PHYSICAL REVIEW D 104, L061902 (2021)

Supersymmetry of higher-derivative supergravity in AdS, holography
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An action for the higher-derivative corrections to minimal gauged Euclidean supergravity in four
dimensions has been recently proposed. We demonstrate that the supersymmetric solutions of this model
are those of the two-derivative action, and investigate some of their properties. In particular, we prove a
formula for the renormalized on-shell action in terms of contributions from fixed points of a U(1) action,
and confirm that it is invariant under deformations which preserve the boundary almost contact structure.
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I. INTRODUCTION

Driven by the technique of supersymmetric localization,
there are by now many examples of exact results for field
theory observables in diverse dimensions preserving differ-
ent amounts of supersymmetry. One particularly well-
studied case is that of three-dimensional N =2 field
theories on curved backgrounds. Rigid supersymmetry
requires that the background admits a transversely holo-
morphic foliation [1], and fixes the dependence of super-
symmetric observables on the background: in particular, the
partition function is independent of deformations preserv-
ing the choice of transversely holomorphic foliation [2].

Via the AdS/CFT correspondence, for those field theo-
ries which admit a holographic dual, a field theory
observable has a quantum gravity counterpart. Thus, given
an exact field theory observable computed via localization
there is a precise prediction for a computation on the
gravity side and vice versa. The simplest case is the field
theory partition function, which is dual to the holograph-
ically renormalized on-shell action of the bulk gravity
solution.

In practice, the situation under best computational
control is in the limit in which the field theory observable
is taken to be the leading contribution to the large N and
large 't Hooft coupling expansion, and the gravity side is

fpietro.benettigenolini@damtp.cam.ac.uk
lpaul.n'chmond@kcl.ac.uk

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP’.

2470-0010/2021/104(6)/L061902(8)

L061902-1

classical supergravity. In order to explore the next-to-
leading order contributions to field theory, it is necessary
to look at higher-derivative corrections to the supergravity
action.

In this note, we focus on minimal gauged supergravity in
four dimensions, which describes interactions between
metric and electromagnetic field. By the AdS/CFT corre-
spondence, its solutions are dual to the dynamics of the
stress-energy tensor of a three-dimensional N = 2 theory.
It is generically difficult to write down the higher-derivative
corrections to a supergravity theory. However, for the
theory of interest here, a four-derivative action has been
recently suggested [3,4]. We are going to take this as our
starting point, and we are going to focus on the solutions to
this theory that preserve supersymmetry.

A priori, there is no reason to believe that the two-
derivative solutions would be solutions to the four-
derivative equations of motion. However, remarkably this
holds for this specific theory [3]. In fact, we show that all
the supersymmetric solutions to the four-derivative theory
are the supersymmetric solutions of the two-derivative
theory. Starting from this, we find a formula for their
on-shell action including the four-derivative corrections,
extending the two-derivative case of [5], and proving a
conjecture in [4]. One feature of this formula is that it
suggests a localization theorem is at play: every super-
symmetric solution admits a Killing vector £, and the on-
shell action is expressed in terms of contributions from the
fixed point sets of &, whether isolated (nuts) or two-
dimensional (bolts).

The field-theoretic statement that rigid supersymmetry
fixes the dependence of the partition function on the
background is valid at finite N and consequently holds
at all orders in a large N expansion. In the bulk gravity dual,
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this translates to the requirement that the renormalized on-
shell action should not depend on boundary variations that
leave the transversely holomorphic foliation intact. We
confirm that this holds for the four-derivative corrections
and counterterms required by holographic renormalization.
Indeed, demanding invariance may be a paradigm to
constrain the form of six- and higher-derivative terms.

II. HIGHER-DERIVATIVE
SUPERGRAVITY THEORY

The bosonic field content of minimal four-dimensional
Euclidean supergravity is a metric g,, and a U(1) gauge
field A,. We focus on their interactions governed by the
following action

Sup = S29 + (a1 — @) Sy2 + 4 Scp. (1)

where

S = — R+ 6L7% — F, F*]vol,, 2
0= ~Terge LR+ 6L = b lvol, (@)

Sy2 = / (W pe WHP? — AL72F,, FH
Y

+8F,,FF ,,F* — 2F, F*F , F/

~ 8F,,F,’R* + 2F,,F*R

+ 8V#F,, VP F ¥ |vol,, (3)
Seg = / [R,upocR*7° — 4R, R* + R*]vol,. (4)
Y

Here —3L7? is the cosmological constant, Wope 1s the
Weyl tensor which, as with the other curvature tensors, is
computed using g and F = dA is the U(1) curvature.
This action is made up of three parts: S,5, the two-
derivative action, Sy is a supersymmetrized version of the
Weyl squared action, and Sgg is the Gauss—Bonnet action
(which is topological in four dimensions). The constants a;
and a, in front of the higher-derivative terms are arbitrary.
The action has been obtained in [3,4] starting from the
Weyl multiplet of four-dimensional off-shell ' = 2 con-
formal supergravity coupled to one vector multiplet and
one hypermultiplet (the latter two being compensator
multiplets). Then to begin to reduce to Poincaré super-
gravity, a number of the superconformal symmetries are
gauge-fixed. This leaves us with an action involving extra
superconformal fields, whose presence is required to ensure
matching of the off-shell degrees of freedom. The final step
is to eliminate these extra superconformal fields by solving
their equations of motion in terms of g, A. While some of
these equations of motion (which can be found in [4,
(2.29)-(2.32)]) are algebraic, and thus correspond to
auxiliary fields, the remaining ones are generically

differential equations if we include the higher-derivative
corrections (that is, we take @; # a,), and they are very
difficult to solve. There is an obvious solution, the “two-
derivative ansatz,” obtained by setting @; = a, = 0. Upon
choosing these values all the equations of motion for the
extra superconformal fields become algebraic and they can
be easily solved. An additional peculiarity of the system of
equations, though, is that the “two-derivative ansatz” is not
only a solution of the equations with a; = a,, but also of
the full system with arbitrary a; # @,. Thus, it is consistent
to substitute it, together with the gauge-fixing conditions,
in the conformal supergravity bosonic action, obtaining
Sup in (1).

Each term in (1) is separately constructed out of super-
conformal invariants. Therefore, each of them is independ-
ently invariant under the supersymmetry transformations of
conformal supergravity. Since the procedure of gauge-
fixing and eliminating the superconformal fields using
the two-derivative ansatz is consistent, we see that the
final action (1) is invariant under the supersymmetry
transformations obtained from the supersymmetry trans-
formations of conformal supergravity by gauge-fixing and
substituting the two-derivative ansatz. The only relevant
supersymmetry transformation for us is that of the grav-
itino, which is nothing but the corresponding transforma-
tions of the two-derivative minimal supergravity

) L™! i
Sy, =2 <Vﬂ€ —iL7A e + Trﬂe + ZFU,,F”/’Fﬂf,”) . (5)

The fact that the action (1) is invariant under the super-
symmetry transformations of two-derivative minimal
supergravity is enforced by construction: each term is
independently invariant under the supersymmetry trans-
formations, and the two-derivative ansatz takes the first
term to the two-derivative action (as the name suggests).
While the method just outlined leads to a supersymmetric
action that includes four-derivative corrections to S, and
starts from the most general conformal supergravity action
consistent with physical assumptions [4], it would be
interesting to investigate whether this is the most general
form while remaining in Poincaré supergravity and impos-
ing a modified supersymmetry transformation. This is
beyond the scope of this note as it would take us outside
of the two-derivative ansatz, but we plan to return to this
question in the future [6].

The equations of motion coming from (1) have the form

0= Ega - 167IG4(a1 - az)Ega,
0 = E2 —162G4(a; — ay)EX, (6)
where E27 and E%? are the contributions from S5, and EfY

and E3° are the contributions from Sy (Sgg does not
contribute to the bulk equations of motion, being
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topological in four dimensions). Each of these terms is
written in the Appendix A.

It is possible to show by explicit substitution that a pair
(9.A) for which E2? and E3? vanish also gives vanishing
E}? and EY? (see Appendix A) [4]. Therefore, any two-
derivative solution is also a four-derivative solution.
Nonetheless, a priori there could be additional solutions
of the theory Syp that are genuinely four-derivative
solutions.

III. SUPERSYMMETRIC SOLUTIONS

We are interested in the supersymmetric solutions of
Sup- That is, solutions (g,A) together with a non-identi-
cally zero Dirac spinor satistying the (generalized) Killing
spinor equation (5): sy, = 0. First, we recall that the latter
is consistent with the two-derivative equations of motion
and the Bianchi identity for the U(1) gauge curvature: the
integrability condition Z,, ~ [0y, dy,| contracted with
r,re gives

0="I,1,,
= (E2), e+ 2U(EY) e. (7)

Using standard spinor bilinears techniques, it is possible
to show that any supersymmetric configuration admits a
Killing vector £ constructed from the spinor as & =
—ie*F(l)Fse. In fact, more is true, because the Killing
equation implies that £ generates a symmetry of the full
configuration, namely L.F =0, provided the Bianchi
identity holds. At a generic point of the spacetime mani-
fold, a nonchiral Dirac spinor generates an orthonormal
frame {E', E2, E*, E*}. One then derives from (5) a number
of differential equations relating the fields and the spinor
bilinears expressed in terms of E“, as discussed in detail in
[5] (an earlier derivation using a different technique appears
in [7]). From these differential equations coming from the
Killing spinor equation, without using the equations of
motion, it is possible to construct the local form of the
metric and gauge field. The result is

1
ds? = S2sin20n? + — = (dy? + 4e%dzdz),
s sin n+y452sin (dy* + 4e"dzdz)

20

A= (Scosf+c,)n+ % (0,Wdz — 0-Wdz). (8)

Here S and @ are global functions on the spacetime, y is the
coordinate constructed along the orbits of &, 7 = (¢, §>§1§b
is a one-form that is globally defined outside the fixed
points of &, y is the radial coordinate, z, 7 are local complex
coordinates, W(y, z,z) is a local real function, and c,isa
real constant. There are also additional constraints among
the functions, which can be derived from the supersym-
metry condition

1

y

YOW =1 9
47 ySsin®6 ©)

1
dp =2(Ssin6) 73 %, {2 cotGd(—) - Sd@} . (10)

y

1 12cos?6
OEW = —e¥ [8§yW+Z(8yW)2 +m} (11)
and y is
1

y = o (dy? + 4e"dzdz). (12)

The crucial point of this analysis is that it does not require
the equations of motion, only the Killing spinor equation.
This is a consequence of the analysis in [5] or the reduction
of the theory considered in [8], where the necessity and
sufficiency had been shown (we expand on this in
Appendix B). A pair (g,A) solves the two-derivatives
equations of motion (consistent with the integrability
equation (7). As already observed, every solution to the
two-derivative equations of motion also solves the four-
derivative equations of motion. Therefore, we conclude that
all the supersymmetric solutions of the higher-derivative
action (1) are the supersymmetric solutions of the two-
derivative action (2), and have the form (8). This is a feature
of the Euclidean theory considered here that is not shared
by the Lorentzian version.

It is important at this point to make a couple of remarks
on the geometry of the solution. First, notice that a solution
of the Killing spinor equation has charge one under the
U(1) gauge field, so it generically defines a global spin®
spinor. Therefore, there is no restriction on the topology of
the underlying spacetime manifold, since all four-dimen-
sional manifolds are spin‘. Secondly, the orbits of the
Killing vector £ may close, in which case it defines a well-
defined U(1) isometry and we can write the four-manifold
Y as a circle fibration over a base B with metric y. However,
it is also possible that not all orbits close, in which case we
assume that the closure of the orbits of £ in the isometry
group of Y is a compact group, which guarantees at least a
U(1)? isometry and we can approximate & by a sequence of
Killing vectors. Finally, we notice that the orthonormal
frame E“ constructed from the Killing spinor could
degenerate on subspaces of Y, where the spinor vanishes
or becomes chiral. This happens precisely at the fixed
points of the Killing vector & These loci will be crucial in
the next section for the evaluation of the on-shell action of
the solutions.

IV. ON-SHELL ACTION

The supersymmetric solutions (8) are asymptotically
locally anti-de Sitter, and 1/y has the role of a radial
coordinate with {y =0} being the boundary of the

L061902-3



PIETRO BENETTI GENOLINI and PAUL RICHMOND

PHYS. REV. D 104, L061902 (2021)

spacetime. We then develop an expansion in y assuming
that the objects admit an analytic expansion in y near the
boundary [9]. To leading order in y, the result is

(1) + 4e" 0 dzdz],
i :
A= —9(1)1’](0) + Z (QZW(O)dZ - 6ZW(O)dZ), (13)

where W ), 61 are functions on the boundary, and 7 ) is
the restriction of # to JY.

The value of the gravitational on-shell action generically
diverges, but for asymptotically locally anti-de Sitter
spacetime we regularize it using holographic renormaliza-
tion which involves considering a cut-off spacetime Y
where y > J, adding local counterterms constructed using
the induced geometry on 0Y with induced metric 4;;, and
finally taking the limit 6 — O.

For the standard action S, in (2), this procedure is well-
known [10], and the local counterterms include the
Gibbons—Hawking—York term that imposes the Einstein
equations in the bulk [11]

jo

1
I = - Kvol,,
GHY 872G, /BY(; vol,

1 2 L
Lo =+— | (Z+ZR)vol, 14
20.ct +87rG4 An <L + 5 )VO h (14)

Here, K;; is the extrinsic curvature of dYs. Together with
the on-shell action evaluated on the cutoff spacetime, which
we denote by I, pui. these give a finite quantity.

The supersymmetrized Weyl squared term Sy in (3) is
more difficult to deal with. However, following [4], we
observe that for a two-derivative solution, its on-shell value
is greatly simplified. In fact, it can be expressed in terms of
the on-shell I20,bulk and IGB,bulk

Ty puk = —647G 4Ly purc + 1 GB,bulk- (15)

Therefore, its evaluation is reduced to the evaluation of the
other two terms.

Finally, the last term is a topological term in four
dimensions that for a closed four-manifold would be
proportional to the Euler characteristic, the index of the
de Rham complex. Here we are instead considering its
value /gg pu ON a manifold with a boundary Y, in which
case the index of a complex generically receives a correc-
tion from a Chern—-Simons-type form on the boundary 0Ys,
and a correction proportional to the # invariant of an
operator on the boundary [12]. For the de Rham complex,
though, the  invariant is not relevant, and we can define the
Euler characteristic by summing to /g p,x the following
boundary term

IGB,CI = [)Y [—ZKZJG” + J]Volh. (16)
8

Here, as in (14), the curvature tensors have been computed
using the induced metric h;; on 9Y;, G;; is the Einstein
tensor and

i

1
3
2K, K¥K ) - KK ).

Jij =z 2KK; K*; + Ky, KMK

Since K;; is a symmetric tensor on a three-dimensional
space, it is easy to check that

This counterterm also guarantees that we have a well-
defined boundary problem, in the sense that in the bulk it
enforces the Einstein equations of motion, in the same way
as the Gibbons-Hawking—York term does for the two-
derivative action [13,14]. Therefore, we have

x(Y)= 32”2}$i_%UGB,bulk + IGp - (19)

Overall, we conclude that the on-shell action for all
supersymmetric solutions to the higher-derivative theory
can be written as

Iyp = }jif(}[(l — (@) — @) 647G 4 L™2) (I puic +Iony +oo.ct)

a1 (I puik T 1B .ct)]
=(1—=(a; —ay)64nG,L™2) 1,5+ 3271y (Y). (20)

The holographically renormalized on-shell action 7, of
a supersymmetric solution can be written solely using
geometrical data [5]. More precisely, it can be expressed in
terms of contributions from the fixed loci of the Killing
vector field £ constructed from the supersymmetry spinor.
There are two families of those: either they are zero-
dimensional nuts or two-dimensional bolts [15]. As men-
tioned, the fixed points of & are those where the super-
symmetry spinor € becomes chiral, so they are also labeled
by a sign + representing the chirality of the spinor there.
The resulting expression is

nL?
Ly = — -
01 (z

nuts

+b0§i L Gcl(mi) :Fél—lcl(Nzi)>>’ Q1)

where by, b, are the weights of the rotations generated by ¢&
on the orthogonal planes in the tangent space to the isolated

(by + by)?
4b,b,
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nut fixed point; 7%, and NX, are the tangent and normal
bundle to the bolt Z_. and c; is the first Chern class of these
line bundles.
The holographically renormalized on-shell action Iy of
a supersymmetric solution is expressed in terms of /,5 and
the Euler characteristic. The crucial property of the Euler
characteristic for us is that there are a number of theorems
that express it in terms of contributions from fixed point
sets of actions on the manifold. In particular, the Euler
characteristic of a closed manifold with an isometry is
given by the sum of the Euler characteristics of each fixed
|

(bl + by)?

point set. This still holds in the case of a manifold with a
boundary, provided that the Killing vector is everywhere
tangent to the boundary, as is for us (or if it is everywhere
normal) [15]. Therefore, we conclude that

V)= y=>1+ / (T%),

fixed nuts
points

using the Gauss—Bonnet theorem for surfaces. Inserting this

in (20), we find the result

(22)

L2
Iyp = 22
W =50 > =

nut

4D, b, 4b,b,

['lutS¥

7L? / <1 1 )
+ = —c(TZ2) F ~c;(NZL) | + 3222 /
2G4b0;i ¢ ((T22) F 7 ei(NLs) b; s

thus confirming the conjectures in [4] based on a clever
study of the examples. Notice that the renormalized on-
shell action for a supersymmetric solution only depends on
data of the isometry action of £, suggesting some sort of
equivariant localization theorem.

This formula can not only be applied to the known
examples to compute the corrections to the on-shell action
due to higher derivatives, but it can also predict the value of
the observable for other topologies, assuming that the
solution exists. A number of examples can be found
in [4,5].

V. SUPERSYMMETRY AT THE BOUNDARY

Asymptotically locally anti—de Sitter supersymmetric
solutions (Y, g,A) induce on their conformal boundary
(M5, g, A®R)) a supersymmetric structure [16]. As predicted
by the AdS/CFT correspondence, this structure is the same
as the rigid supersymmetry constructed by coupling to
nondynamical new minimal supergravity in three dimen-
sions [1]. Specifically, we identify from (13) the metric on
the boundary and the U(1), background gauge field

ds3 = nyy + 4e"0dzdz,

i
A(R) = —9<1)7’](0) + Z (8ZW(0>dz - OZW(O)dZ). (24)
Geometrically, three-dimensional rigid supersymmetric
backgrounds admitting two supercharges with opposite
R charge are manifolds with a transversely holomorphic
foliation with a compatible metric, and the vector generat-
ing the foliation is Killing. Concretely, the restriction of the
Killing vector field § = d,, to the boundary is the Reeb
vector field associated to the foliation, z, zZ are the
coordinates on the complex leaf. In the formulation in

+ 2
+3222{ (b1 bz):Fa

(by F by)?
" ab,b,

a]+az

Cl(Tzi) i‘a 201(N21)>’ (23)

|

terms of almost contact structure, the global almost contact
one-form is 779y and the expansion of (10) to the boundary
leads to the constralnt

dl’](o) = 4ieW<0>6(1)dz A dz. (25)

We shall now assume that it is possible to consistently
truncate eleven-dimensional supergravity (with its higher-
derivative corrections) on a seven-manifold X5 in order to
obtain Syp in (1). For the two-derivative action (2), this
assumption has been proved by generalizing the Freund—
Rubin background and X; being a Sasaki—Einstein mani-
fold (see [17] for the local uplift, and [18,19] for a careful
analysis of global issues). This procedure would also fix the
coefficients a;, a,.

Once we make this assumption, the AdS/CFT dictionary
tells us that Syp captures universal features of three-
dimensional A =2 SCFTs admitting a gravity dual,
namely the dynamics of their stress-energy tensor super-
multiplet. The main statement is that the partition function
of the SCFT on the supersymmetric background
(M3, g,A®) is equal (in the large N limit) to minus the
logarithm of the on-shell action of the gravity dual bulk. It
is known that the partition function of any three-dimen-
sional NV = 2 SCFT formulated on a rigid supersymmetric
background as above depends on the geometry of the
background only via the choice of transversely holo-
morphic foliation [2]. That is, it is invariant under defor-
mations W(o) - W(()) + 5W(0), (9(1> - (9(1) + 59(1), where
W (0)(z,Z) and 66(;)(z,Z) are arbitrary global smooth
functions on Mj; invariant under 0,. Thanks to AdS/
CFT, this leads to an equivalent statement for the holo-
graphically renormalized on-shell action, which should be
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invariant under the same variations of the boundary
structure.

This was proved in [9] for 1,5, and here we shall consider
the higher-derivative corrections. As we saw in (20), the
higher-derivative corrections considered here (namely (1)
are such that for supersymmetric solutions the on-shell
action is simply a combination of the two-derivative on-
shell action and the Euler characteristic of the bulk.
Therefore, given the results of [9], the conclusion seems
to follow immediately. However, to err on the safe side, we
shall now consider this explicitly.

A variation of the boundary data corresponds to a
variation of the on-shell action that is necessarily a
boundary term, provided the absence of boundaries or
singularities in the interior. The variation 6l,5 resulting
from the relevant variation of g;; and Al(.R) vanishes, being
exact on the base of the three-dimensional fibration. So we
should simply consider the variation of y. The variation of
I6B buik + IGB ot gives a vanishing bulk term proportional to
the Lovelock tensor, and a boundary contribution that in a
generic dimension has the form [20]

an _ _ 2 Ol
g Vg 69"

.4

(26)
|

Here, J;; is defined as in (17), whereas P;jy, the diver-
gence-free part of the Riemann tensor, is

Piji = Riju + 2Rjchyi — 2Rhy; + Rhjhy;  (27)

and everything is computed using the induced metric /;; on
Y 5. However, in three dimensions 75" = 0: the first terms
vanish because of (18), and P;;;; coincides with the Weyl
tensor, which vanishes in three dimensions. This confirms
that the on-shell action with higher-derivative corrections is
invariant under the variations of the boundary that we are
concerned with. More interestingly, notice that we may turn
the argument on its head and argue that the requirement of
invariance under specific variations of the boundary data
imposes constraints on the form of the higher-derivative
corrections.
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APPENDIX A: EQUATIONS OF MOTION

The equations of motion coming from (1) can be written as (6), where each term is

(E),

. 1 1
(E5210> = Rm/ - ERg;w - 3L_2g/w - 2<F;4pF§ - Zgﬂvaan6> P

Hv

(E%a)u = V”Fﬂl/7

1 1
_ -2 o T c )2
= —ZBW —8L <FWFU/’ —ZglepﬂFp ) - 8<F”TFU FMF/’ —ggﬂy(F[mFﬂ ) >

1 1
+ 32 <F/F,/’FT"F/,,, - ggﬂDF’ll’FprTFG,> +4F,,F/R+2 <Ruu - Eg!wR) FoF"° + 2gWV2 [F o FP°]

— ZV},V,, [FMF/"’] + 4gWF,,TF,,TRf"7 - SFWFMR”" + 16F,,(I,F"”’R,,)p —4V? [F/Fl,p]
— 4,V [FP*F7| 48V, Y, [F, P F° | = 49, VPF ,.VF 7 + 16V, F,)°V’F,,,
+8VPF,, NF,, — 84, VP [F,.NF,7| — 16V,[F,,V’F,] — 16V,[F,"V/F,) ]

8 2 o
= 4(E§3)W)<E!2]8)Dp - gﬂu(Eéa)/m(Eéa)pa - g (Ega)yu(E_tzla)pp + gg”y<E!2}8)p/)(E§3)aﬁ —8L 2<E§d)/w
) 8 1
+ 2L 2.9/,:1/<E§8)pp + §Fﬂvap(E§0)Ga - 8FﬂpF1/a<E§0)pg - 2FpanG(E§0>/w + ggﬂprang(Egz]a)Tf

, 2 . 2 . .
+ 2v2(E§d)yy - gg/wvz (Ega)pp - 4vpv(/4 (Eéo)u)p + 5 vﬂvv(Eéd)pp + 2gmzvpv6(E{2]d)p6 + 8gﬂyv6 [FUT<E1248)T]

= 16V, [F,)o(EX)] + 16V, [F(,7(EX),)] = 4, (EY)(EX), + 16V, ) (EX)" + 8(EY),(EY), (A3)
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J\ - c
(E$9), = V#4L=2F,, + 16F,, F/F,, + 4F?F,, + 8R,F",| — 2RF,, + 8V, V" F |

= 16L72(EY), + 8VF[A(EZ) 1 FP ) — F (EX)  + 4V, (EF) .

(A4)

Here, we have introduced the Bach tensor coming from the variation of the Weyl-squared term

2 1 1 2 1
B,, =—-2R,,R/” +=RR,, + 3 GuR R — 6 9uR? — 3 V.V,R-V?R,, + e 9w V'R +2V,V(,R,".

3

It is clear from the rewriting that if (£2?) and (E%?) vanish,
then so do (E}?) and (E%).

APPENDIX B: BILINEARS AND EQUATIONS
OF MOTION

A supergravity solution is supersymmetric if there exists
a Dirac spinor € for which the gravitino variation (5)
vanishes (here we set L = 1):

. 1 i
V,e—iAe+-Te+—

STue + 3 FoplT e = 0.

(B1)
At a generic point on Y, e defines an identity structure, and
we can choose to align the Killing vector £ to one of the
basis vector. As pointed out in [5], it is then possible to
show from the bilinear equations that

£, dxF=0, (B2)
which means that the Maxwell equation along the base of
the fibration induced by ¢ is identically satisfied, that is,
(E/, E3%) = 0 where E' is any of the basis vectors orthogo-
nal to &. It is also possible to check from the bilinear
equations that (E27) w& = 0. This may also be seen from
the integrability condition for the Killing spinor equation (7)

(AS)

|
as follows. Multiply by €'T's to obtain (assuming the

Bianchi identity)

0=—(EX),& +2(EY),cTse. (B3)
If we project this equation on the directions orthogonal to &,
say along K* = €'T*e, then the Maxwell part vanishes, and
we are left with (E27) K*& = 0.

Consider now an analogous case: multiply the integra-
bility by €'

0= (E2), K"+ 2i(EY) €'e (B4)

and now project along &£ As long as €'e # 0, then we
conclude that the full Maxwell equation is implied by the
supersymmetry.

From this, we can use a standard analysis (see, e.g.,
[21]): the integrability equation is now

0= (E2),Ie. (BS)
Multiply this by (E3%),,I” to obtain
0= (Ey"),(EY)," = 0= (EJ);;(E’)/. (B6)

Because of the Euclidean signature, then each (E*%),; = 0
(note that there is no sum on i).
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