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Axionlike particles (ALPs) are a compelling candidate for dark matter (DM), whose production is
associated with the formation of a string-wall network. If walls bounded by strings persist, which requires
the potential to have multiple local minima (N > 1), they must annihilate before they become dominant.
They annihilate mostly into gravitational waves and nonrelativistic ALPs. We show that for ALPs other
than the QCD axion these gravitational waves, if produced at temperatures below 100 eV, could be detected
by future cosmological probes for ALPs with mass from 10−16 to 106 eV that could constitute the entirety
of the DM.
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I. INTRODUCTION

Gravitational waves (GWs) constitute a powerful tool to
assess particle physics models [1–5]. They could test in the
near future a particular class of light bosonic dark matter
(DM) candidates. The production of these particles implies
the existence of a stochastic GW background with a peaked
spectrum that can be probed by cosmic microwave back-
ground (CMB) experiments and astrometry measurements
in the 10−16 Hz GW–10−14 Hz GW frequency range.
Many extensions of the Standard Model (SM) of

elementary particles contain a global Uð1Þ symmetry
spontaneously broken at an energy scale V and explicitly
broken at another scale v ≪ V. Models for the original
axion [6–8], invisible axions (also called “QCD axions”)
[9–12], and axionlike particles (ALPs) (e.g., [13–17]) are of
this type. In these models, the Nambu-Goldstone (NG)
boson corresponding to the spontaneous Uð1Þ breaking
acquires a mass ma ≃ v2=V, becoming a pseudo-NG boson
which we denote with a and call an ALP.
If the spontaneous symmetry breaking happens after

inflation, as we assume here, a system of cosmic walls
bounded by strings is produced (see e.g., Ref. [18] and
references therein). Global cosmic strings are created
during the spontaneous symmetry breaking, and become
connected by walls at a later time t ≃m−1

a . After the explicit
breaking, the potential may have just one minimum,N ¼ 1,
or several, N > 1. With N ¼ 1, “ribbons” of walls bounded

by strings surrounded by true vacuum form, which shrink
due to the pull of the walls on the strings. Thus, the wall-
string system decays immediately after wall formation,
leading to GWs produced only by strings before walls
form, observable in future pulsar arrays and direct detection
experiments if V ≳ 1014 GeV [19].
With N > 1, each string connects to several walls,

forming a stable string-wall system. This system would
come to dominate the energy density of the Universe,
leading to an unacceptable cosmology unless it disappears
early enough [20]. A “bias”—a small energy difference
between the vacua at both sides of each wall—would
accelerate each wall towards its adjacent higher energy
vacuum, driving the domain walls towards their annihila-
tion [20] (see also e.g., Ref. [21]). An additional explicit
breaking term in the scalar potential was thus proposed to
produce this bias [22,23]. This term leads to the existence
of one true vacuum, and a bias that we parametrize as ϵbv4,
with a dimensionless positive parameter ϵb ≪ 1.
Gravitational waves due to cosmic strings have been

recently studied for NG boson models [24] and N ¼ 1 ALP
models [19]. We focus on models with N > 1, in which for
small enough values of ϵb, GWs are dominantly produced
when the string-wall system annihilates.

II. ALP MODELS AND THEIR COSMOLOGY

A generic parametrization for the potential VðϕÞ of a
pseudo-NG boson model with multiple vacua, and a small
bias among them to make the model cosmologically viable
(see e.g., [22,23]), includes the terms

VðϕÞ ⊃ λ

4
ðjϕj2 − V2Þ2 þ v4

2

�
1 −

jϕj
V

cosðNθÞ
�

− ϵbv4
jϕj
V

cos ðθ − δÞ; ð1Þ
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where ϕ ¼ jϕjeiθ, v ≪ V, and V ≲ 1016 GeV due to upper
bounds on the inflation scale [25,26]. The first term isUð1Þ
invariant. It leads to the spontaneous breaking of this
symmetry at a temperature T ≃ V. Shortly after, jϕj ¼ V,
and the phase θ ¼ a=V has different random values in
different patches of the Universe, which leads to the
formation of cosmic strings. We assume the bosons have
the same temperature or average energy as visible sector
particles before the spontaneous breaking, as happens in
many inflationary models. In a short time, the Hubble
expansion and string recombination lead the string system
to a scaling regime, in which the population of strings
remains of Oð1Þ per Hubble volume.
The second term in Eq. (1) breaks Uð1Þ into a ZN

discrete subgroup. It produces N degenerate minima with
different values of θ, and an ALP mass ma ¼ v2N=ð ffiffiffi

2
p

VÞ.
We assume that a couplings are small enough so that
temperature corrections to ma are negligible.
At this point, the equation of motion of the field a in the

expanding Universe is that of a harmonic oscillator with
damping term 3H _a, where H ¼ ð2tÞ−1 is the Hubble
expansion rate during the radiation dominated epoch. At
a temperature Tw when HðTwÞ ≃ma=3,

Tw ≃
5.1 × 104 GeV

½g⋆ðTwÞ�1=4
�
ma

eV

�
1=2

; ð2Þ

regions of the Universe with different values of θ evolve to
different minima and become separated by domain walls
of mass per unit area σ ¼ fσv2V=N. Here fσ is a model
dependent dimensionless parameter (≃6 for N ¼ 2). Our
figures assume N ¼ 6 and fσ=N ≃ 1. In a short time,
the expansion of the Universe and energy losses drive the
string-wall system into a scaling regime, in which the
energy density is ρw ≃ σ=t.
The third term in Eq. (1) [22], assumed to be much

smaller than the second one, i.e., ϵb ≪ 1, makes the
vacuum closest to the arbitrary fixed phase δ the true
one, and raises the others by an energy density difference, a
bias, of order Vbias ≃ ϵbv4. We remain agnostic about the
origin of this term (see e.g., Refs. [27–30]).
The surface tension of the walls tends to rapidly

straighten out curved walls to the horizon scale H−1,
and produces a pressure pT ≃ σ=t, which decreases with
time. The volume pressure pV ≃ Vbias tends instead to
accelerate the walls towards their lower energy adjacent
vacuum, converting the higher energy vacuum into the
lower energy one. Assuming that when walls form pV ≪
pT (i.e., ϵb ≪ 1), at a later time, when pT ≃ pV , the bias
drives the walls (and the strings bounding them) to
annihilate within a Hubble time, when the temperature is

Tann ≃
0.73 × 105 GeV

½g⋆ðTannÞ�1=4
ffiffiffiffiffiffiffiffiffiffiffi
ϵbma

fσeV

r
: ð3Þ

At this point the energy stored in the string-wall system
goes entirely into GWs and nonrelativistic or mildly
relativistic ALPs (since the wall thickness is ≃m−1

a ) [31].

III. PRESENT GW ENERGY DENSITY

The quadrupole formula for the power emitted in GWs
P ≃G ⃛Qij

⃛Qij is used to estimate the GW energy produced
by the string-wall system [2]. In the scaling regime the
linear size of large walls is ≃t, thus their quadrupole
moment as function of the energy in the walls Ew ≃ σt2 is
Qij ≃ Ewt2. Thus ⃛Qij ≃ σt, and the power emitted in GWs
is P ≃ Gσ2t2. The energy density ΔρGW emitted in a time
interval Δt is then ΔρGWðtÞ ≃ Gσ2ðΔt=tÞ. The resulting
emitted energy density in a Hubble time Δt ¼ t is ≃Gσ2,
independently of the emission time, and for later emission it
is less red-shifted. Therefore, the largest contribution to the
present GW energy density spectrum, the peak amplitude,
corresponds to the time of wall annihilation (a similar
calculation can be found e.g., in Ref. [32])

ΩGWh2jpeak ≃
1.2 × 10−79ϵgwg⋆ðTannÞ

ϵ2b½gs⋆ðTannÞ�4=3
�

fσV
NGeV

�
4

; ð4Þ

where (g⋆ and gs⋆ are the energy and entropy density
numbers of degrees of freedom), see also Ref. [33]. We
include in Eq. (4) a dimensionless factor ϵgw found in
numerical simulations (see Fig. 8 of Ref. [33]) and
conservatively take ϵgw ¼ 10.
Notice that ΔρGWðtÞ above defines also the maximum of

theGWenergy density spectrum at time t as a function of the
wave-number at present k (which, when defining the present
value of the scale factor R0 ¼ 1, coincides with the comov-
ing wave number) or of the frequency f ¼ k=ð2πÞ, which
is defined as ΩGWh2ðk; tÞ ¼ ðh2=ρcðtÞÞðdρGWðtÞ=d ln kÞ,
i.e., dρGWðtÞ=d ln ðkÞ ≃Gσ2 (see e.g., Ref. [32]). Thus the
peak amplitude of this GW spectrum at present, for t ¼ t0,
coincides with the total amplitude in Eq. (4).
The peak GW density is emitted at annihilation with

frequency ≃HðTannÞ, which is redshifted to

fpeak ≃ 0.76 × 10−7 Hz
Tann

GeV
½g⋆ðTannÞ�1=2
½gs⋆ðTannÞ�1=3

: ð5Þ

The limit Tann > 5 eV (safely above matter-radiation
equality) thus implies fpeak > 5 × 10−16 Hz.
The GW spectrum emitted by cosmic walls for N > 1

computed numerically is shown in Fig. 6 of Ref. [33]. It has
a peak at fpeak ≃ RðtfÞma and a bump at f ≃ RðtfÞHðtfÞ,
where tf is the latest time in their simulation. Frequencies
f < fpeak correspond to super-horizon wavelengths at
annihilation, so causality requires a ∼f3 dependence
[34] for wavelengths that enter into the horizon during
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radiation domination, see e.g., [35–37]. For f > fpeak the
spectrum depends instead on the particular production
model. Reference [33] finds a 1=f dependence, although
the approximate slope and height of the bump depend onN.
An example of the approximate spectrum is shown in

Fig. 1, together with several present bounds and projected
reaches of GW detection in the near future. For
f > 10−14 Hz, the most important bounds come from
the very long baseline array astrometric catalog [38] (since
GWs would produce an apparent distortion of the position
of background sources) and from the effective number of
neutrino species Neff during CMB emission [39] (since
GWs are a radiation component). EUCLID will improve
this latter limit by one order of magnitude [40], and
astrometry could reachΩGW ≃ 10−8 [41]. At lower frequen-
cies, GWs are constrained by CMB polarization data
[42–46]. The present bounds from Planck temperature
[26] and BICEP/Keck Array polarization [47] data sets
could be improved by planned experiments such as
LiteBIRD [48], PICO [49], and CORE [50]. We show
the CMB constraints and projections of Ref. [51] for
monochromatic GWs, which may be closer to the peaked
spectrum of our model than the usually assumed power-law
spectrum.
The spectrum of GWs emitted during radiation domi-

nation by strings before walls are formed, computed in
Refs. [19,24,52], can be approximated with the simple
expression

Ωst
GWh

2 ≃ 2 × 10−15
�
10−12 Hz

f

�
1=8

�
V

1014 GeV

�
4

: ð6Þ

This spectrum, very different from the peaked spectrum
produced by the string-wall network, does not extend
to f < 10−12 Hz. In fact, the Ly-α limit on ALP DM
ma > 2 × 10−20 eV [53] imposes a limit Tw > 5.3 keV
(see Eq. (2) which, replacing Tann by Tw in Eq. (5),
implies f > 4.7 × 10−11 Hz.
The spectrum cuts off at higher f for largerma (see Fig. 4

of Ref. [19]). Therefore, in our model the only source of
GWs with f < 10−12 Hz is the string-wall system. As
clearly shown in Ref. [19] for N ¼ 1 only a spontaneuos
breaking scale V ≳ 1014 GeV and ma ≲ 10−17 GeV can
give an observable signal. Thus, for lower breaking scales
and heavier ALPs, the only hope to detect GWs associated
to ALP production is within the scenario we consider here,
with N > 1.

IV. PRESENT ALP ENERGY DENSITY

Specifying to our model the analytic derivations in the
literature (see e.g., Refs. [33,52,54,55] and references
therein) we obtain the different components of the present
ALP density.
The ALPs are produced by the string-wall system mostly

at annihilation, with average energy ≃
ffiffiffi
2

p
ma,

Ωah2≃
2.4×10−24

ϵ1=2b

�
f3=4σ V
NGeV

�2�ma

eV

�
1=2 ½g⋆ðTannÞ�3=4

gs⋆ðTannÞ
: ð7Þ

Comparing this result with Eq. (19) of Ref. [19], we find
that for ϵb ≲ 2 × 10−9 the string-wall ALP production
dominates over that of strings, which emit ALPs contin-
uously until walls form. The component of the ALP density
due to the initial misalignment of the ALP field is always
subdominant. The single contributions to the axion pop-
ulation due to misalignment and string decay are affected

FIG. 1. Regions of ΩGWh2 vs GW frequency, excluded by
existing bounds (solid colored lines) or within the expected reach
(dashed colored lines) of Neff [39,40] (yellow), astrometry
[38,41] (blue) and CMB [51] (red) measurements. An example
of a differential spectrum from string-wall annihilation is shown,
with Tann ¼ 5 eV and ΩGWh2jpeak ≃ 10−12: the ∼f3 spectrum
(solid black line) below the peak is predicted by causality while
the ∼f−1 spectrum above the peak (dotted black line) is uncertain.
The vertical dashed line indicates the frequency of GWs produced
at matter-radiation equality.

FIG. 2. Regions of interest in fV; ϵbg space for ma ¼ 10−6 eV.
Red regions are excluded by either an ALP density larger than
that of DM or current CMB limits on GWs in Fig. 1. The gray
region corresponds to Tann < 5 eV. The blue region will be
explored in the near future by CMB probes and astrometry. The
green region is allowed but not testable.
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by large uncertainties (see e.g., [56,57]). However, for
small enough values of ϵb (like those considered in our
figures), wall annihilation is in any event the dominant
production mechanism.
Combining Eqs. (3)–(5), and (7), the overdensity limit

Ωah2 < ΩDMh2 implies (neglecting degrees of freedom)

ΩGWh2jpeak
10−15

�
fpeak

10−9 Hz

�
2

< 10−4; ð8Þ

which shows that our allowed window is at frequencies
below the 10−9 Hz–103 Hz range observable in direct
GW detection for ΩGWh2 > 10−15. For example, for the
future reach of astrometry, ΩGWh2 ≃ 10−9, Eq. (8) implies
fpeak < 10−14 Hz.

V. GW OBSERVABILITY

The region of the fϵb; Vg space which can be explored
by forthcoming measurements of low frequency GWs
depends on ma. It is shown in blue in Fig. 2 for ma ¼
10−6 eV. The GWs are observable for 5 × 10−16 Hz <
fpeak < 1 × 10−14 Hz, i.e., for 5 eV < Tann < 102 eV.

Note from Eqs. (3) and (5) that fpeak ∼ ϵ1=2b , as shown in
Fig. 2. The red region is excluded either by ALPs over-
closing the Universe or by the current CMB limits shown in
Fig. 1, the gray region is excluded because Tann ≲ 5 eV,
and the green region is allowed but the GW energy density
is too small to be detected in the near future. ALPs
constitute the whole of the DM on the “Overclosure” line.

Combining Eqs. (3)–(5), and (7) one sees that the
observable region shifts as V ∼m−1=2

a and ϵb ∼m−1
a . As

ma increases, the lowest V value of the window decreases
as V ¼ 106.5 GeVð10−6 eV=maÞ1=2. Considering the hier-
archy of the terms in Eq. (1) we require v < 10−2V, i.e.,
ma < 10−4NV. For N ¼ 6, this limit restricts the observ-
able window to V > 2.5 GeV and ma < 1.5 MeV.
The scaling of the characteristic ϵb of the observable

window, ϵb ¼ 10−18ð10−6 eV=maÞ, shows that ALPs are
dominantly produced by walls for ma > 5 × 10−16 eV (for
which ϵb < 2 × 10−9). Thus, the observable region in Fig. 2
just translates with the same shape for ma ≳ 10−16 eV. We
do not consider lighter ALPs to avoid black hole super-
radiance limits, which also reject 3.8 × 10−14 eV < ma <
3.4 × 10−11 eV [58].
Figure 3 shows ALP-photon-photon coupling limits and

the characteristic ϵb for observable GWs as functions ofma.
The ϵb range of observable GWs centered at the value
shown is about two orders of magnitude wide. As this range
depends only on ma, it applies to all ALP couplings (e.g.,
Refs. [59–61]) or “darker” ALPs [62–65].
If future laboratory searches have a signal compatible

with a QCD axion, the detection of GWs with the spectrum
we described would challenge the attribution of this signal
to a QCD axion, since GWs from QCD axion string-wall
networks are not detectable [33].

VI. CONCLUSIONS

We have presented a novel window in to ALP models
which takes advantage of the fast progress expected in GW
detection, resulting from a so far overlooked mechanism of

FIG. 3. Parameter space fma; gaγg for ALPs with coupling gaγaFF̃ to two photons and current bounds from laboratory [66–68], stellar
[69,70], other astrophysical [71–76] and cosmological [77–79] measurements, helioscopes [80,81], and direct DM detection [82–92]
(see this URL1). For each ma, there is a range of about two orders of magnitude centered at the given ϵb in which GWs can be detected.
This range is independent of gaγ , as are the black hole superradiance limits. The latter exclude the brown band [58] (and e.g.,
Refs. [14,93–98]). The light orange region will be probed by future experiments, e.g., [99–106].

1https://cajohare.github.io/AxionLimits/
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GW production in ALP models. If the ALP potential has
several minima, a bias between them is needed to drive the
ensuing string-wall system to annihilate early enough to
avoid cosmological problems. For the QCD axion, GWs
generated by this mechanism are unobservable, but for
other ALPs it could produce GWs is a novel frequency
range not previously identified for ALP models. We have
found that, if walls annihilate at 5 eV≲ Tann ≲ 102 eV,
GWs can potentially be detected by future CMB probes and

astrometry measurements for ALPs with mass from 10−16

to 106 eV, which could constitute all of the DM.
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