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Unimodular gravity (UG) is an important theory which may explain the smallness of the cosmological
constant. To get insight into the covariant quantization of UG, we discuss the BRST quantization of general
relativity (GR) with a cosmological constant in the unimodular gauge. We develop a novel way to gauge fix
the transverse diffeomorphism (TDiff) and then further to fulfill the unimodular gauge. This process
requires the introduction of an additional pair of BRST doublets which decouple from the physical sector
together with the other three pairs of BRST doublets for the TDiff. We show that the physical spectrum is
the same as GR in the usual covariant gauge fixing. We then study a theory derived by making “Fourier
transform” of GR in the unimodular gauge with respect to the cosmological constant as a candidate of
“quantum UG.” We clarify the difference from GR and point out problems in this theory.
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I. INTRODUCTION

General relativity (GR) well describes gravitational low-
energy phenomena. The action is given by

Sar :ZN/d“x\/—_g(R—ZA), (1.1)

where Zy = ﬁ with the Newton constant Gy. Here we

have also included the cosmological constant, and we refer
to this theory simply as GR. Making variation of this
theory, we get the Einstein equation with the cosmological
constant:

1
R =5 (R=2A)g,, = 0. (1.2)

u

Classical GR has several equivalent formulations. An
important example is the unimodular gravity (UG) [1-6],
which is defined as a theory of gravity with the constraint
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N=E (1.3)

where @ is a fixed volume form. This constraint can be
imposed by using a Lagrange multiplier field A:

Sug = Zy / A V=G(R=20) + A /G- w)].  (14)

This theory is considered to give a solution to the
cosmological constant problem. Making the variation of
the action with respect to the metric, we obtain

1
Ry, =5 (R=2A+2)g,, =0, (1.5)

together with the unimodular condition (1.3). Taking the
trace of this equation, we get

R
A=2A——. 1.6
: (16)
Plugging this into the field equation (1.5), we find
1
R, - ZRQ”” =0, (1.7)

which is the traceless part of the Einstein equation. Thus the
“cosmological constant” drops out of our field equation. In
this theory, we cannot get the trace part of the usual Einstein
equation, but this can be recovered using the Bianchi
identity. By taking the covariant derivative of (1.7), we get
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9,R =0,

(1.8)

which, upon integration yields

R =4A,. (1.9)
Then Eq. (1.7) can be rewritten as
1
R/w - _Rg/w + Aog/w =0, (110)

2

recovering the Einstein equation with the cosmological
constant A,. Thus the cosmological constant appears as an
integration constant. Note that A, has nothing to do with
the constant term in the action. In the presence of matter,
this could be repeated together with the conservation of
energy-momentum tensor.

The constant term A in (1.4) can be absorbed into the
definition of the Lagrange multiplier field A:

Sug =2y [ VIR +Alvg- o)l (LD

Using the unimodular condition, our action can also be
written as

A%G:ZN/d%@R+ﬂ@C§—ML (1.12)

This is the standard formulation of UG, and this shows that
the classical gravity is equivalent to UG modulo the above-
mentioned global property.

At the classical level, GR and UG are almost equivalent
in the sense that (1.3) can be seen as a gauge fixing
condition in GR. However when this condition is present,
the identity for the global quantity,

/d4x\/—_g: /d4xa), (1.13)

follows, which is a gauge (GC transformation) invariant
relation and cannot be regarded merely as a gauge con-
dition. Thus classical UG may be considered to be
equivalent to the classical GR with the fixed spacetime
volume. Conversely GR may be considered to be obtained
by summing over the spacetime volume.

The fact that the “cosmological constant” in the action
does not have any physical meaning is an important
advantage of UG. If we consider the history of the universe,
our universe underwent phase transitions before it settles
down to the spontaneous broken phase of various sym-
metries including the electroweak symmetry, and this must
have produced huge vacuum energy. In addition, the
quantum fluctuation of the gravity and matter also produces
huge vacuum energy. Both must be canceled out by fine
tuning in GR, but it is not necessary in UG.

The price we have to pay is that the action (1.11) or
(1.12) is no longer invariant under the full diffeomorphism,
but only under the transverse (or, volume-preserving)
diffeomorphism (TDiff):

89 = Vel + Vel Veel =0.  (1.14)
This gives a source of confusion as to the question if this
theory is equivalent to GR or not at the quantum level. At
first sight, since this theory could be regarded as just a
partially gauge fixed theory of GR, one would expect that it
is equivalent to GR, but there has been lots of debate on the
equivalence [7-22]. In fact upon further consideration,
this may not be so trivial. Since the theory has invariance
only under TDiff, we expect that this invariance removes
degrees of freedom one less than the full diffeomorphism.
This reduction of degrees of freedom could be done by
the Faddeev-Popov (FP) ghosts. In GR, we have the full
diffeomorphism with 4 coordinate parameters, and this
introduces 4 sets of FP ghosts and antighosts, leaving
10 — 8 = 2 degrees of freedom, properly. In UG, however,
the gauge fixing can be done only for the transverse modes,
with 3 sets of ghosts. The additional condition is provided
by the unimodularity condition (1.3), but this condition
does not seem to require Faddeev-Popov ghosts. This
leaves the question how the remaining degrees of freedom
are removed.

On the other hand, we can use the reparametrization
invariance in GR to partially gauge fix to satisfy the
unimodular gauge condition (1.3). It is then an interesting
problem how the above problem on degrees of freedom is
resolved in this gauge, since the remaining reparametriza-
tion invariance is only TDiff. Once understood properly,
this is expected to cast light on how to quantize UG.

In this respect, Baulieu [21] has recently proposed an
interesting way of gauge fixing which seems to realize this
unimodular gauge in a manifestly covariant manner. He
introduces a new set of “BRST quartet” fields consisting of
an additional scalar field together with ghosts and a scalar.
The reasoning is, however, not very clear and it is difficult
to understand the nature and the role of the added scalar
field as well as the origin of the additional BRST symmetry.

Here we propose a novel and general way of decom-
posing a d-vector condition into a scalar plus d — 1 (i.e.,
transverse-vector) conditions in a manifestly covariant and
local manner, which naturally leads to the introduction of a
scalar field and the emergence of a new gauge symmetry.
This reproduces essentially the same unimodular gauge-
fixed Lagrangian as Baulieu’s one. Naively one might
expect that the newly introduced four fields would be a
“BRST quartet” and decouple by themselves. We find that
this is not the case, and the BRST multiplets rearrange
themselves in a very subtle way. We show that after all they
completely decouple and this covariant theory gives the
correct number of degrees of freedom in GR.
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Our key observation is that when we gauge fix TDiff, we
have to deliberately impose the gauge condition such that
we impose it only on the transverse modes. In doing this,
we introduce an additional longitudinal mode and then
there appears additional invariance, which removes the
remaining degrees of freedom. Since this is the quantization
of GR, the cosmological constant is present in the field
equation even though we fix the theory to unimodular
gauge with /=g = w. We expect that our new way of
describing GR in the unimodular gauge is useful for
understanding the formulation of quantum theory of UG.
Our discussion is valid in the presence of matter fields.

We then discuss what implications this formulation of
GR may have to the problem of quantization of UG.
The unimodularity condition (1.3) is imposed as a con-
straint in UG whereas it is just a gauge choice in GR.
Similarly the spacetime volume is fixed in UG whereas the
cosmological constant is fixed in GR. Considering the dual
role of these [23], it would be natural to consider that the
quantum theory of UG may be obtained by the Fourier
transform of GR in the unimodular gauge with respect to
the cosmological constant. Unfortunately we find that such
a formulation has problem with unitarity, but we hope that
our discussions clarify the problems in the covariant
quantization of UG.

II. BRST QUANTIZATION OF GR IN THE
UNIMODULAR GAUGE

A. Covariant unimodular gauge fixing in GR

Now let us consider the unimodular gauge fixing in GR.
Using the reparametrization invariance, we can partially
gauge fix the theory to the unimodular gauge with the
condition (1.3).

In order to quantize the theory, we have to gauge fix the
theory. In the usual GR, we introduce the usual gauge
fixing condition called de Donder gauge:

=0, =0 (3=-99")
This contains d = 4 conditions and completely fixes all the
diffeomorphism transformations. In our theory where we
will take the unimodular gauge condition (1.3) as a partial
gauge fixing, however, Eq. (2.1) imposes too many con-
ditions, and we have to remove one condition from this.
If we gave up manifest covariance, we could take only
d —1 =3 conditions for the spacial components f’ = 0
(i =1, 2, 3) of the de Donder gauge (2.1). However, we
want to keep manifest covariance here.

Now comes our first crucial step. Instead of imposing the
d-vector condition (2.1), we introduce an additional field S
and impose the condition

(2.1)

Guf* = 9,8. (2.2)

The meaning of this gauge fixing is as follows: The right-
hand side (rhs) of this equation is a derivative of the scalar
field S, and so the condition (2.2) requires the transverse
component of the left-hand side (lhs) should vanish. The
longitudinal component simply defines the scalar field S,
which is left arbitrary. It is important that we consider full
diffeomorphism transformation here, but this condition
(2.2) imposes the gauge condition only on the transverse
modes in g, f*.

Our second crucial observation is the following. Our
unimodularity condition means that the remaining longi-
tudinal mode should be removed from the spectrum of the
theory. We then notice that the new field S does not appear
at all in the original action of our GR theory, and hence the
action is trivially invariant under an arbitrary shift of the
scalar field S:

(2.3)

Note that this is a (hidden) gauge-invariance. (Such a
gauge-invariance under the arbitrary change of the fields
not appearing in the action, is trivial but was recognized
useful by Izawa [24] in the context of BRST gauge-fixing.)
We can lift this new gauge invariance as well as the original
GC transformation invariance to those under the BRST
transformation defined by

5Bg/w = gﬂpaucp =+ gy/)ay c’ + Cpapgmn

opct = ¢, c*,

5BE/4 - ibﬂ, (st” - 0,
SgS =d, Sgd = 0,
Sgd = ib, Sgb =0, (2.4)

where ¢ and ¢, are the anticommuting ghosts corresponding
to the diffeomorphism transformations, b,, and b are the

Nakanishi-Lautrup (NL) fields [25], and d and d are anti-
commuting ghosts corresponding to the invariance (2.3).
Given the invariance and BRST transformation, we have a
systematic method to give the gauge fixing and ghost terms
[26,27]. Thus our gauge-fixing and ghost terms are given by

LGripp = —idp [Eﬂ(a@’w - 3"0,S + %'I’“’by)

+c_l<\/—_g—a)+'§b>}

- - a
= bu(al/glw - gﬂUaDS) + Enlwbﬂby

+b(y/=9—w) +§b2

+ iEﬂ(ayéB (§”y> - 58 (gﬂb)aus - g’wavd)

+id(\/=gV "), (2.5)
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where BRST transform of 3 = ,/—gg¢"* is

Sp(7") = =0,c" - G = 0,c” - + 0,(c’F"),  (2.6)
and a and f are gauge parameters, and @ is an arbitrary
gauge function fixing the “unimodularity.” We see that the
first term in (2.5) only fixes the transverse coordinate
transformations, and d and d restricts the reparametrization
ghost ¢, ¢, to transverse components. The additional set of
fields (S, d.d, b) apparently looks to form a BRST quartet
but actually they do not. We are now going to show that they
rearrange with other ghosts into sets of BRST quartets and all
of them completely decouple.

B. Propagators

Let us check in more detail if we get nonsingular fully
gauge fixed action with the correct degrees of freedom on
the flat background with @ = 1. For the GR theory with
A =0, setting the gauge parameters o = f = 0 for sim-
plicity, our total action is given as

Ler = /=9R +b,(0,5" = 7"0,5) + b(y/=g—1)
+ iEﬂ(azﬁB(.@W) - 5B<§W)8DS - gﬂbayd)

+ id(y/=gV ). (2.7)
The fluctuation is defined by
JY ="+, (2.8)

with 7, = diag(—1,+41,+41,41) and then to the linear
order we have

- 1 -
gpu:nﬂu_h;tv+§77ﬂuh+"'y

1-
\/—_:«/—§:1+§h+---, (2.9)
where i = /; is the trace of the fluctuation.
The quadratic terms of Lgr are given by
‘CGR|quadr = ‘cboson + ‘cghosn
1 Tuv 1 TUU\2 1o -
‘cboson - thwl:lh + 5 (ayl’l ) - g I’ll:l]’l
- 1 -
+ b, (0, = O'S) + 5bh,
Lahost = 1€,[0,(=0"ct = ¢ + 0,c’n") — 0#d]
+ ic_lﬁﬂc"
= ic,[-Oc# — 9*d] + idd),c*, (2.10)

which are written in the matrix form

.
1. ) S o [
~ (R S, b, DT +(cﬂ,d)rfb,h{,st< ) (2.11)
2 b, d

b

and Ffjost, the
inverses of which give the propagators. If the gauge is fixed
properly by the present gauge, then the inverses exist and
the propagators are determined unambiguously.

Let us begin with the simpler ghost sector. The 2-point
2)

in terms of the 2-point vertex matrices I’ l(f))son

vertex Iy in momentum space reads
c’ d
— 2 s ou
2 . C}l p 5’1: lp ’
F;gh)ost =X d ( —ip 0 (2.12)
v

the inverse of which surely exists and is given by

¢, d
re- i%x C”<5’»‘ - p'p./ p* —ip”> .
: -p- d ip, —p?
(2.13)
That is, we find the ghost propagators i x F(Zghlost:
5~k
F.T.(0[Tc#e,|0) = ——, (2.14)
p
_ —iph :
E.T.(0]Tc#d|0) =5~ F.T.(0[Tde,|0) ="2¢,
p p
(2.15)
F.T.(0|Tdd|0) = —1, (2.16)

where the F.T. means

F.T.(0[Tdhyhs/0) = / dhxe 709 (0T (x)ha (7)0).
(2.17)

Next is the boson sector: We find the 2-point vertex
(2)
r

boson 1N MOmMentum space

126021-4



BRST QUANTIZATION OF GENERAL RELATIVITY IN ... PHYS. REV. D 104, 126021 (2021)

hys S b, b
I:lm, _pZ [% e — % ardre — % (dﬂzxeﬂ(r + em/d/m') _ % e/we/m'] 0 _in/)(upy) %n/w
2 S 0 0 ip? 0 ,
IﬂE)o)son = - u(p o) 4 (218)
u in"p —ip 0 0
b e 0 0 0
by using the projection operators
PuPy PubP
dyv =N — ;2 , €y = ;21/ , (219)
1 2
Ly pe = 2 d,d,,+d,d, - gdmdl,g . (2.20)
Noting their projection properties
pﬂdmx =0, d;w’?"” =3, em/’?”y =1, (2'21)
dd*¥ =d}, e ™ =e,’, d,e®” =0, (2.22)
1 W.aﬁd"/’ =0, I ﬂwﬁe"ﬁ =0, 1 ”y,aﬁl"/”f"’ =1,", (2.23)
we can straightforwardly compute the inverse of this matrix, [?);1  with a little effort:
By S b, b
il/w [21;41/./}{7 _ %dﬂl/d/){f 4 (d;we/)o' + eﬂl/d/)()’) _ 36;41/6/1{7] A" — 3en Zip(;tdu)p _p2<dpw _ euu)
regl = Lz x S dP° — 3eP° -3 —ip? p?
- by —2iplrgom ip 0 0
b _pZ(dpo' _ epa) p2 0 0
(2.24)

Thus, we explicitly confirmed that the inverse also exists in the boson sector and hence that our gauge fixing is complete.

The propagators given by i x T®;L read e.g.,

o D JHY-po _ 1 dm dre + dM e + et dro) — 3etv ePC

E.T.(0|Th*h*°|0) = i 3 ( 5 ) ,
-P

_ 4 — 3o
F.T.(0|Th"S|0) = i (2.25)

etc. Note that the graviton propagator has not only a dipole but also a tripole part.

C. Mode counting

For completeness, let us also confirm in this gauge that the physical modes are only two transverse modes with helicity
Jj = £2 and all the other modes properly fall into the unphysical BRST quartets.

To do so, consider the free field equations of motion following from the quadratic terms of Sgg = | d*xL¢g, which are
also the equations of motion of the asymptotic fields:

5Ser . 1_- I N 1
S EDhﬂy - apa(l,hﬂ)/ - ZV]WD/’Z - 8(,41?,/) + Eﬂ”yb =0, (2.26)

126021-5



KUGO, NAKAYAMA, and OHTA

PHYS. REV. D 104, 126021 (2021)

O0SGr
:0Mb, =0, 2.27
5S H ( )
OSGrR . 4 7
D O,n —0oFS =0, 2.28
ob, = (228)
OSer . 7
:h=0, 2.29
5h (2.29)
SS_GR’ 5S§R : Ot +#d =0, 9,c# =0, —»Od=0,
oc, od
(2.30)
0SGr  OSGR . — - - B -
0RO, +0,d =0, 95, =0, —0d=0,
(2.31)

where the bracket () attached to the indices means
the weight 1 symmetrization; e.g., A(,B, = (1/2) x
(A,B,+ A,B,). Taking the **-trace of (2.26) and using
(2.28) and (2.29), we find

~0S +2b = 0. (2.32)

The divergence of the gravity equation (2.26), combined
with (2.27)—(2.29), yields

1
~5(00,5 + 0, = 9,b) =0

- Ub,+9,b=0-0b=0, (2.33)
where in the first step, we have used (2.32), and in the
next step, we took the divergence and used (2.27). These
equations (2.32) and (2.33) imply that S and b, fields
satisfy dipole equations (1S =0 and [J*h, =0, and
their dipole parts are supplied by the simple pole b field.

The gravity field equation (2.26) is rewritten by using
Egs. (2.28) and (2.29) into

1= 1
5 T = 0,0,8 = by + 31k = 0.

5 (2.34)

Applying [J to this and using Eqgs. (2.32) and (2.33), we
find

.
5 Py = 9,0,b = 0. (2.35)

So, we see that ﬁﬂ,, field is now a tripole field, and the
tripole part is supplied by the simple pole b field and the
dipole parts are supplied by simple pole parts of S and b,,.

The conventional method to count the number of
independent modes for such a system containing multipole

fields, is to redefine such multipole fields into simple pole
fields by subtracting the mixed simple pole fields. Since it
is quite cumbersome to do so, however, we here adopt the
4-dimensional Fourier expansion [25] defined as

1 ipx e—ipx
) =~ [ @00 )ig(o)er + ¢ (p)e).
(2.36)

Namely, we treat the multipole fields as they stand; the
4-dimensional operators ¢(p) and ¢(p)" annihilate and
create the multipole particles as they stand. The BRST
singlet physical modes must of course be simple pole fields.
Multipole fields are necessarily unphysical and so will fall
into the BRST quartet. We will see that the members of a
BRST quartet have a common multipole structure to
decouple among them. We note that, when ¢(x) is a simple
pole field, ¢(p) is given in terms of the usual annihilation
operator ¢(p) by 3-dimensional Fourier transform as

d(p) = 0(p°)8(p>)\/2lplo(p).

Now the counting the number of modes by 4-dimensional
Fourier modes ¢(p) and ¢'(p) is very easy and the same as
the number of field’s components. We have 10(7,,) +
1(S) + 4(b,) + 1(b) = 16 component fields in the boson
sector, and 4(c*) 4 1(d) =5 and 4(c,) + 1(d) = 5 com-
ponents in the ghost and antighost sectors, respectively. But
they are subject to the constraint equations of motion which
reduce the number of independent modes.

First ﬁﬂ,, field is subject to 4 constraints by Eq. (2.28) and
1 traceless constraint (2.29). Thus, ﬁﬂy contains 10 — 4 —
1 =5 independent modes. The b, field obeys the trans-
verse equation (2.27), so leaving 4 — 1 = 3 independent
modes. S and b each gives an independent mode. Similarly,
in the ghost sector, ¢ and ¢, fields each have 3 independent
modes by Eqs. (2.30) and (2.31) and d and d each gives an
independent mode.

Now recall the BRST transformation at the linearized
level (which is also the BRST transformation of the
asymptotic fields under the perturbative assumption).

(2.37)

[iQp. 1 (P)] = —ipuc,(p) —ip,cu(p) (2 0,c” =0),

(2.38)
{iQs,c,(p)} = ib,(p), (2.39)
[i0s.S(p)] =d(p).  {iOp.d(p)} =ib(p). (2.40)

As for the 5 independent modes among 10 gravity fields

h,,, we first define the following 6 linear combinations of
fzw, choosing the x* axis along p:

126021-6
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Ini(p) = 5 (i (p) = ().
isz(P) = 7112(17),
a 1. ~
xo(p) = 2_190 <h00(1?) - E(hn(l?) =+ hzz(P)))
2ip) = ploiz,-o<p> for i =1,2,

x3(p) = 2%73 <il33(17) +%(7111(P) + 7122(19)))- (2.41)

These fields have very simple properties under the BRST
transformation (2.38): The transverse states are BRST
singlets,

[iQs. hu(p)] =0, (i=12),  (242)
and y,(p)’s satisfy
[iQp.xu(P)] = —icu(p).  (W=0.1,2,3). (2.43)

They also satisfy the transversality condition p*y,(p) = 0
so that they have only 3 components. Together with Ar;,
they give the 5 independent components from 71,,,,.

Other than these 5 modes (hr;(p). x,(p)) from h,,, we

Hwo
only have 5 bosons S(p), b,(p), b(p) and 4 ghosts (c*, d)
plus 4 antighosts (¢, d). We now see that aside from two
physical transverse modes /iy;(p), all the other modes fall

into eight BRST doublets:

vector BRST doublets: (y*, c#); (¢, b,),

o Pu
scalar BRST doublets: (S,d); (d,b). (2.44)

Recall that these vectors y*, c*, Cus b , are all transversal and
we count each of them as d — 1 = 3 modes, so we have
(d—1)x2+1x2=8 BRST doublets in total. They

indeed have the following BRST transformation laws:

D)) )G

These eight BRS doublets fall into four BRST quartets
which decouple from the physical subspace, and we are left
with the two physical transverse modes with helic-
ity j = +2.

It is, however, worth noting that the metric structure of
these eight BRST doublets is slightly unfamiliar one. In
particular, it is not correct to say that the following pair of
the BRST doublets gives a BRST quartet:

[(S(p), d(p)); (d(p), b(p))]. (2.46)

This is because (0|d(p)d'(q)|0) = —i(0|S(p)b'(q)|0) =0,
as is seen shortly in Eq. (2.51), which implies that the
BRST doublet (S(p).d(p)) does not have nonvanishing
inner-product with the other BRST doublet (d(p),b(p))
and so they do not constitute a BRST quartet in the proper
sense of the terminology.

The 4-dimensional commutation relations for these
asymptotic fields can be derived from the expressions
for the propagator i x I®~! in Egs. (2.24) and (2.13)
by the standard procedure and are explicitly given in
Eq. (AS) in the Appendix. From Eq. (AS), we can see
the following commutation relations for the present inde-
pendent modes:

[hTi(p)’ ilTj(‘I)] = 5ij9(P0)5(P2)54(P - Q)v (2-47)

forqb:;(/,,S b,,b,

b, (2.48)

(). bi(9)] = {c.(p).cl(q)}
= in,0(p°)6(p*)5* (p — q)
—ipp.O(p°) (=8 (p*)8* (p—q). (2.49)

2u(p). b7 (q)] ={c.(p).d"(q)} = p,O(p°)5(p*)5* (P — q).

(2.50)

[S(p).b'(q)] = i{d(p).d"(¢)} =0.  (2.51)
[S(p). bji(q)] = i{d(p).c(q)}

=—ip,0(p°)5(p*)5*(p—q).  (2.52)

The first Eq. (2.47) means that the transverse modes /i
really are simple pole fields and have positive norms,
and the second (2.48) show that they are orthogonal
to all the other modes. Equation (2.51) shows the vani-
shing inner-product (0|d(p)d" (p)|0) =0 mentioned above.
Equations (2.50) and (2.52) show the cross inner-product
relations between the scalar and vector BRST doublets;
Eq. (2.50) shows that the partner BRST doublet of the
scalar BRST doublet (d, b) is the longitudinal component
(xL.cv) of the vector BRST doublet (y,,c,) (Here, the
longitudinal means the mode whose polarization vector is
proportional to p*):

(0leL(p)d'(9)10) = (Oly1.(p)Qpd"()|0)
= (OlyL(p)b'(g)|0) # 0.

In the same way, Eq. (2.52) means that the BRST doublet
(S(p),d(p)) has nonvanishing innerproduct with the
(¢L(p), br(p)). Thus we can identify the following four
BRST quartets (pairs of BRST doublets) in the present
case, in the proper sense of terminology of BRST quartet:

(2.53)
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transverse quartets

(i=1,2): (xi(p),ci(p))

(€i(p). bi(p)),

longitudinal y quartet: (y.(p),cL(p)) < (d(p),b(p)),

longitudinal ¢ quartet: (S(p),d(p)) <> (¢L(p), br(p)),

(2.54)

with < indicating the mutual partner doublets with which nonvanishing inner-products exist like Eq. (2.53). These four sets
of fields are the real BRST quartets and completely decouple from the physical sector, leaving only 2 transverse modes

in GR.

D. Cosmological constant in GR in the unimodular gauge

Before closing this section, we should comment on the crucial difference on the cosmological constant between GR in the

unimodular gauge and UG.

Our total action (1.1) + (2.5) in the present unimodular gauge GR yields the field equation for the metric

1 1
Rﬂl/ — Egﬂy(R —2A + b) - (a(ﬂb,,) + b(ﬂay)S) + Egﬂ,,g/’”(c’)pb(, + bpa(,S)

+ (terms involving the FP ghost fields ¢#, Cynd, Zi) =0.

Let us consider the classical vacuum solution of this gravity
equation as the background field configuration of the
quantum theory. If we look for the solution with vanishing
vector NL field bﬂ = 0, then this Eq. (2.56) reduces to the
form

1
Ru = 59u(R = 2A +b) =0, (2.56)

which is identical to the field equation (1.5) in UG if
we identify b here with the multiplier field A there. One
might then be tempted to conclude that the cosmological
constant in the action has no physical meaning in GR in the
unimodular gauge, just like UG.

However, in GR, there is a crucial physical state
condition [28]

Og|phys) =0, (2.57)
and the NL field b is a BRST exact field, BRST transform
of the antighost field d; {Qg,d} = b. Since the vacuum
must be a physical state, the NL field b must always have
vanishing vacuum expectation value:

(016(x)[0) = (0{Qp.d(x)}[0) = 0.  (2.58)
This is also true for b,. At the tree level, the vacuum
expectation value (VEV) of the field operator product
equals the product of the VEV of each field. So all the
terms containing FP ghost fields vanish. Therefore, the
above field equation (2.55) correctly reproduces the classi-
cal Einstein equation with the cosmological constant (1.2).
This is to be expected since physical contents should be

independent of the gauge fixing, and in GR in covariant
gauge like de Donder gauge, the cosmological constant is

(2.55)

|
really a physical quantity which determines the scalar
curvature of the vacuum.

Then, what is the difference between UG and GR in the
unimodular gauge? It is the field properties of the multiplier
field 4 in UG and the NL field 4 in GR that make the
difference. For the multiplier field 4 in UG, unlike b, there
is no constraint that its VEV should vanish or any other
matrix element. So, we have the gravity field equation (1.5)
and 4 is a field that should be eliminated by using the field
equation. This requires the manipulation described in the
introduction, and we can get only the traceless part of
the field equation (1.7). We see that 4 gets VEV to cancel
the cosmological constant.

III. IMPLICATIONS FOR UNIMODULAR
GRAVITY

We would like to discuss if and how the above formulation
of GR in the unimodular gauge may cast any light on the
problem of covariant quantization of UG with the action
(1.4). One notable fact is that, as we have discussed in the
preceding section, the condition (1.3) is imposed as a gauge
fixing in GR by one of the member b of the BRST quartet but
here it is imposed as a constraint by the Lagrange multiplier
field A independent of the BRST transformation. This
restricts the invariance of the theory to TDiff.

Since UG has fixed spacetime volume, it appears natural
to consider that the usual GR is recovered by summing
over the spacetime volume in UG. This reminds us of the
suggestion made long time ago by Hawking that the
partition function for the theory with A are related by
“Laplace transform” with that with spacetime volume V
and vice versa [23]. In the Minkowski space, the trans-
formation should be Fourier transformation. So let us
consider what happens if we make Fourier transformation
of the partition function of GR in the unimodular gauge.
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The partition function for GR in the unimodular gauge is
given by

Zar[A 0] = / [Dg,,][DS][Db,][De*|[De,][Dd][Dd][Db]

cexp 1ot [ #3{VZaR=20) + Lorirm) .
(3.1)

If we multiply this by

iA
— | & ,
exp |:8717G / xw}
and integrate over A first, we get §( [ d*x /=g — [ d*xw).
This is the global relation (1.13), which is a consequence
in UG, but this does not immediately lead to the local
constraint \/—g — w = 0. This is close to the UG, and it

may be instructive to study the theory with this condition
changed into a local one:

(3.2)

z UG

= / D] / (Dg,.)[DS)[Db,[DeH|[DE,) D) DD

xexp i [ @R Lo +2(/75-0))]
(3.3)

The fact that we obtain this by summing over cosmological
constant would be consistent with the fact that the cosmo-
logical constant is not determined in UG.

Recall that we have the term of the same form
b(y/—g — ) as this constraint in the gauge fixing terms
(2.5), and then this term may be absorbed into A. The
integral over b may be performed and yields a trivial
constant

j 1
/Dbexp L6;G/d4x§b2] :constljjﬁ. (3.4)

Absorbing this constant into the definition of the partition
function, we find the transformed partition function

ZUG
~ [ 1Dyl iD8)(Db, D (D2,)DA[DAD

1 )
X exp {116”(;/d4x{\/—gR+EGF+FP—|—/1(w/—g—a))} )

(3.5)

where

UV UV a
Lep rp = b (0,3 — 770.5) + Eb;%

+i¢,(0,08(7") — 65(7")0,S — 3" 0,d)
+ id(\/=gV . c").

This looks like the same as GR in the unimodular gauge.
Since it has the same structure as GR in the unimodular
gauge, one would naively expect that the analysis in the
preceding section goes through and the remaining degrees
of freedom are the same as GR. In fact, the Feynman rules
for both theories are the same, and any scattering ampli-
tudes calculated in both theories agree.

Considering all these circumstances, it appears that this
theory may be a possible candidate for the quantum theory
of UG. Then what is the difference between GR in the
unimodular gauge and this theory? The difference lies in
the fundamental difference in the nature of the field » and A,
as we have discussed in Sec. II D. In GR, the field b giving
the unimodular constraint is the NL field, a member of
BRST quartet, and the theory has the BRST invariance. As
a consequence, it does not have VEV. In contrast, in the
current theory, 4 is BRST singlet and can have VEV, and
may cancel the cosmological constant. However, since the
action in (3.5) is no longer invariant under the BRST
transformation because A # b, we do not have the same
physical state condition as in GR. If we defined another
new BRST transformation under which our 4 field were the
BRST transform of the anti-ghost d, {Og, c_l} = ], and then
we would have the physical state condition but the VEV of
A would have to vanish, reproducing GR in the unim-
odular gauge.

As stated above, we have the same Feynman rules and get
the same amplitudes in both theories. For the transverse
gravitons, these give amplitudes without any problem. The
problem manifests itself when we calculate the amplitudes
for the longitudinal modes. In the BRST invariant theory, the
physical state condition forbids them to appear by themselves
but must come together with the FP ghosts, and their
contributions vanish. Without the physical state condition,
nothing tells us such amplitudes should be absent.

Another point to be noticed is that in the present theory,
the invariance under TDiff

(3.6)

OpGu = V,,CE + V,/c;f,

Veel =0, (3.7)
is realized only on shell. We can see that this constraint is
imposed by the field equations for the ghosts d and d. If
one started with the UG with the action (1.11), we would
have the invariance only under (3.7) off shell, but then we
could not see the necessity of introduction of the additional
fields (S, d, d), which are necessary for the decoupling of
the modes other than those in GR. It is plausible that the
formulation of quantum UG must be realized by fixing only
TDiff. This should be related to the question how to specify
the physical states in this theory.
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To summarize, as far as the Feynman rules and other
properties are concerned, both theories describe the same
theory except for the treatment of the cosmological con-
stant, but here the criterion for choosing our physical
asymptotic states is lacking in the above theory. We may
get the same scattering amplitudes among the same set of
particles in both theories, but it is not specified in this
theory which scattering amplitudes are physical. These
problems of identifying physical asymptotic states and
gauge fixing the invariance under TDiff off shell in the
theory are under study. We hope to report on this in the near
future.
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APPENDIX: 4-DIMENSIONAL COMMUTATION
RELATIONS FROM PROPAGATORS

The propagators, or the inverse of the 2-point vertices
i x T~ of the boson fields and FP ghost fields in
the present system are computed in Egs. (2.24) and
(2.13), respectively. We can rewrite those expression for

with suffix F meaning Feynman’s causal functions.
Then, for any free theory, the commutation relations
[¢i(x).#;(0)] can be obtained simply by replacing the
invariant functions by the same invariant functions without
the suffix F multiplied by i; that is, replacing Az (x; m?) by
iA(x;m?), Dp(x) by iD(x) etc. (This rule actually holds
even for interacting Heisenberg fields if we use the spectral
function representation.)

Applying this rule to the x-space representation of the
propagators obtained in Egs. (2.24) and (2.13), we find
the following 4-dimensional commutation relations for our
asymptotic fields:

[ (), By (V)] = (o + n,mmp — Nullpo)iD(x = y)
+ { Ao = 2B po HE(x = y)
- 48ﬂ(9y8/,8,,1F(x -y)

[, (%), S(3)] = M iD(x = y) + 40,0,iE(x - y),
[ (%), b, (¥)] = (100, + 1,,0,)iD(x = y)
+20,0,0,iE(x - y),

[, (%), b(y)] = =20,0,iD(x = y),
[S(x), S(y)] = =3iD(x - y).
[S(x). b,(y)] = =0,iD(x —y),
[b,(x), b,(y)] = [by(x), b(y)] = [b(x). b(y)] = 0

F.T.(0[Tgh;(x)¢;(0)|0) = i x T in x-space in terms of {eu(x). e, (0} = =nuDx = y) = 8,0,E(x = y),
the invariant functions {c,(x).d(y)} = 0,D(x—y),
Dr(x) = Ar(xim?) g {600 = =0l )
o= ) {d0). 40} = 0, (A3)
X) = ——Ap(x;m?)|,o—
g om> " 0 where
1/ 0 \? .,
FF(X) = E W AF(X’ m )|m2=0 (Al) *Apu/,pa = 77;4,08 ao + nucauap + nupaﬂaa + nuaauap’
. Jips By po = 10,0, + 1,,0,0,. (A4)
Ap(x;m?) = / i2n) m> 1 p? —ie The Fourier transforms of these give the commutation
. relations of the “creation-annihilation” operators ¢(p) and
A(x;m?) = / .d p3 e(p*)s(m?* + p*e'r*  (A2) #'(p) defined by 4-dimensional Fourier expansion in
i(27) Eq. (2.36). We find
|
[ (P): o (@)] = (Mupitie + n,mm,, — upe)0(P°)8(p*)5* (p = q)
+ { vpa'p ;w,pa‘p}g(po)(_5/(172))54(1) - LI)
= 2pupup,p0(p°)8" (p*)8* (p = q),
[, (P), ST(0)] = 1,,0(p°)3(p*)5* (p = 4) = 4pup,O(P°) (=8 (p*)8* (P — @),
(D). b5(@)] = (Mupi Py + 1,pi P, )0(P0)S(P*)8* (p = q) = 2ip,p, p,0(p°) (=8 (p?))8* (p — ).
[ (P). b (9)] = 2p,p.0(p°)3(p*)5* (p — q).
[S(p). S*(q)] = =36(p*)8(p*)6*(p — q).
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[b(p).b"(q)] =0
)8 (p—q) -

ipp,O(p°) (=8 (p*))5*(p — q).

)8 (p —q).

[S(p). bj(q)] = —ip,0(p°)8(p*)5*(p - q).
[b,(p). b(9)] = [bu(p). b (q)] =
{cu(p).€l(q)} = inwB(p)3(p?
{cu(p).d'(q)} = p.O(P°)8(p*)8* (P - q).
{d(p).2(q)} = —p.O(p")5(p?
{d(p).d'(9)} =0,

where X| , indicates that all the derivative factors d, contained in X should be replaced by ip,,.
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