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Some integrable deformations of the Wess-Zumino-Witten model
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Lie algebra valued equations translating the integrability of a general two-dimensional Wess-Zumino-
Witten model are given. We found a simple solution to these equations and identified a new integrable
nonlinear sigma model. This is a two-parameter deformation of the Wess-Zumino-Witten model.
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I. INTRODUCTION

The search for integrable two dimensional nonlinear sigma
model has known various developments. The early attempts
dealt mostly with deformations of the principal chiral sigma
model and examples based on the Lie algebra SU(2) were
found [1,2]. Later other integrable Wess-Zumino-Witten
models, involving the Lie algebra SU(2), were constructed
[3-5]. The revival of the subject came after the work of
Klim¢ik on the so-called Yang-Baxter deformation of the
principal chiral model [6]. More recently Sfetsos presented a
method for constructing integrable deformation of the Wess-
Zumino-Witten model [7]. Various issues were treated later in
the literature [8—31] and a nice account of these can be found
in [32] and references within. Our interest in integrable
nonlinear sigma models is motivated by their relation to string
theories [33]. The hope is to find more solvable string
theories and their spectrum in nontrivial backgrounds along
the lines in [34-36].

In [37,38] we have given the conditions for the most
general nonlinear sigma model to be integrable. These were
specified in terms of the geometry and the structure of the
target space manifold. A general two-dimensional nonlinear
sigma model is given by the action'

.&3/&&m¢@+3¢@w¢%ﬂ (1.1)
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"The two-dimensional coordinates are (7, ¢) with 9y = 2 and
0, = % In the rest of the paper, however, we will use the
complex coordinates (z = 7 + i,z = 7 — io) together with 0 =
0% and 0 = % Our conventions are such that the alternating tensor
is €% = +1.
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The invertible metric G;; and the antisymmetric tensor B;;
are the backgrounds of the bosonic string theory. The
equations of motion of this theory are

00¢' + Q0¢'dg’ = 0,

Qb =T — H,

i (1.2)

where T}, and Hf, =3G"(0,B;; + 0;B;; + 0,Bj) are,
respectively, the Christoffel symbols and the torsion.

The equations of motion can be cast, for all values of the
parameter y, in the form of a zero curvature relation

1 - 1 .

if the space manifold is equipped with two sets of matrices
Ki(p) and L;(¢) satisfying

a,'Kj + 8]1([ - 21—‘ij1 =0,
O;L; —0;L; + 2Hijl =0,
OiLj+ O;L; - erle =[L;.K;] +[L;. K]

0,K; — 0;K; +2H[;L; = [L;, L] — [K;, K. (1.4)
The last two equations determine the structure of the space
manifold of the nonlinear sigma model. On the other hand,
the first two relations indicate that the nonlinear sigma
model is symmetric under a global isometry transforma-
tion [39,40] with J = (K; — L;)0¢' and J = (K; + L;)0¢'
being the conserved currents. The zero curvature relation
is then the same as the two equations 9J + 0J =0
and 0J — dJ + [J,J] = 0.

Although the conditions (1.4) specify the geometry of the
manifold [38], their general solutions are not yet known. In
this paper, we continue this program and consider simpler
nonlinear sigma models. Namely, the most general integrable
deformation of the Wess-Zumino-Witten (WZW) model.
The conditions (1.4) are now more tractable. They are in
the form of a Lie algebra valued relation which generalizes
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the Yang-Baxter equation used in [6] and the integrable
deformations of the principal chiral model [41]. We are able
to find a solutions to this integrability condition. This leads to
an integrable two-dimensional nonlinear sigma model in the
form of a two-parameter family of integrable deformations of
the Wess-Zumino-Witten model. Our result might be a
generalization of the two-parameter integrable deformations
of the WZW model found in [42]. Indeed, the two con-
structions coincide for a special case and we conjecture that
our work contains more integrable models.

The paper is organized as follow: In the next section we
give in details the steps leading to the equivalent relation
to (1.4) for the case of the general Wess-Zumino-Witten
model with a summary of the results at the end. For
completeness, we show in Sec. III how the Yang-Baxter
integrable sigma model is obtained as a particular case of
our construction. In Sec. IV, we construct the solution to
the integrability conditions and give, in Sec. V, the
corresponding integrable nonlinear sigma models.

II. THE GENERAL CONSTRUCTION

We consider the two-dimensional nonlinear sigma model
as defined by the action

S(g) 2/ dzdz(g7'0g, (M + N)g'0g)¢
oM

A
+aﬁﬁaww@4@gm4a@g*@mw,<zw

where M is a three-dimensional ball having x*, with
u=1,2,3,as coordinates and 9.M is the boundary of this
ball with coordinates z and Z. The bilinear form (, )¢ is the
Killing-Cartan form on the Lie algebra G and the field
9(z,7) is an element of the Lie group corresponding to G.
The Lie algebra is of dimension n. The Wess-Zumino-
Witten term comes with a parameter A

The Lie algebra G is defined by the commutation
relations [T, T},] = f¢,T.. For a semi-simple Lie algebra
the Killing-Cartan form is 75,, = f4.f¢, and we have
(Ty.Ty)g = Nap = Tr(T,T),). However, for a non semi-
simple Lie algebra the bilinear form is such that
(T,.Ty)g =Mnap With 1., an invertible matrix satisfy-
ing nabflc)d + ncbde =0.

The two quantities M and N are linear operator acting on
the generators of the Lie algebra G. They are required to
satisfy the relation

X (M+NY)g=(M-NX.¥)g  (22)

for any two elements X and Y in the Lie algebra G. In other
words, M is symmetric while N is antisymmetric with
respect to (, )g.

Putting indices, the action of M and N on the generators
{T,} of the Lie algebra G is MT, = M.T, and NT, =
N®T, and (2.2) is equivalent to

nacMZ = nbcMchv

”aCNZ = —’1ch2, (23)

where #,, is the bilinear form corresponding to the Lie
algebra G as stated above.
It is useful to introduce the two quantities

A =g '0g,
A =g'0g. (2.4)

In terms of A and A, the equations of motion of the model
take the form

O[(M + N + Al)A] + O[(M — N — Al)A]

+[A, (M + N)A] + [A,(M —N)A] =0. (2.5)

Multiplying this equation by g on the left and g~' on the
right, we get the conservation equation

dJ +0J =0, (2.6)

where we have defined the two currents J and J as
(P~'A)g !,

g(0'A)g7".

~
I
Q

J

(2.7)

Here the two linear operators P~! and Q~!, acting on A and
A only, are defined as

Pl =M~ (N -2,

Q'=M+ (N-A), (2.8)
where [ is the identity operator on the elements of the Lie
algebra G.

The conservation equation (2.6) is a result of to the
global symmetry of the action (2.1) under the left multi-
plication

g — hg, (2.9)
where h is a constant group element.

It is, of course, assumed that the two linear operators P
and Q are invertible. Hence, the inversion of (2.7) gives

BN

I
=
QQI

<
&

(2.10)

hN]

Il
2
QQ|
<
NS

However, the two currents A and A satisfy the Cartan-
Maurer identity
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OA —0A + [A,A] = 0. (2.11)

In terms of the currents J and J, after a use of (2.10) and
(2.11), one finds the identity

(Q—P)[g (8] + 8J)g]

N[ =

+=(Q+ P)g" (0T = 0J + €[J,]))g]

(Q+P)lg " Jg.g7"Jg] - Q[P(g7"Tg). 97" Tg]

[0(g7"79),97"Jg] + [P(g7"Tg), Q(g7"Tg)]

~N o o) —

+
= 0. (2.12)

We have added and subtracted the term proportional to the
constant . At this stage ¢ is just a bookkeeping device but
will later join the constant A to form one of the deformation
parameters Ae.

In order to have an identity that is suitable for the concept
of integrability, we demand that the linear operators P and
Q are such that the last four terms in (2.12) vanish. That is,

- % (Q+P)lg~'Jg.g7"Jg] - Q[P(g7"Ig). 97" g

+ P[O(g7"7g). g7 g + [P(g7'Tg), Q(g7"Tg)] = 0.
(2.13)

Since the quantities g~'Jg and g~'Jg take values in the Lie
algebra G, this last equation is equivalent to requiring that

[PX.QY]=P[X.QY] - Q[PX.¥]=S(P+O)X.Y] (214)
for any two Lie algebra elements X and Y. Notice that the
constant &€ can be absorbed by a rescaling of the two
operators P and Q [which amounts to a rescaling of the two
currents J and J in (2.7)].

When this last relation holds, the currents obey the
identity

(0= P)[g7 (8] + 8J)g]

[NSH

+%(Q + P)[g7 (0T = OJ + €[], T])g) =0. (2.15)

If in addition, the operator (Q -+ P) is invertible then the
two currents J and J obey the two relations

AT +0J =0,

0J —0J + €lJ,J] = 0. (2.16)

Therefore, in addition of being on-shell conserved, the
currents J and J have zero curvature.

These last two equations are the consistency conditions
of the linear differential system

(a+ﬁj)lp —0
. 2.1
(55 5 7)w =0 217

Here ¥(z,Zz,p) is a matrix valued field. The requirement
that this linear differential system is consistent, for all
values of the spectral parameter u, leads to the equations of
motion of the nonlinear sigma model (2.16). This is
precisely the statement of the classical integrability of a
two-dimensional nonlinear sigma model [43].

Finally, in terms of the linear operators P and Q, the
relation (2.2) involving the bilinear form (,); becomes
upon using (2.8)

(X, 07'Y)g = (P7'X,Y)g —24(X.Y)g. (2.18)
By writing X = PZ and Y = QW, where X, Y, Z, and W
are in the Lie algebra G, this last relation becomes
(PZ,W)g = (Z,0W)g—2MPZ,QW)g. (2.19)

Summary: Given two linear operators P and Q (we

assume that P, Q and P + Q are invertible) on a Lie algebra

G and satisfying, for any two elements X and Y in G, the two
relations

(PX.Y)y = (X.QY)g — 24(PX.QY);.  (2.20)
[PX, QY] - PIX, 0Y] - O[PX. Y]
:%(P+Q)[X, Y] (2.21)

then the two-dimensional nonlinear sigma model defined
by the action

S(9) :/1/ dzdz(g~'0g. g™'0g)¢
oM
A
+6/M & xe"?(g7'9,9.[97'0,9. 971 ,9))g

+ / dzdz(g™'99, 07 (¢7'09))g (2.22)
oM

is classically integrable. We have used (2.8) to write
M+ N = Q7' + 1. The equations of motion stemming
from this action are written in (2.16) in terms of two the
currents J and J

(2.23)
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and are equivalent to the consistency conditions of the
linear system (2.17).

III. THE YANG-BAXTER SIGMA MODEL

The so-called Yang-Baxter nonlinear sigma model is
obtained as a special case of our construction. Indeed, let us
first assume that the two linear operators are of the form

P =xl+(R,

Q =«l — (R, (3.1)
where R is a linear operator acting on the generators of the
Lie algebra G and « and ¢{* = —k(k +¢€) > 0 are two
constants. The parameters k and e are such ¢ is strictly
positive. We also put the Wess-Zumino-Witten term in the
action to zero. That is,

A=0. (3.2)
When ¢? = —k(k + ¢€), the two relations in (2.20) and
(2.21) become then respectively

(RX,Y)g + (RY,X)g =0,

[RX,RY] — R([RX, Y]+ [X,RY]) = [X,Y]. (3.3)
The last relation is known as the modified Yang-Baxter
equation while the first equation says that the linear
operator R is antisymmetric with respect to the bilinear
form. A solution to these relations is given in [6,44] and is
briefly recalled in the next section.

The corresponding action is obtained upon replacing
Q7! in (2.22) and is given by

S(g) = A dzdz (g 0. (1 = R 71D

2= —k(k+e)>0. (3.4)

This is precisely the action found in [6].

IV. CONSTRUCTING A SOLUTION

Our main concern now is to find solutions to (2.20) and
(2.21). We start by recalling the commutation relations of a
Lie algebra in the Cartan-Weyl basis

[Hi,Hj]:O, i,jzl...r,

[Hi»Ea] = o;E,,

[EwE—a] = a;H;,
NoyEny ifatpes,

Eul = {5 L0
0 ifatpes.

Here X is the set of roots.” The generators are normalized
such that the Killing form (the bilinear form) is
(Hi,H;)=06;j, (H;jE;)=0, (EqEp)=0dq1p0- (4.2)
Since we will use the linear operator R, defined in (3.3),
we start by giving its action on the generators of the Lie

algebra in the Cartan-Weyl basis as found in [6,44]. This is

RHI' — 0,
RE,=—-iE, ifaeZXt, (4.3)
RE_,=iE_, ifaex",

where =7 is the set of positive roots and i> = —1 (not to be

confused with the index i used above). The action of the
linear operator R on the generators of the Lie algebra in the
basis {T,} is specified by

RT,=0
RT,=T,.,, .

H } with
RTu+l = _Tw

E, =T,+iT,., and such that a, € X*.

it T, eH,

(4.4)

Here H is the Cartan subalgebra of the Lie algebra G.

It is instructive to illustrate the action of the linear
operator R on the generators of the Lie algebra SU(3). The
generalization to other Lie algebras can be figured out in a
similar manner. The SU(3) Cartan-Weyl basis is consti-
tuted as

Eia(l) - Tl Il: l'T2,
E:ta(3) - T6 :I: iT7,

E:ta(z) = T4 :t iTs,

Hl - T3, H2 = Tg. (45)

Using (4.4), one finds that the operator R acts on the SU(3)
generators {7} as

T, 01000000)\(T,
T, 100000 00]|]|T7,
T, 000000O0GO0O0]]|T;

el 7| 00001000 45)
Ts 000-10000]]7s
Ty 000000 T10|]|Ts
T, 00000-100][]|T,
Ty 000000O00)\Tg

It is then clear that the matrix R? is diagonal with entries
equal to either —1 or 0 (zero corresponds to the action of R?

*We use the conventions and notations of Ref. [45].
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on the elements of the Cartan subalgebra). The operator R>
will be needed later.

Let us now return to the linear operators P and Q. We
assume that they act on the generators of the Lie algebra in
the Cartan-Weyl basis as

PH; = o;H;,

PE,— pE, ifaesx,

PE_, — p'E., if a3+

QH; = ¢H,;,

QE, = qE, ifa € T, (4.7)
OF.,—q'E., ifacx’

where no summation over the repeated index i is implied.
The constants ¢; and &; are real while p and ¢ are complex.
In the basis (H;, E,, E_,), the matrices associated to the
operators P and Q are diagonal.

Using the commutation relations (4.1), the Killing form
(4.2) and the action of the linear operators as in (4.7), the
relations (2.20) and (2.21) are satisfied if

—-pq = g (p+4q). (4.8)

pq —q'o;— pé = g(o-i + &), (4.9)
o; =& — 210, (4-10)
p=q"—2Apq*. (4.11)

The last two equations give simply o; in terms of &; and p in
terms of ¢

Upon reporting (4.12) and (4.13) in (4.9) and (4.8) one
finds

« . £ .
q :Tj:tl\/_fj(Tj‘Fm), J:l...r,

e
(1 +/18)q*q+§(q*+q) =0. (4.14)

Here i* = —1 and 7; is defined as
1 =&(1+)(1+2), j=1.r. (415

We have therefore determined g in terms of &;. The two
equations in (4.14) are always compatible. Next, the
parameter p is calculated from (4.13).

Now two paramaters &; and &;, say, must lead to the same
value of g according to (4.14). This means that we must
have also

(1 +48)(1 + 2e) = &;(1 4+ 48;)(1 + Ae),

i,j=1...r. (4.16)
Therefore, the parameters &; are such that
1+ A¢;
§&i=¢ or 5’:_7,1 éj, i,j=1...r. (4.17)
This means that they fall into two sets {¢;, ...,&,_;} and

{&_i-1, s &}, 0 <1 <r, and the members of a set are
identical. A set could be empty (if / = 0). The correspond-
ing expressions for the parameters o; are found from (4.12).

These two choices for the constants &; suggests the
splitting of the Cartan subalgebra of G as

_ &
eyt (4.12) H=H,_,UH,, 0<I<r, (4.18)
q 413 where H,_; contains the first » — [ elements of H and H,
P =1 +24q*° (4.13) the remaining / elements (0 </ < r).
We have now all the ingredients to put forward the full
solution to the Eqgs. (4.8)—(4.11). This is given by
1+ A&
51252:“':§r—l:£’ gr—l+1:§r—l+2:"':£ri_Tﬂ
6,=0,=:"=60 _ ¢ o =0 =...=0 __1ra
1 — 02— - r—1_1+2/1§’ r=l+1 — Or=42 — - r_ﬂ<1—|—215)’
q=1F i,
p=17+iv, (4.19)

126028-5
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where € is a free parameter. The constants 7, w, 7, and @’
are given by

v = &(1+28)(1 + Ae),

£
o= —T<T+1+/18),

;S +25)(1 - Ze)

(14228 7
A 1 —_ €

The only restriction on the free parameter ¢ is that the
argument of the square root in the expression of w is
positive or zero. This is equivalent to demanding that

|

T, T o 0 O
T, Fo 1 0 0
T, 0 0 ¢ 0
T, 0 0 0 =
2l "1 0o o 0 7o
Ts 0 0 0 0
T, 0 0 0 0
Tg 0 0 0 0

The matrix corresponding to the operator P can be
determined in a similar manner.

For the sake of condensing the expressions, we introduce
the notation

y=E—1=—Xe+ (1 + Ae)],

144 144
e S U T PR B
A A
¢ A&
'= -7 = 1+ 2¢)],
Ay Tyt
14 4¢ (1+48)
=7 =———— 1+ (1 + 2e)]. (5.2
Pt T g mep L TRl (52)
The operators P and Q are given by
P=7IFo'R+YZ,_,+pZ,
OQ=tl£wR+yZ,_,+pZ2,. (5.3)

The linear operator R is still that in (4.4), [ is the identity
operator and the action of the linear operators Z,_; and Z;
on the basis {T,} is

t =514 28) (1 + Ae) € (4.21)

£
-—F,0].
1+ e ]
The domain of parameters is therefore quite vast.

V. THE INTEGRABLE NONLINEAR SIGMA
MODEL

The linear operators P and Q acting on the basis {7}
of the Lie algebra G are deduced from (4.7) and the
solution (4.19). It might be helpful to work out their action
on the Lie algebra SU(3) first. For instance, QE,, =
qEq,, = (zF iw)E,  implies that OT, = ¢T + T, and
QT, =T, F wT,, and so on. If we partition the SU(3)
Cartan subalgebra as H ="H,_,UH, =T3UTg then
we have

0 0 0 0 T,
0 0 0 0 T,
0 0 0 0 T,
o 0 0 0 T,
(5.1)
T 0 0 0 Ts
0 =) 0 T
0 Fo 0 T
0 0 — £\ T
I
Z._T,=T, onlyif T,eH,_;,0<I<r,
ZT,=T, onlyif T,eH;,,0<I<r, (5.4)

Z,,T,=Z,T,=0 otherwise.

The operators Z,_; and Z; act only on the elements of the
Cartan subalgebra H ="H,_, UH, with 0 <[ <r.

The next step in our construction is the computation of
the inverses of the two operators P and Q. These are block
diagonal matrices having either 2 x 2 or 1 x 1 matrices
along the diagonal and are easily inverted. Indeed, we have

/ / /
T @ 1 T
P _T'2+a)’21i7’2+a)’2R+ <T’+]//_T/2+a)/2)zr_l
1 7
+ (‘[/—l—p/_rlz—l—a)/z)Zl’
4 T @ 1 T
= 1 R — Z,_
Q 2+ 2R +<T+y 1'2+a)2) !

1 T
T )z,
+(1+p 12+w2> !

Explicitly, these expressions give

126028-6
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}*U:—gﬂ—l@ht¢:ﬁR+a&4+ﬁZ¢
Q4:—EWAJ@1¢VCah+aaq+ﬂay (5.6)
The two constants a and  are defined as
a=—terea i), po-LERUH] 5o
¢ (14+48)

By eliminating the parameter £ between a and S, we find
that

(ﬂeq . (5.8)

ﬁ:_{l_l—l-a

In terms of the parameters a and /3, the operators P and Q
are as given in (5.3) where

e(l+a)(l+ie) |, e(l+a)(l1-2e)
T (1+a+4ae)? T (I+a—2e)?
(l+aVTaB,_e(l+a)y=ap
(14+a+2e)?’ (1+a—2e)* "’
e . reta
y_(l—f—a—i—ﬂe)z’ 4 T (lta—2e)”
(Lt +a=(e)] | (1+a)l+a=(le)’]
T M(l+atae? T T Mlta—ie)?

(5.9)

We notice that the parameters (7/,@’,y’,p’) are obtained
from (7, ®,y,p) by the change 1 — —4.

There is another way of writing the operators P~! and
Q7. Let Z, be the operator that acts as

only if T, € H,

) (5.10)
otherwise.

ZT,=T,
ZT,=0

That is, Z, acts on all the generator in the Cartan
subalgebra H. It satisfies the relation

Z,=1+R% (5.11)
Furthermore, it can be seen that
Zr_[ = Zr - Zl = (1 + R2) - Z[. (512)

Using this last relation, we can write the operators P~ and
07! in the form

p4:_5K1—M+uyin/ﬂwR+aﬁwwﬁ—@Z¢

o' = _é[(l +Ae+a)l F \/~apR +aR* + (f—a) 2.
(5.13)

A word of caution is necessary here. The operators P~! and
Q7! are not invertible if either (1 — e +a) = —(f — a) or
(144 +a)=—(f—a). In this case the operators
(1=Je+a)l+aR?+ (f—a)Z, or (1+ie+a)l+
aR?* + (f—a)Z, will have zeros as entries along the
diagonal whenever acting on the generators in H;. The
expression of f in (5.7) gives (1 +24£) =0 and 1 =0 as
solutions to (1 —Ae) = —p and (1 + Ae) = —f. These are
precisely the two situations which are not allowed as can be
seen from the solution (4.19).

Using the expression of Q~! in (5.13), our action (2.22)
takes then the form

Si(9)= —EAM dzdz(g7'0g,[(1+a)] F \/—apR + aR?
+(p=a)Z/](g7'09))g

A
+6/Md3xe"”ﬂ<g‘13ﬂg,[g_lapg’g_lapgpg- (5.14)

The parameters @ and f are related by (5.8) and Ae is
another free parameter (% is an overall factor). This is the
main result of this paper. The above two dimensional
nonlinear sigma model is integrable. The two current J =
glP~'(g'0g)lg™" and J = g[07'(g7'Dg)lg”", with P!
and Q7' as given in (5.13), are conserved and have a
vanishing curvature on-shell.

At this stage a remark is due: In the case when / = 0, that
is when the set H; = H, is an empty set (consequently
2Z,T, = 0 for all T, in the Lie algebra G), the action Sy(g)
is precisely that constructed in ref. [42]. Their parameters,
in this case, are related to ours as

1
”=a, A=F-ap, KkK=(e)? K=-. (515)
€

With this identification, their relation A = 7,/1 — % is

exactly that written in (5.8).
In order to explore the novelty of our construction, we
find it convenient to rewrite our final action as
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1 _
Si(g) = ——AM dzdz(g~'0g. [I + aZ,_;+ B2, F \/—apR](g7'0g))g

€

A

+ 6//\4 d3xe’“’/’<g_laﬂg, [g_laygv g_lapgDQ‘

(5.16)

In reaching this simplified version we have made use of (5.11) and (5.12) and the action of the linear operators Z; and Z,_;
is as defined in (5.4). The Cartan subalgebra is split as H = H,_; U H,; with 0 </ < r and H, is the empty set.
As mentioned above, the case [ = 0 is already treated in Ref. [42] and their integrable nonlinear sigma model is given by

the action

So(9) :

A
+ 8//\4 d3xerer <g_1<9,,g, [9_18u97 9_13p9}>g'

The linear operator Z, = I + R?, given in (5.10), acts on all
the generators in the Cartan subalgebra H.

In the next section we will point out, by considering specific
examples, that the action S;(g), for Lie algebras with rank
r > 2, contains deformations of the Wess-Zumino-Witten
model that are not accounted for by the action Sy(g) (the
nonlinear sigma model of Ref. [42]). Hence, this article is a
generalization of the work of Ref. [42].

VI. THE DEFORMED SU(2) WZW MODEL
AND BEYOND

It is instructive to illustrate our construction by first con-
sidering the Lie algebras SU(2). For this purpose, let us call
|

| _
- _AM dzdz(g™' g, [l + aZ, F \/=apR](97'dg))g

(5.17)

Dl = (ZZ,_[ + ﬂZ[ F —(XﬂR (61)

the deformation operator. We will also consider a and f as our
free parameters instead of a and Ae. In terms of @ and f3, (5.8)
gives

(Ae)* = (14 a)(1 + p). (6.2)

The deformed WZW action (5.16) is then written as

Silg) = -~ L  dzdilg™ 00,1+ Do)

&

11
T6e (1+a)(1+ﬁ)/ dxe (g7 0,9.[97'0,9. 97" 0p9))g-
M

(6.3)

Notice that the coefficient of the WZW term is symmetric under the exchange a < f.
In the case of the SU(2) Lie algebra, with generators {T';, T,, T3} and H = {T3}, there are two deformation operators

and their action is given by

T, 0

Dy| Tr | = | £V/-ap
T, 0
T, 0

Dy| Ty | =| £V/-ap
T, 0

FV=-ap 0 T,
0 0 T,
0 a T5
FV-ap 0 T,
0 0 T, (6.4)
0 p)\Ts

These differ by their action on the %enerator T5. However, by the parameter redefinition @ <> f3, the deformation operators D,
and D, are mapped to each other” and, therefore, lead to the same integrable nonlinear sigma model.

’ thank an anonymous referee for this remark.
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Despite the fact that we have established that the deformations operator D, and D, are the same (up to a parameter
redefinition), we will for completeness give the action for the deformed SU(2) WZW model. The SU(2) group element g is
parametrized as

9= (C05(¢1>€_i{”2 —Sin((ﬂl)e_i%)' (65)

sin(g))e”  cos(p))e:

For the bilinear form we take (, ) = Tr. The nonlinear sigma model corresponding to the deformation operator Dy, is given,
up to a total derivative, by the action

2 - _
So = [ dzdz {001+ [1-+ acos’()eos’ ()0

+ [1 + asin®(¢)]sin* (¢, ) 0303 — acos? (¢, )sin* (1) (02095 + Op309,)
=23/ (1 + a)(1 + B)sin®(p2 — 93)c0s? (1) (2003 — Vp30003) }. (6.6)

The deformation operator D; yields the same action with the replacement a — f.
Next, we consider the Lie algebra SU(3). Its Cartan subalgebra is H = {7, Tg}. The three deformation operators are 6

T, 0 A0 0 0 0 0 O0\/[T
T, A 00 0 0 0 0 0]|]|T,
T, 0 00a 0 0 0 0 O]]|T;

D0T4:OOOOA000 Ty |
Ts 0 00 -A 0 0 0 0]]|Ts
Te 0 00 0 0 0 A 0]]Ts
T, 0 00 0 0 -A 0 0]]|Ty
Ty 0 00 0 0 0 0 af\Tg
T 0 A0 0 0 0 00O0)\/[T
T, A 00 0 0 0 0oO0]||m
T, 0 00a 0 0 0 0 O0]]|T;,

D]T4:0000A000 Ty |
Ts 0 00 -A 0 0 0 O0]]Ts
Ty 0 00 0 0 0 A 0]]|Tm
T, 0 00 0 0 -A 0 o0]||m
Ty 0 00 0 0 0 0 p)\71g
T, 0 A0 0 0 0 0 O0\/[T
T, A 00 0 0 0 0O0]||T
T, 0 0 0 0 0 0 0f]|T,

D, T, _|0 00 0 A 0 00 7| 67)
Ts 0 00 -A 0 0 0 0] T7s
T 0 00 0 -0 0 A 0]]7s
T, 0 00 0 0 -A 0 0|]|T,
Ty 0 00 0 0 0 0 p)\Ty
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where A = F/—af as in the dictionary (5.15). We see that
D, and D, are related by the parameter redefinition @ < f.
However, D, and D, cannot be related by any parameter
redefinition. It seems, therefore, that there are two inde-
pendent deformations of the SU(3) WZW model, namely
So(g) and S;(g). This remains though to be verified by an
explicit calculation.

In general, one may decompose the Maurer-Cartan one-
form along the Cartan-Weyl basis (4.1) as

gldg=[€\E,+ i E_,+ el ' H,  +el'H

Hr=1)

i Jdo”. (6.8)

Here ¢“(z, Z) are the n local fields and the index y runs over
the positive roots *. The Cartan subalgebra is partitioned
as H="H,;UH;, with 0 </<r. The indices i;,_; =
0,....0and ij) =1+1,....r are such that H;  €H,,
and H; €'H, The vielbiens are functions of ¢*(z,2)
and e.% = 0.

Using the bilinear form (,) as given in (4.2) and the
action of the operator R in (4.3) together with the action of
the operators Z,_; and Z; as defined in (5.4), we find that

1 ~ ~ oo
Si(g) = ——/ dzdzlehe,” + ea"el + (1 +a)es e,
€ Jom

+(1+ ﬁ)eif”eg”]a(paégob
V=P
3 oM

+ll (14+a)(1+p)

6¢

x/ d*xe?(g7'0,9.197'0,9.97'0,9)) -
M

+i

dzdz[ele,” — ea” e} 0pOg”

(6.9)

We see that the nonlinear sigma models defined by S;(g),
[ = 0...r, share the same antisymmetric tensor field (com-
ing from the last two terms) but differ by their target space
metric (coming from the first term). It is clear that the two
models Sy(g) and S,(g) are related by the parameter
redefinition @ <> . Apart from this, we are inclined to
conjecture that there are r different integrable models given
by S;(9), L =0...r —1.

VII. CONCLUSIONS AND OUTLOOK

We have presented in this work an integrable two-
dimensional nonlinear sigma model. It is a two-parameter
deformation of the Wess-Zumino-Witten model. We have
found a simple solution to the main integrability equa-
tions (2.20) and (2.21) of this article. It remains to see if
these relations admit other solutions. The renormalizabil-
ity of the sigma model studied here and its possible
connection to string theories is another interesting subject
to be explored.

There is a strong link between integrability and gauging
as shown in [7,46]. This property is not very neat here.
Indeed, the general WZW model (2.22) is related to another
theory as follows: The nonlinear sigma model as defined by
the action

S(g.h) :/1/ dzdz(g7'0g.97'9g)g
oM
2
+3 /M dxe” (g710,9.197'0,9.97'0,9])g
- / dzdz(h='Oh, Q(h™'0h))4
oM

+ / dedz((h1 9. g~ Dg)g + (h'Dh. D))
oM
(7.1)

is invariant under the constant left multiplication & — [h.
This can be gauged by introducing a two components
gauge field B,, with pu=1z,7Z, transforming as
B, - IB,I7' = 9,lI"". The gauging is carried out by
replacing h~'0,h with h~'(8, + B,)h. The choice of
the gauge h = 1 leads then, after the use of (2.18), to
the action

S(g.B,) =4 / dzdz(g~'0g. g7 0g)g
OM

Al > I

+—/M dxe”(g7'9,9. (97,9, 971 0,9])g

+ [ dzdz(g7'0g, Q"' (g7'D9))g

S

oM
—/ dzdz(B — (P~' = 24I)(g7'09),
oM

x Q[B~ 07 (g7'09)])g- (7.2)

The equations of motion of the nondynamical fields B and
B are B= (P~ =2Al)(g7'd9) and B = Q'(g'dg).
Substituting these into (7.2) we recover our general
WZW action (2.22).

Now, the equations of motion corresponding to the
original action (7.1) are

dlgag™"] + dlg(a +224)g7'] =
O[h(Qa —A)h™"] + O[h((P~' = 241)'a — A)h7!]

Oa

07

(7.3)
where a = h™'0h and @ = h~'Oh and A and A are as
defined in (2.4). The operator (P~! — 2Al) is obtained from
the expression of P~! by simply changing A to —/ as can be
seen from (2.8). These equations of motion, assuming that

P and Q obey (2.20) and (2.21), do not seem to derive from
some zero curvature conditions. Yet, the gauge fixed action
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(7.2) leads to integrable nonlinear sigma model. This issue
deserves to be investigated. As a matter of fact, this remark
is true for most of the integrable sigma models found in the
literature.

Note added.—After the completion of this work we became
aware of the existence of Ref. [47] where (2.21) was also
established. Their construction makes the formulations in
[42,48] more compact and is inspired by the works of

Klim¢ik [49-51]. Their assumption on the antisymmetric
operator R is that it solves the homogeneous orinhomogeneous
classical Yang-Baxter equation. In the case of the usual
Drinfel’d-Jimbo solution, the R matrix satisfies the important
relation R® = —R. They showed, in this particular case, that
their integrable nonlinear sigma model is precisely that found
in [42] (see their Sec. 3.2). Since our R matrix obeys also
R? = —R, we conjecture thatourmodels with/ = 1, ...,r — 1
are not covered by the construction of Ref. [47].
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