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We consider the loop quantum theory of the spherically symmetric model of gravity coupled to Gaussian
dust fields, where the Gaussian dust fields provide a material reference frame of the space and time to
deparametrize gravity. This theory, used to study the quantum features of the spherically symmetric BH, is
constructed based on a 1-dimensional lattice γ ⊂ R. Taking advantage of the path integral formulation, we
investigate the quantum dynamics and obtain an effective action. With this action, we get an effective
continuous description of this quantum lattice system which is not the same as the one described by the
effective Hamiltonian used in [M. Han and H. Liu, Improved effective dynamics of loop-quantum-gravity
black hole and Nariai limit], i.e., the classical Hamiltonian with the holonomy correction. It turns out that,
the Hamiltonian derived in this paper can return to that used in [M. Han and H. Liu] only for macro black
holes, since the lattice γ is required to be sufficiently fine. Indeed, it is necessary to propose this fine-
grained lattice structure in order to well describe the underlying lattice theory by the continuous
description.

DOI: 10.1103/PhysRevD.104.126003

I. INTRODUCTION

Loop quantum gravity (LQG), as one of the most
promising candidate for the theory of quantum gravity
[1–4], has led to several significant achievements on the
quantum features of spacetime [5–9]. However, there are
still many unsettled issues, particularly those on the
dynamics of LQG. In spite of these efforts toward the full
LQG dynamics [10–20], one applied the loop quantization
procedures to symmetry-reduced models of gravity. The
resulting models (see, e.g., [21–27] for cosmological case,
and see, e.g., [28–45] for black hole case), regarded as
some type of symmetry-reduced sectors of LQG, yield
valuable insight into the full LQG theory, regardless of the
debates on embedding them into the full LQG [46–48].
There are two approaches to study the quantum nature of

the spherically symmetric black hole (BH) with loop
quantum method. An approach is to loop quantize the
Schwarzschild interior. By virtue of the homogeneity of
the Schwarzschild interior, this approach leads to models of
finite degrees of freedom [30–33,36–44]. In this framework,
the effective dynamics was investigated in details based on
various quantization strategies (see e.g., [32,33] for μ0-
scheme and μ̄-scheme, and see [36,38] for the modified
scheme balancing the μ0-scheme and μ̄-scheme). According
to these works, the BH singularity is resolved. Particularly,
the singularity is replaced by quantum bounce, which
connects the BH with a white whole in the framework of

[32] for μ0-scheme and the framework of [38] for a modified
scheme. However, for the μ̄-scheme, according to the
analysis in [32,33], jumping over the quantum bounce,
the classical BHgives birth to a babyBHwhich brings forth
its own baby BH. This scenario continuous, giving the
extended spacetime fractal structure, until reaching even-
tually a Nariai type spacetime. Moreover, the quantum
dynamics, in this framework, was also investigated by [42],
which supports the existence of BH remnant by consider-
ing a general assumption on the quantization strategies.
The other approach to investigate the quantum nature of
BH is to consider the BH interior and exterior as a whole
(see, e.g., [28,34,35,45]). These works consider the spheri-
cal symmetry to reduce gravity, which leads to models of
(1þ 1)-dimension field theory onR. An advantage of these
models is that they treat both the black hole interior and
exterior in a unified manner.
The current work adapts the latter approach to the

spherically symmetric model of gravity coupled to
Gaussian dust fields as in [28]. In this model, gravity is
deparametrized by the Gaussian dust fields which provide a
material reference frame for both time and space. Thus its
dynamics is governed by a physical HamiltonianH, which
is identical to the Hamiltonian constraint of pure gravity
with the lapse function N ¼ 1. Classically, this dynamics
gives the Lemaître-Tolman-Bondi spacetimes. By applying
the loop quantization procedure to this model, we construct
the quantum theory of this model. As the usual loop
quantum theory, the states of this quantum model are
constructed based on some graph γ. In this paper, γ is
chosen to be a 1-dimensional lattice, i.e., γ ⊂ R, whose*czhang@fuw.edu.pl
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vertices are denoted by v ∈ VðγÞ. Each vertex carries some
quantum numbers denoted by ζðvÞ and vðvÞ, where vðvÞ is
interpreted as the volume of some region containing the
vertex v. To promote the physical Hamiltonian to an
operator, we use the μ̄-scheme regularization strategy to
get a regularized physical Hamiltonian HΔ. The
Hamiltonian operator cHΔ is thus derived by quantizing

HΔ. To study the quantum dynamics, the path integral
formulation is borrowed to calculated the transition ampli-
tude Aðζ⃗i; v⃗i; ζ⃗f; v⃗f; TÞ from the initial state jζ⃗i; v⃗ii at time

Ti ¼ 0 to the final state jζ⃗f; v⃗fi at time Tf ¼ T [12,49–51].
It turns out that this transition amplitude can be simplified
in the standard form,

Aðζ⃗i; v⃗i; ζ⃗f; v⃗f;TÞ¼
Z Y

v0∈VðγÞ
D½bðv0Þ�D½cðv0Þ�D½lnðjζðv0ÞjÞ�D½vðv0Þ�ei1ℏSðζ⃗;v⃗;b⃗;c⃗Þ ð1:1Þ

where b⃗ and c⃗ are variables introduced during the deriva-
tion. According to (1.1), the classical path can be obtained
by the method of stationary phase approximation, i.e., the
equation δS ¼ 0. Sðζ⃗; v⃗; b⃗; c⃗Þ is thus referred to as the
effective action, from which the effective Hamiltonian
Hðζ⃗; v⃗; c⃗; b⃗Þ is deduced.
We are now in a position to reconstruct an effective

classical theory from the path integral formulation. This
effective theory is a 1-dimensional lattice field theory
whose dynamics is govern by Hðζ⃗; v⃗; c⃗; b⃗Þ. An important
result of our work is that Hðζ⃗; v⃗; c⃗; b⃗Þ is not the same HΔ,
while the former can return to the latter if the volume of each
vertex v, i.e., vðvÞ, is much larger than the Planck volume.
Here, it should be recalled that HΔ is the regularized
Hamiltonian and its quantization gives the Hamiltonian
operator ĤΔ. In the work like [28], one usually uses the
continuous limit of HΔ, denoted by H̃eff, to study the
effective dynamics with the holonomy corrections.
However, according to our analysis, this treatment is valid
only if the following inequality holds,

2GM
lp

≫
4π

α0

lp

δx
ð1:2Þ

where M is the ADM mass of the Schwarzschild BH (the
dynamics given by H̃eff can recover the Schwarzschild
solution in Lemaître coordinate according to [28]), δx,
taking small values, is some specific coordinate length of
the edges in γ and α0 is some constant. Since δx takes small
values, this inequality tells us that the effective description
by H̃eff is valid for macro BHs but not for small BH. In other
words, the macro and small BHs behave differently once the
loop quantum effects are considered.
For a macro BH, its dynamical behavior is described by

H̃eff which has been studied in [28]. According to the
results therein, the BH singularity is resolved by quantum
bounce. Far away from quantum bounce, there are two
asymptotic regimes sandwiching the quantum-bounce
region. In one regime, the solution is semiclassical
and reduces to the Schwarzschild spacetime in Lemaître

coordinates. In the other asymptotic regime, the effective
spacetime looks like the Nariai geometry which takes the
metric of dS2 × S2. Moreover, in the Nariai regime, both
the area of S2 and the dS-radius of the Nariai geometry are
of quantum size. Thus, our model predicts a quantum
final fate of Schwarzschild BH. However, it should be
emphasized again that this is credible for the case where
(1.2) hold.
It is worth noting that the current work is only concerned

about the vacuum solution which can recover the
Schwarzschild BH, even though the Gaussian dusts are
considered for deparametrization. For these solutions, the
physical Hamiltonian, identical to the energy of the dusts
field, vanishes. Thus they do not possess any evolution with
respect to the dust fields. Thinking of the object evolving
here as a moving particle, we can analogize these vacuum
solutions to a particle at rest, regardless of T ¼ 0 which
means that the “time” itself also disappears in our situation.
Moreover, let us return to the original constraint theory
where the deparametrization has not done. Then the
solutions to the constraint equations are identical to the
dynamical solutions derived from the deparametrized
model where we regard the dynamical solutions as func-
tions of both gravity and dust fields. This identity tells us
that, for the cases with nonvanishing dusts, one can pick the
dust fields as time to endow the physical states with a
relational-evolution picture, while for vanishing-dust case,
one should choose other fields to do this. From these
perspectives, it makes sense to consider the vacuum
solution even in the deparametrization model.
This paper is organized as follows. In Sec. II, we review

briefly the classical deparametrized model of spherically
symmetric gravity coupled to Gaussian dust. Then the
quantum kinematical theory of this model is introduced in
Sec. III. Adapting the μ̄-scheme, Sec. IV presents the
physical Hamiltonian operator and its the action. With these
results, the quantum dynamics is studied by using the path
integral formulation in Sec. V, where the transition ampli-
tude is rewritten in the standard path integral form. Finally,
the effective dynamics is studied in Sec. VI. Sec. VII
summarizes the present work and gives some outlook on it.
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II. CLASSICAL THEORY

A. Deparametrized gravity with Gaussian dust

The current work considers the model of gravity coupled
to the Gaussian dusts [28,52,53]. The classical phase space
of this model contains the Ashtekar-Barbero canonical
conjugate pairs ðAi

aðyÞ; Ea
i ðyÞÞ for gravity and, ðT; PÞ and

ðSa; PaÞ with (a ¼ 1; 2; 3) for the Gaussian dusts, where
T; Sa¼1;2;3 will be the clock fields and define the time and
space coordinates in the dust reference frame.
The dynamics of this model is encoded in the

Gaussian constraint, the diffeomorphism constraint and
the Hamiltonian constraint [52,53], where the diffeomor-
phism and Hamiltonian constraints read

Ctot¼Pþh; h¼ C
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þqabT;aT;b

q
−qabT;aCb; ð2:1Þ

Ctota ¼ Ca þ PT;a þ PjS
j
;a ð2:2Þ

with C; Ca being the purely gravitational Hamiltonian and
diffeomorphism constraints. Let ðt; σÞ denote the physical
time and space coordinates respectively, where their values
tðyÞ and σðyÞ at a given spacetime point y is given by
TðyÞ ¼ t and SaðyÞ ¼ σa respectively. Then one can para-
metrize ðA;EÞ with respect to the dust field T; Sa to
construct the relational observables Ai

aðt; σÞ and Ea
j ðt; σÞ as

Ai
aðt; σÞ ¼ Ai

aðyÞ
∂ya
∂σa

����
TðyÞ≡t;SaðyÞ≡σa

;

Ea
j ðt; σÞ ¼ Ea

j ðyÞ
∂σa
∂ya

����
TðyÞ≡t;SaðyÞ≡σa

:

Here one should distinguish the usual coordinate index a ¼
1; 2; 3 and the dust coordinate index a ¼ 1; 2; 3. It turns out
that these relational observables are commutes with the
diffeomorphism and the Hamiltonian constraints [54–56].
Thus they are Dirac observables. Moreover, Aj

aðt; σÞ and
Ea
j ðt; σÞ satisfy the standard Poisson bracket in the dust

frame:

fAj
bðt; σ0Þ; Ea

i ðt; σÞg ¼ κβδjiδ
a
bδ

3ðσ0; σÞ ð2:3Þ

where β is the Barbero-Immirzi parameter and κ ¼ 8πG.
Taking advantage of the deparametrization procedure

with respect to the dust fields, we now have a natural
picture of evolution t ↦ ðAi

aðt; σÞ; Ea
j ðt; σÞÞ. This evolu-

tion is generated by the physical Hamiltonian H0 which is
the integration of h on the slice S given by TðyÞ ¼ t0 for
some t0. S is referred to as the dust space where a natural
coordinate is S ∋ s ↦ σðsÞ ∈ R3 [53,56]. Since T;a ¼ 0 on
S, one has

H0 ¼
2π

κ

Z
S
d3σCðσÞ; ð2:4Þ

where CðσÞ is expressed in terms of the Dirac observables
Aj
aðσÞ ≔ Aj

aðt0; σÞ, Ea
j ðσÞ ¼ Ea

j ðt0; σÞ. We now have a
usual Hamiltonian system which is constructed by choose
a spatial slice TðyÞ ¼ t for some t. However, by this
expression, H0 is the smeared gravity Hamiltonian C with
the lapse function N ¼ 1.

B. Spherical symmetry reduction

We assume the dust space S ≃ R × S2 and define the
spherical coordinate σ ¼ ðx; θ;ϕÞ. We further reduce the
reduced phase space to the phase space Γred of spherical
symmetric field configurations. The spherically symmetric
conjugate variables ðAj

a; Ea
j Þ take the form [30,34,35]

Aj
aτidσa ¼ A1ðxÞτ1dxþ

1ffiffiffi
2

p ðA2ðxÞτ2 þ A3ðxÞτ3Þdθ

þ 1ffiffiffi
2

p ðA2ðxÞτ3 − A3ðxÞτ2Þ sinðθÞdφ

þ cosðθÞτ1dφ

Ea
j τ

j ∂
∂σa ¼ E1ðxÞ sinðθÞτ1∂x þ

1ffiffiffi
2

p ðE2ðxÞτ2

þ E3ðxÞτ3Þ sinðθÞ∂θ þ
1ffiffiffi
2

p ðE2τ3 − E3τ2Þ∂φ

ð2:5Þ

where τj ¼ −i=2ðPauli matrixÞj. Let Γred denote the
reduced phase space of the spherically symmetric
Ashtekar variables. The symplectic form Ω on Γred reads

Ωðδ1;δ2Þ¼−
1

κβ

Z
d3σδ1Aa

j ðσÞ∧ δ2E
j
aðσÞ

¼−
1

2Gβ

Z
ðδ1A1ðxÞ∧ δ2E1ðxÞ

þδ1A2ðxÞ∧ δ2E2ðxÞþδ1A3ðxÞ∧ δ2E3ðxÞÞdx
ð2:6Þ

where δ1 and δ2 are two tangent vectors in the tangent space
TðA;EÞΓred and δ1F ∧ δ2G≡ δ1Fδ2G − δ2Fδ1G. According
to Ω, one has the Poisson bracket

fAIðxÞ; EJðyÞg ¼ 2Gβδðx; yÞδJI ; I; J ¼ 1; 2; 3: ð2:7Þ

The symmetry-reduced theory is an (1þ 1)-dimensional
field theory.
The procedure of the deparametrization in Sec. II A does

not solve the Gauss constraint. We still need to impose
Gauss constraint to Γred. Substituting (2.5) into the general
expression of the Gaussian constraint, one has the
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expression of G½λ�, associated to a suð2Þ-valued smeared
function λðxÞ ¼ λiðxÞτi [29,34],

G½λ� ¼ 4π

Z
λ1ðxÞ½A2ðxÞE3ðxÞ − A3ðxÞE2ðxÞ þ ∂xE1ðxÞ�:

ð2:8Þ

Then the gauge transformation LG generated by the
Gaussian constraint, i.e.,

LGðFÞ≔ efF;G½λ�g

¼ 1þ
X∞
n¼1

1

n!
f� � �fF;G½λ�g;G½λ�g � � �g;G½λ�g|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

n folds

; ð2:9Þ

gives

LGðA1ðxÞÞ ¼ A1ðxÞ − κβ∂xλ
1ðxÞ ð2:10Þ

LGðE1ðxÞÞ ¼ E1ðxÞ ð2:11Þ

LGðA2ðxÞ þ iA3ðxÞÞ ¼ eiκβλ
1ðxÞðA2 þ iA3Þ ð2:12Þ

LGðE2ðxÞ þ iE3ðxÞÞ ¼ eiκβλ
1ðxÞðE2 þ iE3Þ: ð2:13Þ

That is, A1 transforms as a U(1) gauge field and A2 þ iA3

transforms as a U(1) Higgs field.
Given a state ðAI; EIÞ ∈ Γred, one can always gauge

transform it with some λ to vanish E3. Thus we introduce a
gauge fixing condition

E3ðxÞ ¼ 0: ð2:14Þ

The gauge fixed phase space then is coordinatized by
ðAIðxÞ; EIðxÞÞ with I ¼ 1; 2 and, the Gaussian constraint
(2.8) solves A3ðxÞ, leading to

A3ðxÞ ¼
∂xE1ðxÞ
E2ðxÞ : ð2:15Þ

We introduce the following variables1

KxðxÞ ≔
1

2β
A1ðxÞ; ExðxÞ ¼ E1ðxÞ;

KφðxÞ ≔
1ffiffiffi
2

p
β
A2ðxÞ; EφðxÞ ¼ 1ffiffiffi

2
p E2ðxÞ: ð2:16Þ

The gauge-fixed reduced phase space P ⊂ Γred consist of
canonical pairs ðKxðxÞ; ExðxÞÞ and ðKφðxÞ; EφðxÞÞ.
Restricting the symplectic form on P, we get the non-
vanishing Poisson brackets

fKIðyÞ; EIðzÞg ¼ Gδðy − zÞ; I ¼ x;φ: ð2:17Þ

The classical physical Hamiltonian on P is obtained
from H0 in (2.4) by implementing the spherical symmetry,
and adding a boundary term Hbdy

H ¼ 2π

κ

Z
dxCðxÞ þHbdy ð2:18Þ

where CðxÞ is expressed as

CðxÞ ¼ sgnðEφÞffiffiffiffiffiffiffiffijExjp �
−
Ex02

2Eφ − 8ExKxKφ − 2EφK2
φ − 2Eφ

�

þ
�

2ExEx0ffiffiffiffiffiffiffiffijExjp jEφj

�0
ð2:19Þ

The equations of motion fromH is formally the same as the
pure gravity dynamics with unit lapse, although the
foliation is provided by the Gaussian dust.
The space of x is noncompact so boundary condition is

necessary. We follow [28] to discuss the boundary con-
ditions and the corresponding boundary termsHbdy. Firstly,
since we are going to discuss the quantum effective
modification of the Schwarzschild black hole. It is useful
to introduce the asymptotic boundary condition of the
Schwarzschild at x → ∞. A foliation of the Schwarzschild
spacetime with unit lapse is the Lemaître coordinate. The
asymptotic boundary condition in the Lemaître coordinate
reads

Ex∼
�
3

2

ffiffiffiffiffi
Rs

p
x

�
4=3

; Kx∼
Rs

3×121=3ð ffiffiffiffiffi
Rs

p
xÞ4=3 ; ð2:20Þ

Eφ∼
ffiffiffiffiffiffi
R2

p �
3

2

ffiffiffiffiffi
Rs

p
x

�
1=3

; Kφ∼−
ð2=3Þ1=3 ffiffiffiffiffi

Rs
p

ð ffiffiffiffiffi
Rs

p
xÞ1=3 : ð2:21Þ

The following boundary Hamiltonian at x → ∞ turns out to
be suitable for this boundary condition for canceling
boundary terms of δH.

Hbdy ¼ −
4π

κ

�
2ExEx0ffiffiffiffiffiffiffiffijExjp jEφj − 2

ffiffiffiffiffiffiffiffi
jExj

p �����
∞
: ð2:22Þ

Alternatively, instead of the above Schwarzschild asymp-
totic boundary condition, we may make an infrared cutoff
at x ¼ L ≫ 1 and impose the Dirichlet boundary condition

δExjx¼L ¼ 0 ð2:23Þ

In this case,Hbdy is the same except for locating at the finite
boundary x ¼ L:1KxðxÞ, ExðxÞ, KφðxÞ, EφðxÞ are the same as in, e.g., [28,35],
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Hbdy ¼ −
4π

κ

�
2ExEx0ffiffiffiffiffiffiffiffijExjp jEφj − 2

ffiffiffiffiffiffiffiffi
jExj

p �����
x¼L

: ð2:24Þ

In addition, on the other side x → −∞ or x ¼ −L, we
impose the Neumann boundary condition

Ex0 ¼ 0: ð2:25Þ
This boundary condition will be manifest in the effective
dynamics of the black hole. We do not need any boundary
Hamiltonian for the Neumann boundary condition. By
using Hbdy, the Hamiltonian H can be simplified to the
following form

H ¼ −
2π

κ

Z
dxhðxÞ þ 1

G

ffiffiffiffiffiffiffiffi
jExj

p
jbdy ð2:26Þ

with

hðxÞ ¼ sgnðEφÞffiffiffiffiffiffiffiffijExjp �
Ex02

2Eφ þ 8ExKxKφ þ 2EφK2
φ þ 2Eφ

�
:

ð2:27Þ
Let VðxÞ denote the diffeomorphism constraint of pure

gravity. Then VðxÞ in the reduced model reads

VðxÞ ¼ KxðxÞEx0ðxÞ − EφðxÞK0
φðxÞ: ð2:28Þ

It can be verified that fH;VðxÞg ¼ 0. Thus the time
evolution by H has infinitely many conserved charges
VðxÞ. It turns out that the Schwartzchild solution in
Lemaître coordinates is obtained with setting the initial
condition VðxÞ ¼ 0. Then fH; CðxÞg ∝ VðxÞ also vanishes,
which gives another conversed charges CðxÞ.

III. QUANTUM KINEMATICS

Discretize x-space to 1-dimensional equidistant lattice γ
whose vertices are denoted by v. eðvÞ denotes the edge
starting at v and oriented toward the positive direction. The
sets of edges and vertices in γ are denoted by EðγÞ and VðγÞ
respectively. It is worth noting that, to make γ finite, we
restrict ourselves in the interval ½−L; L� with L ≫ 1 and
consider the fields satisfying the boundary conditions
aforementioned.
To do quantization, the fields KI and EI (I ¼ x;φ) are

first smeared by using γ as follows

θðvÞ ¼
Z
eðvÞ

dxKx; pðvÞ ¼ ExðmideðvÞÞ; ð3:1Þ

ΦðvÞ ¼ KφðmideðvÞÞ; ΠðvÞ ¼
Z
eðvÞ

dxEφ; ð3:2Þ

where mideðvÞ is the middle point within eðvÞ. Here, KxðxÞ
is gauge fixed from the Uð1Þ gauge field and, thus, eiθðvÞ is

its holonomy along eðvÞ. However, Kφ is gauge fixed from
the Uð1Þ Higgs field, and, thus, eiΦðvÞ is its point holonomy
at v.
With the variables θðvÞ and ΦðvÞ, the Hilbert space,

constructed by the polymer quantization procedure, reads

H ¼ ðL2ðRb; dμhÞ ⊗ L2ðRb; dμhÞÞjVðγÞj: ð3:3Þ

where Rb is the Bohr compactification of the real line R
and dμh is its Haar measure. To represent the elements inH
explicitly, let us define the space Cyl of almost periodic
functions of θ⃗ ¼ fθðvÞgv∈VðγÞ and Φ⃗ ¼ fΦðvÞgv∈VðγÞ. In
other words, elements in Cyl are finite linear combination
of the functions T μ⃗;λ⃗

T μ⃗;λ⃗ðθ⃗; Φ⃗Þ ¼
Y

v∈VðγÞ
eiλðvÞθðvÞþiμðvÞΦðvÞ: ð3:4Þ

Equipping Cyl with the inner product

hΨ1jΨ2i¼ lim
T→∞

�
1

2T

�
2jVðγÞjZ T

−T
� ��

×
Z

T

−T

Y
v∈VðγÞ

dθðvÞdΦðvÞΨ1ðθ⃗;Φ⃗ÞΨ2ðθ⃗;Φ⃗Þ: ð3:5Þ

we have

hTfλ⃗;μ⃗gjTfλ⃗0;μ⃗0gi ¼ δλ⃗;λ⃗0δμ⃗;μ⃗0 : ð3:6Þ

where the right hand side is the Kronecker delta. The
Hilbert space H is identical to the Cauchy completion of
the space Cyl with respect this inner product. By using the
Dirac bra-ket notions, we will denote

Tfλ⃗;μ⃗g ≡ jλ⃗; μ⃗i: ð3:7Þ

(3.6) means that jλ⃗; ν⃗i forms a family of orthonormal basis
of H.
In H, there are the basic operators deiλoðvÞθðvÞ, deiμoðvÞΦðvÞ,

p̂ðvÞ and Π̂ðvÞ with constants λoðvÞ and μoðvÞ:

deiλoðvÞθðvÞjλ⃗; μ⃗i ¼ jλ⃗þ λoðvÞδ⃗v; μ⃗i ð3:8Þ

deiλoðvÞΦðvÞjλ⃗; μ⃗i ¼ jλ⃗; μ⃗þ μoðvÞδ⃗vi ð3:9Þ

p̂ðvÞjλ⃗; μ⃗i ¼ l2
pλðvÞjλ⃗; μ⃗i; ð3:10Þ

Π̂ðvÞjλ⃗; μ⃗i ¼ l2
pμðvÞjλ⃗; μ⃗i; ð3:11Þ

where l2
p ¼ κℏ and δ⃗v is defined by
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δ⃗vðv0Þ ¼
�
0; v0 ≠ v;

1; v0 ¼ v:
ð3:12Þ

It is remarkable that operators deiλoðvÞθðvÞ and deiμoðvÞΦðvÞ are
not strongly continuous. Therefore, there is no operators

θ̂ðvÞ and Φ̂ðvÞ such that deiλoðvÞθðvÞ ¼ expðiλðvÞθ̂ðvÞÞ anddeiλoðvÞΦðvÞ ¼ expðiλðvÞΦ̂ðvÞÞ in this model.
Let Vv denoted the volume of the region eðvÞ × S2. By

definition, Vv is

Vv ¼
Z
eðvÞ

dx
Z

π

0

dθ
Z

2π

0

dφjEφj
ffiffiffiffiffiffiffiffi
jExj

p
sinðθÞ

¼ 4πjΠðvÞj
ffiffiffiffiffiffiffiffiffiffiffiffi
jpðvÞj

p
; ð3:13Þ

where we used that sgnðEφÞ is a constant. Thus its
corresponding operator V̂v ¼ 4πjΠ̂ðvÞj ffiffiffiffiffiffiffiffiffiffiffiffijp̂ðvÞjp

takes the

basis jλ⃗; μ⃗i as its eigenstate, i.e.,

V̂vjλ⃗; μ⃗i ¼ 4πl3
pjμðvÞj

ffiffiffiffiffiffiffiffiffiffiffi
jλðvÞj

p
jλ⃗; μ⃗i: ð3:14Þ

For convenience V̂v as well as Vv will be referred to as the
volume (operator) at v.

IV. THE PHYSICAL HAMILTONIAN OPERATOR

A. μ̄-scheme regularization and quantization

Due to the absence of the operators θ̂ðvÞ and Φ̂ðvÞ, the
classical expression (2.27) of the physical Hamiltonian
needs to be regularized in terms of eiλðvÞθðvÞ and eiμðvÞθðvÞ.
One can refer to [28,34] and references therein for the
detailed derivations on the regularization. Generally speak-
ing, the regularization procedure results in a family of
regularized expressions Hλ⃗;μ⃗, depending on parameters λ⃗

and μ⃗. Classically, it has

lim
λ⃗;μ⃗→0

Hλ⃗;μ⃗ ¼ H:

However, in the quantum theory the limit limλ⃗;μ⃗→0
Ĥλ⃗;μ⃗ fails

to exist, where Ĥλ⃗;μ⃗ denotes the quantization operator of
Hλ⃗;μ⃗. To overcome the failure of the limit to exist, the idea
proposed in loop quantum cosmology model [21,23] is
borrowed, which lead to the operator Ĥ, i.e., the quantiza-
tion operator of H, defined as

Ĥ ¼ lim
λ⃗→λ⃗;μ⃗→μ⃗

Ĥλ⃗;μ⃗

with some nonvanishing quantities λ⃗ ¼ fλðvÞg and
μ⃗ ¼ fμðvÞg. There are several strategies to choose λ⃗ and
μ⃗. The current work focus only on the μ̄-scheme as in

[28,34] where λ⃗ and μ⃗ are

λðvÞ ¼ λ̄ðvÞ ≔ 2β
ffiffiffiffi
Δ

p
lp

ffiffiffiffiffiffiffiffiffiffiffiffijpðvÞjp
ΠðvÞ ;

μðvÞ ¼ μ̄ðvÞ ≔ β
ffiffiffiffi
Δ

p
lp

sgnðpðvÞÞ ffiffiffiffiffiffiffiffiffiffiffiffijpðvÞjp : ð4:1Þ

This strategy leads to the regularized physical Hamiltonian
HΔ, referred as the improved Hamiltonian. Indeed, the
improved Hamiltonian is equal to the effective Hamiltonian
used in [28], but replacing the integral over x and, the
variables KI as well as EI (I ¼ x;φ), respectively, by
discrete sum over v ∈ VðγÞ and, the corresponding
smeared variables. Explicitly, HΔ reads

HΔ ¼ −
1

G

X
v

hΔ;v þ
1

G

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jpðvbÞj

p
ð4:2Þ

with

hΔ;v ¼
Vv sin

�
β
ffiffiffi
Δ

p
lp

sgnðpðvÞÞ
ffiffiffiffiffiffiffiffiffi
jpðvÞj

p ΦðvÞ
	
sin

�
2β

ffiffiffi
Δ

p
lp

ffiffiffiffiffiffiffiffiffi
jpðvÞj

p
ΠðvÞ θðvÞ

	
4πβ2Δl2

p

þ
Vvsin2

�
β
ffiffiffi
Δ

p
lp

sgnðpðvÞÞ
ffiffiffiffiffiffiffiffiffi
jpðvÞj

p ΦðvÞ
	

8πβ2Δl2
p

þ2π
ΠðvÞ2
Vv

þπ

2

1

Vv
½pðvþ1Þ−pðvÞ�2 ð4:3Þ

where vb denotes the source of the edge eb connecting to
the boundary and vþ 1 denotes the target of eðvÞ and vb
denote the boundary vertices. It is noted that

P
v hΔ;v

reproduce
R
dxhðxÞ in the limits of low curvature and

lattice refinement (ev shrinks to zero size while vertices
become dense).
The expression of hΔ;v contains the inverse volume 1=Vv

whose naive quantization 1=V̂v usually cause divergence at
the zero eigenvalue of V̂v. Due to this difficulty, we need
the trick

VðRÞ−1 ¼ −4 × 27

6

�
2

κβ

�
3
Z
R
jϵabctrðfAaðxÞ; VðRÞ1=3gfAbðxÞ; VðRÞ1=3gfAcðxÞ; VðRÞ1=3gÞj: ð4:4Þ
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which can be verified by applying the Thiemann’s trick [4]. Applying this formula to our current model, one finally gets, by
a straightforward calculation, that

1

Vv
¼ lim

λ;μ→0

�
27

8π2iG3μ2λ

�
sgnðpðvÞÞQð1=3Þ

θ;λ ðvÞQð1=3Þ
Φ;μ ðvÞQð1=3Þ

Φ;μ ðvÞ; ð4:5Þ

where

QðrÞ
θ;λðvÞ¼ eiλθðvÞ=2fe−iλθðvÞ=2;Vr

vg−e−iλθðvÞ=2feiλθðvÞ=2;Vr
vg

ð4:6Þ
QðrÞ

Φ;μðvÞ ¼ eiμΦðvÞ=2fe−iμΦðvÞ=2; Vr
vg

− e−iμΦðvÞ=2feiμΦðvÞ=2; Vr
vg: ð4:7Þ

Then the inverse volume operator can be quantized through
replacing the Poisson brackets by the commutators.
Because of the expression (4.3) of hΔ;v, we consider the

new holonomy operators

ĥθ;ΔðvÞ ≔ exp½ diλ̄ðvÞθðvÞ�
ĥΦ;ΔðvÞ ≔ exp½ diμ̄ðvÞΦðvÞ�: ð4:8Þ

Because of the dependence of λ̄ðvÞ and μ̄ðvÞ on pðvÞ and
ΠðvÞ, to define these two operators, we use the idea
proposed by [23] and set

ΦðvÞ ¼ il2
p

d
dΠðvÞ ; θðvÞ ¼ il2

p
d

dpðvÞ : ð4:9Þ

Then the right-hand sides of (4.8) are written as

ĥθ;ΔðvÞψðλ⃗; μ⃗Þ ¼ exp



−
2β

ffiffiffiffi
Δ

p ffiffiffiffiffiffiffiffiffiffiffijλðvÞjp
μðvÞ

d
dλðvÞ

�
ψðλ⃗; μ⃗Þ

ĥΦ;ΔðvÞψðλ⃗; μ⃗Þ ¼ exp



−

β
ffiffiffiffi
Δ

p
lp

sgnðpðvÞÞ ffiffiffiffiffiffiffiffiffiffiffiffijpðvÞjp d
dμðvÞ

�
ψðλ⃗; μ⃗Þ

ð4:10Þ
Denoting

sðxÞ ¼ sgnðxÞ
ffiffiffiffiffi
jxj

p
;

one can calculate the right-hand sides of (4.10) to get

ðĥθ;ΔðvÞψÞðλ⃗; μ⃗Þ ¼ ψðs−1½sðλ⃗Þ − β
ffiffiffiffi
Δ

p
μðvÞ−1δ⃗v�; μ⃗Þ

ðĥΦ;ΔðvÞψÞðλ⃗; μ⃗Þ ¼ ψðλ⃗; μ⃗ − β
ffiffiffiffi
Δ

p
sðλðvÞÞ−1δ⃗vÞ ð4:11Þ

where sðλ⃗Þ ≔ fsðλðvÞÞgv∈VðγÞ and s−1 denotes its inverse

function. For convenience, we use ζ⃗ ¼ sðλ⃗Þ
β
ffiffiffi
Δ

p instead of λ⃗ to

re-label the state jλ⃗; μ⃗i. Then we have

sgnðp̂ðvÞÞ
ffiffiffiffiffiffiffiffiffiffiffiffi
jp̂ðvÞj

p
jζ⃗; μ⃗i ¼ β

ffiffiffiffi
Δ

p
lpζðvÞjζ⃗; μ⃗i;

Π̂ðvÞjζ⃗; μ⃗i ¼ l2
pμðvÞjζ⃗; μ⃗i: ð4:12Þ

With the new conventions, (4.11) becomes

ĥθ;ΔðvÞjζ⃗; μ⃗i ¼ jζ⃗ þ μðvÞ−1δ⃗v; μ⃗i;
ĥΦ;ΔðvÞjζ⃗; μ⃗i ¼ jζ⃗; μ⃗þ ζðvÞ−1δ⃗vi: ð4:13Þ

Here, the derivation uses ðÔψÞðζ⃗; μ⃗Þ ¼ hζ⃗; μ⃗jÔjψi for
operator Ô. Moreover, the action of the volume operator
at v with the new convention is

V̂vjζ⃗; μ⃗i ¼ 4πl3
pβ

ffiffiffiffi
Δ

p
jμðvÞζðvÞjjζ⃗; μ⃗i: ð4:14Þ

In the framework of the μ̄-scheme, the inverse volume in
(4.5) is quantized as

d1=Vv ¼ lim
λ→λ̄ðvÞ
μ→μ̄ðvÞ

dð1=VvÞλ⃗;μ⃗;

ð1=VvÞλ⃗;μ⃗ ¼
�

27

8π2iG3μ2λ

�
sgnðpðvÞÞQð1=3Þ

θ;λ ðvÞ

×Qð1=3Þ
Φ;μ ðvÞQð1=3Þ

Φ;μ ðvÞ: ð4:15Þ

This equation leads to the operators Q̂ðrÞ
θ;λ̄

and Q̂ðrÞ
Φ;μ̄

defined as

Q̂ðrÞ
θ;λ̄
ðvÞ ≔ lim

λ→λ̄
Q̂ðrÞ

θ;λ ¼
1

iℏ
eiλ̄θðvÞ=2½e−iλ̄θðvÞ=2; Vr

v�

−
1

iℏ
e−iλ̄θðvÞ=2½eiλ̄θðvÞ=2; Vr

v�;

Q̂ðrÞ
Φ;μ̄ðvÞ ≔ lim

μ→μ̄
Q̂ðrÞ

Φ;μ ¼
1

iℏ
eiμ̄ΦðvÞ=2½e−iμ̄ΦðvÞ=2; Vr

v�

−
1

iℏ
e−iμ̄ΦðvÞ=2½eiμ̄ΦðvÞ=2; Vr

v�

where the second qualities used ½λ̄; Vv� ¼ 0 ¼ ½μ̄; Vv�. A
straightforward calculation gives that

Q̂ðrÞ
θ;λ̄
ðvÞ ¼ Q̂ðrÞ

Φ;μ̄ðvÞ≡ Q̂ðrÞðvÞ ð4:16Þ
with

Q̂ðrÞðvÞjζ⃗; μ⃗i ¼ ð4πl3
pβ

ffiffiffiffi
Δ

p Þr
iℏ

BðζðvÞ; μðvÞ; rÞjζ⃗; μ⃗i

and

BðζðvÞ; μðvÞ; rÞ ¼
����μðvÞζðvÞ þ 1

2

����r−
����μðvÞζðvÞ − 1

2

����r:
ð4:17Þ

Therefore, the inverse volume operator reads
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dV−1
v jζðvÞ; μðvÞi ¼

�
27

4πl3
p

ffiffiffiffi
Δ

p
β

�
BðζðvÞμðvÞÞjζðvÞ; μðvÞi

ð4:18Þ
with

BðxÞ ¼ jxjjjxþ 1=2j1=3 − jx − 1=2j1=3j3: ð4:19Þ
Taking advantage of the blocks defined in the last

section, we can now quantize the expression (4.3) to get
the operator ĥΔ;v

ĥΔ;v ¼
ffiffiffiffiffiffi
V̂v

q dsin ðμ̄ðvÞΦðvÞÞ dsin ðλ̄ðvÞθðvÞÞ
4πβ2Δl2

p

ffiffiffiffiffiffi
V̂v

q

þ
ffiffiffiffiffiffi
V̂v

q dsin2ðμ̄ðvÞΦðvÞÞ
8πβ2Δl2

p

ffiffiffiffiffiffi
V̂v

q
þ 2πdV−1

v Π̂ðvÞ2

þ π

2
dV−1
v ½p̂ðvþ 1Þ − p̂ðvÞ�2: ð4:20Þ

With this expression, the physical Hamitonian operator cHΔ
reads

cHΔ ¼ −
1

2G

X
v

ðĥΔ;v þ ĥ†Δ;vÞ þ
1

G

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jp̂ðvbÞj

p
: ð4:21Þ

Since V̂v annihilates jλ⃗; μ⃗i when λðvÞ ¼ 0 or μðvÞ ¼ 0, the
operator orderings in the first and second terms of ĥΔ;v
ensure that ĥΔ;v is densely defined on the entire H.

B. The action of the physical Hamiltonian operator

It is sufficient to present the action of ĥΔ;v instead of cHΔ
itself. To calculate the action, we convert the trigonometric
functions in (4.20) to exponentials and define

ĥΔ;v ¼ ĥ1ðvÞ þ ĥ2ðvÞ þ ĥ3ðvÞ þ ĥ4ðvÞ; ð4:22Þ
with

ĥ1ðvÞ ¼ −
ffiffiffiffiffiffi
V̂v

q ðĥΦ;ΔðvÞ − ĥΦ;ΔðvÞ−1Þðĥθ;ΔðvÞ − ĥθ;ΔðvÞ−1Þ
16πβ2Δl2

p

ffiffiffiffiffiffi
V̂v

q

ĥ2ðvÞ ¼ −
ffiffiffiffiffiffi
V̂v

q ðĥΦ;ΔðvÞ − ĥΦ;ΔðvÞ−1Þ2
32πβ2Δl2

p

ffiffiffiffiffiffi
V̂v

q

ĥ3ðvÞ ¼ 2πdV−1
v Π̂ðvÞ2

ĥ4ðvÞ ¼
π

2
dV−1
v ½p̂ðvþ 1Þ − p̂ðvÞ�2: ð4:23Þ

Consider the action of operators ĥΦ;ΔðvÞmĥθ;ΔðvÞn and ĥθ;ΔðvÞnĥΦ;ΔðvÞm at first. We have

ĥΦ;ΔðvÞmĥθ;ΔðvÞnjζðvÞ; μðvÞi ¼
����ζðvÞ þ n

μðvÞ ;
μðvÞζðvÞ þ nþm
ζðvÞ þ n=μðvÞ

�

ĥθ;ΔðvÞnĥΦ;ΔðvÞmjζðvÞ; μðvÞi ¼
���� μðvÞζðvÞ þmþ n

μðvÞ þm=ζðvÞ ; μðvÞ þ m
ζðvÞ

�
: ð4:24Þ

Because ĥΦ;ΔðvÞ and ĥθ;ΔðvÞ shift only the components of ζ⃗ and μ⃗ at v, i.e., ζðvÞ and μðvÞ, ĥ1ðvÞ, and ĥ2ðvÞ preserve the
values of ζðv0Þ and μðv0Þ with v0 ≠ v. Thus we are only concerned on the actions of ĥ1ðvÞ and ĥ2ðvÞ on jζðvÞ; μðvÞi. A
straightforward calculation gives that

ĥ1ðvÞjζðvÞ; μðvÞi ¼ −
lp

4β
ffiffiffiffi
Δ

p
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

jμðvÞζðvÞjjμðvÞζðvÞ þ 2j
p ����ζðvÞ þ 1

μðvÞ ;
μðvÞζðvÞ þ 2

ζðvÞ þ 1=μðvÞ
�

− jζðvÞμðvÞj
����ζðvÞ − 1

μðvÞ ;
μðvÞζðvÞ

ζðvÞ − 1=μðvÞ
�
− jζðvÞμðvÞj

����ζðvÞ þ 1

μðvÞ ;
μðvÞζðvÞ

ζðvÞ þ 1=μðvÞ
�

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jμðvÞζðvÞjjμðvÞζðvÞ − 2j

p ����ζðvÞ − 1

μðvÞ ;
μðvÞζðvÞ − 2

ζðvÞ − 1=μðvÞ
��

: ð4:25Þ

Since ĥ1ðvÞ is not symmetric, we also need to consider its adjoint ĥ1ðvÞ†, whose action reads
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ĥ1ðvÞ†jζðvÞ; μðvÞi ¼ −
lp

4β
ffiffiffiffi
Δ

p ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jμðvÞζðvÞjjμðvÞζðvÞ þ 2j

p ���� μðvÞζðvÞ þ 2

μðvÞ þ 1=ζðvÞ ; μðvÞ þ
1

ζðvÞ
�

− jζðvÞμðvÞj
���� μðvÞζðvÞ
μðvÞ þ 1=ζðvÞ ; μðvÞ þ

1

ζðvÞ
�
− jζðvÞμðvÞj

���� μðvÞζðvÞ
μðvÞ − 1=ζðvÞ ; μðvÞ −

1

ζðvÞ
�

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jμðvÞζðvÞjjμðvÞζðvÞ − 2j

p ���� μðvÞζðvÞ − 2

μðvÞ − 1=ζðvÞ ; μðvÞ −
1

ζðvÞ
�
: ð4:26Þ

For the operator h2ðvÞ, we have

ĥ2ðvÞjζðvÞ; μðvÞi ¼ −
lp

8β
ffiffiffiffi
Δ

p
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

jμðvÞζðvÞjjμðvÞζðvÞ þ 2j
p ����ζðvÞ; μðvÞ þ 2

ζðvÞ
�
− 2jμðvÞζðvÞjjζðvÞ; μðvÞi

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jμðvÞζðvÞjjμðvÞζðvÞ − 2j

p ����ζðvÞ; μðvÞ − 2

ζðvÞ
��

ð4:27Þ

For the operators h3ðvÞ and h4ðvÞ, the basis jμ⃗; ζi are their eigenvectors. Their actions are

ĥ3ðvÞjζðvÞ; μðvÞi ¼ 27lp
μðvÞ2
2β

ffiffiffiffi
Δ

p BðζðvÞμðvÞÞjζðvÞ; μðvÞi; ð4:28Þ

and

ĥ4ðvÞjζ⃗; μ⃗i ¼
27lpβ

3
ffiffiffiffi
Δ

p
3

8
BðζðvÞμðvÞÞ½sgnðζððvþ 1ÞÞζðvþ 1Þ2 − sgnðζðvÞÞζðvÞ2�2jζ⃗; μ⃗i: ð4:29Þ

Substituting the expression (4.25), (4.27), (4.28), and
(4.29) into (4.22), one finally can get the action of ĥΔ;v,
which will not be written again.
It is worth noting that the quantity

vðvÞ ≔ ζðvÞμðvÞ
often appears in the right-hand sides of (4.25)–(4.29) as a
whole. Then, these equations can be simplified in more
compact forms. To do this, we will use v⃗ ¼ fvðvÞgv∈VðγÞ
instead of μ⃗ to re-label the basis jζ⃗; μ⃗i. However, this re-
labeling can only be defined for those jζ⃗; μ⃗i satisfying
ζðvÞ ≠ 0 for all v, because this condition guarantees the
solvability of μðvÞ through vðvÞ ¼ ζðvÞμðvÞ. Given a state
jζ⃗; v⃗i with ζðvÞ ≠ 0; ∀ v, it has

sgnðp̂ðvÞÞ
ffiffiffiffiffiffiffiffiffiffiffiffi
jp̂ðvÞj

p
jζ⃗; v⃗i ¼ β

ffiffiffiffi
Δ

p
lpζðvÞjζ⃗; v⃗i;

V̂vjζ⃗; v⃗i ¼ 4πβ
ffiffiffiffi
Δ

p
l3
pjvðvÞjjζ⃗; v⃗i ð4:30Þ

According to (4.13), one has

ĥθ;ΔðvÞjζ⃗; v⃗i ¼ jζ⃗ þ ζðvÞvðvÞ−1δ⃗v; v⃗þ δ⃗vi
ĥΦ;ΔðvÞjζ⃗; v⃗i ¼ jζ⃗; v⃗þ δ⃗vi: ð4:31Þ

By this equation, the μ̄-scheme holonomies are not densely
defined on H, since they cannot act on state jζ⃗; v⃗i when
vðvÞ ¼ 0. Moreover, they are not commutative:

½ĥθ;ΔðvÞ; ĥΦ;ΔðvÞ�jζ⃗; v⃗i
¼ jζ⃗ þ ζðvÞðvðvÞ þ 1Þ−1δ⃗v; v⃗þ 2δ⃗vi
− jζ⃗ þ ζðvÞvðvÞ−1δ⃗v; v⃗þ 2δ⃗vi: ð4:32Þ

Even though these holonomies ĥθ;ΔðvÞ and ĥΦ;ΔðvÞ are
not well-defined for jζ⃗; v⃗i with vðvÞ ¼ 0, the Hamiltonian
operator ĥΔ;v does. For vðvÞ ¼ 0, it has

ĥΔ;vjζ⃗; v⃗i ¼ 0:

For vðvÞ ≠ 0, the formulas (4.25), (4.27), (4.28), and (4.29)
can be rewritten as
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ĥ1ðvÞjζðvÞ; vðvÞi ¼ −
lp

4β
ffiffiffiffi
Δ

p
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

jvðvÞjjvðvÞ þ 2j
p ����ζðvÞ vðvÞ þ 1

vðvÞ ; vðvÞ þ 2

�
− jvðvÞj

����ζðvÞ vðvÞ − 1

vðvÞ ; vðvÞ
�

− jvðvÞj
����ζðvÞ vðvÞ þ 1

vðvÞ ; vðvÞ
�
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jvðvÞjjvðvÞ − 2j

p ����ζðvÞ vðvÞ − 1

vðvÞ ; vðvÞ − 2

��
; ð4:33Þ

ĥ1ðvÞ†jζðvÞ; vðvÞi ¼ −
lp

4β
ffiffiffiffi
Δ

p
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

jvðvÞjjvðvÞ þ 2j
p ����ζðvÞ vðvÞ þ 2

vðvÞ þ 1
; vðvÞ þ 2

�
− jvðvÞj

����ζðvÞ vðvÞ
vðvÞ þ 1

; vðvÞ
�

− jvðvÞj
����ζðvÞ vðvÞ

vðvÞ − 1
; vðvÞ

�
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jvðvÞjjvðvÞ − 2j

p ����ζðvÞ vðvÞ − 2

vðvÞ − 1
; vðvÞ − 2

�
; ð4:34Þ

ĥ2ðvÞjζðvÞ; vðvÞi ¼ −
lp

8β
ffiffiffiffi
Δ

p ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jvðvÞjjvðvÞ þ 2j

p
jζðvÞ; vðvÞ þ 2i − 2jvðvÞjjζðvÞ; vðvÞi

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jvðvÞjjvðvÞ − 2j

p
jζðvÞ; vðvÞ − 2iÞ; ð4:35Þ

ĥ3ðvÞjζðvÞ; vðvÞi ¼
27lp

2β
ffiffiffiffi
Δ

p vðvÞ2
ζðvÞ2 BðvðvÞÞjζðvÞ; vðvÞi; ð4:36Þ

and

ĥ4ðvÞjζ⃗; v⃗i ¼
27lpβ

3
ffiffiffiffi
Δ

p
3

8
BðvðvÞÞ½sgnðζððvþ 1ÞÞζðvþ 1Þ2 − sgnðζðvÞÞζðvÞ2�2jζ⃗; v⃗i: ð4:37Þ

As a well-defined Hamiltonian operator, cHΔ should be
self-adjoint. Noting that the Hilbert space H is not
separable, we thus need to choose a separable Hilbert
subspace H̃ which is preserved by cHΔ. Given jζ⃗; v⃗i ∈ H, a
natural choice of the separable subspace is the one spanned
by ðcHΔÞnjζ⃗; v⃗i for all n ∈ Z≥0. In H̃, we choose the

domain D of cHΔ as the subspace consisting of finite linear
combinations of the basis jζ⃗; v⃗i ∈ H̃. Then, let us define a
self-adjoint operator in H̃ as

N̂ ¼ 1þ
X

v∈VðγÞ
ðV̂2

v þ p̂ðvÞ4Þ:

It is easy to shown that there exist numbers c; d ∈ R such
that

kcHΔψk ≤ ckN̂ψk; ∀ ψ ∈ D

jhcHΔψ ; N̂ψi − hN̂ψ ; cHΔψij ≤ dkN̂1=2ψk2; ∀ ψ ∈ D;

ð4:38Þ

where h·; ·i denotes the inner product in H̃. Then according

to Theorem X.37 in [57], cHΔ defined on D ⊂ H̃ is
essentially self-adjoint.

V. PATH INTEGRAL FORMULATION

Let us define ĥi ¼
P

v ĥiðvÞ. By (4.33)–(4.37), one has
the matrix element of ĥi which reads

hζ⃗1; v⃗1jĥ1jζ⃗2; v⃗2i ¼ −
lp

4β
ffiffiffiffi
Δ

p
X
v

Y
v0≠v

δζ1ðv0Þ;ζ2ðv0Þδv1ðv0Þ;v2ðv0Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jv1ðvÞv2ðvÞj

p
× ðδζ1ðvÞðv1ðvÞ−2Þ;ζ2ðvÞðv2ðvÞþ1Þδv1ðvÞ;v2ðvÞþ2 − δζ1ðvÞv1ðvÞ;ζ2ðvÞðv2ðvÞ−1Þδv1ðvÞ;v2ðvÞ

− δζ1ðvÞv1ðvÞ;ζ2ðvÞðv2ðvÞþ1Þδv1ðvÞ;v2ðvÞ þ δζ1ðvÞðv1ðvÞþ2Þ;ζ2ðvÞðv2ðvÞ−1Þδv1ðvÞ;v2ðvÞ−2Þ; ð5:1Þ
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hζ⃗1; v⃗1jĥ†1jζ⃗2; v⃗2i ¼ −
lp

4β
ffiffiffiffi
Δ

p
X
v

Y
v0≠v

δζ1ðv0Þ;ζ2ðv0Þδv1ðv0Þ;v2ðv0Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jv2ðvÞjjv1ðvÞj

p
× ðδζ1ðvÞðv1ðvÞ−1Þ;ζ2ðvÞðv2ðvÞþ2Þδv1ðvÞ;v2ðvÞþ2 − δζ1ðvÞðv1ðvÞþ1Þ;ζ2ðvÞv2ðvÞδv1ðvÞ;v2ðvÞ
− δζ1ðvÞðv1ðvÞ−1Þ;ζ2ðvÞv2ðvÞδv1ðvÞ;v2ðvÞ þ δζ1ðvÞðv1ðvÞþ1Þ;ζ2ðvÞðv2ðvÞ−2Þδv1ðvÞ;v2ðvÞ−2Þ; ð5:2Þ

hζ⃗1; v⃗1jĥ2jζ⃗2; v⃗2i ¼ −
lp

8β
ffiffiffiffi
Δ

p
X
v

Y
v0≠v

δζ1ðv0Þ;ζ2ðv0Þδv1ðv0Þ;v2ðv0Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jv1ðvÞjjv2ðvÞj

p
× ðδζ1ðvÞ;ζ2ðvÞδv1ðvÞ;v2ðvÞþ2 − 2δζ1ðvÞ;ζ2ðvÞδv1ðvÞ;v2ðvÞ þ δζ1ðvÞ;ζ2ðvÞδv1ðvÞ;v2ðvÞ−2Þ; ð5:3Þ

hζ⃗1; v⃗1jĥ3jζ⃗2; v⃗2i ¼
27lp

2β
ffiffiffiffi
Δ

p
X
v

v2ðvÞ2
ζ2ðvÞ2

Bðv2ðvÞÞ
Y
v0
δζ1ðv0Þ;ζ2ðv0Þδv1ðv0Þ;v2ðv0Þ; ð5:4Þ

and

hζ⃗1; v⃗1jĥ4jζ⃗2; v⃗2i¼
27lpβ

3
ffiffiffiffi
Δ

p
3

8

X
v

Bðv2ðvÞÞ½sgnðζ2ððvþ1ÞÞζ2ðvþ1Þ2− sgnðζ2ðvÞÞζ2ðvÞ2�2
Y
v0
δζ1ðv0Þ;ζ2ðv0Þδv1ðv0Þ;v2ðv0Þ:

ð5:5Þ

Moreover, for the boundary term dHbdy ≔
ffiffiffiffiffiffiffiffiffiffiffiffiffijp̂ðvbÞ

p
, one has

hζ⃗1; v⃗1jdHbdyjζ⃗2; v⃗2i ¼ β
ffiffiffiffi
Δ

p
lpjζ1ðvbÞj

Y
v0
δζ1ðv0Þ;ζ2ðv0Þδv1ðv0Þ;v2ðv0Þ ð5:6Þ

In order to simplify the matrix elements of ĥi, consider
the space of almost periodic functions and define a func-
tional μh of these functions by

μhðfÞ≡
Z
R
dμhðxÞfðxÞ ≔ lim

T→∞

1

2T

Z
T

−T
fðxÞdx ð5:7Þ

Then, it can be verified that

δλ;0 ¼
Z
R
dμhðxÞeiλx; ð5:8Þ

where δλ;0 is the Kronecker delta. This formula provide an
approach to rewrite the Kronecker-delta functions

appearing in the expressions of the matrix elements of
ĥi, so that we can simplify these expressions to get the final
path integral formula. Before proceeding further, let us
consider an issue on how to deal with the delta functions
taking the form δAðv1ðvÞÞζ1ðvÞ;Bðv2ðvÞÞζ2ðvÞ, which appears in
the expressions (5.1)–(5.5). The deep idea is to reexpress
δAðv1ðvÞÞζ1ðvÞ;Bðv2ðvÞÞζ2ðvÞ such that it takes the form
δfðζ1ðvÞÞ−fðζ2ðvÞÞ;g with g independent of ζ1ðvÞ and ζ2ðvÞ.
Then, Lemma V.2 stated below can be used to rewrite the
transition amplitude in the standard path integral form, i.e.,
the form in present of the Lebesgue measure. Thus, we
need the identity

δAðv1ðvÞÞζ1ðvÞ;Bðv2ðvÞÞζ2ðvÞ ¼ δsgnðζ1ðvÞÞ;sgnðζ2ðvÞÞδlnðjζ2ðvÞjÞ−lnðjζ1ðvÞjÞ;lnðjBðv1ðvÞÞ=Aðv2ðvÞÞjÞ: ð5:9Þ

Taking advantage of this identity and (5.8), we finally get

hζ⃗1; v⃗1j
X
v

1

2
ðĥΔ;v þ ĥ†Δ;vÞ − dHbdyjζ⃗1; v⃗2i ¼


Y
v

δsgnðζ1ðvÞÞ;sgnðζ2ðvÞÞ

� Z
R2jVðγÞj

Y
v0
dμhðbðv0ÞÞdμhðcðv0ÞÞ

× exp


X
v0
i½lnðζ2ðv0ÞÞ − lnðζ1ðv0ÞÞ�cðv0Þ þ iðv2ðv0Þ − v1ðv0ÞÞbðv0Þ

�

×Hðζ⃗1; v⃗1; ζ⃗2; v⃗2; b⃗; c⃗Þ ð5:10Þ
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where

Hðζ⃗1;v⃗1; ζ⃗2;v⃗2;b⃗;c⃗Þ¼
X
v

��
−
lp

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffijv1ðvÞv2ðvÞj
p

8β
ffiffiffiffi
Δ

p
��

exp



iln

�����1þ 1

v2ðvÞ
����
�
cðvÞþ2ibðvÞ

�

−exp



iln

�����1− 1

v2ðvÞ
����
�
cðvÞ

�
−exp



iln

�����1þ 1

v2ðvÞ
����
�
cðvÞ

�
þexp



iln

�����1− 1

v2ðvÞ
����
�
cðvÞ−2ibðvÞ

��

þ
�
−
lp

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffijv1ðvÞv2ðvÞj
p

8β
ffiffiffiffi
Δ

p
��

exp



iln

�����1þ 1

v1ðvÞ−1

����
�
cðvÞþ2ibðvÞ

�
−exp



iln

�����1− 1

v1ðvÞþ1

����
�
cðvÞ

�

−exp



iln

�����1þ 1

v1ðvÞ−1

����
�
cðvÞ

�
þexp



iln

�����1− 1

v1ðvÞþ1

����
�
cðvÞ−2ibðvÞ

��

þlp

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffijv1ðvÞv2ðvÞj
p

2β
ffiffiffiffi
Δ

p sin2ðbðvÞÞþ 27lpv2ðvÞ2
2ζ2ðvÞ2β

ffiffiffiffi
Δ

p Bðv2ðvÞÞ

þ27lpβ
3

ffiffiffiffi
Δ

p
3

8
Bðv2ðvÞÞ½sgnðζ2ððvþ1ÞÞζ2ðvþ1Þ2−sgnðζ2ðvÞÞζ2ðvÞ2�2


−β

ffiffiffiffi
Δ

p
lp

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jζ1ðvbÞζ2ðvbÞj

p
:

ð5:11Þ

Then the matrix element of eiϵĥ, with ĥ ≔
P

v
1
2
ðĥΔ;v þ ĥ†Δ;vÞ − dHbdy, reads

hζ⃗1; v⃗1jeiϵĥjζ⃗2; v⃗2i ¼ hζ⃗1; v⃗1jð1þ iϵhÞjζ⃗2; v⃗2i

¼

Y

v

δsgnðζ1ðvÞÞ;sgnðζ2ðvÞÞ

� Z
R2jVðγÞj

Y
v0
dμhðbðv0ÞÞdμhðcðv0ÞÞ

× exp


X
v0
iðlnðjζ2ðv0ÞjÞ − lnðjζ1ðv0ÞjÞÞcðv0Þ þ iðv2ðv0Þ − v1ðv0ÞÞbðv0Þ

�

× ½1þ iϵHðζ⃗1; v⃗1; ζ⃗2; v⃗2; b⃗; c⃗Þ� þOðϵ2Þ: ð5:12Þ

To simplify the last equation, we claim the following theorem
Theorem 1. Given FðflnðjζðvÞjÞ; vðvÞjgv∈VðγÞÞ a Schwartz function. Then

F̃ðflnðjζðvÞjÞ; vðvÞjgv∈VðγÞÞ ≔
X

flnðjζðvÞjÞ;vðvÞjgv∈VðγÞ
hζ⃗1; v⃗1jð1 − iϵhÞjζ⃗; v⃗iFðflnðjζðvÞjÞ; vðvÞjgv∈VðγÞÞ

¼

Y

v

δsgnðζ1ðvÞÞ;sgnðζ2ðvÞÞ

� Z
R4jVðγÞj

Y
v0
dbðv0Þdcðv0Þ dζðv

0Þ
ζðv0Þ dvðv0Þ

× exp


X
v0
iðlnðjζ2ðv0ÞjÞ − lnðjζ1ðv0ÞjÞÞcðv0Þ þ iðv2ðv0Þ − v1ðv0ÞÞbðv0Þ

�

× ð1 − iϵHðζ⃗1; v⃗1; ζ⃗2; v⃗2; b⃗; c⃗ÞÞFðflnðjζðvÞjÞ; vðvÞjgv∈VðγÞÞ ð5:13Þ

with dbðv0Þ, dcðv0Þ, dζðv0Þ, dvðv0Þ being the Lebesgue measure.
This theorem can deduced straightforwardly by the following lemmas V.2 and V.3.
Lemma 2. Given a function

fðx; yÞ ¼
X
λ⃗∈L

μðλ⃗; yÞeigðλ⃗Þx ð5:14Þ

where L ⊂ RN is a finite lattice in RN , gðλ⃗Þ is a real function of λ⃗, and μðλ⃗; yÞ satisfies that μðλ⃗; ·Þ is a Schwartz function for
each λ⃗. Then
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X
y

Z
dμhðxÞe−iðyþαÞxfðx; yÞ ¼ 1

2π

Z
∞

−∞
dx

Z
∞

−∞
dye−iðyþαÞxfðx; yÞ: ð5:15Þ

with α being a constant.
Proof.—By definition,

1

2π

Z
∞

−∞
dx

Z
∞

−∞
dye−iðyþαÞxfðx; yÞ ¼ 1

2π

Z
∞

−∞
dx

Z
∞

−∞
dy
X
λ⃗∈L

μðλ⃗; yÞeiðgðλ⃗Þ−y−αÞx ð5:16Þ

Because L is a finite lattice, one exchanges the order between the summation and the integrals to get

1

2π

Z
∞

−∞
dx

Z
∞

−∞
dye−iðyþaÞxfðx; yÞ ¼ 1

2π

X
λ⃗∈L

Z
∞

−∞
dx

Z
∞

−∞
dyμðλ⃗; yÞeiðgðλ⃗Þ−y−aÞx: ð5:17Þ

Since μðλ; ·Þ is Schwartz function for each λ, by using the inverse Fourier inversion theorem, we have

1

2π

Z
∞

−∞
dx

Z
∞

−∞
dyμðλ⃗; yÞeiðgðλ⃗Þ−y−αÞx ð5:18Þ

¼ 1ffiffiffiffiffiffi
2π

p
Z

∞

−∞
dxeiðgðλ⃗ÞÞ−αÞx

�
1ffiffiffiffiffiffi
2π

p
Z

∞

−∞
dyμðλ⃗; yÞe−ixy

�
ð5:19Þ

¼ μðλ⃗; gðλ⃗Þ − αÞ: ð5:20Þ
Thus

1

2π

Z
∞

−∞
dx

Z
∞

−∞
dye−iðyþαÞxfðx; yÞ ¼

X
λ⃗∈L

μðλ⃗; gðλ⃗Þ − αÞ ð5:21Þ

where the right-hand side (rhs) is just
P

y

R
dμhðxÞe−ixyfðx; yÞ by definition of μhðxÞ. ▪

Lemma 3. Given a function Hðx; yÞ taking the form

Hðx; y1; y2Þ ¼
XN
k¼1

fkðy1; y2Þeigkx; ð5:22Þ

where we assume that fkðy1; y2Þ are continuous and, there exist some α and β such that

fkðy1; y2Þ
ð1þ ðy1Þ2Þαð1þ ðy2Þ2Þβ

< ∞ ð5:23Þ

Let FðyÞ ∈ SðRÞ, with SðRÞ being the space of Schwartz functions. Then

F̃ðy1Þ ¼
X
y2

Z
dμhðxÞe−iðy2−y1Þxð1þ iϵHðx; y1; y2ÞÞFðy2Þ

¼ 1

2π

Z
∞

−∞
dx

Z
∞

−∞
dy2ð1þ iϵHðx; y1; y2ÞÞFðy2Þ ð5:24Þ

To prove this lemma, one only needs to verify μðk; y1; ·Þ ∈ SðRÞ by (5.23). Then, Lemma V.2 can be applied to
get (5.24).
According to Theorem V.1, hζ⃗1; v⃗1jeiϵĥjζ⃗2; v⃗2i can be written as

hζ⃗1; v⃗1jeiϵhjζ⃗2; v⃗2i ¼

Y

v

δsgnðζ1ðvÞÞ;sgnðζ2ðvÞÞ

��
1

2π

�jVðγÞj Z
R2jVðγÞj

Y
v0
dbðv0Þdcðv0Þ

× exp


X
v0
iðlnðjζ2ðv0ÞjÞ − lnðjζ1ðv0ÞjÞÞcðv0Þ þ iðv2ðv0Þ − v1ðv0ÞÞbðv0Þ

�

× ð1þ iϵHðζ⃗1; v⃗1; ζ⃗2; v⃗2; b⃗; c⃗ÞÞ þOðϵ2Þ: ð5:25Þ
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It is noted that the rhs is understood as a functional on the space of Schwartz functions of ζ⃗1 and v1, as stated in
Theorem V.1. With these formulas, let us consider the transition amplitude Aðζ⃗i; v⃗i; ζ⃗f; v⃗f; TÞ

Aðζ⃗i; v⃗i; ζ⃗f; v⃗f; TÞ ¼ hζ⃗f; v⃗fje−i T
−Gℏĥjζ⃗i; v⃗ii ¼ hζ⃗f; v⃗fjðei T

GℏNĥÞN jζ⃗i; v⃗ii

¼ lim
N→∞

X
fζ⃗n;v⃗ngNn¼1

YN
k¼0

hζ⃗kþ1; v⃗kþ1je
i T
l2pN

ĥjζ⃗k; v⃗ki

¼
Z Y

v0
D½bðv0Þ�D½cðv0Þ�D½lnðjζðv0ÞjÞ�D½vðv0Þ�ei1ℏSðζ⃗;v⃗;b⃗;c⃗Þ ð5:26Þ

where ζ⃗0 ¼ ζ⃗i, ζ⃗Nþ1 ¼ ζ⃗f, v⃗0 ¼ v⃗i and v⃗Nþ1 ¼ v⃗f and, with excluding the boundary term,

Sðζ⃗; v⃗; c⃗; b⃗Þ ¼
Z

T

0

dtLðζ⃗; v⃗; c⃗; b⃗Þ ¼
Z

T

0

dt

�X
v

−
ℏ

ζðvÞ
dζðvÞ
dt

cðvÞ − ℏ
dvðvÞ
dt

bðvÞ þ 1

G
Hðζ⃗; v⃗; c⃗; b⃗Þ

�
ð5:27Þ

Hðζ⃗; v⃗; c⃗; b⃗Þ ¼
X
v

��
−
lpjvðvÞj
8β

ffiffiffiffi
Δ

p
��

exp



i ln

�����1þ 1

vðvÞ
����
�
cðvÞ þ 2ibðvÞ

�
− exp



i ln

�����1 − 1

vðvÞ
����
�
cðvÞ

�

− exp



i ln

�����1þ 1

vðvÞ
����
�
cðvÞ

�
þ exp



i ln

�����1 − 1

vðvÞ
����
�
cðvÞ − 2ibðvÞ

��

þ
�
−
lpjvðvÞj
8β

ffiffiffiffi
Δ

p
��

exp



i ln

�����1þ 1

vðvÞ − 1

����
�
cðvÞ þ 2ibðvÞ

�
− exp



i ln

�����1 − 1

vðvÞ þ 1

����
�
cðvÞ

�

− exp



i ln

�����1þ 1

vðvÞ − 1

����
�
cðvÞ

�
þ exp



i ln

�����1 − 1

vðvÞ þ 1

����
�
cðvÞ − 2ibðvÞ

��

þ jvðvÞjlp

2β
ffiffiffiffi
Δ

p sin2ðbðvÞÞ þ 27lpvðvÞ2
2ζðvÞ2β ffiffiffiffi

Δ
p BðvðvÞÞ þ 27lpβ

3
ffiffiffiffi
Δ

p
3

8
BðvðvÞÞ½sgnðζððvþ 1ÞÞζðvþ 1Þ2

− sgnðζðvÞÞζðvÞ2�2

− β

ffiffiffiffi
Δ

p
lpjζðvbÞj: ð5:28Þ

VI. THE EFFECTIVE DYNAMICS

To consider the classical limit ℏ → 0, we introduce the classical fields as

vðvÞ ¼ 4πβ
ffiffiffiffi
Δ

p
l3
pvðvÞ; ζðvÞ ¼ β

ffiffiffiffi
Δ

p
lpζðvÞ bðvÞ ¼ 1

4πβ
ffiffiffiffi
Δ

p
lp

bðvÞ; cðvÞ ¼ l2
pcðvÞ: ð6:1Þ

The nonvanishing Poisson brackets between these fields are

fbðvÞ; vðvÞg ¼ G; fcðvÞ; ζðvÞg ¼ GζðvÞ: ð6:2Þ

In terms of the classical fields, H can be simplified as
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Hðζ⃗; v⃗; c⃗; b⃗Þ ¼
X
v

��
−

1

16πβ2Δl2
p

�����vðvÞj
�
cos



ln

�����1þ 4πβ
ffiffiffiffi
Δ

p
l3
p

vðvÞ
����
�
cðvÞ
l2
p

þ 8πβ
ffiffiffiffi
Δ

p
lpbðvÞ

�

− cos



ln

�����1 − 4πβ
ffiffiffiffi
Δ

p
l3
p

vðvÞ
����
�
cðvÞ
l2
p

�
− cos



ln

�����1þ 4πβ
ffiffiffiffi
Δ

p
l3
p

vðvÞ
����
�
cðvÞ
l2
p

�

þ cos



ln

�����1 − 4πβ
ffiffiffiffi
Δ

p
l3
p

vðvÞ
����
�
cðvÞ
l2
p

− 8πβ
ffiffiffiffi
Δ

p
lpbðvÞ

��
þ jvðvÞj
8πβ2Δl2

p
sin2ð4πβ

ffiffiffiffi
Δ

p
lpbðvÞÞ

þ 27vðvÞ2
32π2β

ffiffiffiffi
Δ

p
ζðvÞ2l3

p

B



vðvÞ

4πβ
ffiffiffiffi
Δ

p
l3
p

�

þ 27

8β
ffiffiffiffi
Δ

p
l3
p

B



vðvÞ

4πβ
ffiffiffiffi
Δ

p
l3
p

�
½sgnðζððvþ 1ÞÞζðvþ 1Þ2 − sgnðζððvþ 1ÞÞζðvÞ2�2


− β

ffiffiffiffi
Δ

p
lpjζðvbÞj ð6:3Þ

To investigate the effect of the holonomy correction but ignore the ℏ-order correction, we consider the limit lp → 0 but
β2Δl2

p ¼ constant. Then H can be simplified to the form

Hðζ⃗; v⃗; c⃗; b⃗Þ ¼
X
v

�
1

4πβ2Δl2
p
jvðvÞj sin ½4πβ

ffiffiffiffi
Δ

p
lpbðvÞ� sin



4πβ

ffiffiffiffi
Δ

p
lp

vðvÞ cðvÞ þ 4πβ
ffiffiffiffi
Δ

p
lpbðvÞ

�

þ 1

8πβ2Δl2
p
jvðvÞjsin2ð4πβ

ffiffiffiffi
Δ

p
lpbðvÞÞ þ

jvðvÞj
8πζðvÞ2 þ

π

2

1

jvðvÞj ½sgnðζðvþ 1ÞÞζðvþ 1Þ2 − sgnðζðvÞÞζðvÞ2�2


− jζðvbÞj: ð6:4Þ

where it is used that

1

l2
p
ln

�����1� 4πβ
ffiffiffiffi
Δ

p
l3
p

vðvÞ
����
�

≅ � 4πβ
ffiffiffiffi
Δ

p
lp

vðvÞ
1

l3
p
B



vðvÞ

4πβ
ffiffiffiffi
Δ

p
l3
p

�
≅

4πβ
ffiffiffiffi
Δ

p

27jvðvÞj : ð6:5Þ

It is worth noting that the rhs of (6.7) returns to that of (4.3) with the assignment

θðvÞ ¼ cðvÞ þ bðvÞvðvÞ
2sgnðζðvÞÞζðvÞ2 ; pðvÞ ¼ sgnðζðvÞÞζðvÞ2;

ΦðvÞ ¼ 4πζðvÞbðvÞ; ΠðvÞ ¼ vðvÞ
4πζðvÞ : ð6:6Þ

In the following discussion, we are only concerned about the dynamics for the bulk vertices. Thus, we omit the boundary
term in (6.4) and redefine Hðζ⃗; v⃗; c⃗; b⃗Þ as

Hðζ⃗; v⃗; c⃗; b⃗Þ¼
X
v

�
1

4πβ2Δl2
p
jvðvÞjsin ½4πβ

ffiffiffiffi
Δ

p
lpbðvÞ�sin



4πβ

ffiffiffiffi
Δ

p
lp

vðvÞ cðvÞþ4πβ
ffiffiffiffi
Δ

p
lpbðvÞ

�

þ 1

8πβ2Δl2
p
jvðvÞjsin2ð4πβ

ffiffiffiffi
Δ

p
lpbðvÞÞþ

jvðvÞj
8πζðvÞ2þ

π

2

1

jvðvÞj ½sgnðζðvþ1ÞÞζðvþ1Þ2− sgnðζðvÞÞζðvÞ2�2

:

ð6:7Þ
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A. The equations of motion

According to the above discussions, we get an effective Hamiltonian as

Heffðζ⃗; v⃗; c⃗; b⃗Þ ¼ −
1

G
Hðζ⃗; v⃗; c⃗; b⃗Þ: ð6:8Þ

Due to the Poisson brackets (6.2), the EOMs are

dvðvÞ
dt

¼ vðvÞð2 sin ½2bðvÞ þ cðvÞ� þ sin ½2bðvÞ�Þ
2β

ffiffiffiffi
Δ

p
lp

dbðvÞ
dt

¼ −
sinðbðvÞÞ
β

ffiffiffiffi
Δ

p
lp



2 sin ½bðvÞ þ cðvÞ� þ sin ½bðvÞ�

8πβ
ffiffiffiffi
Δ

p
lp

−
cðvÞ
vðvÞ cos ½bðvÞ þ cðvÞ�

�
−

1

8πζðvÞ2 þ
π

2

1

vðvÞ2 ðζðvÞ
2 − ζðvþ 1Þ2Þ2

dζðvÞ
dt

¼ ζðvÞ sin ½bðvÞ� cos ½bðvÞ þ cðvÞ�
β

ffiffiffiffi
Δ

p
lp

dcðvÞ
dt

¼ vðvÞ
4πζðvÞ2 þ 2πζðvÞ2

�
ζðvþ 1Þ2 − ζðvÞ2

vðvÞ −
ζðvÞ2 − ζðv − 1Þ2

vðv − 1Þ
�

ð6:9Þ

where

bðvÞ ¼ 4πβ
ffiffiffiffi
Δ

p
lpbðvÞ; cðvÞ ¼ 4πβ

ffiffiffiffi
Δ

p
lp

cðvÞ
vðvÞ : ð6:10Þ

In (6.9), we have assumed that ζðvÞ > 0 without loss of generality, since, as seen below, sgnðζðvÞÞ is kept along the
concerning dynamical trajectary.
In order to discuss the continuous limit of the EOMs (6.9), we introduce the continuous variables ṽðxÞ, b̃ðxÞ, ζ̃ðxÞ and

c̃ðxÞ, which are related to the classical variables vðvÞ, bðvÞ, ζðvÞ and cðvÞ via

vðvÞ ¼
Z
eðvÞ

dxṽðxÞ; bðvÞ ¼ b̃ðmideðvÞÞ ζðvÞ ¼ ζ̃ðmideðvÞÞ; cðvÞ ¼
Z
eðvÞ

dxc̃ðxÞ: ð6:11Þ

With the continuous variables, (6.6) is rewritten as

KxðxÞ ¼
c̃ðxÞ þ b̃ðxÞṽðxÞ

2ζ̃ðxÞ ; ExðxÞ ¼ sgnðζ̃ðxÞÞζ̃ðxÞ2; KφðxÞ ¼ 4πζ̃ðxÞb̃ðxÞ; EφðxÞ ¼ ṽðxÞ
4πζ̃ðxÞ : ð6:12Þ

Moreover, substituting the continuous variables into the EOMs (6.9) and considering the continuous limit of the lattice γ,
we get

∂tṽ ¼ ṽð2 sin ½2b̃þ c̃� þ sin ½2b̃�Þ
2β

ffiffiffiffi
Δ

p
lp

∂tb̃ ¼ −
sinðb̃Þ
β

ffiffiffiffi
Δ

p
lp

�
2 sin ½b̃þ c̃� þ sin½b̃�

8πβ
ffiffiffiffi
Δ

p
lp

−
c̃
ṽ
cos ½b̃þ c̃�

�
−

1

8πζ̃2
þ π

2

ð∂xðζ̃2ÞÞ2
ṽ2

∂tζ̃ ¼ ζ̃ sin½b̃� cos ½b̃þ c̃�
β

ffiffiffiffi
Δ

p
lp

∂tc̃ ¼ ṽ

4πζ̃2
þ 2πζ̃2∂x

�
1

ṽ
∂xðζ̃2Þ

�
ð6:13Þ

where
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b̃ðxÞ ¼ 4πβ
ffiffiffiffi
Δ

p
lpb̃ðxÞ; c̃ðxÞ ¼ 4πβ

ffiffiffiffi
Δ

p
lp

c̃ðxÞ
ṽðxÞ : ð6:14Þ

The same EOMs as (6.13) can be obtained if one consider a system of the phase space of ðṽðxÞ; b̃ðxÞ; ζ̃ðxÞ; c̃ðxÞÞ, with the
nonvanishing Poisson brackets

fb̃ðxÞ; ṽðyÞg ¼ Gδðx; yÞ; fc̃ðxÞ; ζ̃ðyÞg ¼ Gζ̃ðxÞδðx; yÞ ð6:15Þ
and the Hamiltonian

H̃eff ¼ −
1

G

Z
R

�
1

4πβ2Δl2
p
jṽðxÞj sin ½4πβ

ffiffiffiffi
Δ

p
lpb̃ðxÞ� sin



4πβ

ffiffiffiffi
Δ

p
lp

ṽðxÞ c̃ðxÞ þ 4πβ
ffiffiffiffi
Δ

p
lpb̃ðxÞ

�

þ 1

8πβ2Δl2
p
jṽðxÞjsin2ð4πβ

ffiffiffiffi
Δ

p
lpb̃ðxÞÞ þ

jṽðxÞj
8πζ̃ðxÞ2 þ

π

2

1

jṽðxÞj ð∂xðsgnðζ̃ðxÞÞζ̃ðxÞ2ÞÞ2

: ð6:16Þ

In this sense, this system described by (6.15) and (6.16) are
the continuous limit of effective dynamics based on the
lattice γ and encoded in (6.2) and (6.8). Since (6.16) is the
same as the effective Hamiltonian used in [28] if (6.12) is
substituted, (6.13) is the same as the EOMs used in [28].

B. A solution to the EOMs

The continuous effective Hamiltonian (6.16) returns to
the classical Hamiltonian (2.26) in the low curvature region
where b̃ðxÞ ≪ 1 and c̃ðcÞ=ṽðxÞ ≪ 1. As is known in [28],
solving the EOMs generated by the classical Hamiltonian
(2.26) gives the Schwarzschild metric in Lemâitre coordi-
nates. For this solution, all of the dynamical variables
depend only on x − t, which represents homogeneity of
the interior and the static feature of the exterior of the
Schwarzschild solution. In this section, we are also con-
cerned about the solutions depending only one x − t, that is,
solutions taking the form

ṽðx; tÞ ¼ ṽðx − tÞ; b̃ðx; tÞ ¼ b̃ðx − tÞ;
ζ̃ðx; tÞ ¼ ζ̃ðx − tÞ; c̃ðx; tÞ ¼ c̃ðx − tÞ: ð6:17Þ
Before proceeding further, it is helpful to investigate

constants of motion in the effective dynamics. As men-
tioned in (2.28), VðxÞ is a conversed charge in the classical
dynamics. Fortunately, this feature is kept in the effective
dynamics, because of 0 ¼ fVðxÞ; H̃effg. In terms of the
continuous variables, VðxÞ is

VðxÞ ¼ c̃ðxÞ∂xζ̃ðxÞ
ζ̃ðxÞ − ṽðxÞ∂xb̃ðxÞ ð6:18Þ

Since we are concern on the effective solutions which can
recover the Schwarzschild metric in the low curvature
region, it has

VðxÞ ¼ c̃ðxÞ∂xζ̃ðxÞ
ζ̃ðxÞ − ṽðxÞ∂xb̃ðxÞ ¼ 0 ð6:19Þ

with recalling the statements below (2.28).

Substitute the ansatz (6.17) in to the EOMs (6.13) and
(6.19). With denoting y ¼ x − t, we have

−
dṽðyÞ
dy

¼ ṽðyÞð2 sin ½2b̃ðyÞ þ c̃ðyÞ� þ sin ½2b̃ðyÞ�Þ
4β

ffiffiffiffi
Δ

p
lp

ð6:20Þ

−
db̃ðyÞ
dy

¼ −
sinðb̃ðyÞÞ
β

ffiffiffiffi
Δ

p
lp

�
2 sin ½b̃ðyÞ þ c̃ðyÞ� þ sin ½b̃ðyÞ�

8πβ
ffiffiffiffi
Δ

p
lp

−
c̃ðyÞ
ṽðyÞ cos ½b̃ðyÞ þ c̃ðyÞ�

�

−
1

8πζ̃ðyÞ2 þ
π

2

1

ṽðyÞ2
�
dζ̃ðyÞ2
dy

�
2

ð6:21Þ

−
dζ̃ðyÞ
dy

¼ ζ̃ðyÞ sin ½b̃ðyÞ� cos ½b̃ðyÞ þ c̃ðyÞ�
β

ffiffiffiffi
Δ

p
lp

ð6:22Þ

−
dc̃ðyÞ
dy

¼ ṽðyÞ
4πζ̃ðyÞ2 þ 2πζ̃ðyÞ2 d

dy

�
1

ṽðyÞ
dζ̃ðyÞ2
dy

�
ð6:23Þ

and

c̃ðyÞ
ζ̃ðyÞ

dζ̃ðyÞ
dy

− ṽðyÞ db̃ðyÞ
dy

¼ 0 ð6:24Þ

To get the solutions, the Eqs. (6.20), (6.22), (6.23), and
(6.24) are chosen. A set of numerical results is shown in
Fig. 1. Since (6.21) is used to get the solution, we can use it
to check the accuracy of our solutions. Substituting the
numerical solutions achieved from (6.20), (6.22), (6.23),
and (6.24) into (6.21), we have the residuals plotted in
Fig. 2. According to the numerical results, for y ¼ x − t →
−∞, the variables behaves as

ṽðx − tÞ ¼ eaþbjx−tjl−1p ; b̃ðx − tÞ ¼ c;

ζ̃ðx − tÞ ¼ r0; c̃ðx − tÞ ¼ d ð6:25Þ
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where a, b, c, r0 and d are constants. Thus, at y → −∞ is
the spacetime is diffeomorphism to Nariai geometry taking
dS2 × S2 metric

ds2 ¼ −dt2 þ
�
ṽðx; tÞ
ζ̃2

�
2

dx2 þ ζ̃2dΩ2; ð6:26Þ

where the metric in terms of the variables ṽ and ζ̃ is given in
[28,34]. This result is the same as the results given in [28],
which is not surprising because the equations (6.20), (6.21),

(6.22) and (6.23) are the same as that used in [28]. Thus one
can refer to [28] for more details on this solution.
According to the analysis there, both the area of S2 and
the dS radius of the Nariai geometry obtained in this model
are of quantum size. In other words, the current model
predicts a quantum final fate of Schwarzschild BH.
However, it should be emphasized that this is not credible
always, which will be shown below by discussing the scope
of the continuous effective descriptions.
Let us discuss the scope of continuous effective differ-

ential equations (6.20)–(6.23). At first, the derivation from
(6.3) to (6.7) requires

vðvÞ ≫ 4πβ
ffiffiffiffi
Δ

p
l3
p; ∀ v ∈ VðγÞ: ð6:27Þ

According to (6.11), this meansZ
eðvÞ

dxṽðxÞ ≫ 4πβ
ffiffiffiffi
Δ

p
l3
p; ∀ v ∈ VðγÞ: ð6:28Þ

Let ṽmin be the smallest value of ṽðx; tÞ. SinceR
eðvÞ dxṽðxÞ > δxṽmin where δx denotes the coordinate
length of eðvÞ, it is concluded that (6.28) can be satisfied
provided that

δxṽmin ≫ 4πβ
ffiffiffiffi
Δ

p
l3
p: ð6:29Þ

The solutions to (6.20)–(6.23) is determined by the
initial data. Meanwhile, the initial data are chosen such

FIG. 1. Solutions to (6.20), (6.22), (6.23), and (6.24). The initial data are chosen such that ṽðy0Þ ¼ 6πF0y0, b̃ðy0Þ ¼ − 1
6πy0

,
ζ̃ðy0Þ ¼ ð3

2

ffiffiffiffiffiffi
F0

p
y0Þ2=3, c̃ðy0Þ ¼ 3F0

2
, and ζ̃0ðy0Þ ¼ 2

3
ð3
2

ffiffiffiffiffiffi
F0

p
y0Þ−1=3 with y0 ¼ 105lp and F0 ¼ 104lp. The initial data are choose by

considering the Schwarzschild solution with 2GM ¼ F0 in Lemâitre coordinate at x − t ¼ y0. The parameters are set to be Δ ¼ 0.1 and
β ¼ 0.2375.

FIG. 2. The residuals of (6.21) by substituting the numerical
solutions shown in Fig. 1.
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that in the low curvature region the effective dynamics
returns to the Schwarzschild metric which depends only on
its mass M. As a consequence, the value ṽmin, as the
minimal value of the solution, is related to the mass of the
Schwarzschild spacetime to set the initial data. According
to our numerical computation shown in Fig. 3, the
correlation between ṽmin and M, for M ≫ 1, can be well
approximated by a formula of the form

ṽmin ≅ αð2GMÞlp: ð6:30Þ

where α is some coefficient depends only on β
ffiffiffiffi
Δ

p
lp, i.e.,

α ¼ αðβ ffiffiffiffi
Δ

p
lpÞ, because the coefficients in (6.20)–(6.23)

depends on β
ffiffiffiffi
Δ

p
lp merely. The dependence of α on

β
ffiffiffiffi
Δ

p
lp can be investigated numerically, which, as shown

in Fig. 4, is

αðβ
ffiffiffiffi
Δ

p
lpÞ ≅ α0β

ffiffiffiffi
Δ

p
ð6:31Þ

with α0 ≅ 3.0000. Therefore, for M ≫ 1, ṽmin is approxi-
mated by

ṽmin ≅ α0β
ffiffiffiffi
Δ

p
ð2GMÞlp: ð6:32Þ

Substituting (6.32) into (6.29), we finally obtain that

2GM
lp

≫
4π

α0

lp

δx
ð6:33Þ

which presents the scope of the continuous effective EOMs.
It should be emphasized that δx is the coordinate length of
each edge in a specific coordinate such that the effective
metric depends only on x − t and, takes the limit of
Schwarzschild metric in Lemâitre coordinate in the low

curvature region. Moreover, the above discussion assumed
that the lattice γ is equidistant in this specific coordinate.
According to (6.33), δx should take large values to

enlarge the scope of the continuous effective EOMs.
However, since we used differentials to approximate the
differences in (6.9), a tension arises that δx cannot be too
large. To see more explicitly how this tension limits δx, one
notices that the approximations of differences by differ-
entials in (6.9) are

1

vðvÞ ðζðvþ 1Þ2 − ζðvÞ2Þ ≅ 1

ṽðxÞ ∂xðζ̃ðxÞ2Þ
����
x¼mideðvÞ�

ζðvþ 1Þ2 − ζðvÞ2
vðvÞ −

ζðvÞ2 − ζðv − 1Þ2
vðv − 1Þ

�

≅ ∂x

�
1

ṽðxÞ ∂xðζ̃ðxÞ2Þ
�����

x¼mideðvÞ

: ð6:34Þ

The last equations omit the dependence of all variables on t
for simplicity. That is, we are discussing the validity these
two equations for a fixed t. Consider the first equation as an
example. According to (6.11), one has

1

vðvÞðζðvþ1Þ2−ζðvÞ2Þ

¼
�∂xðζ̃2ÞðmideðvÞÞ

ṽðmideðvÞÞ
þ1

2

∂2
xðζ̃2Þðc0Þδx
ṽðmideðvÞÞ

�
1

1þ ∂xṽðcÞδx
2ṽðmideðvÞÞ

ð6:35Þ
where c and c0 are some points in eðvÞ and the mean-value
form of the remainder of the Taylor series is applied.
As mentioned above, in the region x − t ≫ 1, the solutions
to the effective continuous EOMs converge to the
Schwarzschild metric in Lemâitre coordinate, i.e.,

FIG. 4. Plot of the values α, introduced in (6.32), depending on
β

ffiffiffiffi
Δ

p
lp. As shown in the figure, α depends on β

ffiffiffiffi
Δ

p
linearly.

More explicitly, α ¼ α0β
ffiffiffiffi
Δ

p
with α0 ¼ 3.0000 according to the

numerical results shown here.

FIG. 3. Dependence of ṽmin on M for various values of Δ. As
shown in the figure, forM ≫ 1, ṽmin can be well approximated by
(6.30). In this plot, the values of αi, corresponding to Δi, with
i ¼ 1, 2 are computed by (6.31). The parameters are chosen as
β ¼ 0.2375.
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ζ̃ðx; tÞ ¼
�
3

2

ffiffiffiffi
F

p
ðx − tÞ

�
2=3

ṽðx; tÞ ¼ 6πFðx − tÞ ð6:36Þ
with some constant F. Substituting these expressions into
(6.35), we have

1

vðvÞðζðvþ1Þ2−ζðvÞ2Þ¼ ∂xðζ̃2ÞðmideðvÞÞ
ṽðmideðvÞÞ

þoðδx=ðx− tÞÞ:

ð6:37Þ

Thus in the region x − t ≫ 1, the differentials can well
approximate the differences if δx ∼ 1. Moreover, because
ζ̃ðx; tÞ keeps constant in the region x − t ≪ −1, the differ-
entials can well approximate the differences in this region
for any value of δx. As a summary, the approximation of the
differences by differentials is well behaved in the region
jx − tj ≫ 1. Thus, we only need to check the validity of this
approximation in the region of jx − tj ∼ 1. To do this, we
substitute (6.11) into (6.9) and numerically compute the
following dimensionless variables

errvðv; tÞ ≔ −
lp

vðv; tÞ
dvðv; tÞ

dt
þ ð2 sin ½2bðv; tÞ þ cðv; tÞ� þ sin ½2bðv; tÞ�Þ

2β
ffiffiffiffi
Δ

p ;

errbðv; tÞ ≔ −l2
p
dbðv; tÞ

dt
−
sinðbðv; tÞÞ

β
ffiffiffiffi
Δ

p


2 sin ½bðv; tÞ þ cðv; tÞ� þ sin ½bðv; tÞ�

8πβ
ffiffiffiffi
Δ

p − lp
cðv; tÞ
vðv; tÞ cos ½bðv; tÞ þ cðv; tÞ�

�

−
l2
p

8πζðv; tÞ2 þ
π

2

l2
p

vðv; tÞ2 ðζðv; tÞ
2 − ζðvþ 1; tÞ2Þ2;

errζðv; tÞ ≔ −
lp

ζðv; tÞ
dζðv; tÞ

dt
þ sin ½bðv; tÞ� cos ½bðv; tÞ þ cðv; tÞ�

β
ffiffiffiffi
Δ

p ;

errcðv; tÞ ≔ −
l2
p

vðv; tÞ
dcðv; tÞ

dt
þ l2

p

4πζðv; tÞ2 þ 2πl2
p
ζðv; tÞ2
vðv; tÞ

�
ζðvþ 1; tÞ2 − ζðv; tÞ2

vðv; tÞ −
ζðv; tÞ2 − ζðv − 1; tÞ2

vðv − 1; tÞ
�
: ð6:38Þ

Figure 5 plots the values of max jerrvj, max jerrbj,
max jerrζj and max jerrcj which are defined by

max jerrvj ≔ max
t∈R;v∈VðγÞ

jerrvðv; tÞj;

max jerrbj ≔ max
t∈R;v∈VðγÞ

jerrbðv; tÞj;

max jerrζj ≔ max
t∈R;v∈VðγÞ

jerrζðv; tÞj;

max jerrcj ≔ max
t∈R;v∈VðγÞ

jerrcðv; tÞj: ð6:39Þ

According to (6.33), the minimal values of 2GMl−1
p for a

fixed δx is ð2GMl−1
p Þmin ≅ 4.19=ðδxl−1

p Þ, which is 4.19 ×
10−4 for the case plotted in Fig. 5. Thus, the inequality of
(6.33) is satisfied for 2GM ≥ 106lp. Moreover, as shown
in Fig. 5, the values of max jerrvj, max jerrbj, max jerrζj and
max jerrcj are tiny. Thus the solutions to the differential
equations (6.13) approximate well the solutions to the
difference EOMs (6.9) for large 2GM. Note that for large
2GM, δx can be chosen small. However, for small 2GM,
this conclusion is no longer valid due to the large value of
the allowed δx. This can be seen intuitively from the
numerical results. Figure 6 plots the values of max jerrvj,
max jerrbj, max jerrζj and max jerrcj depending on δx for

2GM ¼ 100lp. For 2GM ¼ 100lp, the allowed values of

δx by (6.33) are those satisfying δxl−1
p ≫ 4.19 × 10−2

which are indicated by the red lines in Fig. 6. However, as
shown in Fig. 6, the values of max jerrvj, max jerrbj,
max jerrζj and max jerrcj are no longer small for the

allowed δx. Thus the solutions to the differential equa-
tions (6.13) no longer well approximate the solutions to the
difference EOMs (6.9).
By this analysis, the discrete EOMs (6.9) have correct

classical limit only if the inequality (6.33) is satisfied and,
simultaneously δx is so small that solutions to (6.9) are
compatible with that of the continuous effective dynamics
which ensures that the classical Schwarzschild solutions are
recovered asymptotically. However, these two conditions
lead to opposite tendencies for the values of δx. According
to (6.33), δx should be large so that (6.9) can be valid for a
large scope, which is contradictory to the second require-
ment that δx should be small such that the continuous
EOMs can well approximate the discrete ones. This tension
prevent the value of δx to vanishing, because for vanishing
δx, the effective EOMs are no longer valid for any 2GM.
However, on the other hand, this tension requires δx to be
small enough, because otherwise the continuous EOMs
cannot give well-approximated solutions to the discrete
EOMs. This argument implies that δx should be some
finitely small value. Recalling that δx is the length of the
edges in γ, we conclude that the current model does not
allow γ to shrink to a continuous line, even though the
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FIG. 6. The values of max jerrvj, max jerrbj, max jerrζj and max jerrcj depending on δx for 2GM ¼ 100lp (black dots). δxl−1
p ¼

4π=ðα0ð2GMÞl−1
p Þ is plotted by the red lines which indicate the allowed values of δxl−1

p by (6.33).

FIG. 5. Plots of the values of max jerrvj, max jerrbj, max jerrζj and max jerrcj depending on 2GM for δx ¼ 10−4lp. By (6.33), the
minimal values of ð2GMÞl−1

p in this case is 4π=ðα0δxl−1
p Þ ≈ 4.19 × 104.
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classical theory is presented based on a continuous line.
Thus, the lattice structure underlying the current model is
fundamental. However, this conclusion does not mean that
the current lattice model never owns continuous limit.
Since δx is small, the discrete EOMs can be well approxi-
mated by the differential EOMs (6.13), which can be
derived from a continuous Hamiltonian (6.16) together
with the Poisson brackets (6.15). Thus, the continuous
description of the lattice model is the model where the
phase space, consisting of fields ðṽðxÞ; b̃ðxÞ; ζ̃ðxÞ; c̃ðxÞÞ on
R, is endowed with the Poisson brackets (6.15) and the
Hamiltonian (6.16). This continuous description is usually
referred to as the effective dynamics and has been studied
in [28]. However, according to our analysis, this continuous
description is only valid for black holes with macro masses
satisfying (6.33) but not for small BHs. In other words,
macro BHs and small BHs could behave differently if the
LQG effects are considered.

VII. CONCLUSION AND OUTLOOK

This paper considers the loop quantum theory of spheri-
cally symmetric gravity coupled to Gaussian dusts where
the Gaussian dusts provide a material reference frame of the
space and time to deparametrize gravity. Classically, the
dynamics of this model can give the Schwarzschild solution
in Lemaître coordinate. Thus this model provide an
approach to study the spherically symmetric BH. As in

the usual loop quantum theory, the present model is
constructed base on some graph γ which is an 1-dimen-
sional lattice here. By using the μ̄-scheme to regularize the
physical Hamiltonian, we obtain an Hamiltonian operator
which governs the quantum dynamics. Then the quantum
dynamics is studied by the path integral formulation and an
effective action is obtained. With this effective action, an
effective continuous description of the quantum lattice
model is derived which is encoded in (6.16). Noted that
(6.16) is indeed the classical Hamiltonian with the hol-
onomy correction which is usually used in literature like
[28]. However, according to our analysis, this effective
continuous description is valid only if (6.33) holds. In other
works, this effective description, roughly speaking, is valid
for macro BHs but not for small BHs. Therefore, it is
natural to ask questions on the dynamics of small BHs.
Moreover, it is also interesting to introduce BH evaporation
to the current model and consider the issue on the final fate
of the evaporation. These topics will be left for our further
studying.
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