14—17], a topic which
has itself led to a flurry of theoretical studies [15,16],
empirical extractions [18-20], and lattice calculations [21].

The theoretical studies are driven by the promise of
making relevant experiments to determine the various
matrix elements that allow the extraction of the relevant
form factors. As depicted in Fig. 1, the relevant formalism
is most generally expressed through generalized transverse
momentum distributions, which are obtained from bilocal
correlation function Hy-(k, P, A) by integrating over k™. For
quarks, this correlator is given by [22]

Hp(k.P,A) = (22)4 / d4zeik‘z<P+%A‘(_1<—§>
o5t o
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where I stands in for a matrix in the Dirac algebra (e.g., y ")
and W(y,x) is a Wilson line from x to y. Integration
over k| gives the generalized parton distribution, Mellin
moments of which encode local form factors of interest—
including those appearing in the EMT.

The form factors appearing in matrix elements of the
EMT encode spatial densities via Fourier transforms. When
performing these Fourier transforms, it is important to keep
perspective about the actual, physical meaning of the
densities that are obtained. It has been established
[17,23-26] that the only meaningful way to obtain fully
relativistic densities is through two-dimensional Fourier
transforms at fixed light front time. The three-dimensional
Breit frame density was originally obtained by erroneously
assuming that the hadron can be spatially localized [26,27],
though it has been rehabilitated as a quasidensity through
the Winger phase space formalism [16,28]. However, the
phase space formalism of Refs. [16,28] sets P = 0 to obtain
the Breit frame distributions, while integration over P is
required to obtain physical expectation values from the
Wigner distribution [29]. The Breit frame distributions are
thus formally defined quantities.

The Abel transform has recently been proposed as a means
of connecting the light front and Breit frame formalisms
[30,31]. It is therefore necessary to explore the meaning of
this connection. The Abel transform can be obtained by
integrating one coordinate of a spherically symmetric den-
sity. However, there is no manifest spherical symmetry on the
light front [32]. Additionally, Refs. [30,31] looked at the case
of spin-half hadrons, but not spin-zero hadrons, where the
proposed connection is shown below not to work.

The purpose here is to explore the actual meaning of 3D
EMT densities and their relationship to the fully relativistic
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FIG. 1.

Chart depicting the relationships between densities in different formalisms, as well as their relationships to generalized parton

distributions. Here, p stands in for any space-dependent density, including mass density, P+ density, or even pressure density. One-arrow
(purple) lines signify one-way relationships, and two-arrow (green) lines signify invertible relationships. There is no systematic

connection between light front and Breit frame densities.

2D light front densities. In particular, we show that
physically meaningful 3D densities can be defined only
in a nonrelativistic approximation, either by taking ¢ — oo
or—in some cases—keeping up to order v%/c? corrections.
Additionally, we examine the physical meaning and appli-
cability of the Abel transform.

This work is organized as follows. In Sec. II, we discuss
the Abel transform and when it does and does not connect
2D and 3D densities. In Sec. III, we consider the formalism
for relativistic and nonrelativistic densities for both spin-
zero and spin-half particles, deriving results for the relation-
ships between them. Numerical examples, based on using a
simple hadronic model [25,33,34] are used to study the
implications of using the Breit frame and the nonrelativistic
limit in Sec. IV. We conclude and provide a summary
in Sec. V.

II. ABEL TRANSFORMS OF PHYSICAL
DENSITIES

Since the fully relativistic light front densities are two-
dimensional, they can be most directly compared to two-
dimensional rather than three-dimensional nonrelativistic
densities. The 2D nonrelativistic densities are obtained by
integrating out one coordinate of a given three-dimensional

density pl(\?RD ) (r) (which may be obtained as a three-dimen-

sional Fourier transform of a form factor):

P (b,) = / dz oS0 (r). 2)

[Se]

where b = (x, y) are the transverse coordinates. If the 3D
density is spherically symmetric, i.e., pf\?s )(r) is a function
of only r = |r|, a change of integration variable allows us to

write

)=o) (M)(b1).

(3)

2
ngllz))(bﬁ =

e r (3D)
2 dr r
) MPNR (

which defines the Abel transform.' For densities which
depend on individual components of r, one must use
Eq. (2). However, each of the densities we consider can

'The Abel transform has several slightly different definitions in
the literature. Equation (3) agrees with the definition in Ref. [35],
which we use here because of its clear geometrical meaning.
Reference [30] uses a different definition of the Abel transform.
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be written in terms of derivatives of an entirely scalar
density to which Eq. (3) can be applied.

One pertinent property of the Abel transform is that it is
invertible [35]:

(2D)

(3D) _ _l oodb PNR (bJ_) 1
Par (1) ”[ 1 db, bi —_ 2

= /o (b1))(r). (4)

This allows a 3D nonrelativistic density to be reconstructed
from a 2D nonrelativistic density, assuming that we know
the former to be spherically symmetric ahead of time.

The importance of spherical symmetry cannot be
stressed enough. If one begins with an azimuthally sym-
metric 2D density without a guarantee of spherical sym-
metry in three dimensions, applying Eq. (4) may not give
the correct 3D density. Consider, for instance, the following
3D densities:

3

a
— ) 5
f(r) Z+y + 2 +a)’ (5a)
Sﬂ3
= , 5b
g(r) (x2 —|—y2 T 272 +az)a (5b)

where a is some length scale and s is a positive unitless
constant. These both integrate to the same azimuthally
symmetric function:

/_ ® dzf(r) = / ™ dzg(r) = A 1f(P)(b)

[ee] o0
3a’n

(6)

Applying the inverse Abel transform to F(b) will return
f(r), even if—in the context of a physical scenario—g(r) is
the true 3D density.

This point is especially pertinent since the light front
Galilean subgroup of the Poincaré group does not have an
SO(3) subgroup. Light front dynamics does not admit 3D
spherical symmetry [32], so it is meaningless to try to
construct an exact relativistic 3D density by applying
Eq. (4) to a light front density, as done in Refs. [30,31]
or earlier in Ref. [36]. In fact, there are model calculations
suggesting that the proton is elongated in the x~ direction
[37]. Moreover, we shall see below that densities of
transversely polarized hadrons have ¢ dependence, dem-
onstrating that spherical symmetry in (x;,x~) does not
hold. At best, the inverse Abel transform of a light front
density can give the 3D density in a nonrelativistic
approximation, as we shall show below.

One helpful property of Eq. (2) that will aid the
exploration to follow is its effect on Fourier transforms.
If a 3D density is defined by

d’A .

3D _iA.

pN(R>(r) _—/—( )3F(l‘—— —A2>e Ar’ (7)
then because the Z integral of e iA:z 1S 2ﬂ5(AZ)’ one has

d’A .
PR (b1) = | s (= —ab)etat (8)

III. RELATIVISTIC AND NONRELATIVISTIC
DENSITIES OF THE EMT

We shall now consider relativistic and nonrelativistic
densities of the energy-momentum tensor. These densities
are related to form factors, which are defined via matrix
elements of plane wave states. For spin-zero particles, the
standard decomposition is [15]

A”AD—AZ v
MA A,

(p'|T"(0)|p) = 2P*P*A(1) + > @, )

while for spin-half particles [15] it is

(p". AT (0)[p. 4)

PP AFAY — A2
= a(p’ An+=="=29 p
{0+ 5 i
iP{ugriP A
R —
S0 bulp.), (10)

where P =3 (p + p'), A = p’ — p,t = A% and curly brack-
ets {} signify symmetrization, e.g., al*b*} = a*b* + a*b*.

A. Relativistic light front densities

As discussed in Refs. [23,24,32,38], the only way to
meaningfully define intrinsic relativistic densities is at fixed
light front time, since this allows separation between
barycentric and relative coordinates. Although there is
much emphasis in the literature on the concept of a
probabilistic interpretation (pointing out that the transverse
jt and TT7 densities correspond to probability densities), a
probability interpretation is not necessary for the concept of
a “density” to make physical sense. Here, we use the word
“density” to refer to any physical quantity that is distributed
over space, i.e., that can be defined via the expectation
value

(F[O)|¥)

for some local current O(x) and physical state V. The true
significance of light front coordinates, as first pointed out in
Ref. [38] and later reiterated in Refs. [17,23,24], is that they
allow a density defined at fixed light front time and
integrated over x~ to be factorized into a center-of-P*
piece convoluted with an intrinsic density, and for the latter
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to be isolated and well defined by taking the width of the
barycentric wave function to zero.

For both spin-zero hadrons and longitudinally polarized
spin-half hadrons, the light front momentum (P™) density is

found to be [17,23,39]
d’A | .
A(t)e by 11
P [ Gsamerr )

pp+ (bJ_)
and in these same cases, the comoving stress tensor is
[16,17]
d’A |

S (bJ_) (277)2

P —(8V3 -V V) / (t)e=ArbL,

(12)

The comoving stress tensor is a concept introduced in
Ref. [17], and corresponds to what an observer comoving
with the total motion of the hadron sees as the stress tensor.
The full stress tensor depends on P |, and accordingly does
not provide a well-defined density in the limit of localized
wave packets. However, the Galilean symmetry allows the
stress tensor to be additively decomposed into a piece that
contains hadron flow and a piece that is invariant under
Galilean boosts, and the latter piece—the comoving stress
tensor—has no P; dependence, and is well defined in the
limit of localized wave packets. See Ref. [17] for a full
explication of the formalism.

It should be emphasized that the stress tensor does not
have a probability interpretation, since it mixes “good” and
“bad” components of the fields, and accordingly contains
contributions from particle pair production and annihilation
[40]. This can be seen especially clearly in the formalism of
generalized parton distributions, where the form factor D(¢)
comes form the Efremov-Radyushkin-Brodsky-Lepage
region [41], which connects Fock states with different
numbers of particles [42]. The stress tensor is interpreted as
a density, however, in the sense that it is a spatial
distribution of a physical quantity, arising from the expect-
ation value of a local current for a physical state.

The comoving stress tensor can be decomposed into a
isotropic pressure p™F(’+) and pressure anisotropy (or shear
stress function) s“F(>1) (b | ):

; y by, 1
Sth(b1) = 87p,) + (P = 180 )0 )
1

(13)

and has eigenpressures in the tangential directions
[16,30,43]:

(b)) = bib;Sk(b,) = p* st (b)),

(14a)

1
B(b,) +§

(b.) = ) (b,) ~ 35U (b,).
(14b)

piF (lu)=r25éﬁ

where b and ¢ are unit vectors in the radial and tangential
directions.
A useful quantity is the potential D(b ), defined by

. R 012AL

The comoving stress tensor is related to this potential by

Db (15)

Si(b,) = (ViVJ = §IV2)D(b)). (16)

The radial and tangential pressures have simple expressions
in terms of the potential:

1 dD(b))
pob) = - (17a)
2
o) = S0 (170)

1. Transversely polarized hadrons

It is possible to prepare spin-half hadrons in transversely
polarized states, for which the light front densities will no
longer have azimuthal symmetry. A transversely polarized
hadron can be prepared as a superposition of light front
helicity states [44]:

sy =s,) = |A=+1) + e
T € \/§

A=-1)

(18)

In terms of helicity states, matrix elements of transversely
polarized states take the form (with momentum dependence
suppressed to compactify the formula):

= SHOI) + (—101-) + (+{0]-)e
+(-10l+)e ), (19)

<SJ_|O|SJ_>

which is the average of helicity state densities, plus an
additional ¢-dependent helicity-flip contribution.
The P* density of transversely polarized states is

Pply(bys)) = P;EF)(bl)+P+Slzl;\Elqz)E/(2”)l2
X (A(1) = 20(1)e 40, 20

where pg,Lf)(b 1) is density for helicity states [equal to the
spin-zero P™ density in Eq. (11)], and ¢ = ¢, — ¢, is the
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angle from the transverse polarization vector to the trans-
verse coordinate. The result in Eq. (20) has previously
been found in Refs. [23,39]. It is worth remarking that the
angular dependence is a strictly relativistic effect because
taking the ¢ — oo limit eliminates the ¢ dependence.

The comoving stress tensor also has angular dependence
for transversely polarized states, and in addition has a new
tensorial structure:

ij i PUPNE
S]{(bJ_ﬁ SJ_) - 6l]pT(bJ_, ¢) + (blbj —551]>

< sp(by. @)+ (b'¢) + B )vr(by). (2la)

prbrd) = p(b) + P iy ), (1)
srbr ) = 5(0,) + 0P ), @10
or(bs) = ), 21

where p(b,) and s(b,) are the isotropic pressure and
anisotropy functions in the helicity state case. The
quantities py, sy, vy cannot be obtained through an
Abel transform.

The new tensor structure associated with vy (b, @) is
peculiar and does not contribute to either the radial or the
tangential pressure, since it contracts with both b'b and
with (}i(?)j to zero. It is more instructive—as discussed in
Ref. [15]—to find the eigenvalues and eigenvectors of the
comoving stress tensor. Since the eigenvectors satisfy

S?(blasj_)éit = p:t<bJ_7¢)éita (22)

where we use + to index the two eigenvectors (and their
associated eigenpressures), it is possible to write the
pressure in any direction as a superposition of the eigen-
pressures. If we write the eigenvectors in terms of an angle
with respect to the transverse spin vector,

e, =cos(fy)s, +sin(6.)8, (23)

where § | is a unit vector that is 90° counterclockwise from

s |, then the eigenvectors of SiTj(b 1,8 ) are given by the
angles

0, =+ %tan‘l (W), (24a)
B 1. (2vp(by,¢) n
9_ = ¢ + Etan 1 (m) + 5 5 (24b)

while the associated eigenpressures are given by

p+(bi.¢)=pr(b. @)+ \/%(ST(bp(ﬁ))z + (vr(b1.9))*
(24c)

In the limit of large b, , one has vy (b, ¢) < s7(b1, ), so
the eigenangles become ¢ and ¢ + 7 very far from the
center of the hadron. This deformation from the radial and
tangential directions can be seen as a relativistic effect that
vanishes in the ¢ — oo limit, along with the angular
dependence of the eigenpressures.

The angular dependence in both the P™ density and the
stress tensor demonstrates a lack of spherical symmetry in the
light front formalism. This is of course not surprising, since
rotations around the x and y axes are dynamical operators that
do not commute with the light front Hamiltonian P~ [32,45].
This finding precludes use of the inverse Abel transform to
construct a physically meaningful 3D relativistic density.
Moreover, the inverse Abel transform cannot even be applied
at a formal level, since the transform acts on an azimuthally
symmetric function of a single variable.

B. Breit frame densities

If one tries to define 3D relativistic densities at fixed
instant form time, the density becomes contaminated by
center-of-mass motion of the hadron as a whole [27]. It is
controversial whether localization of the center-of-mass
motion in coordinate space is relativistically possible (see
Refs. [46-48] for attempts, however), and localization in
momentum space produces infinite radii for all densities
[26] owing to the Heisenberg uncertainty principle.

Nonetheless, ostensibly relativistic 3D densities are
ubiquitous throughout the hadron physics literature. The
so-called Breit frame densities are defined by taking a
Fourier transform of e.g., Eq. (9) with respect to the
momentum transfer A while setting the center-of-mass
momentum to zero (P =0). This definition has been
recently formalized in a Wigner phase space approach
[16,28], with P =0 used to define the Breit frame
distributions in particular. However, as explained for
instance in Ref. [29], the physical expectation values for
functions of space and momentum are obtained from a
Wigner phase space distribution by integrating over both
variables, rather than by setting P = 0. so the Breit
frame distributions within this formalism therefore are
definitions.

It is worth stressing that the Breit frame distributions
have not been derived from the basic definition
of a physical density, i.e., the expected value of a local
current for a physical hadron state. As shown in Ref. [26],
the original derivation in Ref. [49] was erroneous
and neglected a term that would make all radii infinite.
Nonetheless, the erroneous Breit frame densities with
finite radii are ubiquitous enough that they should be
addressed.
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The Breit frame mass density and stress tensor both have
different expressions for spin-zero and spin-half particles.
For the mass density [14,15,50],

i d’A 1
prgasg)(r) = M/

(27) /1= .
x {A(t) - ﬁ A®r) + D(t)]}e‘iA'r, (25a)

3
(=1/2) A
mass =M
o) = [ S5

t

X {A(I) ——[A(®) + D(1) - 2](,)]}6—1'“’

aM
(25b)
while for the stress tensor,
. 1 . . d3A 1 .
T =—(8V2 =Viv/ ———D(t)e AT,
BF,o(r) 4M( )/(271)3 T (t)e
M2
(26a)
p 1 , . d’A .
i _ A v24 i v/ —iA-
TBF,%(I.> = m(‘s V1=V V) / (2n) D(t)e™aT.
(26b)

Using Eq. (8), it is possible to obtain simple formulas for
the two-dimensional reductions of these Breit frame stress
tensors. We find

; 1 i [RAL
Tgro(bL) = i (89V7 - Vlv'i)/ﬁit
VI-ae
x D(t)e~"Arbe, (27a)
ij 1 ij2 R v dzAL —iA b
TB{F,%(bL) :m(WVL _VLVi)/(zﬂ)zD(Z)e i
(27b)

where the use of b | instead of r is used to signify that these
are 2D functions.
Comparing Eqgs. (12) and (27b), one can see that

PrSi(b,) = MTgF%(bJ_), i.e., that the 2D Breit frame

and light front comoving stress tensors have identical forms
(up to a constant) for spin-half particles specifically. This is
essentially the central finding of Ref. [30]. The Abel
transform connects 2D Breit frame densities to 3D Breit
frame densities, and it just so happens that the Breit frame
and light front comoving stress tensors have similar
integrands specifically for spin-half particles. Because of
this, Abel transforms formally work out to relate the 3D

Breit frame and 2D light front pressures for spin-half
particles. It should be recalled however that the light front
does not have 3D spherical symmetry and that the Breit
frame densities are not physically meaningful densities.
Thus this formal coincidence does not have any deep
physical meaning, and does not lend credence to the Breit
frame pressure.

By contrast, one can easily observe that P*Siﬁ;(b 1) #
M Tfst,o(b 1), so the findings of Ref. [30] do not apply to
spin-zero particles. 3D Breit frame pressures in spin-zero
hadrons are not related to 2D light front pressures by Abel
transforms. In light of the caveats we have stressed so far,
this is not surprising, but it does help stress that the findings
of Ref. [30] originate from a coincidence rather than a deep
connection between the light front and Breit frame.

C. Nonrelativistic densities

In a nonrelativistic (NR) quantum mechanical theory,
just as in relativistic quantum field theory, the density
associated with a local operator @(x) and a physical state
|¥) is given by

PNR(T) = <qj|@(r) %) NR- (28)

The meaning of the term NR is that the system obeys
Galilean invariance, in which the dependence on relative
and center-of mass variables can be separated. The center-
of-mass position of the physical state |¥) generally has a
finite spatial extent. This state can be localized by allowing
the total momentum to have infinite extent. This localiza-
tion can be achieved, for example, by using a Gaussian
representation [26] so that

¥(p.s) = (21)¥4(20)*2e 7P, (29)

in which p refers to the total momentum of the system, and
then taking the ¢ — O limit at the end of the calculation.
The spatial dependence of pyg (r) thus defined will encode
only internal structure of the hadron. It is possible to show
(using similar derivations to those in Refs. [17,26]) that the
density can be written as

. d’P d3A
prale) = imaa o) [ 555 [ 5.5
x e 2P (p! s|O(0)[p, s)xge~ T e7AT  (30)

in which P =} (p +p’) and A = p’ — p. The limit 6 — 0
is to be taken after the P integral has been done. Integrals in
which the matrix element contains factors P2, P*, etc. will
diverge, which limits the densities that can be considered;
for instance, we cannot calculate a kinetic energy density
for a completely spatially localized system.
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1. Nonrelativistic reduction

The matrix element (p’,s|O(0)|p.s)xg appearing in
Eq. (30) is a nonrelativistic matrix element.” In practice,
one knows how to express the relativistic counterpart
(p’.s|O(0)|p.s), in terms of local form factors. It should
be possible to obtain the former from the latter by restoring
factors of ¢ where appropriate and taking the ¢ — oo limit.
Before doing so, we also must bear in mind that the
momentum kets are normalized differently in the relativ-
istic and nonrelativistic cases; the conventional (instant
form) normalization for momentum kets is

< /

Shk = (27)°6%)(p' = p)diy, (31a)

P, S)rel = (2”)3(2Ep)5(3>(pl - p)‘sss’

(p'.s’ (31b)

Thus, the fully nonrelativistic (FNR) limit is given by
<p,’ S|©(O) |pv s>rel'

(32)

(0'.510(0)

P.S)\R = 11

1
0\ /2EL2Ey

Of course, one can take ElJ / ¢ > M in the FNR limit, but
in some cases it may be instructive to know what the
leading relativistic corrections look like. These can be
found by expanding the right-hand side of Eq. (32) as a

|

power series in |p|/(Mc), and dropping terms beyond a
certain order instead of taking the ¢ — oo limit.

When taking the nonrelativistic limit, consistency
demands that this limit be applied to the whole of the
right-hand side of Eq. (32). For instance, in the case of the
electric charge density of a spin-zero hadron, one has

(0.517°(0) . ) = %+E“Fm}

. {(
= 1Im< —F—
= | \/2Ep2Ey

In the nonrelativistic limit, the zeroth component of the
four-momentum transfer A* is O(1/c¢) and is thus
neglected, and the argument of the nonrelativistic form
factor becomes tyg = —A?Z. Since the dynamics that govern
the structure of hadrons are manifestly relativistic, the form
factor F(r) will change in the nonrelativistic limit, as seen
for instance in Ref. [25]. Consistent application of the
nonrelativistic limit thus means that the form factors
appearing in nonrelativistic 3D densities and fully relativ-
istic light front densities should be different functions. We
shall subscript the latter using NR.

2. Nonrelativistic mass density

In the nonrelativistic formalism, matrix elements of 7%
provide the mass density. For spin-zero and spin-half
particles, respectively, we have

2 2 2
(=0) P A A
@51 lp s e [14 30 o ane() + s D0+ 00/}, (4
p? A2 i(AxP)-s
< ! (0) P.s ><J 1/2) ~ CZ{ |:1 =+ 2M2C2 +4M262 - 4M2C2 :|ANR(t)
2 A2 i(AxP)-s
b D)+ [+ D vouse | )

where the NR subscripts on the form factors indicate that they should be expanded in powers of 1/c¢ as well, and where here
we use |s| = 1 for simplicity. Because of the P? terms, these cannot be used to define densities for an arbitrarily localized
hadron at order 1/c?, though the ¢ — oo limit does not have this issue. However, if this matrix element is placed into
Eq. (30) without taking the ¢ — O limit, one obtains results in the form

2
Penergy (136) = ”'“T("){M n %)A; } L O(1/2), (35a)
where
3
®), = [ PP s = (350)
‘ 3 2 -
A0 (s 0) = M / %{AN () +5 Af;z A A() + 2Dl )]}e—me—%A +O(1/cY, (35¢)

“Since matrix elements are invariant under unitary transformations, unlike state kets or operators, it is more suitable to apply
nonrelativistic reduction to matrix elements as a whole rather than to their individual components.
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2

3
G=1/2) (. o) A
pnjlass (l', 0) - M/ (2”)3 {ANR(I) +4MC2

This has exactly the expected form of a mass density plus a
(nonrelativistic) kinetic energy density. Although we can-
not take the ¢ — 0 limit for the full (mass + kinetic) energy
density at this order in 1/ ¢%, we can actually take this limit
for the mass density by itself. This suggests that we can
obtain a meaningful leading-order relativistic correction to
the mass density. This suggestion must however be
tempered by the realization that the separation of energy
into mass and kinetic energy requires the ability to bring the
system to rest, which is explicitly precluded by taking the
o — 0 limit.

It is worthwhile to observe that the NR 4+ LO mass
density for spin-half particles, as given in Eq. (35d), is
identical in form to the Breit frame mass density given in
Eq. (25b) (and previously found in Ref. [15] for instance).
A caveat worth mentioning is that consistency of the
nonrelativistic reduction requires expanding the form
factors themselves in powers of 1/c¢, while the Breit frame
density uses the exact relativistic form factors. Moreover,
such a coincidence does not occur for spin-zero particles.

The procedure outlined here cannot be used at arbitrarily
high orders in 1/¢, and it is therefore not possible to define
a fully relativistic 3D mass density through series of
relativistic corrections. The dependence of E, and Ej
on (P - A) prevents factorizing the density integrand into a
P-dependent factor and A-dependent factor.

For both spin-zero and spin-half particles, the fully
nonrelativistic (¢ — oo) limit gives the same form for the
mass density:

(FNR) A i
Pmass (I‘) =M WANRU)e . (36)

This is spherically symmetric, and comparison to Egs. (8)
and (11) shows that this is related to the nonrelativistic limit
of the fully relativistic P* density:

C—=>0

PR = lim ML AP BN, (7)

We thus see that the inverse Abel transform of the P*
density does have a physical meaning, if it is accompanied
by the ¢ — oo limit: it gives the fully nonrelativistic 3D
mass density. Since the ¢ — oo limit is not invertible, this
relation is not invertible either.

3. Nonrelativistic stress tensor

The T" components of the EMT give the stress tensor. It
is worth stressing that T/ does not only encode pressure
and shear forces, but also contains contributions from the

(Axe(1) + Dy (1) = 2w (1) }— Lo/, (354)

|
motion of the system. For instance, taking the FNR limit for
a spin-zero system gives

(p'.s|T(0)|p, s)\x

PP/ AIA/ — 5..A?
= Ang(t —
M we(f) + < aM

)DNR(I) +0O(1/c?).
(38)

As it is, the stress tensor cannot be used with Eq. (30)
unless the ¢ — 0 limit is avoided, because the factor P/P/
multiplying A(¢) will produce a 62 divergence when i = j.
However, we can define a density at nonzero o,

R)

T (r;0) = pias (1 0)(VIvT), + S (x:0), (39)
in the FNR, where
o &P PP/ 8ij
), = [ S Psiolf =0 (39

A (A"Af — 5;;A

ij —iAr 2
SI\jIR(r;G)—/(zﬂ)3 M )DNR(Z)e AremTAl,

(39¢)

This has the form expected of the classical nonrelativistic
stress tensor, with a piece encoding movement of the
system and a piece expressing the comoving stress tensor
SJ. This is identical to the decomposition used to isolate
St in the light front case in Ref. [17] and above. The
comoving stress tensor is invariant under Galilean boosts,
and thus can be interpreted as the stress tensor as seen by a
comoving observer—a physical interpretation that is jus-
tified by having taken the fully nonrelativistic limit.

The comoving stress tensor is well defined in the 6 — 0
limit:

y 1 [ A .
S&R(r) :m(é”vz _Vle)/WDNR(I)e—lAT' (40)

It is straightforward to show that Sy (r) also has this form
for spin-half systems.

The leading relativistic corrections introduce factors of
P? and (P - A)? into the quantity S¥ itself. These preclude
using the O(1/c?) corrections to define a density via
Eq. (30). These factors are related to a breakdown of
Galilean symmetry once relativistic effects are introduced.
S is no longer invariant under boosts once relativistic
corrections are introduced, so it no longer has a clear
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interpretation as being the comoving stress tensor, either.
Whether it is possible to introduce relativistic corrections in
a consistent way to the comoving stress tensor within the
formalism we employ is unclear, so we proceed to employ
only the nonrelativistic limit in this work.

As explained in Refs. [15,16], this comoving stress
tensor can be decomposed into an isotropic pressure
p(r) and a pressure anisotropy s(r):

i1

S%R(r) _ 5ijp(NR)(r) + ( : _§5ij>S(NR)(r). (41)

r

By contracting this with unit vectors, it is possible to obtain
directional pressures, e.g., radial and tangential pressures
[15,16]:

. 2

pgNR)(r> = ?l?]S#R(I‘) == p(NR)(T‘) + 5 S(NR)(r)’ (423)
A A ii 1

P (r) = didhiSie (r) = pORI(r) - 30 (42h)

By integrating out the z coordinate, one can obtain the
2D nonrelativistic stress tensor:

y . A o
Sxr(by) —m((S’/Vi—VlVﬁ_)/(zT)éDNR(Z)e Biby,

(43)
where dependence on b | instead of r signifies that this is a

2D function. This can be compared to the light front
comoving stress tensor in Eq. (12), giving

. opto
Stb.) = lim ~ S (b, ). (#4)
By comparing the 3D nonrelativistic eigenpressures in

Eq. (42) to the 2D light front eigenpressures in Eq. (14),
it is possible also to show that

These are compatible with the spin-half results of
Ref. [30], although our result applies to spin-zero particles
as well. Just as with the P™ density, we find that the inverse
Abel transform has a physical meaning when accompanied
by the ¢ — oo limit: it produces the 3D densities in the fully
nonrelativistic limit.

4. Nonrelativistic form factors

The connection between the 3D nonrelativistic densities
and the 2D light front densities, as given in Egs. (37) and
(45) are not invertible. This is so because the ¢ — oo limit
cannot be undone. However, if the ¢ — oo limit had no
effect on the form factors—i.e., if Ayg(?) = A(z) and
Dyr(#) = D(t)—then these relationships would actually
be invertible. However, this is not the case, and we illustrate
these points in the next section using a simple model.

IV. MODEL CALCULATIONS

We will now illustrate the findings of this work with
pedagogical model calculations, specifically using a gen-
eralization [25] of the ¢3 model first used by Weinberg [33]
and later by by Gunion et al. [34]. We use the interaction
Lagrangian,

LY. 9. & = g¥(x)p(x)E(x). (46)

where all of the three different fields are spin-zero bosons.
The ¥ particle of mass M represents the bound state of the
two different constituents ¢ and &, of masses m; and m,
respectively.

The pointlike coupling of this model is very simple,
which is a pedagogic advantage, but short distance effects
are emphasized [25] as the light-front wave function has a
logarithmic divergence for small values of the transverse
separation b | between the quarks. Furthermore, the asymp-
totic behavior of the electromagnetic form factor

. P
PN (r) = }H{,})ﬁ'@{_] P b)), (45a) is F(t) ~ 10%2_%
2 pt The electromagnetic current of the three-scalar model is
P = tim 2D b, ))(r). (45b)  eiven by
|
(PFOIp) = 2P (1) = igte; [ Sk 2
P'1i#(0)p) = = igte
L @r)t (k= P2 = m3][(k + A/2)2 = m3][(k = A/2)* = m}]
d*k 2k
g : 47
+ies | G T By A A “

where P = %( p+p')and A = p’ — p. This is a sum of contributions from the constituents with masses m; and m,. It is
important to emphasize here that the operator j# depends only on the fields ¢(x) and &(x), so there are not any direct
contributions from the ¥(x) field. This is not the case for the EMT T**: contributions from —¢**.%; are present in this
current. However, the ¥(x) field does not contribute to either 7" or to 7% when i # j, by virtue of these components of the
metric vanishing. The +4 component of the gravitational current is given by
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d*k

2(k+)2

(DT (0)|p) = 2(PA(1) = ig? / :

27)* [(k = P)? = m3][(k + A/2)* = m][(k - A/2)? = m]]

and to isolate D(¢) we look at the 12 component:

(WITO)lp) = 5218200 = ig? [

i ) (k+)2
+i6 | G P T AP A=) “8)
d*k (ky = Ay /2)(ky + Ay /2) + (ky = Dy /2)(ky + A1/2)
@) (k= PP —m2)[(k + &/2)7 — ml][(k = /2 — ]
i d*k (kg = A1/2)(ky + A/2) + (ky = Ag/2) (ki + A/2)
I | e (Pl ik A o AS 49)

In particular, we shall consider examples with masses
appropriate for a spin-less deuteron and a scalar pion. In
that case, we take m; = m, = m. To simplify the notation,
we additionally take e; + e, = 1.

The integrals above can be evaluated using Feynman
parameters. It is useful to start by considering the forward
limit A# = 0. Then,

B 7 (1. (1-x)x
F(0) = 62 ), xm, (50)
with
M?(x)=m? —x(1 —x)M>. (51)

The coupling constant g is chosen to yield F(0) = 1. An
important consistency check that

Defining the positive binding energy to be B with M =
2m — B we find

. _u % [B_ (B
B—0 T3 3z \V2Mm M)’

limD(0)
, 2 [ 2M \? Mm*
Aim D(0) = =5 + 13 <M+B> +O<F>' (540)

(54a)

An equivalent procedure [25] to the use of Feynman
parameters is to use the Drell-Yan frame, where A* = 0, and
integrate over k= = k° — k. This enables one to obtain form
factors in terms of light-front wave functions, and also
simplifies taking the nonrelativistic limit. We also use the
relative momentumk = k — x(P — A | /2). The result is that

A0 =357 | ¥, 52

Xy (x,K + (1 =x)Ay(xK),  (55)

as found in Ref. [34], with the frame-independent light-front
wave function w(x, k) given by

K>+ m K2+ mi]

|7 e

=q|M? -
w(x.K) 9[ ; -

where k is the L-component of the transverse relative
momentum, and x is the fractional component of the
longitudinal plus-component of the momentum carried by
the constituent of mass m;.

For equal mass particles we find

A(r) = F(t) (57)
in this simple model, and identity that is very useful for
deuteronlike kinematics, as we shall see below.

To aid in the calculations that follow, it is efficient to
define a quantity:

G(a,A) = /dzl(l//* (x,k+alA ) )y(x,x), (58)

with a as either x or 1 — x, depending on which particle is
probed. Then (for instance)

F(f) = — Al (d" G(l-x,A).  (59)

167> Jo x(1—x)
The use of Feynman parameters leads to the result:

12 1
G(a,A) = 2wg*x*x 2/ d

(@8)=2mg 2% | e A=)
lo (\/azQ2(4M2+a2Q2)+2M2—a2t
5 g

2M?
VPO (AM? +a* Q%)

) . (60)

=4rg*x*x
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Transverse densities are 2D Fourier transforms of the 1 > b =9 _
relevant form factors, such as ylx b)) = (27[)2/ Py (x.x) = (27) xxKo(Mby),
63)
@A, (
prb) = [ G mE ). (61
(27) where K(x) is a modified Bessel function of the second

kind, and where X = 1 — x. In terms of this wave function,

so that it is useful to introduce the coordinate-space wave . . .
P the density corresponding to the electromagnetic form

function: factor pg is given by
d’x ‘ 1 dx b 2
wixb) = [ Sl (62) b= [ o L 64
(2ﬂ)2 pF( L) 0 (1 —X)Z "8 xvl —x ( )
In this model: Similarly, one may show that

381800 = | (d2’§ |5z <2:<1:<2—A1A2/2>Ew*<x,x+<1—x)AL/2>w<x,r<—<1—x>AL/2>] (65)

27)3 Jo x(1 —x)

Evaluation of the term proportional to x;x, must result in a term proportional to A; A,. However, it is worthwhile to find an
explicit expression for D(r). This may be done by expressing D(7) in terms of the coordinate-space wave function,
w(x,b ). Some algebra leads to the expression

(x|AL|bi dx
(=t

D(1) = —4 / ] (L / db, b,/ (x, b, )22

o 2 [ by b Paotas o). (66)

where y/(x,b,) = dl"(x b)

Eq. (66).
The transverse density is obtained in the same way. For simplicity, we examine the light front version of Polyakov’s stress
potential function D(b ) defined in Eq. (15). for which we find
b\ |2
) I
X

1 d b\ 11—
4PTD(by) = T /x(] - X) [f(x,;) Jr2( xz):
© b2
Fla,b) = l /adblb’l<1 —W>|l//(a, b (67b)

. The quadrupole nature of D(¢) is exhibited by the appearance of the Bessel function of order 2 in

with

The above derivation of D(¢) exhibits the dependence on the wave function and is thus useful in obtaining the nonrelativistic
limit. One may instead proceed more directly to determine D(¢) by starting with Eq. (65) and using Feynman parameters to
obtain

D(t) = 8‘—;3 A LG 1) (68)

with

(4—(a?=1)1) tanh™! (Lﬂz)
Gla 1) = 22g%0°%? dy U-y'a) __ grpew ALl - Y (69)
M? = a?t/4(1 = y?) W .

A. Breit-frame densities and transverse pseudodensities

The three-dimensional Breit-frame densities are given in Sec. III B above. From these, one obtains the 2D Breit frame
densities through an Abel transform. For spin-zero hadrons specifically, one has
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DBF(bJ_) = /_oo dZDBF<r) =

[oe]

for example. If M — oo then Dgg(b,) — D(b ), with the
latter being the relativistically exact (light front) density.
Since the integral goes over all values of ¢, however, the
equality does not hold. At best, one could have Dgp(b | ) ~
D(b,) if D(—t— 4M?)~0. Therefore we refer to
Dgp(b ) as a transverse pseudodensity.

The integral appearing in Eq. (70) provides a numerical
challenge because the asymptotic limit is D(¢) ~ log?(—t)/
(=t). This means that an expansion in powers of —t>/4M?
diverges. A valid numerical procedure is obtained by
relating Dgp(b,) to the relativistic transverse density
D(b ). This is achieved by using Eq. (15) and the relation

dZA iA s 1—2Ms
et A

(27%) /1 = 2/(4M?) 7w s

so that

e —2Ms

Dus(bs) =" [ Db ~s) 72)

N

This expression is amenable to two-dimensional numerical
integration.

B. Nonrelativistic limit

The conventional lore is that the electromagnetic form
factor is the three-dimensional Fourier transform (3DFT) of
the charge density. This idea emerges only by taking the
fully nonrelativistic limit.

We briefly review [25] how the 3DFT emerges. Our
starting point is the wave function Eq. (56) and the form
factor Eq. (55). Recall that the quantity x = k*/P™. In the
nonrelativistic limit the energy k° = m; and k* = m; + &,
where «? is the third component of the relative longitudinal
momentum. Further we define the positive binding energy
B so that

M =m; +m, — B. (73)
Then [51,52]
my + i’ M—-—m -5 m—B-i3
X=—-" 1—-x= =
M M M

(74)

To obtain the nonrelativistic wave function we express the
denominator appearing in Eq. (56) in terms of x°. This
gives

d?A

D(1)

(27)?

eiAhL (70)
1 —1t/(4M?)

MZ—K2+m%—K2+m%z2M<—B—§—2), (75)
U

X 1—x
where
mym
K2 =K+ k3, K=K+K12, p=—1=1-2 (76)
ml—l—m2

In deriving Eq. (75), we have dropped terms of order
(v/c)® = (k/m)? and higher, and terms of order B/M and
higher. The result is that Eq. (75) is recognizable as 2M
times the inverse of the nonrelativistic propagator.

The next step is to determine the coordinate form of the
nonrelativistic wave function yyg(r) (where r is canoni-
cally conjugate to k) and to show that the nonrelativistic
form factor is a three-dimensional Fourier transform of
lynr(r)[?. First use the nonrelativistic approximation
Eq. (75) in Eq. (56) to find

—H9

= 2 =2 B.
wNr (K) M<K2 _’_/12) , A H (77)

The coordinate-space wave function yyg(r) is given by

1 3 e ik Ky me
wNr(T) Zw/d Kke™ yng (k) =\

(78)

The expression Eq. (78) is seen as the standard result
obtained for the bound state of a two-particle system
interacting via an attractive delta function potential. It is
also the effective range approximation [53], now known as
the leading-order term in effective field theory [54].

The wave functions Eqgs. (77) and (78) enable us to
examine the conditions needed for the approximations
Eq. (74) to be valid. For Eq. (74) to work, we need
k* < mi,. The wave functions include all corrections to
masses of order k?/m? ,, and therefore no further correc-
tions of order k/m , or B/m; » should be included. Thus in
evaluating the form factor we should use

3
dx - dkﬁ (79a)
x(1-x) = % (79b)
(1-x) Q%A. (79¢)
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The nonrelativistic electromagnetic form factor Fyg () is  density. One may extract the density |ynr (b )|? by taking
obtained by using Eq. (77) in the expression for the form  the Fourier transform of the form factor:
factor Eq. (55), and taking the nonrelativistic limit as
M
UNr|(—R
ny

defined above. The result is
This conforms to the commonplace expectation that the  Similarly, the nonrelativistic gravitational form factor is
form factor is a three-dimensional Fourier transform of the  given by

|

1 2

/d3AFNR(l)€iA'R =5

2,4 (81)

1 o
Fael0) = 53555, / Prlyng (1)L, (80)

my m

1 —iA.- Ar—1
Anr(t) = m/d3r|’//NR(r)|2[mle i my et ] (82)

The principle difference between the relativistic and nonrelativistic computations of form factors occurs e.g., in Eq. (79¢):
the variable factor (1 — x) is replaced by a constant.
We may evaluate the integrals immediately to find

tan—l |A [my
Fre(t) = 7&(&:’”2”, (83a)
2(my+my)A
20 Im |A L |m;y mp . _ |A L |m
Ang(t) = — | —tan™' | —/——=— —tan~ | ———— |, 83b
e (1) |AL] {mz o <2(m1 + my)A Jrml o 2(my + my)A (830)

where the coupling constants and other constants enter in such a manner as to make Fyg(0) = 1. Note that if m; = m, one
has Ang(7) = Fnr(?), as noted previously of the fully relativistic case.
It is easiest to get Dyg using momentum space techniques First choose g such that Fyg(0) = 1, which leads to

T 2
P 1omM (84)

u

Then take the nonrelativistic limit of Eq. (65), defining a = m/M. We obtain

1
A A Dyg(t) = AlAzm/d3K(2K1K2 = A1 A/ 2)y R (K + aA/2)yng (K — aA/2) (85a)
81/ 2/d3 (202220 Ay — A A /2)/1/2d ! (85b)
= *K p—
i TP TR | L R+ PAN(1/4 - )
1/2 (1 —4a?7?)
Dygr(1) = —84 dz 85c¢
e (7 0 2 —1(1/4-2%) (85¢)
;42 —(a> —2)1)csc™! ( 1- i—’}i)
=8| 2- . (85d)
t 2a|AP

The value at zero momentum transfer is of interest, and it can be obtained immediately from Eq. (85¢) to be
m? 1 B\?
D =4ll-—=5)|=—41-=(1+— . 86
w0 ==4(1-37 ) ==4(1-35 (14 57) ) (56)
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FIG. 2. Form factors for a scalar toy model with deuteronlike kinematics. Exact results for (left panel) F(¢) and (right panel) D(t) are

compared to their nonrelativistic approximations.

For weak binding (with m ~ M/2), we find Dyg(0) =
—11/3, which agrees with the fully relativistic result in this
limit. For strong binding (B ~ M), we find Dy (0) =—8/3.
For very strong binding with B/M > 2v/3 — 1 2.5, we
find Dng(0) > 0, in violation of Polyakov’s negativity
condition. This suggests that the nonrelativistic model is
invalid for such large binding energies.

To evaluate the nonrelativistic transverse stress potential
Dnr(b ), we use the identity

/ PAL s, 1
(27)? 2 —1(1/4=22)

—b, A

1 7=
= eV (87)
27b, \/(1/4 = 7%)
giving us (with a = 1/2)
i 81 (12 1-722 —F5
4P Dy (b)) = SV (88)

—_— dz—————e¢
27by Jo V1/4=7?

C. Selected examples

We examine two specific examples, with weak and
strong binding respectively. The former is appropriate
for deuteronlike kinematics and the latter for pionlike
kinematics, especially the kinematics in the light front
model of Ref. [55].

1. Deuteronlike kinematics

We first look at an example with weak binding, namely
deuteronlike kinematics with M = 1.875 GeV and
B = 0.001M. Recall that M = 2m — B, with B > 0.

In Fig. 2, we compare the exact relativistic electromag-
netic form factor F(¢) and exact stress form factor D(¢) to
their nonrelativistic approximations Fyg(f) and Dyg(?)
as functions of —f. The derivation of the exact and

nonrelativistic form factors serves as a rough guide for
the significance of relativistic effects in the system.

The exact and nonrelativistic F(¢) are close when
—t/M?* < 0.1 (or —t ~ 0.4 GeV?), but diverge significantly
at moderate and larger —7. Since D(0) is not protected by a
conservation law [unlike F(0) or A(0)], it is possible for the
exact and nonrelativistic values to differ. Indeed we find an
exact D-term value of D(0) = —3.74 and a nonrelativistic
value of Dyr(0) = —3.67, which are fairly close in
magnitude, but non-negligible. The differences between
the exact and nonrelativistic form factors illustrate the
differences discussed in Eq. (33) and related paragraphs.

Next, we compare the densities entailed by the relativ-
istic and nonrelativistic D(¢) in Fig. 3. In particular, the
direct Fourier transform D(b | ) [as defined in Eq. (15)] and
the radial pressure are both examined. For spin-zero targets,
the Breit frame pseudodensity additionally differs from
both the exact light front result due to the appearance of the

factor 1/4/1 —t/4M?, so it is compared to the exact and
nonrelativistic results in both cases.

In the left panel of Fig. 3, the areas under the exact and
Breit frame curves are the same, since the two-dimensional
integrals of Eqgs. (15) and (70) are equal. However, the

factor 1/4/1 — t/4M? in Eq. (70) leads to the suppression
of Dgp(b,) at small values of b, and enhancement at
moderate values, both by small amounts. At large values,
the densities become equal, showing the corrections related

to the factor 1/4/1 — t/4M? become negligible at large
distances. However, the nonrelativistic result for D(b ) is
significantly different from the exact and Breit frame
results, suggesting that relativistic effects may persist in
mechanical densities even at fairly large distances.

This same trend can be seen in the radial pressure, as
depicted in the right panel of Fig. 3. Relativistic effects
propagate to large b, even when they would be expected
to vanish. This occurs because the pressure does not
correspond to a conserved current, and is thus sensitive

014003-14



UNIFIED FORMALISM FOR ELECTROMAGNETIC AND ...

PHYS. REV. D 105, 014003 (2022)

0.0 1

—0.51

|
—
o

|
—
&

|
o
t

4P+ 27, D(by) [fm™!]
|
[S]
o

|
w
o

— Exact

—~==DBreit Frame

|
w
ut

7 —-— Nonrelativistic

0.0 0.5 1.0 15 20
by (fm)

FIG. 3.

5
10 | — Exact
| —== Breit Frame

— —-— Nonrelativistic
S
o 10% 1

=

)

9,

=

=

X 1

z 10

=

=

(S

N

n

% 1

=10~

0.0 0.5 1.0 15 20

D-term related densities for a scalar toy model with deuteronlike kinematics. Exact results, Breit frame results, and

nonrelativistic approximations for (left panel) the potential D(b ) and (right panel) the 2D radial pressure p,(b ) are compared.

to the details of the dynamics of a system (see Refs. [56,57]
for examples of cases where the details of dynamics are
significant). The details of the dynamics affect the overall
mechanical structure of the hadron, and not just local
aspects of the structure at small distances. Note that the log
scale in the right panel of Fig. 3 covers more than 6 orders
of magnitude, so that the apparently small differences are
actually rather large.

For a slightly more detailed perspective, consider the
right-hand side of Eq. (65), which was used in obtaining the
relativistic D(b, ). The matrix element is weighted by a
factor % compared to the matrix elements for the densities
associated with F(¢) and A(t). This factor increases the
integrand when x ~ 0 or x ~ 1, conditions that are explicitly
discounted by the nonrelativistic limit in which (for equal
mass constituents) we make the replacement )—1C — éz 2.

The overall lesson of this case is that, because the
mechanical properties of a hadron are not protected by a
conservation law, they are sensitive to the details of
dynamics, and accordingly nonrelativistic effects can have

10° — Exact

—-— Nonrelativistic

6x 107!

4x 107!

3x 107!

—t (GeV?)

a significant effect even at large distances and even for
weakly bound systems.

2. Pionlike kinematics

We now consider the scalar toy model with kinematics
appropriate for a constituent quark model of the pion. We
use a “quark” mass of 210 MeV, which leads to an excellent
description of the pion’s electromagnetic form factor [55].
With M = 140 MeV, this means that B/M =2, and
according to Eq. (86) we get Dyr(0) = —1, a result that
immediately demonstrates the importance of relativistic
effects for this model.

In Fig. 4, we present the exact and nonrelativistic form
factors F(¢) and D(1). As expected, the relativistic effects
are substantial. Even at = 0, we have D(0) = —4.9 and
Dng(0) = —1, about a fifth of the relativistically exact
value. Moreover, the nonrelativistic approximation of D(¢)
has a zero crossing that is absent in the exact result, as seen
in the right panel of Fig. 4. This is because of the increasing
importance of z values near % with larger A2, which causes

— Exact
0 —-— Nonrelativistic
10%
\,\.\
104 T~
~o
= S J—
a 1072 N T
= N
A\
10734 \
I
I
1074 i
|
0 2 4 6 8
—t (GeV?)

FIG. 4. Form factors for a scalar toy model with pionlike kinematics. Exact results for (left panel) F(z) and (right panel) D(¢) are

compared to their nonrelativistic approximations.
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D-term related densities for a scalar toy model with pionlike kinematics. Exact results, Breit frame results, and nonrelativistic

approximations for (left panel) the potential D(b, ) and (right panel) the 2D radial pressure p, (b, ) are compared.

the second term in the integrand of Eq. (85¢) to dominate
over the first term.

The density D(b,) and radial pressure are shown in
Fig. 5. As expected, there are very substantial differ-
ences between the relativistic light front density, Breit
frame pseudodensity, and nonrelativistic approximation.
Remarkably, the Breit frame result is a worse approxi-
mation to the relativistically exact light front density in
this case than the nonrelativistic approximation. This
demonstrates the significance of the extraneous factor

1 —t/(4M?) present in the Breit frame densities,
and strongly forces us to the conclusion that the findings
of Refs. [30,31] cannot be applied outside of the spin-half
case, where those results hold only by accident.

V. SUMMARY AND CONCLUSIONS

In this work, we obtained exact relativistic (light front)
and approximate nonrelativistic expressions for densities in
spin-zero in spin-half hadrons. Focus was placed on the P*
and mass densities, as well as the pressures encoded by the
stress tensor as seen from the perspective of an observer
comoving with the hadron. We compared the exact and
nonrelativistic expressions to those obtained in the Breit
frame formalism. We find that, in general, the Breit frame
densities do not have a direct correspondence with the exact
light front densities, even through Abel transforms. This
failure of correspondence occurs in the spin-zero case

because of an extraneous factor 1/1/1 —t/(4M?) present
in the integrand of every spin-zero Breit frame density, and
in both cases because the relativistic light front densities do
not exhibit spherical symmetry. The latter of these facts is
illustrated for spin-half hadrons in particular by the
azimuthal dependence of PT densities and pressures of
transversely polarized states, to which the inverse Abel
transform is inapplicable even formally. In general, how-
ever, the light front formalism lacks spherical symmetry,
since there is no SO(3) subgroup of the Poincaré group that
commutes with P~ [32].

The significance of both relativistic effects and the

extraneous term 1/4/1 — ¢/(4M?) present in the spin-zero

Breit frame densities is illustrated through a pedagogical
model. Relativistic effects were found to affect the
mechanical structure of a composite system significantly,
even for weakly bound systems and at large distances—in
contrast to the electromagnetic density or mass density,
both of which are protected by conservation laws.
Moreover, for strongly bound systems, we found that the

extraneous factor 1/4/1 — t/(4M?) makes the (Abel trans-
form of the) Breit frame density a poor approximation to
the relativistic light front density.

Taking the inverse Abel transform of a transverse light
front density can, at best, return a partially nonrelativistic
approximation. This approximation is partially nonrela-
tivistic, since a nonrelativistic approximation of the
internal dynamics has not been applied to the form
factors associated with the density, but instead only to
the accompanying Lorentz tensors. In some circumstan-
ces, such as neutron star structure, this approximation
may be warranted (cf. Ref. [36] for an example of this
application), but one should bear in mind that this
operation is an approximation that eliminates effects
due to boosts from the target’s rest frame. For targets
with wave functions localized to a smaller distance than
their reduced Compton wavelength, or targets for which a
finer resolution of internal structure than the Compton
wavelength is desired—such as hadrons—this approxi-
mation cannot be justified.
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