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Yusuke Nishida
Department of Physics, Tokyo Institute of Technology, Ookayama, Meguro, Tokyo 152-8551, Japan

® (Received 17 June 2021; accepted 19 July 2021; published 31 August 2021)

We study the probability distribution of the number of particle and antiparticle pairs produced via the
Schwinger effect when a uniform but time-dependent electric field is applied to noninteracting scalars or
spinors initially at a thermodynamic equilibrium. We derive the formula for the characteristic function by
employing techniques in mesoscopic physics, reflecting a close analogy between the Schwinger effect and
mesoscopic tunneling transports. In particular, we find that the pair production in a medium is enhanced
(suppressed) for scalars (spinors) due to the Bose stimulation (Pauli blocking). Furthermore, in addition to
the production of accelerated pairs by the electric field, the annihilation of decelerated pairs is found to take
place in a medium. Our formula allows us to extract the probability distributions in various situations, such
as those obeying the generalized trinomial statistics for spin-momentum resolved counting and the
bidirectional Poisson statistics for spin-momentum unresolved counting.
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I. INTRODUCTION

Together with earlier suggestions by Sauter, Heisenberg,
and Euler [1,2], Schwinger in 1951 predicted that pairs of
electron and positron are produced out of a vacuum
subjected to an external electric field [3]. This phenomenon
is now known as the Schwinger effect, which is a
manifestation of the fact that the quantum vacuum is no
longer a classical empty space but undergoes virtual pair
excitations, being the Copernican revolution of our view on
the vacuum.

Although the Schwinger effect constitutes one of the
most significant predictions of quantum electrodynamics,
its experimental observation has been elusive because the
mean number of produced pairs is exponentially sup-
pressed if the electric field is below the critical strength
set by the electron mass. However, new prospects to reach
and exceed the critical electric field have recently emerged
in high-intensity laser facilities [4], as well as in relativistic
heavy-ion collisions [5], which have reaccelerated research
into the Schwinger effect calling for further insights as a
realistic possibility [6].

The purpose of this paper is to study the probability
distribution of the number of produced pairs, going beyond
just the mean value usually considered. This is partly
motivated by an estimation that the mean number of
produced pairs is at best far from macroscopic [7,8], so
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that its event-by-event fluctuations should be important. It
is also evident that the probability distribution brings out
much more information from the system, as concisely
phrased by “the noise is the signal” [9]. In fact, such a
probability distribution of the number of transmitted
charges is referred to as full counting statistics and has
been one of the main research streams in mesoscopic
physics [10,11]. Because the Schwinger effect can also be
viewed as a quantum tunneling phenomenon [12], common
techniques can be employed to derive the formula for full
counting statistics, which reflects a close analogy between
the Schwinger effect and mesoscopic tunneling transports.

II. SCHWINGER PAIR PRODUCTION

We consider noninteracting scalars (S = 0) or spinors
(S = 1/2) with mass m and charge ¢ subjected to an
external electric field, which obey the Klein-Gordon or
Dirac equation, respectively. The time-dependent electric
field is assumed to be spatially uniform and turned off in the
infinite past and future, so that the gauge is chosen to be
A(t) = [*dI/E(f"). We will set i = ¢ = k = 1 throughout
this paper.

One convenient way to describe the Schwinger effect is
based on the canonical quantization of the single-particle
field operator W(x) [13-15]. Because its detailed accounts
are readily available, for example, in Refs. [6,16,17], we
only outline the basic ingredients needed for our following
discussions. The field operator can be expanded on a basis
of eigenfunctions of the Klein-Gordon or Dirac equation as

P(x) = (@l (x) + &N it ()] (1)
s.p
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where s = —S,—-S + 1, ..., S and p label spin and canonical
momentum, respectively, assuming the system in a periodic
box. By choosing the eigenfunctions so as to satisfy
hm,_, ool//m:t( )Neipxqii\/mt’ alsnp and CmS .
are identified as annihilation operators of particle and
antiparticle in the infinite past. On the other hand, the

same field operator can also be expanded on a different
basis as

W) = [yt (x) + ey (0], (2)
sp

where lim,_ , QU (x) ~ P ¥ TV 5o that a9% and
¢2_, are in turn annihilation operators of particle and
antiparticle in the infinite future. We note that, because of
A(+00) =0 in our gauge choice, p coincides with the
kinetic momentum in the infinite future, which is accel-
erated from p — gA(—o0) being the kinetic momentum in
the infinite past.

Because each of yi%(x) is a superposition of w94 (x)
and w9y~ (x), a9y and ?:‘1“”_1, can be expressed in terms of

ar, and ¢ _, as

~out ~in

asp \ U agy, 3)
éoutT —Tsp 6,in'}' '

—5.—p —5.—p

Here it is assumed that the spin basis is chosen so that
different s sectors are decoupled. In order to preserve the
commutation (anticommutation) relations for bosons (fer-
mions) with 4 = (=1)25,

[&s,p’&;rp]z = spaSP ’laspasp =1 (4a)
[6_s_pelsp], =1, others =0, (4b)

U,, must be a 2 X 2 paraunitary (unitary) matrix satisfying

voly S)e=(o 5) @

Its general form is provided by

U = ei‘ss.p < as.p ys,p ) (6)
S * *
i lys.p as,p

with | ,|* =]y, |* =1, which constitutes the Bogoliubov
transformation for bosons (fermions).

Suppose that the system is initially in the vacuum,
ain,lvac) = ¢ _[vac) = 0, with no particles and antipar-
tlcles present. After the electric field is applied, we however
find that pairs of particle and antiparticle are produced
according to (vac|ady’ ady|vac) = (vac|e2yT, eout _p|vac) =
lysp|*- This is none other than the Schwinger effect.
The mean number of produced pairs with spins and

momenta of +(s,p) for particle (upper sign) and anti-
particle (lower sign) is provided by the Bogoliubov
coefficient [y,,|?, which is to be determined by solving
the Klein-Gordon or Dirac equation for a given electric
field. Such analyses were carried out for a variety of
solvable temporal profiles [18], including the constant
pulse E(t) = Eq0(T/2 — |t|) and the Sauter pulse E(z) =
E,/cosh?(2t/T) [6,16,17]. In either case, T is the duration
of the applied electric field with gA (—o0) = gE(T and the
long-time limit leads to

,,M) )

: 2
Th_r)glo|ys,p| - qu

O(p|)0(qET — p|) exp <—

for |pyl, |p| —qEoT|> m [19], where p; and p, are
momenta parallel and perpendicular to gE, respectively.

III. CHARACTERISTIC FUNCTION

We now wish to determine the probability distribution of
the number of produced pairs instead of just the mean
value. For the sake of generality and comparison with
mesoscopic tunneling transports, we assume that the
system is initially at a thermodynamic equilibrium with
temperature ! and chemical potential x. The joint
probability to produce N, particles and N, p antiparticles
for each spin and momentum (i.e., N,, = Ny, —Ni;}p
being the particle number in the infinite future minus that
in the infinite past) is denoted by P({N}, {N}). It is rather
convenient to consider its Fourier series,

2({6}.{6H) =) > PN} {N})
{N} {N}
Xeizl‘p(ﬁg Nyp+0,,N,,) (8)

’

defining the characteristic function. We note that the
cumulants are generated by a power series expansion of
Iny({0},{6}) and the probability distribution is recovered
according to

7df, d9
P 7 = |IT J[" “aze octor. @
X e_’zw
The characteristic function can be expressed in terms of

the creation and annihilation operators of particle and
antiparticle as

s.p xp+NSp6xp)' (9)

Aoutf A Aoutt A
Tr e—ﬂH Z (gspa?$ ?up""'gspc?;‘ C?L;;)

2({0}.{0}) =

A‘“T Am

% e zzm 0, paityait, 1+, , el ein ) . (10)
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Here H =13, ,[(E, —p)ayal, + (E_, + p)eiyeh,] is
the initial Hamiltoman with the dispersion relation of

E, = \/m? + [p - gA(~w0) 2. (11)

H | is the partition function, and the trace is taken

in the Fock space. We then introduce an operator of two

= (a>,, ¢™ )T and its conjugate by

Z = Trle””

components by l;S »
13;'.1, = (a¥ ,—Ae™ _,), so that their components obey
the commutation (anticommutation) relations for bosons
(fermions),

(15 b34)s = 816,465 (i.j=1.2).  (12a)
[b1.ps laly = (b7 B3] = 0 (12b)

With the help of the Bogoliubov transformation in Eq. (3)
and U;) = diag(1,-4)U{,diag(1,—1) following from
Eq. (5), the characteristic function now reads

2160} 0)) = [T 5t lehottrbs

sp TSP

it U@, Uspbyy e—iég‘,(aw,éw] 7 (13)

Iny({0}.{0}) =
- lfﬂ (Ep

Here the thermodynamic limit is taken with V being the
volume subjected to the electric field and f,(E, F u) =

1/[ePEF#) — ] are the Bose-Einstein or Fermi-Dirac
distribution functions of particles (upper sign) and anti-
particles (lower sign).

The resulting formula for the characteristic function
constitutes the central outcome of this paper, from which
the probability distributions can be extracted in various
situations as discussed below for some specific cases. Here
we make general remarks. The term ~e™s» (e7%») repre-
sents a process to add (remove) one particle with spin and

momentum of (s,p), whereas the term ~e -+ (e=--)
represents a process to add (remove) one antiparticle with
(—s,—p). Because the characteristic function depends only
on the combinations of e»*-s» and e~s»=-»  par-
ticles and antiparticles are always produced or annihilated
in pairs.

The probability for pair production per mode is quanti-
fied by

F?,p = [1 +ﬂf/l(Ep _ﬂ>][1 +)*fﬂ(Ep +/’4)]|ysp

o

gz/d In[l = 2{1 + Af,(E,

_/‘>fﬂ(Ep +/")|}/s,p|2( ~i0s _164 v = 1)] (16)

where O, = diag(0,,.—0_,_,), H,, = diag(E, —
—E,—p), and Z,, = tr,,[e PP sbs] are introduced
and the lowercase trace is taken in a Fock space spanned
by (b}))"(b32)"|0) with b} ,|0) = b?,|0) = O for the given
set of (s,p).

Remarkably, the trace in the Fock space can be trans-
formed into the determinant in the single-particle Hilbert
space according to

tr[e0W 0B ... e0O] = det[l — AeheB - - - €], (14)

Here O(A) = b*Ab is a bilinear operator with an arbitrary
square matrix A and the above identity was proven with
[O(B),0(C)] = O([B.C]) and the Baker-Campbell-
Hausdorff formula by Klich [20]. Its application to
Eq. (13) leads to Z;, = det[1 — 2e™#Hs»]~* and

2({0}.0})

)
~1,i0, -i0,, _
spe' U e 1)

A
_Hdet[ i, _/1(
(15)

Finally, it is straightforward to manipulate the 2 x 2
matrices to obtain

~ W) HL + Af 2By + )}y pl* (ot 0n — 1)

|

which in the medium is enhanced for bosons due to the
Bose stimulation but suppressed for fermions due to the
Pauli blocking. On the other hand, the probability for pair
annihilation per mode is quantified by

sp —fi( :“)fﬂ(Ep +/")|}/x,p|2’ (18)

which is nonvanishing only in the medium because particles
and antiparticles must initially be present in order for a pair
to be annihilated. According to Eq. (7), produced particles
(antiparticles) tend to have final kinetic momenta in the
same (opposite) direction to gE, so as to be accelerated by
the electric field, whereas annihilated particles (antipar-
ticles) tend to have initial kinetic momenta in the opposite
(same) direction to gE, so as to be decelerated by the
electric field. The latter is actually the time-reversal process
of the former, solving the same equation of motion but
under different initial conditions. Although F;,/G,,

e?E > 1 indicates that the pair production dominates over
the pair annihilation on average, it does not have to be the
case in individual events (see Fig. 2).
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Our formula is indeed parallel to the Levitov formula in
mesoscopic physics [21,22], where our particle and anti-
particle degrees of freedom correspond to left and right
reservoirs in mesoscopic tunneling transports [11].
However, the distribution functions appear differently in
our characteristic function, reflecting the fact that ours
involves pair production and annihilation instead of trans-
missions between two reservoirs.

IV. FULL COUNTING STATISTICS

A. Spin-momentum resolved counting

Let us first derive the probability distribution in the case
where the numbers of produced particles and antiparticles
are fully counted per spin and momentum. To this end, we
discretize the continuous momentum in Eq. (16) into a
bunch of sufficiently small bins so that the integrand is
regarded as constant in each bin. The substitution of
Eq. (16) into Eq. (9) then leads to

{N} {N} HPsp s.p (SN N_S_Ig (19)
where
7 do
P ,(N) = / 3¢ e”N[1 + AF%, + MG,
—n 27
— AF} e — AG? e~ i0]~2vhe/Cn)(20)
is the marginal probability to produce N particles for
particular s and p in a bin volume of Ap. We can perform

the integration over @ with the help of the trinomial series to
obtain

zoo: —AVAp/(2x) ]N+2n
prt (N + n)!n!

(1 JrﬂF/l +/1Gl ) —AVAp/(27)*~N-2n
(=

/IF/I )N+n( iGﬂ )n (21)

X

X

where [z], =z(z—1)---(z—=n+1) is the falling facto-
rial. This is, so to say, a generalized trinomial distribution
with the positive (negative) exponent —AVAp/(2x)? for
fermions (bosons) [23]. Its probability distribution is
extended to N <0 if and only if Gﬁ’p # 0, which is a
consequence of the pair annihilation by applying the
electric field to the medium.

On the other hand, when the electric field is applied to
the vacuum with f~! =y = 0, the pair annihilation is
prohibited because of F{, = |y,|* and G?, =0. The
above probability distribution is then reduced to the
(negative) binomial distribution for fermions (bosons)
generalized to the nonintegral exponent. In particular, its
special case with VAp/(2x)? = 1 is the Bernoulli distri-
bution for fermions or the geometric distribution for
bosons [17].

B. Spin-momentum unresolved counting

Let us turn to the probability distribution in the case
where only the total numbers of produced particles and
antiparticles are counted without resolving their spins and
momenta. The probability to produce N particles and N
antiparticles is provided by

// d@d@ —iNO—iN® (22)

where y(6, 0) is obtained by setting 6, — 6 and 6, , — 0
in Eq. (16). The cumulants are generated by a power series
expansion of Iny(#, ) and can be expressed in terms of
F{, and G{,. In particular, the mean value reads

(N) = (N) = X — Y, where
PEE Z / pFL,, (23a)
E 3Z/d (23b)

are constants representing the mean numbers of pro-
duced and annihilated pairs, respectively. We note that
the mean value per mode, F?,—G?,=[1+Af,(E,—p) +
Af3(Ep+u)]yspl, is consistent with Refs. [25-28].

In order to proceed further without numerics, some
simplification is needed and it is reasonable to assume
|75,p|2 < 1 because it is exponentially suppressed if the
electric field is below the critical strength [see Eq. (7)]. The
expansion of Eq. (16) up to O([y,,[*) leads to
~ X( ei9+i@ _

Iny(6,0) 1)+ Y(e 0 —1), (24)

which is the so-called bidirectional Poisson distribution with
its nth cumulant provided by X + (—1)"Y [29-31]. We can
then perform the integrations over 6, 6 in Eq. (22) to obtain

P(N, N) ~ €_X_Y (é) N/2I‘N|(2\/ﬁ)51w§/, (25)

where /,,(z) is the modified Bessel function of the first kind.
The resulting probability distribution is extended to N < 0 if
and only if ¥ # 0, which is again a consequence of the pair
annihilation by applying the electric field to the medium.
Finally, we demonstrate the probability distribution of the
number of produced pairs, Py = P(N, N), by performing
the integrations in Eqgs. (16), (22) numerically. To this end,
we specify the Bogoliubov coefficient |y ,|* to be the form
of Eq. (7) with the transient effects neglected. We also set
gEy=m?/2 and T = V'3 =50/m, so that the mean
number of produced pairs in the vacuum corresponds to

(N)o
2S+1  (2x2)°

Ey)’TV 2
_ BTV <—%)z11.8. (26)
qLo
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FIG. 1. Probability distribution of the number of produced pairs
for scalars at three different temperatures ' /m = 0 (left), 5
(middle), 10 (right), and ¢ = 0 with the electric field fixed as
described in the text. The mean value increases as (N) ~ 11.8,22.3,
38.5 with increasing the temperature due to the Bose stimulation.

The resulting Py, for scalars (S = 0) and spinors (S = 1/2)
are shown in Figs. 1 and 2, respectively, at three different
temperatures and vanishing chemical potential. We indeed
find that the pair production is enhanced (suppressed) for
scalars (spinors) with increasing the temperature due to the
Bose stimulation (Pauli blocking) [28]. Furthermore, the
probability distribution allows us to extract much more
information than just the mean value. For example, it is
evident that the event-by-event fluctuation becomes more
significant for scalars at higher temperatures and the pair
annihilation becomes more probable for spinors as a
consequence of the suppressed pair production.

We also note that, because of |y, ,|* <exp[—zm?/(qE,)] ~
0.00187<1 in our parameter choice, the probability dis-
tributions shown in Figs. 1 and 2 are practically indistin-
guishable from the bidirectional Poisson distribution in
Eq. (25). Its two parameters in the low-temperature limit
p — oo are

X = (N)g + O(e Pm*bu), Y - O(e™m)  (27)
both for scalars and for spinors, whereas those in the high-
temperature limit f — 0 are

X-Y->O0fY.,  X+Y->0@p2) (28)

for scalars but

(N)o

X-Y -0, X+Y—>T+O(ﬂ2) (29)

for spinors. Recalling that the mean value and the standard
deviation are provided by X — Y and /X + Y, respectively,
the numerical results are qualitatively understandable from
the above asymptotic behaviors.

Py
0.12F 100

0.10 T
008 | - = 0
o.cRRIlr N -
0.04} I .

0.02F - il -

10 20 30 40 50

~10

FIG. 2. Probability distribution of the number of produced pairs
for spinors at three different temperatures ! /m = 0 (right), 10
(middle), 100 (left), and u = 0 with the electric field fixed as
described in the text. The mean value decreases as (N) = 23.5,
12.1, 1.48 with increasing the temperature due to the Pauli
blocking. The cumulative probability for pair annihilation reads
> n<o Py ~0.281 for g~ /m = 100.

V. SUMMARY

In summary, we studied the probability distribution of
the number of particle and antiparticle pairs produced via
the Schwinger effect when a uniform but time-dependent
electric field is applied to noninteracting scalars or spinors
initially at a thermodynamic equilibrium. The central
outcome of this paper is the formula for the characteristic
function presented in Eq. (16), from which the probability
distributions as well as their cumulants can be extracted in
various situations. In particular, when the numbers of
produced pairs are fully counted per spin and momentum,
the probability distribution obeys the generalized trinomial
statistics [Eq. (21)]. On the other hand, when only the total
number of produced pairs is counted without resolving
their spins and momenta, the probability distribution obeys
the bidirectional Poisson statistics under an approximation
reasonable to the Schwinger effect [Eq. (25)].

Physically, we found that the Schwinger pair production
in a medium is enhanced for scalars due to the Bose
stimulation but suppressed for spinors due to the Pauli
blocking. Furthermore, in addition to the production of
accelerated pairs by the electric field, the annihilation of
decelerated pairs was found to take place in a medium. We
hereby propose to refer to the latter phenomenon as
“Schwinger pair annihilation.” The Schwinger pair anni-
hilation becomes more probable for spinors at higher
temperatures as a consequence of the suppressed pair
production (Fig. 2). We also found that the event-by-event
fluctuation becomes more significant for scalars at higher
temperatures (Fig. 1).

Because only the Bogoliubov coefficients are needed as
input parameters for Eq. (16), it is applicable to a variety of
time-dependent electric fields such as shaped laser pulses
[32,33] and pulse sequences [34]. Hopefully, by linking the
Schwinger pair production and annihilation in high-energy
physics with the full counting statistics in mesoscopic

L031902-5
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physics, our formula may provide useful insights into
future experimental data from high-intensity laser facilities
as well as from relativistic heavy-ion collisions. In par-
ticular, the latter are capable of creating high-temperature
media at the same time as strong electric fields in principle.
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