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Fermionic Bell violation in the presence of background electromagnetic
fields in the cosmological de Sitter spacetime
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The violation of the Bell inequality for Dirac fermions is investigated in the cosmological de Sitter

spacetime, in the presence of background electromagnetic fields of constant strengths. The orthonormal

Dirac mode functions are obtained and the relevant in-out squeezed state expansion in terms of the

Bogoliubov coefficients are found. We focus on two scenarios here: strong electric field and heavy mass

limits (with respect to the Hubble constant). Using the squeezed state expansion, we then demonstrate the

Bell violations for the vacuum and some maximally entangled initial states. Even though a background

magnetic field alone cannot create particles, in the presence of background electric field and or spacetime

curvature, it can affect the particle creation rate. Thus, our chief aim here is to investigate the role of the
background magnetic field strength in the Bell violation. Qualitative differences in this regard for different
maximally entangled initial states are shown. Further extension of these results to the so-called a vacua are

also discussed.

DOI: 10.1103/PhysRevD.104.125012

I. INTRODUCTION

One of the most outstanding features of quantum
mechanics is certainly the entanglement, associated with
the nonlocal properties of the quantum mechanical meas-
urement procedure [1-9]. After experimental confirmation,
this has been placed on firm physical grounds [10,11]. We
refer our readers to, e.g., [12—17] and references therein for
extensive reviews and pedagogical discussions on quantum
entanglement and its various measures.

A very important and useful measure of quantum
entanglement is the violation of the Bell inequality [2,3]
(see also [16] for an excellent pedagogical discussion),
which has been confirmed experimentally [10,11]. Such
violation clearly rules out the so-called classical hidden
variable theories and establishes the probabilistic and (for
entangled states) the nonlocal characteristics associated
with the quantum measurement procedure, e.g., [6,8,9]
(also references therein). The Bell inequality was origi-
nally designed for bipartite pure states, which was later
extended to multipartite systems, altogether known as the
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Bell-Mermin-Klyshko inequalities (or the Clauser-Horne-
Shimony-Holt inequality) [3,12—14].

There are a couple of distinct relativistic sectors where
entanglement properties of quantum fields emerge very
naturally, due to the creation of entangled particle pairs.
The first is the maximally extended nonextremal black hole
spacetimes, or the Rindler spacetime, where the entangle-
ment of quantum fields between two causally disconnected
spacetime wedges have been investigated, e.g., [18-22].
The second is the cosmological backgrounds where the
vacuum in the asymptotic future (the out vacuum) is related
to that of the asymptotic past (the in vacuum) via squeezed
state expansion, due to pair creation. We refer our reader
to, e.g., [23-32] and references therein for discussions on
various measures of bosonic and fermionic fields in different
coordinatization of the de Sitter spacetime. Even in the flat
spacetime particle pair creation is possible in the presence
of a “sufficiently” strong background electric field, viz. the
Schwinger pair creation, e.g., [33]. Various aspects of
entanglement properties between created particle-antipar-
ticle pairs in the Schwinger mechanism, including the effect
of a background magnetic field, can be seen in [34—40]. We
also refer our readers to, e.g., [41,42] for interesting aspects
of entanglement in the flat space quantum field theory and to
[43,44] for holographic aspects of entanglement.

The study of entanglement in the context of the early
inflationary era can give us insight about the state of a
quantum field in the early Universe. Such investigations
should not be regarded as mere academic interests, as
attempts have been made to predict their possible obser-
vational signatures as well. Specifically, entanglement
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generated in the early Universe can affect the cosmological
correlation functions or the cosmic microwave background
(CMB). For example, the fermionic entanglement may lead
to the breaking of scale invariance of the inflationary power
spectra [45]. It was argued in [46] by studying the violation
of the Bell inequality by the photons coming from certain
high redshift quasars that they are entangled, indicating the
existence of entangled quantum states in the early Universe.
We also refer our readers to [47] and references therein for
discussion on signature of Bell violation in the CMB and its
observational constraints pertaining the Bell operators and
some course graining parameter.

In the cosmological spacetimes, particle pair creation
occurs due to the background spacetime curvature, e.g.,
[33]. However if background electromagnetic fields are
also present there, the particle creation can further be
affected. A particularly interesting scenario is the early
inflationary spacetime endowed with primordial electro-
magnetic fields. Computations on the Schwinger effect for
both bosonic and fermionic fields in the de Sitter spacetime
and its possible connection to the observed magnetic field
in the intergalactic spaces (i.e., the so-called Galactic
dynamo problem [48]) can be seen in, e.g., [49-54].

In this paper, we wish to compute the Bell violation for
fermions in the cosmological de Sitter spacetime, in the
presence of constant background electromagnetic fields.
Previous studies on cosmological Bell violation can be
seen in, e.g., [24,25,30]. Note that a magnetic field alone
cannot create vacuum instability [33] and can be intui-
tively understood as follows. Let us imagine a particle-
antiparticle pair is created due to the application of a
magnetic field. They must move in opposite directions
to get separated. However, the magnetic Lorentz force

e x B acts in the same direction for both particle and
antiparticle. Thus by applying a magnetic field alone, no
matter how strong it is, we cannot create pairs. However,
one may expect that in the presence of background
spacetime curvature and/or electric field, it can affect
the pair creation rate. The entanglement will also certainly
vary if the pair creation rate is altered.

In a flat spacetime, pair creation only due to a back-
ground electric field is expected to cease upon the appli-
cation of a magnetic field of sufficiently high strength, due
to the aforementioned oppositely directed Lorentz force
created by them. Accordingly, the degradation of correla-
tion or information between entangled states due to particle
creation would also cease, as has been shown recently in
[40]. Let us now consider, in addition, the spacetime
curvature that would also create particle pairs. Will the
magnetic field be able to stop the particle creation due to the
gravitational field? The intuitive answer is no, as follows. In
a pure gravitational background, a created particle pair will
follow geodesics and become observables in a spacetime
like the de Sitter spacetime due to the geodesic deviation
[55]. Such deviations happen even for initially parallel

trajectories. Thus as the particle-antiparticle pair created in
the presence of geometric curvature propagates, they are
expected to get separated irrespective of the presence of
Lorentz force imparted by the background magnetic field,
even though that force is acting in the same direction for
both of them. This also indicates that, in the absence of an
electric field, the magnetic field perhaps cannot affect the
particle creation due to the gravitational field at all. We
shall check these intuitive guesses explicitly in the next
section. Our goal here is to study the effect of the back-
ground magnetic field strength on the Bell violation.

Apart from this, a physical motivation behind this
study comes from the possible connection between the
primordial electromagnetic fields and the aforemen-
tioned Galactic dynamo problem, e.g., [50]. We wish to
consider fermions instead of a complex scalar, as the
former are more realistic. Let us speculate about some
possible observational consequences of the model we
study. For example, one can compute the power spectra by
tracing out the fermionic degrees of freedom (interacting
with the inflaton or gravitational excitations) and check
the breaking of scale invariance as in [45]. Likewise, if we
also consider the quantum part of the electromagnetic
sector, it should carry information about the entangled
fermionic states once we trace out the fermionic degrees of
freedom, originating from the photon-fermion interaction.
Thus one can expect that the photons coming from the
distant past undergoing the Bell test, as in [46], will carry
information about such entangled fermionic states. Since
these states are defined in the presence of the primordial
background electromagnetic fields, the Bell test might
also carry information about those background fields.
This can possibly be used to constrain the corresponding
field strengths and test the proposition of [50]. With this
motivation, and as a problem to begin with, we shall
simply compute below the fermionic Bell violation in the
cosmological de Sitter spacetime in the presence of
background electromagnetic fields, as a viable measure
of quantum entanglement.

The rest of the paper is organized as follows. In Sec. II
and the Appendix, we compute the orthonormal in and out
Dirac modes in the cosmological de Sitter spacetime in the
presence of constant background electric and magnetic
fields. The Bogoliubov coefficients and the squeezed state
relationship between the in and out vacua are also found.
Using this, we compute the vacuum entanglement entropy
in Sec. III. The Bell inequality violations for the vacuum
and also two maximally entangled initial states are com-
puted in Sec. IV. All these results are further extended in
Sec. V to the so-called one parameter fermionic a vacua.
Finally we conclude in Sec. VI. We shall assume either the
field is heavily massive or the electric field strength is very
high (with respect to the Hubble constant).

We shall work with the mostly positive signature of
the metric in (3 + 1) dimensions and will set c=1="
throughout.
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II. THE IN AND OUT DIRAC MODES

For our purpose, we first need to solve the Dirac equation
in the cosmological de Sitter spacetime in the presence
of constant background electromagnetic fields. The fol-
lowing will be an extension of the solutions found earlier in
the same spacetime but in the absence of any magnetic
field [51,53].

The Dirac equation in a general curved spacetime reads,

(i}lﬂDu - m)l//(X) =0, (1)
where the gauge cum spin covariant derivative reads,
D,=0,+ieA, +T,.

The spin connection is given by

1
Fﬂ - g eZ (aﬂebl/ - Fﬁvebl) [},a’ 7b] ’ (2)

where the latin indices represent the local inertial frame and
¢!, are the tetrads.

The de Sitter spacetime metric in (3 + 1) dimensions
reads

1
ds* = prom (=dn? + dx* + dy* + dz?), (3)
where H is the Hubble constant and the conformal time 7
varies from —oo < 57 < 07. Choosing now e, = a(n)dj,, we
have from (2),

1 .
L, ==y (n)a(n)s,,

5 i=1,2.3, (4)

where the prime denotes differentiation once with respect
“ Ig'eﬁning a new variable in terms of the scale factor
a(n) = —1/Hn as
£=ay, (5)
and using (4), the Dirac equation (1) becomes,
(iey®d, — eA,eay” —m)&(n, %) = 0. (6)
Substituting next

&(n, X) = (ieay®0, — eA ey +m)¢(n,X)  (7)

into (6), we obtain the squared Dirac equation
{(@ + ieA,)? — m*a?
+ i(ma’aegyo - gaze’t’,yanbew)] {(n,X)=0. (8)

We choose the gauge to obtain constant electric and
magnetic fields in the z direction as

E .
A, = ByS), — I (a—1)5, 9)
where E and B are constants. Making now the ansatz

C<n7 £> - e_ieZE/Heik/.fCS (’7’ y)a)S7

in (8), where k, = (k,,0,k.), we have

eB
(2 — (k, + eBy)?) — 2 — k2 + 2HLak, — H*L*a* — m*a* + iHa® (Myo + Ly%3 + H—azfﬁ)] Co(n,y)og, =0, (10)

where

m
M=—
H

eE

and L =—

H2

are dimensionless mass and electric field strengths. Note also in (10) that the matrices (My° + Ly"y?) and y'y?> commute
and hence we may treat w, to be their simultaneous eigenvectors. Thus (10) becomes

(05 = (ky + eBy)?) + (=05 — wf + idso(n) + ief,B) |L;(n.y) =0, (11)

where 4, = 1, f, = £i and we have abbreviated

w? = k2 —2HLak, + H*a*(L> + M?),

o(n) = a*H*\/ L* + M>. (12)

The explicit expressions for the four orthonormal eigenvectors @, are given in the Appendix. Substituting now for the
variable separation, {(n,y) = ¢;(1)h,(y) into (11), we obtain the decoupled equations
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(03 + f —ido(n) + )& (1) =0 and (02 — (k, + eBy)? + S, + if,eB)h,(y) = 0, (13)

where S is the separation constant. Clearly, we can have four sets of such pair of equations corresponding to the different
choices of A, = 1 and f, = £i. For example, for i, = 1, f;, = —i and A, = 1, B, = i, we, respectively, have

(82 + w? —io(n) + S1>g1(11) =0 and (83 — (kg + eBy)* + S, + eB)hl(y) =0,
<8,% +w? —io(n) + SQ> ¢ () =0 and (83 — (ky + eBy)> + S, — eB) hy(y) = 0. (14)

Let us first focus on the spatial equations. In terms of the variable

()

it is easy to see that the spatial differential equations of (14) reduce to the Hermite differential equation, with the separation
constants,

S, =2neB and S, =2(n-+ 1)eB,

where n = 0, 1,2.... denote the Landau levels. Thus we have the normalized solutions

e 1/2 2
LB )G = b))

hmwzhﬁﬂ=<§ﬂjﬁ;IT_

where H,,(7) are the Hermite polynomials of order n.
For the two temporal equations in (14), we introduce the variables

2i\/k2+ S, 2i\/k2+ S,

= - d —
< aH and 2 aH ’
so that they, respectively, become
I« 1/4 —u? I « 1/4 —u?
(T ULE P PO U2 )
4z 7] 4 2 7

where we have abbreviated

ik.L ik.L (1, )
K| = ————., K= —————, =(s+ivVM>+L?). 16
! 2+, : 2+ S, =2 (16)

Note that x| , depend upon the sign of k.. From now on, we shall only focus on the situation (M? + L?) > 1, for which
U~ ivVM?+ L? ~ilu

in (16). This corresponds to either very strong electric field or highly massive field, or both. Then the general solutions for
(15) are given by

51(z1) = CiWy i (z1) + DiMy, (z1)  and  65(22) = CoW,, i1 (22) + DM, 14 (22), (17)

where W and M are the Whittaker functions [56] and C;, C,, D;, and D, are constants.
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Let us now find out the positive frequency “in” modes,
i.e., the mode functions whose temporal part behaves as
positive frequency plane waves as 7 — —oo. In this limit,
we have [56]

Wi i (21) ~ eV ESupe,

Thus, for such modes, we must set D; =0 = D, in (17).
Putting things together, we write the two positive frequency
in mode functions as

i (,%) = e LR SW (20 R, ()@,

Likewise, since as # — 0~ [56]

M (z1) ~ /12,

the positive frequency out modes can be defined with
respect to the cosmological time 7 ( = —In Hy/H), and we
choose them to be

N, = erliilsen(k)/2,

N, = erkalsen(ic)/2,

?unt(n’ ) - e_iHLzeik/.zMKs,ilﬂl (Zs)hn(}_))ws (S = 172)’

(19)

However, recall that the {’s appearing in Egs. (18) and
(19) are not the original Dirac modes, as of Egs. (5) and (8).
We thus have the complete set of positive and negative
frequency in and out modes,

. 1 . .
Ut =D Vi =CUn,)",
S
1 .
UM =D V=), (5= 1.2)
N
(20)

where C = iy? is the charge conjugation matrix. Hence
the V modes appearing above are the negative frequency
modes. The normalization constants appearing above are
given by

M] :M2:

V2ulem 2, (21)

where the sign dependence of the normalization constants originates from the sign dependence (of k) of the parameters «;,
(16). The explicit form of the mode functions in (20) and the evaluation of the normalization constants are discussed in the

Appendix.

It is easy to check that these mode functions satisfy the orthonormality relations,

(U (k). U, (6:K) = (Vi (6K )). Vi (i K)) = 2Ry~ K )3,

(UK, U, (i) =

with all the other inner products vanishing.

(Vi) Vol (13K) = (= K)o, 22)

In terms of these orthonormal modes, we now make the field quantization

-

w(n, %)

nys=1,2

/2”‘13/2 {am ky.s. nUL (% k/) +b] (k/’ s, 1) Vi, (x; /_Cb/)}

dzk
S e 2 [utEp s musisE) by vy | 23)
nys=1,2

where the creation and annihilation operators are assumed to satisfy the usual canonical anticommutation relations.
Using now the relations between the Whittaker functions [56],

(-2l
Wetn @) =R 2 =l - x

My i1 (2) = —ie™™M _, y,(=2)

into Egs. (18)-(20), we find

M, T(=2ilu])

Uk = G = T =)

)MK,i|/4| (Z) + (

Ud%(x; k )+ je~lun S M,

[ (2i]ul)
I(1/2 + ilu| —«)

MK.—i|/4| (Z)?

L (2i[u])
N (172 + ilu] = xy)

Ve (x k)
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Substituting this into (23), we obtain the Bogoliubov
relations

aom(/_c;/, s,n) = a_yain(lz/, s,n) — tbfn(—zf §,1),
bom(lz/, s,n) = asbin(lz}/, s,n) + ﬂf{aﬁl(—lz/, s,n). (26)
The canonical anticommutation relations ensure

la,> + B> =1 (s=1,2).

Recalling we are working with |u| > 1, we have

M,

N

'(2i[u])
D(ilu| = x;)

We find from the above after using some identities of the
gamma function [56], the spectra of pair creation

p,~ie (s =1,2). (27)

sinh 77 (|| & [x])

e~ (lulElxs]) .
sinh 27| u|

B3 = (s=12), (28)

where the £ sign correspond, respectively, to k, > 0 and
k, < 0, and originates from the fact that x, depends upon
the sign of k,, (16). The above expression is formally
similar to the case where only a background electric field is
present [51]. The contribution to the particle creation from
the magnetic field comes solely from the coefficients x; and
there is no contribution of it (i.e., k, = 0) if either the
electric field is vanishing or the magnetic field strength is
infinitely large. Note also that, if we set £ = 0 in (28), we
reproduce the well-known fermionic blackbody spectra of
created particles with temperature Ty, = H/2x, e.g., [30],

1

2 _
|ﬁs|j: ezﬂw +1

(s =1,2), (29)

where |u| = M = m/H. The above discussions show that,
in the absence of an electric field, the magnetic field cannot
alter the particle creation rate, as we intuitively anticipated
toward the middle of Sec. I. Finally, we also note from (28)
that since |u| = (M? +L?*)'/2, for E#0, and even if
B — o0, the particle creation due to the electric field does
not completely vanish, unlike that of the flat spacetime
[40]. Once again, this should correspond to the fact that the
mutual separation of the pairs created by the electric field as
they propagate is also happening here due to the expanding
gravitational field of the de Sitter spacetime, upon which
the magnetic field has no effect.

Since the parameters M and L denote the dimensionless
rest mass and the strength of the electric field [cf. discussion
below (10)], let us consider in the following two qualita-
tively distinct cases, keeping in mind (M? + L?) > 1.

Case 1: M?>1 and M?> L? hence in this
case particle creation is happening chiefly due to the

background spacetime curvature. We have from (28) in
this limit,

|ﬁ&‘|§: ~ e—2ﬂ'M(1 _ e—27rM€$27z|xx\ + O(e-zsz)). (30)

Thus |B,]2 > |B|2. Since the electromagnetic field is
weak here, they would have little effect on the particle
creation. Note, in particular, from the expression of
that, if we keep the electric field strength and k, fixed,
|B,|%. decreases whereas |f,]2 increases with the magnetic
field strength, and for extremely high B value, the particle
creation rate coincides to that of only due to the spacetime
curvature.

Case 2: L? > 1 and L? > M?, hence in this case particle
creation is happening chiefly due to the background electric
field. We have from (28),

|ﬂs|i ~ e—an(l _ e—27rL€$27z|K“.\ + 0(6_4”L)). (31)

Thus in this case also |5,]2 > |B,|*, and |B,|% decreases
whereas || increases with the magnetic field strength,
while the other parameters are held fixed. We wish to focus
only on |,|? in the following. In our computation, we shall
often encounter the complex S, value. Hence, instead of
using Egs. (30) or (31), we shall work with (27), by taking
numerical values of the parameters appropriate for the
particular case.

Subject to the field quantization in (23), the in and the
out vacua are defined as

amaz/, 5,1n)|0)n =0 = bi,,(zz/, 5.n)[0)"  and
gui(k 5, 1)[0)° = 0 = by (K 5, n)[0),

Thus the Bogoliubov relations (26) imply a (normalized)
squeezed state expansion between the in and out states for a
given momentum,

00" = (a0 0%+ i1 )

® <a2|01(<2)0(_2k>>out +ﬁ2|1](<2)1(_2k)>0ut)_ (32)

As we have discussed above, since we shall be working
only with the “—” sign of (28), f, and «a, appearing
above are understood as f;_ and f,_ and «;_ and a,_,
respectively.

The excited in states can be written in terms of the out
states by applying the in-creation operators on the left-hand
side of (32) and then using the Bogoliubov relations (26) on
its right-hand side.
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Finally, we note that the s = 1, 2 sectors are factorized in
(32), leading to

0" = [0")" @ J0i7)".

Thus, for simplicity, we can work only with a single sector,

say [0{")in, of the in vacuum.

Being equipped with these, we are now ready to go to the
computation of the Bell violation. However, before we do
that, we wish to compute the entanglement entropy
associated with the vacuum state.

III. ENTANGLEMENT ENTROPY
OF THE VACUUM

If a system is made of two subsystems, say A and B,
the entanglement entropy of A is defined as the von
Neumann entropy of py, S(ps) = —Tra(palnp,), where
pa 1s the reduced density operator p, = Trpp,p. The
entanglement entropy of B is defined in a likewise manner.
If p,p corresponds to a pure state, one has S(p,) = S(pp),
and it is vanishing when p,p is also separable, p p =
pa ® pp. The von Neumann entropies satisfy a subaddi-
tivity S(pag) < S(pa) + S(pp), where S(psp) is the von
Neumann entropy corresponding to p,p, and the equality
holds if and only if p,p is separable, e.g., [16].

We wish to compute the entanglement entropy for the

state |0,<(1)>i“, defined at the end of the preceding section.
The density matrix corresponding to this state is pure,
Py = |0§{1)>i“in<0,<€1) |. Using (32), we write down p, in terms
of the out states, which contain both k£ and —k degrees of
freedom. The reduced density matrix corresponding to
the k sector (say, particle) is given by p;, = Tr_py =

ot P10y (0| + 12117y (1], and hence the
entanglement entropy is give by

Sk
0141

0.12
0.10
0.08
0.06
0.04

0.02

0.005 0.010 0.015 0.020 0.025 0.030

Ak
=)
(33)

Sy = =TrepeInp = —|In(1 = |1 *) + |1 * In

We also have S, = S_;, as we are dealing with a pure state.

Since we are chiefly interested here in the effect of the
magnetic field strength, let us extract a dimensionless
parameter from (16),

7261’13
= k% .

The Q dependence of S} is depicted in Fig. 1 for the two
cases [“large” (L? > M?) and “small” (L> < M?) electric
fields], discussed in the preceding section. For a given
mode (i.e., n, k, fixed) thus, the increase in Q corresponds
to the increase in the B value. As can be seen in the figure,
the entanglement entropy decreases monotonically with the
increase in the magnetic field strength. This corresponds to
the fact that the vacuum entanglement entropy originates
from the pair creation, which decreases with increasing B
for both the cases we have considered.

IV. THE VIOLATION OF THE BELL
INEQUALITIES

A. The Bell inequalities

The construction of the Bell or the Bell-Mermin-
Klyshko operators for fermions are similar to that of
the scalar field, e.g., [16,25] and references therein. Let
us consider two pairs of noncommuting observables
defined, respectively, over the Hilbert spaces H, and
Hp: (01,0)) € Hy and (0,, O)) € Hp. We assume that
these are spin-1/2 operators along specific directions, such
as O = n;0;, O' = nlo;, where o,’s are the Pauli matrices
and n;, n§ are unit vectors on the three-dimensional

Sk

15x1078
1.x1078

5.x1079 |

Q
0.2 0.4 0.6 0.8 1.0

FIG. 1. We have plotted entanglement entropy (33) corresponding to the vacuum state with respect to the parameter Q = 2neB/k2.
The left plot corresponds to the case L? >> M?, where we have taken L = 100 and different curves correspond to different M values
(blue M = 10, yellow M = 12, and green M = 16). The right plot corresponds to M? >> L?, where we have taken M = 5, and different
curves correspond to different L values (blue L = 1, yellow L = 1.5, and green L = 2). For a given mode, the entanglement entropy
decreases monotonically with increasing B for both the cases due to the decrease in the particle creation. See main text for detail.
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Euclidean space. The eigenvalues of each of these operators
are +1. The Bell operator B € H, ® Hp is defined as
(suppressing the tensor product sign)

In theories with classical local hidden variables, we have
the so-called Bell’s inequality, (B%) <4 and |(B)| < 2.
However, this inequality is violated in quantum mechanics
as follows. We have from (34),

B> =1-1[0,.,01][0,, 03], (35)

where I is the identity operator. Using the commutation
relations for the Pauli matrices, one gets |(B)| <2v/2,
thereby obtaining a violation of Bell’s inequality, where the
equality is regarded as the maximum violation.

The above construction can be extended to multipartite
systems with pure density matrices as well, corresponding
to squeezed states formed by mixing different modes. We
refer our readers to [25] and references therein for details.

We wish to investigate below Bell’s inequality violation
for the vacuum, as well as some maximally entangled initial
states.

B. Bell violation for the vacuum state
We wish to find out the expectation value of B, (34), with

respect to the vacuum state |0,((1)>i“, given at the end of
Sec. II. In order to do this, one usually introduces
pseudospin operators measuring the parity in the Hilbert
space along different axes, e.g., [25] and references therein.
These operators for fermionic systems with eigenvalues 41
are defined as

.S = S, cos@ + sinO(e?S_ + e7?S,),  (36)
where fi = (sin € cos ¢, sin @ sin ¢, cos ¢) is a unit vector in

the Euclidean three-plane. The action of the operators S,
and S, are defined on the out states,

5.10) = —0),
S.|1) =0, S_|0)=0,

S =11, $,]0) = 1),
S_I1) = [0). (37)

Without any loss of generality, we take the operators to be
confined to the x-z plane, so that we may set ¢p = 0 in (36).
We may then take in (34), O; = 1i; -S and O} = 1i’; -S with
i = 1, 2. Here 1; and fi’; are two pairs of unit vectors in the
Euclidean three-plane, characterized by their angles with
the z axis, 0; and @, (with i = 1, 2), respectively.

Using the above constructions and the squeezed state
expansion [(32)] and also the operations (37) defined on the
out states, the desired expectation value is given by

i) B0()in = [E(6),60,) + E(6,,6)) + E(6).6,)
— E(6,,60))], (38)

where O; and O/ are assumed to operate, respectively, on
the k and —k sectors of the out states in (32), and

E(0,,0,) = cos @, cos O, + 2|a ;| sin O, sin 6,.

Choosing now 8; = 0,60, = z/2, and 0, = -0, we have
from (38),

(048I0 )" = 2(cos 6 + 2|a | sin6).  (39)

The above expression maximizes at 6, = tan~! (2|a;3,|),
so that the above expectation value becomes

<B>max = 2(1 + 4|a]ﬂ1 |2)l/2'

Thus (B)nax = 2, and hence there is Bell violation for
|A1] > 0. We have plotted (B),,., in Fig. 2 with respect to
the parameter Q = 2enB/k? as earlier. We have considered
only the case of strong electric field L? 3> M?, for the other
case does not show any significant violation nor numerical
variation. As for the vacuum entanglement entropy, Fig. 1,
the Bell violation decreases monotonically with the increas-
ing magnetic field (for a given mode) and reaches the value
2. Once again, this happens due to the suppression of the
particle creation by the magnetic field.

Note that the vacuum state is pure. Instead of vacuum,
if we consider a pure but maximally entangled state, make
its squeezed state expansion, and then trace out some
parts of it in order to construct a bipartite subsystem, the
resulting density matrix turns out to be mixed. The above

<B>

2.15
2.10

2.05

\——— .
0.005 0.010 0.015 0.020 0.025 0.030

L L !

FIG. 2. We have plotted Bell’s violation (B),... [(39)], corre-
sponding to the vacuum state, with respect to the parameter
Q = 2enB/ k2. We have plotted only the case L? > M?, for the
other case (M? > L?) does not show any significant violation or
numerical variation. We have taken L = 100 and different curves
correspond to different M values (blue M = 10, yellow M = 12,
and green M = 16).
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construction is valid for pure ensembles only and one
requires a different formalism to deal with mixed ensem-
bles, e.g., [6,21]. We wish to study two such cases below, in
order to demonstrate their qualitative differences with the
vacuum case.

C. Bell violation for maximally entangled
initial states

We wish to consider maximally entangled initial states
(corresponding to two fermionic fields) in the following.
For computational simplicity, we assume that both fields
have the same rest mass, and we consider modes in which
their momenta along the z direction and the Landau levels
are the same.

The density matrix corresponding to the initial state can
be expanded into the out states via (32) and then any
2 degrees of freedom is traced out in order to construct a
bipartite system. The resulting reduced density matrix turns
out to be mixed. For such a system, the Bell violation
measure is defined as [6,21]

<Bmax> =2 V A1+ 4o, (40)

ly) =

(0!1 |0p0—p>0m + ﬁl |1p1—p>0m)(al |0k0—k>0u[ + ﬁl | lkl—k>om) + |0p1—p>0m| lko—k>0ut

where 1; and 4, are the two largest eigenvalues of the 3 x 3
matrix U = (T,)"T,, with T = Trlpo; @ ¢;], where p is
the aforementioned mixed density matrix. 7 is called the
correlation matrix for the generalized Bloch decomposition
of p. Since the reduced density matrix represents a bipartite
system, the violation of the Bell inequality as earlier will
correspond to (B..) > 2 in (40).
We begin by considering the initial state,

10,0200 )" +[1,0_,0,1 )"
N .

In the four entries of a ket above, the first pair of states
corresponds to one fermionic field, whereas the last pair
corresponds to another. The + sign in front of the momenta
stands, respectively, for the particle and antiparticle degrees
of freedom.

Recall that we are assuming the created particles have the
same rest mass, and we are working with modes for which
the Landau levels and the k, values for both the fields are
coincident. Using then Egs. (26) and (32), we reexpress
(41) in the out basis as

lw) (41)

V2

(42)

We shall focus below only on the correlations between the particle-particle and the particle-antiparticle sectors
corresponding to the density matrix of the above state. Accordingly, tracing out first the antiparticle-antiparticle degrees of
freedom of the density matrix p®) = |y) (|, we construct the reduced density matrix for the particle-particle sector,

|0‘1|4

1

oy =T pp®) =

Likewise, we can obtain the reduced density matrix for the particle-antiparticle sector,

|y |4
1 0
/’?),-k = Tr—p,k(p(o)) ) 0
at

The correlation matrices corresponding to Eqgs. (43) and (44) are, respectively, given by

Re(a,41) 0
T(pR,) = 0 —Re(a11)
0 0

and

0 0 0
2 * 0
oy | (alﬂl)z (43)
ap |a1ﬂ1| 0
0 0 N
0 0 (a})?
2 0 0
oy | . (44)
0 oy | 0
0 0 1B+ +1
0
0 (45)

%(|051|4 =20 1B F =1+ |Bi]*)
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<$p—k0 >
28|

26

24

22

2.0

1 1 1 1 O
0.01 0.02 0.03 0.04

FIG. 3.

corresponds to M? > L> (M =5 and L = 1). (BY ;) .

Re(a?) 0
TS ) = 0 Re(a?)
0 0
Using Egs. (45) and (46), we compute the matrices U (p? hp) =
(T )T} ,) and U _,) = (T, k)TT(/),, )
Equation (40) yields then after a little algebra
(B )max = 2V2Re( ) (47)

and

e = 2/ (Re(@)2 + (1 = 2l )2 (48)

We have plotted (3%
parameter Q = 2neB/k? as earlier, depicting the Bell
violation ((B)_; ) ,.x > 2) for both strong and weak electric
fields. (B3}

k >mdx7
4

> i) max in Fig. 3 with respect to the

max
on the other hand, does not show any such
violation.

We next consider another maximally entangled state
given by

11,0_,0,0_)™ +10,0_,1,0_;)"
V2

Following similar steps as described above by partially
tracing out the original density matrix p!) = |y){(y|, we
have the mixed bipartite density matrices, respectlvely, for
the particle-particle and the particle-antiparticle sectors,

) =

(49)

Pip = Tf—k,—p(ﬂm) and p;:,—k = Tr—p,k(p(l>)’ (50)

which, respectively, yield the Bell violations

3 (o [*

<Bp—k0 >

2.8
26+
2.4+

22+

Bell violation for the particle-antiparticle sector p _» (44), corresponding to the initial state in (41). We have plotted (48) with
respect to the parameter Q = 2neB/k%. The left plot corresponds to L> > M? (L =

100 and M = 10), whereas the right one

> 2 corresponds to the Bell violation.

0
0 : (46)
=20 PIBi P+ 1+ 181
I
<ka>max 2\/§|al|2 and <B})—k>max = zﬁRe(ﬂlaT)'
(51)
We have plotted <ka)mdx in Fig. 4 with respect to the

parameter Q for strong electric field L? > M?. For
M? > L2, we also have violation, however, it does not
show any significant numerical variation. On the other
hand, we find no violation for the particle-antiparticle

sector (B}, ;) max-

<ka1 >

2.94
2,92
2.90
2.88

2.86

2.84

0.002 0.004 0.006 0.008 0.010

FIG. 4. Bell violation for pk » (50) corresponding to the initial
state in (49). We have plotted (B} > (51), with respect to the

parameter Q = 2neB/k?, for L? > M2 (L =100 and M = 10).
The other case, M2 > L2, does show Bell violation but there is
no significant numerical variation. Note that in contrast to Fig. 3
the behavior is monotonic here and qualitatively it rather
resembles the vacuum case, as in Fig. 2.
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Before we conclude, we wish to further extend the above
results for the so-called fermionic « vacua.

V. THE CASE OF THE FERMIONIC o« VACUA

The fermionic a vacua, like the scalar field [57,58],
correspond to a Bogoliubov transformation characterized
by a parameter a in the in mode field quantization.
Although such vacua may not be very useful to do
perturbation theory, e.g., [59,60], it still attracts attention
chiefly from the perspective of the so-called trans-
Planckian censorship conjecture, e.g., [61].

In order to construct such vacua, from (23), we define a
new set of annihilation and creation operators [62],

ca(l_c)/, §,1) = cos aain(lz}/, s,n) — sin ab;(lz}/, s, n),
d“(lz/, §,1) = cos abin(lz}/, s,n) + sin aafn(lz/, s,n), (52)

where the parameter «a is real and 0 < a < /2. The above
relations indicate that we need to define a new, one
parameter family of vacuum state |0),, so that

0} = 0 = d|0),.

An a-vacuum state is related to the original in-vacuum state
via a squeezed state expansion. Note that (52) does not
mix the sectors s = 1 and s = 2. Thus, as in the previous
analysis, we work only with the s = 1 sector and write for
the normalized a-vacuum state,

10, = cosal0y 0"y 4 sinal 110y, (53)

Using now (32) into the above equation, we reexpress |O)((,1)
in terms of the out states

00¢” = |0y 00 4 g1 1w, (54)

where

, ajcosa+ fysina
a = s
V14 2(a1; + pia;) cosasina

ﬁ/

B a; sina + fcosa
V1 +2(ayf; + pia;) cosasina

(55)

are the effective Bogoliubov coefficients. Note the formal
similarity between Egs. (54) and (32). Setting a = 0 in the
first reproduces the second.

The above-mentioned formal similarity thus ensures that
the expressions for either the vacuum entanglement entropy
or the Bell violation for the a states can be obtained from
our earlier results [Egs. (33), (39), (47), (48), and (51)], by
simply making the replacements

ay —a), and f; - p.
Some aspects of entanglement for scalar a vacua can be
seen in, e.g., [63—66] (also references therein). See also [28]
for discussion on the natural emergence of a-like vacua for
fermions in the hyperbolic de Sitter spacetime.

For the fermionic case, the vacuum entanglement
entropy, (33), modifies to the a vacua as

S
L= B P21

which is plotted in Fig. 5 with respect to the parameters
Q =2enB/k? and a. We see that S¢ first increases with
increase in the parameter a and has its maximum at
a = n/4, after which it decreases and becomes vanishing
as a - /2. Likewise, the Bell violation for the vacuum
state, (39), can be extended to the @ vacua and is plotted in
Fig. 6. Like the vacuum entanglement entropy, the vacuum
Bell violation also reaches maximum at a = z/4 and
becomes vanishing as a — z/2.

The vanishing of both vacuum entanglement entropy and
Bell violation as & — /2 can be understood as follows. In
this limit, only the excited state part of (53) survives.

S¢ = —|In(1=[pi[*) + |8} In (56)

FIG. 5. Entanglement entropy for the fermionic a vacua, (53). We have plotted (56) vs the parameters Q = 2enB/k? and a. The left
one corresponds to L2 3> M? (L = 100 and M = 10), whereas the right one corresponds to M? > L?> (M = 5and L = 1). See main text

for discussions.

125012-11



ALIL, BHATTACHARYA, CHAKRABORTTY, and KAUSHAL PHYS. REV. D 104, 125012 (2021)

0.010

FIG. 6. Bell violation for the fermionic « vacua. As we have discussed in the main text, we have plotted (39) after replacing «; and f,
respectively, by o} and f3] given by (55). The left one corresponds to L2 > M? (L = 100 and M = 10), whereas the right one
corresponds to M? > L?> (M =5 and L = 1). (B) > 2 corresponds to the Bell violation.

a,max

0.010

FIG. 7. Bell violation for the particle-antiparticle sector corresponding to the initial « state in (57). As we have discussed in the main
text, we have basically plotted (48) after replacing @, 3, respectively, by ] and f; [(55)]. The left plot corresponds to L? > M?>
(L =100 and M = 10), whereas the right one corresponds to M? > L?> (M =5 and L = 1). (B)gmax > 2 corresponds to the Bell

violation. The particle-particle sector corresponding to this initial state does not show any Bell violation, like the & = 0 case discussed in
Sec. IV C.

0.0

0.010

FIG. 8. Bell violation for the particle-particle sector corresponding to the initial state in (58). The left plot corresponds to L* > M?
(L = 100 and M = 10), whereas the right one corresponds to M? > L* (M = 5 and L = 1). As earlier, (B), ., > 2 corresponds to the

Bell violation. The particle-antiparticle sector corresponding to this initial state does not show any violation, like the @ = 0 case
discussed in Sec. IV C.
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Equation (32) then implies that the corresponding out-basis
expansion of this state is not only pure, but also separable.
Thus, in this limit, no entanglement survives.

Let us now come to the case of the maximally entangled
states. The states of Eqs. (41) and (49), respectively,
modify as

_ 10,0,0,0_)i2 4 [1,0_,0¢1 )i
V2

¥)a (57)

and

_11,05,000-)1 + 10,0, 1,0
= .

Using (53), and the method described in Sec. IV C, we
can easily extend the results of the Bell violation we found
earlier. As we mentioned earlier, this generalization effec-
tively corresponds to just replacing «a;, f;, respectively, by
@, and f) [(55)] in appropriate places [e.g., in (47)]. We
have plotted these Bell violations in Figs. 7 and 8.

) o

(58)

VI. SUMMARY AND OUTLOOK

In this work, we have discussed the fermionic Bell
violation in the cosmological de Sitter spacetime, in the
presence of primordial electromagnetic fields of constant
strengths. We have found relevant in and out orthonormal
Dirac mode functions, the Bogoliubov coefficients and the
resultant squeezed state relationship between the in and out
states, in Sec. II. Using these key results, we have computed
the vacuum entanglement entropy and the Bell violation
(for both vacuum and two maximally entangled initial
states), respectively, in Secs. III and IV. These results are
extended further to the so-called fermionic a vacua in
Sec. V. We have focused on two qualitatively distinct cases
here—the “strong” electric filed and the ‘“heavy” mass
limits (with respect to the Hubble constant), cf. Egs. (30)
and (31).

As we have discussed in Sec. I, a background magnetic
field alone cannot create vacuum instability, but in the
presence of spacetime curvature and electric field, it can
affect such instability or the rate of the particle pair
creation. This is manifest from (28), which receives, as
we have discussed, no contribution from the magnetic field
if the electric field strength is vanishing. Whereas if the
magnetic field strength is very large compared to that of the
electric field, the particle creation rate also becomes
independent of the electromagnetic fields. Our chief aim
in this paper was to investigate the role of the magnetic field
strength on the Bell violation. We have seen that, subject to
the choices of the initial states, the behavior of the Bell
violation can be qualitatively different, e.g., Figs. 2 and 3.
For the case of the o vacua, on the other hand, we have also
taken into account the variation of the parameter a,
e.g., Fig. 5.

The above analysis can be attempted to be extended in a
few interesting scenarios. For example, instead of having
only constant electromagnetic fields, can we also have
fluctuating ones, like electromagnetic radiation? Can one
also include the effect of gravitational radiation? Finally, it
seems also interesting to perform similar analysis in the
Rindler spacetime, for its relevance to the near horizon
geometry of nonextremal black holes. Discussion of the
Schwinger pair creation for a complex scalar field coupled
to a constant background electric field in the Rindler
spacetime can be seen in [67]. Finally, as we have discussed
in Sec. I, it will be important to compute the breaking of
scale invariance of the cosmological power spectra in the
presence of primordial electromagnetic fields and also to
compute the Bell violation by the photons (interacting with
the entangled fermions) coming from very distant sources,
with the hope to constrain the strengths of those back-
ground fields. A gauge invariant formulation of an effective
action for the second problem seems to be a nontrivial task.
We hope to come back to this issue in future works.

ACKNOWLEDGMENTS

M. S. A. is fully supported by the Institute Scheme for
Innovative Research and Development (ISIRD) Grant
No. 9-252/2016/IITRPR/708. S.B. is partially supported
by the ISIRD Grant No. 9-289/2017/IITRPR/704. S. C. is
partially supported by the ISIRD Grant No. 9-252/2016/
I'TRPR/708.

APPENDIX: EXPLICIT FORM OF THE MODE
FUNCTIONS AND NORMALIZATIONS

The four orthonormal simultaneous eigenvectors @, of
the operators (My° + Ly°y?) and y'y? appearing in (10) are
given by,

/ML —L 0
M MP+L2+L
1 0 1 s
W) =—- » Wy =7~ )
Py 1 P, 0
0 1
0 MPHLP L
VML M
1| X==== 1 0
o= | |, wy=o . (A1)
Py 0 P, -1
—1 0

where P; and P, are normalization constants. w3 and @y
are, respectively, related to @w; and w, via the charge
conjugation, ;4 = Cw},, where C = iy>. The explicit
representation of the gamma matrices we are using is
given by
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7,0_<(I) é) yi_<_ii ‘(’;) (i=1,2,3). (A2)

We also note here the explicit forms of the positive frequency in and out modes appearing in (20), as follows:

0
in 4 . .
tn =N g7 {(i0, = kp°7 + aH(My° + Ly°r)) + (ir°r0, — (k. + eBy)ry')}
x TR T, (20 hy (P (A3)
= N {(i0, = kp°7 + aH(My° + Ly°r)) + (ir°r0, — (k. + eBy)r’r')}
x e ML TW ) (2) (R, (A4)
7/O
Uy, = M, {(i0, = ky'7* + aH(My* + Ly°r*)) + (ir°r*0y — (ke + eBy)y°r")}
« e—iHLzeil?er"?‘MKl,ﬂm (z1)h, ()1, (A5)
7/O
Uy = T {(i0, = k7 + aH(My° + Ly°r)) + (ir°r*0, — (k. + eBy)y°r')}
x e L2k SN i (22) Dy (F) s (A6)

Whereas the negative frequency modes (found via the charge conjugation of the above positive frequency modes,
V = iy?U*) are given by

0

in 4 :
Vin = g W0y = ky’y* + aH(My? + Ly°r)) + (ir°y*0, = (ke = eBY)r'r')}
1
X eiHLze_iky.}W—K].—i\u\(_Zl)hn(y—)w?w (A7)
20 = 5 L0y =k + aH(MY" + Ly°r")) + (ir?0y — (ke = eBy)r’y')}
2
S eiHLze_iky.;W—Kz,—i\ﬂ\(_Z2>hn(y—)w4, (AS)
0
= a7 {(i0, =k’ + aH(My° + Ly°r)) + (ir°r*0, — (k. — eBy)y°r")}
X elHLZe_lky-xM—Kl,—iM(_Zl)hn (y—>w3v (A9)
0
S = M, {(i0, = k7 + aH(My° + Ly°r)) + (ir°r*0, — (k. — eBy)r’r")}
S elHLZe_lk')/‘xM—Kz,—iM(_Z2)hn (y—)a)4~ (AIO)

The normalization constants N, N,, M, and M, are given by (21). We shall explicitly evaluate N below. The rest can be
derived in a similar manner. Using Eqgs. (A1) and (A3), we find after some algebra
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. . k,L . _
(o = (= VA L)Wy )

kZM S _ — - % T
+ WXI Wi i @0)ha(9) = (0yh,(3) + (ke + eBy)hn(y))WK],,-ﬂ(m)wg]
. k,L _
X [(‘lar,WK].iﬂ(Zl) - <\/JT/I7Z—+—I7 —aH\V/ M?* + L2> Wkl,i|;4(zl)>hn(y)wl
k.M _ _ -
+ ﬁxlwxl,iw(zl)hn(y) - (ayhn(y) + (kx + eB)’)hn(Y))WK],i,l(Zl)%] . (All)

The x and z integrals trivially give 6(k, — k),)8(k, — k) = 62(1_(;,— l:;,) Using the orthonormality of @, and w3, and the
definition of the variable y appearing below (14), the y integral is extracted to be

/ d)_)[avhn()_})ayhn’ ()_]) + )_)hn()_’)ayhn’<)_}) + }_}hn’ (y)ayhn(y) + yzhn’(y)hn(y)]

Using some properties of the Hermite polynomials [56], the first term equals
- - _ 1
/ dyoyh, (y)Oyh, (3) = 3eB (n + 6) By -
Second and third integrals vanish,
[ @55 m)0,hul5) =0 = [ 55 hul5)0,0,(5).

whereas the fourth integral equals

1
[ @50,1,5)0,0: 5153 = 8+ 5 )

Collecting all the pieces, the y integral becomes
1
4eB (n + Z) Oy - (A12)

Since normalization is time independent, we may choose the arguments of the Whittaker functions in (A11) as per our
convenience. Accordingly, we choose n — —oo, for which W, ;| ~ ea/ 271", We have

Wit (20) W i (20)) " = emlen® 9 W (20)0, (W iy (20)) " = emilsent® (k2 4-5)),

ar](WKI.iM(Zl ))*WKI,iM(Zl) - ar]WKI,iM(Zl)(WKI.iM(ZI))* = 2i€ﬂ‘Kllsgn<k1) \/ k% + Sl . (A13)

|
Put.ting. everything togethezr in (Al{l), we ﬁfld the norrpali— For the normalization of the out modes, we choose
zation integral becomes &°(k, — k,)5,,s, with the choice the integration hypersurface to be in the asymptotic future

n — 0~ for our convenience and use in this limit

) 1/2+ilul
M, iy = (2117\ / k% + Sl) .
The normalization for the other in modes can be found in

a similar manner. The rest of the calculations remain the same.

N1 — eﬂ\Kl\Sgﬂ<kz)/2. (Al4)
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