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Mode decomposition is crucial for studying the dynamics of propagation in a quantum process. In the
quantum treatment of collapsing matter, a viable mode analysis is supposed to give information regarding
emission during the collapse. Nevertheless, partly owing to operator ordering ambiguities involved in a
typical quantum gravity analysis, the availability of such well-defined modes is not guaranteed. We study the
mode decomposition of the unitarily evolving wave packet constructed for the quantum model of spherically
symmetric dust collapsing in a marginally bound Lemaitre-Tolman-Bondi (LTB) model. We consider a
minisuperspace model of dust collapse, where black hole singularity is replaced by a bounce from collapsing
phase to expanding phase in the quantum dynamics of the dust cloud. We identify the observable depicting
mode decomposition, and using the freedom of operator ordering ambiguity, we obtain the Hermitian
extension of this operator alongside the Hermitian Hamiltonian. After identifying incoming and outgoing
modes with this operator’s eigenstates, we estimate their contributions to the radiation profile. True to a
quantum description, the expanding and contracting branches do not entirely comprise of outgoing and
incoming radiation. The infrared sector of this process demonstrates some characteristic features which turn
out to be highly sensitive to the near-bounce dynamics of the dust cloud. Near the epoch of classical
singularity, there is a significant contribution from incoming/outgoing modes of small wave number in the
expanding/collapsing phase of the dust cloud, which keeps on decreasing as one moves away from the
singularity. The information of the bounce is carried over to the infrared modes through a flip from largely
incoming to largely outgoing radiation as the evolution progresses from collapsing to expanding phase, much
before the information of bounce comes about to any observer. In the infrared sector, the saturation value of
the amplitude marks the bounce radius. Thus, we argue that the information of the short scale physics is
essentially carried over to the longest wavelength in this quantum gravity model, which we argue is rather

more prominent for low energy processes.

DOI: 10.1103/PhysRevD.104.126027

I. INTRODUCTION

Successful quantization of the theory of gravity is one of
the long-standing problems in theoretical physics. From the
inception of this idea, it is expected that implementing the
principles of quantum theory for the case of gravity might
help one to better understand the issue of singularities that
plagues the classical theory, e.g., black holes or the early
Universe. Even as early as the 1930s, attempts were being
made to develop a consistent quantum theory of gravity [1].
However, a more systematic analysis of the problem started
with the advent of the Arnowitt-Deser-Misner (ADM) for-
malism, i.e., Hamiltonian formulation of general relativity [2].

General relativity by its structure, is a singular theory, i.e.,
the system has some fiducial degrees of freedom and it is an
example of a gauge (constrained) system with first class
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constraints [3,4]. These constraints are the Hamiltonian
constraint and diffeomorphism constraints which generate
time reparametrizations and diffeomorphism transformations,
the gauge transformations of a generally covariant theory.
DeWitt implemented Dirac’s criteria of quantizing singular
systems and wrote down what now is called the Wheeler-
DeWitt equation [5,6]. This approach to tackle the problem of
quantization of gravity similar to a gauge theory is called
canonical quantization of gravity [7]. The scheme of canoni-
cal quantization of gravity is adopted in various avatars with
different phase space variables to analyze the constraints
more effectively [8—10]. After identifying the canonical
variables to quantize, the constraint equations are expressed
in terms of the phase space variables of the system. A
quantum state correctly describing a gravitational system
must satisfy the Wheeler-DeWitt equation. Unfortunately, it
has not been possible to get the solutions of the Wheeler-
DeWitt equation in full generality in any of the canonical
quantization schemes. Nonetheless, just as in the classical
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general relativity, the symmetry reduced models are easier to
handle and are studied extensively in the canonical approach
to quantization [7,11]. In geometrodynamics, configuration
space is in general an infinite-dimensional space of all three-
metrics distinguishable up to a diffeomorphism. Symmetry
reduction is used to slash down the degrees of freedom of the
system, restricting the action to those which explicitly carry
the symmetries from the beginning. In such symmetry
reduced systems, if there still remain infinitely many degrees
of freedom, the process is identified as a midisuperspace
reduction (e.g., restricting the theory to spherically symmetric
sector [12,13]) and if the symmetry reduction is vast such
that only finitely many degrees of freedom are left in the
configuration space, the reduction is called minisuperspace
reduction (e.g., homogeneous and isotropic universe with a
single degree of freedom, the scale factor a(t) [7,14-17]).

Reducing the symmetry classically first and then quantiz-
ing the theory may appear appealing from the vantage point
of potential simplification of constraint equations. However,
the conceptual problem with such a reduction before
quantization is that it may violate the uncertainty principle
of the full theory, because one may freeze both coordinates
and their conjugate momenta [18,19] (quantizable variables
of the full theory). Also, it will be imperative to check for
anomalies in such models [7,19]. We need to be careful
because it might be the case that the symmetries we hold
dear might be broken in the true quantum model. Therefore,
these minisuperspace/midisuperspace models must be con-
sidered as toy models, which, one hopes, will nonetheless
capture some essence of the full quantum gravity theory.
For example, in umpteen numbers of mini/midisuperspace
quantization studies, the fate of classical singularities has
remained a primary research goal [20-35].

The quantization of a collapsing dust shell and singularity
resolution in the context of quantum geometrodynamics is
addressed in [32-36]. The demand of unitary evolution in this
model [32] leads to vanishing of the wave function at the time
of classical singularity, and thus singularity is avoided
according to DeWitt criteria [5]. The dynamics of the dust
shell is represented by the wave packet constructed in this
model, which shows that the shell collapses past the horizon
to a minimal radius and then starts reexpanding. Quantization
of a collapsing dust shell also has been studied in the context
of loop quantum gravity [37-40]. Again, the collapse of the
dust shell to singularity is replaced by the bounce of a
quantum shell from collapsing branch to expanding branch.
The lifetime of a black holelike temporary object and
behavior of the horizon is a major issue in this approach.
For these models to be realistic, this lifetime should be greater
than the current age of the Universe, as one would like to
apply these models to describe the quantum collapse of
astrophysical objects and relate to possible observations. See
[41] for a recent review.

A midisuperspace quantization scheme to tackle black
hole singularity for the case of dust collapse in the LTB

model is developed in [42]. Over many years, various
aspects of this model such as Hawking radiation, nonthermal
corrections, and the associated entropy have been inves-
tigated [43-52]. In this approach, Hawking radiation is
envisaged as the projection of a wave functional along the
outgoing plane wave basis. In order to keep the process
unitary, a suitable measure is chosen to keep the Hamiltonian
Hermitian, which together with the kernel space, gives the
Hilbert space of quantum gravity.

To study the mode decomposition in the quantum model,
one needs to identify an observable in the phase space, which
closely follows the classical incoming/outgoing character of
the dust cloud. The eigenstates of such an observable will be
well suited as incoming and outgoing modes. However,
since the canonical momentum does not typically commute
with the Hamiltonian, it is not always possible in a general
quantum gravity model to come up with a measure that
simultaneously keeps the Hamiltonian and the momentum
Hermitian. To work with an arbitrary measure, the conjugate
momenta should also assume some valid representation to
maintain Hermiticity, if possible. In the absence of that, the
notion of the incoming and outgoing wave remains math-
ematically somewhat ill defined, subsequently challenging
the quantum analysis of emission spectra from a collapsing
cloud using Bogoliubov coefficients [48].

In this work, we study the interplay of the measure with
the representation of the momentum operator supporting
well-defined orthogonal ingoing and outgoing states. For
this purpose, we start with the minisuperspace formalism of
dust collapse in a marginally bound LTB model [53]. Using
the fact that different dust shells are decoupled, in this
model, one can obtain the effective action which gives the
dynamics of the outermost shell, from which one can infer
the behavior of the full dust cloud. Since dust naturally
provides a preferred notion of time, a quantum realization
of this effective minisuperspace model is developed using
Brown-Kuchai’s construction [54]. In this quantum model,
the classical singularity is shown to be replaced by a bounce
followed by expansion.

The Hamiltonian of this system suffers from operator
ordering ambiguity in its quantum avatar. Given a par-
ticular operator ordering, one has to select the measure
judiciously in order to make the Hamiltonian Hermitian,
ensuring unitary time evolution. This work is motivated
by the observation that, in addition to the Hamiltonian,
one can make the momentum conjugate to the shell area-
radius a Hermitian operator in this model, for a certain
choice of operator ordering parameters or the representa-
tion of momentum operator.

In terms of the eigenstates of the momentum, we study the
mode decomposition of the unitarily evolving wave packet
constructed in [53]. For a well-defined quantum state, the
expanding (contracting) branches of the dust shell dynamics
do not entirely comprise of outgoing (incoming) modes but
contain a certain fraction of incoming (outgoing) radiation
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too. The infrared sector of this process shows some
interesting features. Near-infrared modes of the wave packet
are shown to be very sensitive to the dynamics. If one
focuses on the infrared sector, the information of bounce is
carried over to these modes, much before the classical
information of the bounce arrives otherwise [53]. The
infrared sector quickly adopts the characteristic of the
dynamics, leading to a flip from a largely incoming character
to a largely outgoing one, as the evolution progresses from
collapsing to expanding branch. Further, the emission
amplitude saturates to a value in the far infrared regime,
which is directly proportional to the bounce radius. Thus
information of short scale physics is effectively carried over
to the longest wavelength in such quantum gravity models.
Moreover, comparing the bounce radius with the energy of
the initial dust cloud, it can be shown that such infrared
effects become more significant for low energy collapse,
somewhat counter-intuitively.

This paper is organized as follows. In Sec. II, we review
the marginal LTB dust collapse model. We summarize the
findings of the quantum model constructed in [53] in this
section. In Sec. III, we study the decomposition of the wave
packet into ingoing and outgoing modes for the case when
the measure chosen is R?. In Sec. IV we study the infrared
behavior of the collapse process in terms of the modes
obtained from the momentum operator. We show how the
information of the bounce and bounce radius are carried
over to the infrared sector. In Sec. V we briefly extend our
analysis when a general measure is chosen as R'=¢72% In
Sec. VI, we show that the expectation value of any general
phase space observable for any general wave packet
constructed is independent of operator ordering parameter
b and depends only on a. We conclude our findings in
Sec. VIL

II. ON-SHELL CONSTRUCTION OF MARGINAL
LTB MODEL

The LTB model is an inhomogeneous extension of the
Friedmann-Robertson-Walker model, which has spherical
symmetry and a nonrotational dust of energy density e
acting as its source [55]. The system is represented by the
line element and Finstein equations given respectively as

2

ds* = —c*dr®> + ————dp* + R*dQ?, 1
1+2/(p) M
F' 8zGe RR?

where R(z,p) is the areal/curvature radius of the shell
labeled by p at time 7, and f(p) is called the energy
function. The function F(p) is equal to twice that of the
Misner-Sharp (MS) mass [56] for LTB spacetime,
Mys = RR?/2 — fR = F/2. In spherically symmetric
gravitational collapse, the Misner-Sharp mass is interpreted

as the total gravitating mass enclosed inside a dust shell
located at p. In this analysis, we will work with the
marginally bound LTB model, for which f(p) = 0.

The object of interest in this model is R(z,p), which
describes the dynamics of the dust cloud. This model has a
singularity when the dust cloud collapses to a point, i.e., at
R = 0. The equation of motion dictating the dynamics of R
given by Eq. (2) depends only on R and F, but not on their
spatial derivatives, which implies that for a given mass
function F, the different dust shells are dynamically
decoupled. Thus the different dust shells can be considered
independently, and we can quantize the outermost shell in a
marginally bound LTB model. The dynamics of the full
dust cloud is then deduced from this model [53].

To derive the action of the outermost dust shell, we start
from the Einstein-Hilbert action

1

S=—o
167 M

dxy=Rlsl g [ dan/IHk=1), G)

where K is the trace of extrinsic curvature of boundary OM
and k° is its value when the boundary is embedded in flat
space. For timelike hypersurface, # is 1 and for spacelike
hypersurface, it is —1. Using FEinstein’s equations, Ricci
scalar takes the form \/=gR[g] = 87¢R*R’sin6 = F'sin 6.
Integrating out angular coordinates and using this expression
for the on-shell Ricci scalar, the bulk part of Einstein-Hilbert
action S, takes the form

1 Po 1 1 .
=—[d dpF' == | diF, =~ | diR R%:. (4
S./\/l 4/ TA P 4/ T, 4/ TR, X, ()

Here R, is the curvature radius at p,—the location of the
outermost dust shell. In further analysis, we will remove the
subscript 0 and R will be the curvature radius associated with
the outermost dust shell. The boundary 0 M comprises the
union of two spacelike hypersurfaces of fixed constant dust
proper time 7; and 7,, with 7; < 7,, and a timelike hyper-
surface coinciding with the outermost dust shell at p = p,,.
We can write the GHY (Gibbons-Hawking-York) term for
the boundary hypersurfaces, which receives contribution
only from spacelike hypersurfaces, as for timelike hyper-
surface k and k are equal. The boundary contribution to the
action from these spacelike hypersurfaces is [53]

3 .
Som = —Z/dTRRZ. (5)

Adding that to the bulk part, we can write the action which
dictates the dynamics of the outermost shell,

S= —% / dtRR?. (6)

As the equations of motion are used to reach at this action,
we are left with a prescription for how boundary at the initial
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time evolves into the future. The Hamiltonian associated
with this action is

P2
H:——:
2R

—Expm- (7)
This Hamiltonian is the negative of the ADM energy. In [53],
the Brown-Kuchart’s prescription for dust [54] is used as the
matter and its proper time as the time coordinate, which is a
standard prescription to deal with the problem of time in
quantum gravity [42,45,53,57-63]. The Hamiltonian con-
straint for this model takes the form

H=p,+H=~O. (8)

Classically, in this minisuperspace model, the dynamics of
the dust shell is dictated by the equation of motion,

R* = 2E. 9)

Here, E is ADM energy. Its solution is given by the equation

R(7) = G \/ﬁm)%. (10)

This solution represents two classically disjointed branches,
a collapse from 7 = —co to 7 = 0 and an expansion from
7 =0 to v = o0. Classical singularity is the endpoint of
collapse (a black hole singularity) when the dust shell
collapses to R = 0 at 7 = 0 or starting point of the expansion
(a white hole singularity) R = 0 at 7 = 0.

Following Dirac’s prescription of quantizing constraint
systems, we can write the Wheeler-DeWitt equation for this
model as

O¥(R,7)

ih = HY¥Y(R,7), 11

ih—p (R.7) (11)

I:I _ h_zR—l-HH-biR—a iR—b (12)
2 dR dR ’

Since the classical Hamiltonian involves a product of R and
P, it does not have a unique quantum counterpart. Therefore,
this model exhibits the operator ordering ambiguity. The
parameters a and b in Eq. (12) represent our freedom to
choose operator ordering. Using separation ansatz, we can
solve the time-independent equation H¢y = —E¢r. With
7 =1 the stationary states are [53]

Pr(R) = RUIT2 gy, |< \/_R2>

O (R) = (1+a+2h)]1‘1+a‘ <§\/ER%), (13)

%(R) — Ri(l+a+2b) Y‘1+a|( V2E R2>
$*,(R) = Rall+a+2b) Kyt ( V2E Rz> (14)

¢[1J — Rb, ¢(2) — Rl+a+b, (15)
where J,, Y,, K,,, and [, are Bessel’s functions of the first
and second kind. Here E can be interpreted as the ADM
energy E,py. Classically the ADM energy Expy = RR? /2
is always positive, but the quantum Hamiltonian operator has
positive eigenvalues (negative ADM energy) as well in its
spectrum, which can be interpreted as genuine quantum
solutions without any classical counterpart. We choose
Hilbert space with inner product L>(R*, R'=%72’dR) that
will make this Hamiltonian Hermitian,

) = / * dRR-Py (R)y(R).  (16)

The self-adjoint extensions of the Hamiltonian (12) are
discussed in [53]. Since J, functions have a closure
relation, i.e.,

Aw dxxJ,(ax)J, (adx) = M,

1
forv > —— 17
" > (17
the positive energy stationary states ¢ % form an orthogo-
nal set under the chosen scalar product, thus making them
suitable for the construction of a wave packet.

(PElgr) = S(VE - VE), where
~ 2
pr = Bk for E>0. (18)

From the positive energy modes, a unitarily evolving
wave packet is constructed by choosing a normalized
Poisson-like distribution [53]

w(R.7) = / * AVE(R)FAWE).,  (19)

0

\/i /1%('(+ 1)

AVE) = Tk + 1)

VE e, (20)

where k¥ > 0 and A > 0 are real parameters with x being
dimensionless and A has dimensions of inverse of energy.
For this choice of distribution, the expectation value of
the Hamiltonian is

K+ 1
A b

E = (ylAly) = (1)
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which is inversely proportional to A. With this distribution the wave packet takes the form

LGl +al+5+1)

L(k+1)
A L(1+a+|1+a|+2b)

w(R,7) = \/§<\/T§>%1+a|ﬂ

1 1
x1F1<6|1—|—a|+§+1;§|1+a|+1;—

To simplify the expression, a prescription k = |1 + a|/3 is
adopted in [53] and the expression for the wave packet
reduces to

4-iv)

y(R.7) = V3

R%(1+a+\l+a|+2h) V27 N li+al+l _ 2R3
- e’
7 T

TG 1 +al+1) i

(23)

This simplification makes the computation of various
expectation values easier, but it comes at the cost of making
the distribution a function of the operator ordering param-
eter. For example, to have well-defined energy, we would
need to have a small value of the relative width, which in
turn would require a very large value of parameter a. We
have to be careful while interpreting the results because the
signature of parameter a in an observable can be either an
artifact of operator ordering ambiguity or it can also signify
its dependence on the shape of the distribution.

Following DeWitt’s criteria, the singularity is avoided if
the probability amplitude vanishes at the location of the
anticipated singularity in the classical model. We are
interested in the behavior of the wave packet at R = 0,
which can be estimated by looking at the behavior of the
stationary states at the singularity. For z — 0, at the leading
order, J, behaves as

Jy-f?;%;33-<§>y. (24)

Hence the probability amplitude associated with ¢
behaves like

R2+I1+4|

Rl—a—2b¢1*¢1 2E %|1+a| 0 (25)
~ | = —_— = 0.
EYE\ 9 (1 +11 +al)?

The probability amplitude vanishes for the stationary states
and so do the wave packets constructed from these states.
The expectation value of R for this wave packet is given as

3r([1 +al+%) (/1 +ﬁ)% (26)

R(z) = (w|Rlw) = 1

C2V20(4 1 4 a| 4+ 1)

R(7) is symmetric in 7 and has global minimum at 7 = 0,
the minimal radius. For 7 € (-0, 0), as time increases,

Tk+ DG +al+1) (- iz)l el

2R3
90— ir))' (22)

R decreases, representing a contracting phase, while 7 €
(0, o) represents the expanding phase. Thus the classical
collapse of dust to the singularity in the quantum model is
replaced by the bounce. The expression of R(z) in (26)
diverges for A — 0, but that represents a dust shell of
infinite energy (21). The singularity is avoided for states
representing dust shells with finite energy.

The lifetime of the horizon (lifetime of gray hole state) can
be estimated in this model [53] which is interpreted as the
time taken by the dust cloud to cross the apparent horizon
twice. This lifetime from the point of view of a comoving
observer scales linearly with the mass of the dust cloud. The
direct computation of the lifetime as observed by an outside
observer would require transformation to Schwarzschild
Killing time, which is ill defined in this model, although
Schwarzchild exterior is incorporated for the dust collapse
models in recent works [64—67]. Instead, a different approach
is followed in [53], to compute the lifetime from transition
between dynamically distinct states. The dynamics of the
dust cloud is divided into three regimes, a collapsing regime
when 7 < —17,y, gray hole regime when —7,y <7 < 744,
and expanding regime when 7 > 745, where 7445 is the
proper time at which the outermost shell reaches the apparent
horizon. The lifetime is then defined as the time it takes for
the dust cloud to go from a gray hole state to an expanding
state, which comes out to be proportional to £ [53]. Thus to
learn about the bounce, the outside observers have to wait for
a long time for a sharply peaked distribution to arrive. We are
interested in knowing if the wave packet can be decomposed
in another observable basis that is natural to quantify the
incoming-outgoing modes. For this, the momentum operator
is a good choice as classically we have P = —RR. Therefore
we can associate positive values of momentum with collaps-
ing phase and negative momentum with expanding phase of
the dust cloud.

III. MODE DECOMPOSITION OF A WAVE
PACKET

The emission from the quantum collapse process
potentially forming a black hole is typically obtained
by estimating the contribution of the outgoing part in the
states specifying the collapsing dust cloud. To achieve
that, incoming/outgoing modes are associated with the
eigenstates of the Hamiltonian constraint operator. In
[43-52], in the context of a midisuperspace construction,
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exact solutions of the Wheeler-DeWitt (WdW) equation
are derived and quantum dynamics is deduced from them.
The Hilbert space for such a model is defined with a
measure that will make the Hamiltonian constraint
Hermitian. After making the transformation from dust
comoving time to Schwarzschild killing time, incoming/
outgoing modes in these models are associated with the
asymptotic limit of solutions of the Wheeler-DeWitt
equation outside the dust cloud.

In order to use the lattice regularization scheme for the
midisuperspace collapse, a particular class of operator
ordering is adopted [46]. The Wheeler-DeWitt equation
in this model is

2

8 5 r
+ B5(0)% — = Y[z, R, T] =0,

S F o+ AS(0)

0
o7’ SR? OR

27)

where A and B are smooth functions of the areal radius R
and the mass function F that encapsulate the operator
ordering ambiguity, F =1—F/R and T'=F' is the
energy density. The formal expression §(0) is included
to indicate the need for the regularization. Working on a
latticized system is only possible provided the operator
ordering term contributing to the potential term B vanishes.
In the regularized model, the inner product is introduced
with a measure [47],

(@) = / " 4R, /Gm® (R)¥(R).  (28)

Here ggp is the RR component of the DeWitt metric and R;
represents areal radius of the dust shell at p;. With this
measure though, both the Hamiltonian constraint and the
momentum conjugate to R are not Hermitian. The issue of
Hermiticity of the Hamiltonian constraint and choice of
measure that will make it Hermitian is discussed in [48].
The measure u;(R;) in this case is given as

The measure and operator ordering function are related via

Aj = |F [0, llog(p| F ;)] (30)

However, in this case as well, the outgoing/incoming
modes are not necessarily orthogonal. We are interested
in seeing whether it is possible to have both the momen-
tum as well as the Hamiltonian constraint Hermitian in
this model. Since a particular operator ordering of
Hamiltonian is chosen to solve the Wheeler-DeWitt
equation, the momentum operator is not Hermitian in
the trivial representation,

(cI>|P|\P>:/deMj(Rj)cb*gT?;é<Pc1>|\11>. (31)

J

In the absence of a momentum operator and modes
associated with it, various prescriptions are used for
defining incoming/outgoing modes. In [45], a solution
of the WdW equation outside the horizon is written in
terms of the Killing time (obtained by matching con-
tracting dust cloud to Schwarzschild exterior) and the
limit 7 - —oco0 and R — oo of these wave functions give
incoming modes. For outgoing modes, killing time is
obtained by matching the expanding dust cloud to the
Schwarzschild exterior and 7' — oo and R — oo limit of
solution of the WdW equation written in terms of this
Killing time. These modes take the plane wavelike form,
providing a complete set of incoming/outgoing modes at
each coordinate label p,

W, = He—iw(p)[T@)JrZ(ﬂ)], and
p

wh = He—iw(m[T(p)—Z(ﬂ)],
p

Z(p) = 4V2MR. (32)

with

Whereas in [47], after making the transformation from
dust comoving time to the Killing time, the incoming/
outgoing modes are associated with the positive/negative
frequency solutions of the WdW equation. The
Bogoliubov coefficients in these models are then defined
as the projection of outgoing mode functionals with the
solution of the WdW equation [45] and inner product of
incoming and outgoing wave functionals [47],

20w [

ﬁww’ - E %,

dRq/gRRlP(;*lP;/. (33)

Although the Hawking radiation is recovered, the formal-
ism of Bogoliubov coefficients is essentially reliant on
the orthonormality of the mode functions [68] whereas the
incoming/outgoing modes introduced in these approaches
are not orthonormal. This issue stems from the fact that the
Hamiltonian is not Hermitian with the measure /ggg
in these models. Even for the case when the Hamiltonian
is Hermitian [48], we do not expect the states to be
orthogonal as they are degenerate states with zero eigen-
value. Therefore, the notion of incoming/outgoing modes
and analysis of Bogoliubov coefficients remain somewhat
ill defined. In the next subsection, we will argue that the
freedom offered in selecting measure in the quantum LTB
model enables one to obtain an orthogonal set of incom-
ing/outgoing modes. In [53], the most general operator
ordering for the Hamiltonian constraint is chosen, and the
appropriate measure (16) is introduced that makes the
Hamiltonian constraint Hermitian. Now, if we want to
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TABLE L

Conditions for normalization and Hermiticity of A and P.

Behavior at boundaries

Condition for vanishing

lim Rl_a_Zbl//*l// ~ R2q+1-a-2b
R-0

Normalization

R—

LOr Oy
R~ OR”
LOr Oy
R~ OR”

li R—u—Zb
: e
Hermitian H

lim R=%2" (yr

R—

Hermitian P

lim Rl_a_Zbl//*)( ~ lim R2q’—a—2b+l

R—o0

R—o0

lim Rl—u—ZhU/*ll/ ~ R24'+1-a=2b

)N lim R2q—a—2b—1
R—0

) ~ lim R2q’—a—2b—l

lim Rl—a—2bw*}(~ lim R2q—a—2b+l
R—-0 R-0

2g>a+2b-2
For integral to vanish

2 <a+2b-2
For integral to vanish

2g>a+2b+1

2¢' <a+2b+1

R—o0

2g>a+2b-1

2g <a+2b-1

work with the representation of a momentum operator like
the one inspired by the scattering theory in the radial

coordinates [69], P = —iR™'OxR, we can use the freedom
offered by the operator ordering parameters to choose the

measure as R? that makes the extension of P Hermitian on
the physical states (normalized states),

WlPle) = [ arry by

o L O(Ry)
= l/o dRy*R 9R

. [ O(Ry*)
— —i[R2y* °°—|—z/ dRR

[R*w* 1§ | R X

= (Pyly), provided Ry (R, 7) — 0. (34)
Thus the measure R’ can accommodate a Hermitian
Hamiltonian as well as a Hermitian momentum on the
space of physical states. In fact, it hold true for the case of
the general measure R'~“"2" as well. Hence, the eigen-
states of the momentum operator can be used to obtain the
orthonormal incoming/outgoing modes. In this work, we
will study the radiation profile of the dust cloud vis-a-vis
incoming/outgoing modes defined through this approach.

A. Hermitian extension of the momentum operator in
R? measure space

The absence of self-adjoint extension for momentum
operator on real half-line R* is well documented in
the literature see, e.g., Ref. [70-72]. This suggests that
the momentum operator on R* is not a well defined
observable in the quantum theory. In this subsection, we
will argue that even though the momentum operator is not
self-adjoint, we can still work with its Hermitian repre-
sentation and its eigenfunctions.

The eigenfunctions of a self-adjoint operator with differ-
ent eigenvalues are orthogonal and yield a complete system

of generalized vectors of the Hilbert space. This result
might not hold for the operators, which are Hermitian but
not self-adjoint [70] and one has to show the eigenstates of
such an operator are orthogonal explicitly.

We will start with the discussion on the Hermiticity of
the momentum operator and later check whether the
eigenfunctions of the momentum operator form an orthogo-
nal set of states or not. The boundary conditions that need
to be satisfied by the states for the Hermiticity of the
Hamiltonian and momentum operator are

O oyt TR
R oR%)|, ~

wlitlz) — (Bl = [R (w
(35)

(wlPle) = (Puly) = [R'™=ryry]y = 0. (36)
Let us have a function which has an asymptotic behavior
w(R) = R%as R — 0 and w(R) — R? as R — co. We will
first write the constraint on the parameters ¢ and ¢’ arising
from the demand that these functions are square integrable
with measure R'~%72%, and satisfies the boundary condi-
tions arising from the Hermiticity of the Hamiltonian and
the momentum operator. We have summarized the boun-
dary requirements for normalizability and Hermiticity of
operators H and P in Table 1.

For the case when the measure is R2, the constraints on
the parameters follow: (i) the normalization of the states
are ¢ > —3/2 and ¢’ < —3/2, (ii) the Hermiticity of the
Hamiltonian constraint are ¢ > 0 and ¢’ < 0, and (iii) the
Hermiticity of the momentum operator are ¢ > —1 and
q' < —1. We are interested in the square-integrable states
on which both momentum and Hamiltonian operator are
Hermitian, which is achieved by demanding ¢ > 0 and
g’ < —3/2 for the R?> measure and ¢ > (a +2b+1)/2
and ¢’ < (a+2b—2)/2 for the R'=%"?> measure. This
choice ensures that the states are square integrable and the
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relevant boundary conditions are satisfied. This indicates
that the Hamiltonian and momentum operators are
Hermitian, and the expectation values of the operators
computed for these states will be real. Therefore, we will
work with the Hermitian extension of momentum operator
and its eigenfunctions.'

The set of wave packets constructed for this model
satisfies the boundary condition (36) that ensures the
Hermiticity of the momentum operator. Now we have a
Hermitian momentum operator which is not self-adjoint. In
the Appendix we explicitly demonstrate that the eigen-
functions of the momentum operator are orthogonal with
the measure chosen. Therefore the eigenstates with differ-
ent eigenvalues are linearly independent, and they serve as
valid incoming/outgoing modes. Hence, the eigenstates of
the momentum operator can be used to obtain the ortho-
normal incoming/outgoing modes and we will study the
radiation profile of the dust cloud with their help. We will
first study the general characteristics for the measure R>
and then generalize it for the measure R'~*~2",

Since the eigenspace of R runs from 0 to oo, to obtain a
representation of P which is Hermitian on the half-line R,
the momentum operator that is Hermitian with respect to
the measure R? is

po—ir g —i<—+l). (37)

The eigenfunctions of P are given by, u(R) = ¢'*R/R,
where k € R. For R? measure, we have to impose constraint
1—a—-2b=2in (16) or a + 2b = —1 on operator order-
ing parameters. Using this constraint, we can eliminate one
parameter.

For the Hermitian extension of the momentum operator
on R™, we will see below that eigenfunctions with positive
eigenvalue relate to incoming modes and eigenfunctions
with negative eigenvalue relate to outgoing modes. We are
interested in the projection of the wave packet along these
orthogonal states. With this choice of measure, the
Wheeler-DeWitt equation becomes

O¥(R.7)
| —— = HY(R,7), 38
i (.7 (38)
If] _ —lﬁ_b_lﬁkzb+lﬁ’k_b_l _ lR—Z—b iR2b+1 iR—b
2 2 dR dR ’
(39)

'When the operators in the quantum theory have the continu-
ous spectrum, rigged Hilbert space is the natural mathematical
setting [73]. Rigged Hilbert space, also called Gelfand triplet, is a
triad of spaces @ C 'H C @*. Here @ is the space of test functions
or the Schwartz space S(R™) in this case, and ®* is the antidual
of @ or the space of distributions. The generalized eigenstates of
the operators belong to ®* and its dual space @'.

The stationary states of the Hamiltonian H¢pp = —E¢p
takes the form

PE(R) = Ty (g \/ER%> :

7 (R) = 1y (5 V2ER) (40)

$*(R) = Ky @ \/2_ER%> (41)

¢o=R.  H=R" (42)

Again using positive energy states, we can construct the
wave packet using Poisson-like distribution

th‘ V22 %‘b|+1 B 2/1R3
(i : ) e T (43)
F(% bl +1)

w(R,7) = V3 :
5~ T
For the model in question, a general wave packet can be
written in the form

w(R,7) = A " dEA(E)$x(R)eE. (44)

The stationary states can be written as a linear combination
of the eigenstates of the momentum operator,

ikR

w® = ["drkE) @)

[Se]

such that, the wave packet can be expressed as
- o oikR
(R, 7) = / dE / dKA(E) (k. E) -
0 —00

. . oikR
:/ dE/ dkA(k, E)——e"™E,  where
0 —00 R
)f (k, E)

A(kE) = A(E

[+ o eikR+i‘rE
:/ dE/ dk(.A(k,E)
0 0 R

e—ikR+i‘rE
+ A(—k, E) 4> . (46)

R

Looking at the phase factor, we see the incoming modes are
identified with the momentum eigenfunctions with positive
eigenvalue u; (1) = *R+*E /R and outgoing modes with
the negative eigenvalue u_; g(7) = e *f+*E /R The wave
packet is decomposed in terms of incoming and out-
going modes.
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IV. INFRARED CHARACTERISTICS

Once we decompose the wave packet into the projection along the incoming u; () and outgoing u_; g(7) modes, the
projection of the wave packet along them will give the contribution of incoming/outgoing radiation through

—ikR—iEt
71(0) = s @R 2) = [ dRROp(R.)
—iEt V22 %‘bl‘H 3
_ \/ge E (xT )3 /dRe"kRRlee 2;,,
LGlbl+1) N7
2R3 —iEr NN LIRS
2R 3 VA
=C(7) / dRe * RRHble 60 with C(z) = V3e <4 3 > : (47)
LGl +1) 2717
The wave packet in the k space is normalized
/ " Ak, = / ” dk / dRRy* (R, 7)ei*R / dASSy (S, 7)e S = 2. (48)

Owing to the normalization, the mode functions decay when k — oo and |{j7(7)|* gives the contribution of modes with wave
number k to the radiation profile at time .
At 7 =0, Eq. (47) can be written as

#(0) = C(0) ( / dR cos (KR)R'Ple=4 — i / dR sin (kR)RHlbe-%’f), (49)

clearly |7 (0)> = | _¢(0)|>. Thus at the point of classical singularity, the number of incoming modes becomes equal to the

number of outgoing modes for all k. On the other hand, for finite z, Eq. (47) can be cast into the form
ZR‘ 233
7 (2 (z)? / dR / dSe=MR=S)(RS)\H1le i v, (50)

Here we can see, taking 7 — —7 is equivalent to taking k — —k. Thus the ratio of incoming to outgoing modes r(z7) =
[ (7)|?/ |7 _i()|? flips when the bounce happens i.e., r(t) = [r;(—=7)]7', see Fig. 1. The ratio greater than one implies
incoming modes are dominating in that regime. The difference between the number of incoming and outgoing modes at any
instant of time and at a fix k can be written as

zRz zsz

30) = (0P =~ s = COP [ a [ ds(emteo0 A0y sy e o

ZR‘ 283

= =2i|C( T)|2/dR/dSs1n k(R — S))(RS)!Hblg 26 oG+ (51)

Because lim;_, , sin(kx) = x8(x) = 0, then &;(z) vanishes when k — oo. Thus we expect the ratio to approach unity for
large k, see Fig. 1. On the other hand, for k — 0 we have

7R3 253

8.(7) = —2ik|C( r)|2/dR/dS (R = S)(RS)1+blg 260 95+
= =2ik|C(7) P(Iap (1. )17 4 (1. 2) = I3 (2. )11 (7. 2)), (52)

where,

2= 1 [n+1 2 \%
I1,(z,A) = | dRR"e 960 = _ T , 53
0= [ 3 [ 3 K%;—ir)) 59
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b=0, A=1 b=0, A=1 b=0, A=1
2 2 2
| w(k)| | (k)| ly(k) |
0.10 — 1=-0.01 012}
1=0.01 o040k oloal
0.08}
0.0 0.04
0.0
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0.02f ]
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1000}
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FIG. 1. Behavior of |fir;(7)|? and the ratio of incoming to outgoing modes at different times, with parameters specifying a narrow wave
packet. The shaded region gives the contribution of outgoing radiation in a collapsing phase (light blue) and incoming radiation in an
expanding phase (light orange).

|b|+8 20b|+5
. I\ T _[|bl +3 b| + 2] /A2 . (1 . [-2t
(Il — By digp) = 2i <§> F[| |3 }FP |3 ] (Z—I—'ﬂ) sin <§tan 1<T>> (54)

The difference between the outgoing and the incoming modes for & — 0 reads

5 (1) = 4k|C(7)]? (é)gr [@ + I]FPb';— 2} <§ + T2>#sin <%tan‘1 (_721>> (55)

|

Since C*(7) = C(—1), we can see the function §; is an odd  collapsing branch keeps on rising, and at the classical
function of 7 and for 7> 0, §;(z) <0. Therefore, the  singularity, the number of incoming modes becomes equal
incoming modes dominate in the contracting branch, and  to the number of outgoing modes. At the start of the
after the bounce, outgoing modes dominate in the expand-  expansion, the fraction of incoming modes is sizable, and it
ing branch for small wave numbers. keeps on decreasing as the shell expands. At the later stage

We choose a parameter set that represents a narrow wave  of expansion, the dust shell mainly is comprised of out-
packet localized along the classical trajectory of the  going modes with a very small contribution of incoming
moderate energy dust shell. These plots in Fig. 1 describe  modes at small wave number or large wavelength. Also,
the contribution of different wave number modes to the dust ~ most of the contribution to incoming/outgoing modes in the
shell at different time slices, which represents very early in  expanding/collapsing phase comes from a relatively small
the collapse (r < 0), very late in the expanding phase wave number regime.
(r > 0), and near the classical singularity (z ~ 0). The ratio of incoming to outgoing modes for the collaps-

Early on during the collapse, the majority contribution  ing branch starts from unity at k = 0 and starts increasing,
comes from incoming modes along with a tiny fraction of  acquiring a maximum, then decreases and oscillates before
outgoing modes of small wave number contributing as  settling again at unity for some finite wave number. As we
well, shown by the shaded region in Fig. 1. As we approach  approach the classical singularity, the magnitude of maxi-
7 = 0, the contribution coming from outgoing modes in the ~ mum keeps on decreasing. Atz = 0, this ratio is unity for all

126027-10



INFRARED SIGNATURES OF A QUANTUM BOUNCE IN A ...

PHYS. REV. D 104, 126027 (2021)

b=0, A=0.01
| w(k)|®
0,025F

-40 -20

k

b=0, A=10

| (k)12
0.20% — 1=-0.01
1=0.01

015}
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| w(k)|®
0.007F
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k

FIG. 2. Behavior of |7;(7)> and ratio of incoming to outgoing modes at different times, with parameters specifying a sharper
(4 = 0.01) wave packet representing a high energy dust shell and broader (1 = 10) wave packet representing a low energy dust shell.
The shaded region gives the contribution of outgoing radiation in a collapsing phase (light blue) and incoming radiation in an expanding

phase (light orange).

values of k. This behavior inverts when we go from the
collapsing to the expanding branch. Again, the ratio starts
from one and decreases, attains a minimum, and then
increases and oscillates before settling at unity again. In
the collapsing branch and close to the singularity i.e., 7 ~ 0,
there is a crossover in the plot when the contribution from the
outgoing radiation exceeds the contribution coming from the
incoming radiation for a window of wave numbers. A
reflected behavior is observed in the expanding branch
as well.

If an observer analyzes the small wave number &, i.e.,
infrared regime of the dust shell, there will be an
instantaneous flip from largely incoming radiation to
largely outgoing radiation as we go from the collapsing
to the expanding branch. An observer looking at the dust
cloud at small wave number or the large wavelength part
of the radiation will know if the bounce has happened
instantaneously, much before any information comes
about, provided that the amplitudes are observable in
the infrared sector, which we will estimate in the next
subsection.

The parameter set b =0 and 1 = 1 represents a sharp
wave packet localized along the classical trajectory while
the energy of the dust shell is inversely proportional to 4,
see Eq. (21). The sharper wave packet represents a shell
with large energy, and the broader wave packet represents a

dust shell with small energy. Let us analyze the behavior of
|7 (7)|* near the singularity for sharper wave packet e.g.,
A =0.01 and broader wave packet, e.g., with 1 = 10.

We can see Fig. 2, for a sharper wave packet representing a
dust shell with high energy, the contribution of incoming
(outgoing) radiation in expanding (collapsing) phase is small,
away from the singularity, e.g., at 7 = 41 and the radiation
profile mostly consists of outgoing (incoming) radiation in
the expanding (collapsing) phase. On the other hand, for dust
shells with low energy, the contribution of incoming/outgoing
modes is comparable even away from the singularity, e.g.,
again at 7 = 1. Moreover, there is a significant contribution
of the infrared modes that persists even in the stages of a dust
shell away from the singularity. Thus the infrared regime of
the low energy dust shell dynamics might be more suitable to
study the quantum signatures. We now estimate the ampli-
tude in the infrared sector.

A. Infrared estimate of the bounce radius
The integral (47) has an asymptotic expression for
k— 0,

|6l 1,1 LRS!

25 3/1#‘5—‘1“(“"7*2) (A—2it)" 5
\6/§ﬂ_ F(2|b:‘5+1)

Po(t + O(k).  (56)
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We are interested in the properties of absolute squared function

PR BE2N2 2 4 g2 —""Tl .
f16) = i) = F(z(ilf S cber ey (57)
3
70 = c0) (<P 2 4 42580 = 110 =0 (58)
7@ = =3 (bl + 1)C (/I,b)(/12—|—412)‘b3+4+63—4(b+1)T<|b|+ )cu b) (2 + 42",
£7(0) = =5 (1l + 1)C(, b5 (59)

This function has a maximum at 7 = 0 which means that the contribution of the small wave number modes peaks at the
classical singularity. Therefore, in the infrared regime, the emission profile peaks at the bounce point. Moreover, for z = 0,
the integral (47) is expanded up to second order in k as

255 A(=9K22 T (L) — 62213 /3ik /7T (4 4 1) + 4/232/3T7(2i2))
390 TG 216l + 1)) |

O = 25 (27K (L 4 24/232302(T (""ji)j-r(""%z)r('b'%“))+1622/3\3/§€/Zr('b‘7+2)2):g(k)_ (61)
3230 (22 4 1y

7 (0) =

(60)

We are interested in the properties of function g(k) as k — 0,

dg(k) _ (1083 45T (M2 4+ 48+/2323kA(T(1LE2)2 — (L) bldyyy g (k) B

. o F(% g) 3 3 = T k=0—0, (62)
dglk) 275 (324k25T (L) 1 482323 0T (L) — r(Pr(bletyy) g2g(k)

&k 3230 (22 4 1y = &k | 0 (63)

suggesting this function acquires local maximum at k = 0 and 7 = 0 as can be seen in Fig. 3.

0.10

0.08

0.06

0.04

0.02

-10 -5 0 5 10

FIG.3. Plotof |y (7)> forb = 0and A = 1. k = 0 and 7 = 0 is a local maximum of the function. The solid black line in the contour plot
is the locus of points on which |y (7)|? is maximum at fixed 7. Global maxima of this function are at k = 4-1.65163 and 7 = 1.53312.
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Further, the value of |{j;(7)|? at the local maximum can
be evaluated to be

2. (64)

Since the energy of the dust shell is inversely proportional to
A, it means that the fraction of incoming/outgoing modes at
large wavelength is proportional to the energy of the dust
shell via E~'/3. The low energy dust shell is suitable for
studying the quantum signatures in the infrared regime of the
radiation profile. From Eq. (26), we see that the expectation
value of the areal radius at 7 = 0 is also proportional to A'/3,
leading to

2EHN( TR ;
W veEer T

[#0(0)* =

e., |win0(0)]* x R(0), which means that the number
density of incoming/outgoing modes at small wave numbers
is sensitive to the minimal size of dust shell. Thus the
infrared regime of the radiation profile provides a direct
estimation of the bounce radius. This object is also sensitive
to the parameter b and due to the constrainta +2b +1 =0
effectively on a, but it is not possible to establish whether
the dependency is a direct artifact of operator ordering
ambiguity in the model or whether it is coming from the
|

e—ikR

shape of energy distribution used to construct the wave
packet.

V. HERMITIAN MOMENTUM IN R!'-¢-2
MEASURE SPACE

In the previous subsection, we have used the represen-
tation of the momentum operator and the measure inspired
by quantum scattering theory in spherical polar coordinates
[69]. In this subsection, we wish to check if the features
obtained in the previous subsection remain valid for the
general measure and the operator ordering of momentum as
well. The Hermitian extension of the momentum operator
in L2(R", R1=%"20dR) is given by

p — _l'R—%(l—u—2h) iR%(l—a—Zh) — —lfl|:

OR OR 2R

(66)

0 l—a—Zb}

The eigenstates of momentum operator with eigenvalue k
are u;, = e'*R /R:(1=4=20) _ Orthogonality of these eigen-
states is established in the Appendix. As was discussed in
the previous subsection, incoming modes are associated
with the momentum eigenstates with positive eigenvalue
g p(7) = eFRHIE | Ral1=a=2b)  and outgoing modes are
associated with negative eigenvalue eigenstates u; z(7)=
e~ kRTItE /Ri(1-a=2b)  Again we are interested in the
projection of the wave packet (23) along these modes,

wi(7) = (upelw) = e_iET/O WW(R,T)RI_Q_%CZR

B \/ge—iEﬂ: < \/ﬂ
Tl +al+1) 3G

Here, we can see that the projection is independent of the
operator ordering parameter b. We will show in Sec. VI, itis
a free parameter of the theory as the expectation value of
observables in the general wave packet are independent of
the parameter b. The form of the integral is similar to what
we have had in the previous case (47). Thus we can expect
the behavior of the mode function to be reminiscent of what
we have seen in the last section.

The analytical discussion also follows along the same
lines. At the classical singularity, the number of incoming
modes is equal to the number of outgoing modes. For
k — 0, incoming modes dominate in the collapsing branch,
and outgoing modes dominate in the expanding branch. For
this case as well, the ratio does not change if we take k —
—k and 7 — —1, i.e., the ratio of incoming to outgoing

i—l’['

Ya+1]+1 2
)) / —1kRR2(2+|1+a|) __”)dR. (67)
0

|
modes inverts as we go from collapsing branch to expand-
ing branch.

The ratio of incoming to outgoing modes follows a
similar trend as is observed in the previous subsection. Here
as well as in the contracting branch, the ratio starts from
unity and starts increasing to reach a maximum, decreases
to an oscillatory regime, and finally settle at unity for finite
wave number. The same trend is observed in the expanding
branch as well, although not shown in Fig. 4 the plots.
Moreover, the magnitude of the maximum keeps on
decreasing as we keep on approaching the singularity.
The same trend is observed for different values of param-
eter a as well. Therefore these features appear for the
general measure and the operator ordering of momentum
operator as well, and the information of parameter a gets
transferred to the infrared regime as collapse progresses.
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FIG. 4. Ratio of incoming to outgoing modes at various stages of collapsing phase with parameters specifying narrow localized wave
packet and different operator ordering parameter a.

VI. OBSERVABLE’S DEPENDENCY ON OPERATOR ORDERING PARAMETERS

As we have seen in Sec. IVA, changing the operator ordering parameters brings about a change in |y |*, but the
prescription used to obtain wave packet (23) restricts us to infer whether these changes are due to the change in the
distribution or do they imply a genuine dependence on operator ordering parameters. Further, the space of initial conditions
(configurations) can in principle be a function of a and b leaving representation of P fixed. To establish whether there is a
concrete observable signature of operator ordering parameters, it is imperative to check whether the expectation value of
observables in the general wave packet is a function of these parameters or not. We will work with a general wave packet
constructed from positive energy stationary states,

2

Y(R,7) = /dEA(E)eiETR%(HHZh)J%1+a (g 4 2ER%>- (68)

In further analysis, we will write % |1 +a|l =v, and % V2E = Ag. We are interested in the expectation values of general
phase space observables in this wave packet.
(1) R™: We will first consider expectation value of arbitrary power of the areal radius operator,

(PR W) = / * dRR'-20p Ry,
0
— / dEdE A* (E)A(El)e—i(E—E’)r / dRRn+1_a_2bR1+a+2ben (/IE’R%)JDH (/IER%)

= / dEdE'A*(E)A(E')e !(E-E)r / dRR"2J, (ApR3)J, (AR = R(a,7). (69)

The expectation value for this operator is independent of parameter b.
(2) P": Using the representation of momentum operator given in (66), an arbitrary power of momentum operator takes
the form

N d"
pr = (_ih)nR—%(l—a—Zh) WR%(I_a_Zb)‘ (70)

The expectation value of this operator in a general wave packet is
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P = (ciny [ aRRi e
0

d"
YT (Ri(l Qb)ly)

_ (_lh)n / dEdE/A*(E)A(E/)e—i(E—E’)r/dRRé(1—a—2h)R;(l+u+2h)Jya (ﬂE/R%)

d}’l
dR"

X

(R%(l—a—2b)R%(l+a+2b)Jb (/IER%))

= (=ih)" / dEAE'A*(E)A(E')e™/(E-F)r / dRRJDa(/IE/R%)%(Rfu,,(/lER%))

P(a,7).

(71)

_ This expectation value also is independent of operator ordering parameter b.
(3) O =R™P"R™: The expectation value of this operator in a general wave packet is given by

<‘P|O|‘P> — (_l'fl)”/dRRl—u—2me—é(l—a—2h)lP*

dﬂ

R (Rer%( l—a-2b) lI_l)

— (—lfl)n / dEdE A* (E)A(El)e—i(E—E’)f / dRquL%(l—a—2b)R%(l+a+2b)Jya (/IE/R%)

n

x L (R0 Rl 1 (R

dR"

= (=in)" / dEAE'A*(E)A(E')e™/(E-E)® / dRR"J, (1 R -

= 0(a,1).

n

an [Rm+1‘]l/“ (A‘ER%)}

(72)

This expectation value also is independent of operator ordering parameter b. The second representation we use is

Weyl ordering.

4 0= ] (R™P™ + P"R™): The expectation value of this operator in a general wave packet is given by

([Ow) =

/dRRl—a—Zblp* Rm—%(l—a—Zb)i
dR"

dﬂ

(R%(l—a—Zb)\P) + R—%(l—a—Zb) el (Rm+%(1—u—2b)\{1)

dR"

_ / dEJE' A* (E)A (E/>e—i(E—E’)r / dR [Rm+%(1—a—2b)R%(1+a+2b)JUH (lE/R%)

d}’l
X _
dR"
dR"
(=ih)"

X

(E—E 5 d
== / dEdE'A*(E)A(E")e (E-E) / dR(R"™J, (ApR?)

n

5, d
+ RJI/H (;{’E/Ri) d

Rn

(R™1T,,, (2£R2)))
= 0(a,1).

The expectation value of all of these observables is
independent of operator ordering parameter b. Therefore,
b appears in theory as a free parameter as far as the space of
initial conditions of the theory is considered, allowing for
different valid representations of P and A. However, since
these observables are sensitive to the parameter a, we
intend to construct an observable whose expectation value
closely follows this parameter.

(Rer%(] —a—2b)R%(l+a+2b)Jy (),ER%)):|

(R%(l—a—Zb)R%(1+a+2b)Jy (AER%)) + R%(l—a—Zb)R%(1+a+2b)Jy (ﬂErR%)

n

(73)

A. Signature of operator ordering parameter

It is established that parameter b appear as a free
parameter in the model. We can still ask if there is any
observable signature of the parameter a in the model. In the
current analysis, the question is ill posed as we have made
the distribution a function of parameter a in the wave
packet defined in Eq. (23). Therefore to answer this
question, we have to work with the wave packet (22). In
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Expectation value of areal radius and standard deviation for the wave packets (76) and (77). Both expressions match for large z,

and at 7 = 0 the difference is maximum. The standard deviation of the areal radius also matches for large 7z starts differing as we go

toward singularity while it again matches at 7 = 0.

the given form, the closed-form expressions for various
integrals are difficult to compute. To tackle this issue, we
will take different operator ordering parameters that will
simplify the expression while the distribution parameters
and A remain the same throughout the analysis.

To achieve that, we take two sets of parameter values, (I)
k=4, 1=1,a=5and b=-3 and (II) k=4, 1 =1,
a =11, and b = —6. For these values, we use the proper-
ties of hypergeometric functions [74]

a=>35, b:—3—>1F1[4,3;x]:ex<§+1>, (74)

64R® i

9(%41)

WI[(R’T) = (77)

~243(1-2i0) ¢

Here we can ask if there is an observable signature of
parameter a in the expectation value of the areal radius
operator. We compute the expectation value and the
standard deviation for the areal radius,

_ (144 o [13
a=11, b=-6- F55x =¢" (75) R = 2403 (47 426020 1. 78)
2\
The wave packet then takes the form R, = w {1_6}
164/33 3
16R3(27 — 4R? — 54it) —3&
R.7) = (76
vi(R.7) Wiy ¢ 9
|
\/ 1200(47% + 1)(30822 + 41)[ (L) — (26072 4 47)2T(12)2
6R; = & - (79)

240v/3 (47> 4 1)%/3

(1+47%) 17 16\ 2
I 5 24r( =) =T( 5 (80)
R R, 47
lim oL =1, and limal = [136] Yo
7—+o00 R” =0 Ky 151—‘[?] 65
(81)

Therefore, very early in the collapse or very late in the
expanding phase, the expectation value of the areal radius is

|
insensitive to the operator ordering chosen. On the other
hand, the difference between the two is most pronounced at
the classical singularity 7 = 0. It is argued in [53] that R(0)
gives the size of the temporary compact remnant of the
gravitational collapse (in the language of [37]) a Planck star.
Therefore, the size of the Planck star is sensitive to operator
ordering parameter a. In the previous section, it is established
that the fraction of incoming/outgoing modes of small wave
number at 7 = 0 is sensitive to the size of the dust shell at
bounce point (size of the temporary compact remnant). Thus
it can be inferred that the information about the operator
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ordering parameter is encoded in the infrared sector of the
radiation profile. Whether this feature is an artifact of the
minisuperspace reduction or it survives in a more general
quantum gravity analysis is a matter of research to be
pursued separately. However from Eq. (57), we can see that
although the information regarding the operator ordering
ambiguity parameter a is retained in the kK — 0 sector even at
late times, the overall amplitude gets progressively diluted.
Therefore, the parameter dependence effectively survives
only for a finite amount of time, dependent upon the energy
profile of the dust cloud (57). This characteristic is also seen
in Fig. 5 depicting the areal radius, which also drops the a
dependence at late times. This is in tune with the similar
characteristics of operator ordering ambiguity parameter
dependence reported earlier in the literature [75,76].

VII. CONCLUSIONS

In this work, using the Hermitian extension of the
momentum operator on normalizable states, we have studied
the mode decomposition of a wave packet constructed for
the quantum LTB model, developed in [53]. The classical
model of such dust shell collapse exhibits black hole
singularity, which in the quantum gravity analysis, it is
replaced by a quantum bounce from a collapsing to an
expanding phase. We identify an observable suitable for
viable mode decomposition of normalizable physical states,
which is the momentum conjugate to the areal radius.
Although the momentum operator is not self-adjoint in this
setting, one can still obtain its Hermitian extension on the
space of normalizable states. Exploiting the freedom offered
by this model, we are able to choose the operator ordering
parameters (a, b) for which the Hamiltonian operator, as
well as the momentum operator, remains Hermitian. This is
achieved by first working with R?> measure and choosing the
representation which is symmetric with this choice of the
inner product. This particular choice puts the constraint a +
2b 41 =0 on operator ordering parameters. We further
establish that parameter b appears as a free parameter even
with the general measure R'~“~2 in the expectation values
of all the phase space observables of the theory; the above
constraint does not put any restriction on the space of initial
conditions. After identifying incoming and outgoing modes
with the momentum’s eigenstates with positive and negative
eigenvalues, we estimate the contribution of incoming/out-
going modes in the contracting/expanding phase.

We find that at the point of classical singularity 7 = 0, the
number of incoming and outgoing modes become equal for
all k, representing the quantum bounce. In the preceding
contracting branch 7 <0, we find that apart from the
collapsing dust, we also have a small contribution from
outgoing dust modes as well, characterizing emission from
the quantum collapse. If we analyze the ratio of incoming to
outgoing modes for the contracting branch, it starts from
unity at k = 0 and increases to attain a maximum, and then

oscillates back to one. As we keep moving towards the
singularity, the contribution of outgoing modes keeps
increasing, culminating in the equal number of incoming
and outgoing modes at the point of singularity. This
behavior is inverted in the expanding branch. After the
bounce, outgoing modes start to dominate, with a small
fraction of incoming modes present as well. As the dust
shell keeps expanding, the fraction of incoming modes
keeps decreasing, and the contribution of outgoing modes
dominates.

The infrared segment of the collapsing/expanding branch
of the dust collapse contains significant information about
the collapse process. For modes with small wave number,
the ratio of incoming to outgoing modes flips as soon as the
collapse progresses beyond the bounce 7 > 0. Furthermore,
the contribution of the infrared sector asymptotically
provides the bounce radius. Thus not only the infrared
sector of the radiation is sensitive to the bounce, it also
provides a direct estimator of the bounce radius, providing
a unique infrared signature of quantum gravity in the
radiation profile of the dust shell. We further observe that
for sharper wave packets representing dust clouds with high
energy, the contribution of outgoing/incoming modes in the
collapsing/expanding phase is smaller when compared with
the case of dynamics of low energy dust clouds. Thus low
energy dust collapse is more suited for effectively carrying
the quantum signatures to the infrared region than a high
energetic one.

Lastly, for the Hermitian extension of momentum
operator in a general measure space R'~¢7?’ compatible
with unitary dynamics, we demonstrate that the contribu-
tions of incoming (outgoing) radiation in the wave packet
follow a similar trend as is observed in R> measure space.
Thus the general behavior in the infrared sector of dust shell
in a quantum LTB model is unaffected by the choice of the
representation of the Hermitian extension of momentum
operator and the infrared signatures of the quantum
collapse process discussed in this paper, can be considered
to be reliably robust. Since the infrared regime carries the
imprints of the bounce, the infrared correlators can be
expected to be quantum information-wise rich of the
quantum gravity imprints too. This line of study, however,
will be pursued elsewhere.
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APPENDIX: ORTHOGONALITY OF
EIGENSTATES OF MOMENTUM
OPERATOR ON R*

We are interested to see if the eigenstates of momentum
operator on the half-line R™ are orthogonal. Using momen-
tum representation given in (37) with measure R?, eigen-
functions of momentum are u;, = ¢**® /R. For orthogonality
of these states, we need to evaluate the integral,

00 0 . /
(i) :/ dRR*uuy :/ dRe—i(k=K)R
0 0

=5 (k= K). (A1)

The integral in Eq. (Al) is the Fourier transform of the
Heaviside step function and is given by the Heisenberg
distributions [77],

o o 1
5E(k—-K) = / dRe* KR = 75(k — k') & iP
0 k—K

(A2)
The symbol P{1} in the second term is a distribution that

takes a function to the Cauchy principle value of the

integral [ @dx. We are interested in the mapping
properties of the distribution (A2). To check that, we need
to evaluate the integral,
© f(k
f(K) dk}'

wk—K

/_ VSt (k= K)f(K)dk = zf(K) + iP{
(A3)

Here we will take f(k) as a regular function that decays
faster than k' in the upper half of complex k plane i.e.,
satisfies Jordan’s lemma. The Cauchy principal value of the
integral is defined as

PUCiee) il [ [

wk—K
This integral can be computed for given functions f(k)
using the residue theorem,

(A4)

© f(k) i ey
7?{ e dk} = inf(K). (AS)
From Eq. (A3), we get
/ V5t (k= K)f(K)dk = zf(K) = i(zi f (k)
N { 0 for 5j(k - k) ‘ (A6)
2zf (k') for 6~ (k—K)
Using Eq. (A1), we can rewrite Eq. (A6) as
[ e )k = 2a7(#). - and
[ s wya o (A7)
= (up|up) =2n8(k — k' )0(k — k). (A8)

Here §(k — k') is the Dirac delta function and 0(k — k') is
the Heaviside theta function. It is apparent that for k # k/
the inner product vanishes and it has nonzero contribution
only at k = k. Thus the distribution (A2) has mapping
properties akin to a Dirac delta distribution on the space of
regular functions, which satisfies Jordan’s lemma. The
eigenstates of the momentum operator can be treated as
orthogonal states in this case.

For the case of general measure, the momentum operator
is given in (66) and the elgenstates of the momentum
operator in this case are u; = . The inner product of
two eigenstates is given by

(1 a-2b)

<uk|uk’>:/ dRRl_“‘Zbu;;uk,:/ dRe—i(k—K)R
0 0

15(k K) —P{k lk,}

The previous results are applicable here as well, and the
eigenstates can be treated as orthogonal in this case also.
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