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Chiral vortical effect in accelerated matter
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We revisit evaluation of the chiral vortical effect in accelerated matter. To first order in the acceleration
the corresponding matrix element of the axial current can be reconstructed from its flat-space limit. A
crucial point is existence of an extra conservation law of fluid helicity which is not related to the symmetry
of the Lagrangian. As a result, one can reproduce, via the equivalence principle, the effect of the so-called
gravimagnetic anomaly; resolving in this way a long standing puzzle of its interpretation. Moreover, as a
consequence of the extra conservation law the microscopic axial charge and helicity of the macroscopic
motion are separately conserved. Some further consequences from the matching of the equivalence
principle with hydrodynamics concerning higher orders in gradient expansion or in the acceleration are

briefly discussed.
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I. INTRODUCTION

Chiral effects have attracted a lot of interest recently.
These effects can influence the dynamics of a variety of
systems, from the interior of a neutron star and quark-gluon
plasma to Weyl and Dirac semimetals (for a review see, e.g.,
[1,2]). Originally these effects were evaluated in the case of
heated fermionic gas in the presence of rotation and/or an
external magnetic field [3-5]. More recently, it was realized
thatin the case of ideal fluid the chiral effects can be related to
the quantum chiral anomaly [6,7] and the corresponding
transport coefficients are explicitly calculable.

In absence of electromagnetic fields, the axial current j5
receives a vortical contribution (the chiral vortical effect, or
CVE),
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where 75 is the density of the microscopic constituents with
axial charge, u, is the four-velocity of an element of the
fluid, satisfying u> = —1, and o* = $e%u,d,uy is the
vorticity. The vortical conductivity o, is directly related to
the coefficient Cs in front of the anomaly:
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Here p is the chemical potential and 7 is the temperature of
the system. For a single Dirac fermion C5 = # and ¢ = 1.

The T2 term in the rhs of the Eq. (2) was obtained first
within the standard thermal field theory [8], but the
discussion on its origin is still going on, see e.g., [9-18].
In particular, it is suggested to be related to the gravitational

anomaly:
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where R, is the Riemann tensor. This relation is hard to
check in the hydrodynamic approach. Indeed, the right-
hand side of (3) is of the fourth order in gradients and the
corresponding current would be of the third order, while the
CVE is of the first order, see (1). It was suggested, however,
to interpret the generic temperature 7 as the Unruh temper-
ature Ty, = a/(2x) where a is the gravitational acceleration
(for details see [13,15,16]). This substitution eliminates two
of the gradients of the gravitational field in the hydro-
dynamic picture and allows to link the 72 part of the CVE
to the anomaly (3).

In addition to the gravitational anomaly (3), there is
another specific contribution to the divergence of the axial
current in the external gravitational field (see [19] and
references therein). Namely, it is argued that simultaneous
account for the rotation and the acceleration results in the
so-called gravimagnetic anomaly. The argumentation is
based on the well-known analogy between rotation and the
magnetic field. In more detail, one introduces the grav-
imagnetic fields E, = —eVg, B, = 2¢Q, where ¢ is the
Newtonian potential, —V¢ = a,, and € is an energy of an
interacting test particle. Substituting this into (2) instead of
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the usual electromagnetic fields and summing over the
Fermi sphere one gets, see [19] and references therein:
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Note that the rhs of (4) is of the second order in gradients.
Clarifying the physical meaning of (4) is one of our
aims here.

As is known, the chiral anomaly (2) reveals instabilities
in the chiral media with a nonzero axial chemical potential
us # 0, which is closely connected with the existence
of additional conservation laws of macroscopic helicities
[20-31]. Namely, a state with Q5 # 0 decays into a state
with a helical magnetic field. Generally speaking, both of
the anomalies [(3) and (4)] can trigger similar phenomena.
In particular, on the basis of (4) one could argue that the
state with a nonvanishing microscopic chirality Q5 can be
transformed into a helical macroscopic motion, even in the
absence of the electromagnetic interactions. If true, this
would be a highly nontrivial theoretical phenomenon.

Studying the CVE in an external gravitational field is
also interesting for two other reasons. First, the phenom-
enology of heavy ion collisions indicates that the matter
produced in these experiments undergoes accelerated
expansion and that this acceleration cannot be treated as
a small gradient correction (see [32] and further references
in [2]). Another point of interest in turning on gravitation is
that it is known to mimic a temperature gradient [33],

a > (5)

The advantage of exploiting this relation is that the
acceleration a, can be introduced within a well-understood
field-theoretic framework, while the notion of the temper-
ature belongs to thermodynamics.

In this paper, we start with a review of the conservation
laws of an ideal chiral fluid in a flat spacetime, and discuss
the nature of these laws in Sec. II. In Sec. III we turn to
hydrodynamics in the presence of a weak external gravi-
tational field. We evaluate the terms linear in the gravita-
tional acceleration following the standard procedure, see,
e.g., [34]. Namely, we start with the conservation laws in
the absence of an external gravitational field and then
evaluate their modification by gravity. Following this
procedure, we show that Eq. (4) is simply a manifestation
of the equivalence principle and actually coincides with
Eq. (3) in the absence of the RR term. In the same section
we identify a relation between the expansion coefficients at
the second order in gradients. In Sec. IV we briefly discuss
the terms of higher order in acceleration. Throughout the
text we use the metric signature (—,+,4+,+), and the
normalization of the Levi-Civita symbol as °!% = /=g.

II. CONSERVATION LAWS FOR IDEAL FLUIDS

Let us first consider an ideal fluid in the absence of
gravity. The hydrodynamics represent a universal approach
based on the conservation laws and expansion in gradients.

It is known, however, that in the case of an ideal fluid
there exists extra conservation laws, not related to the
symmetries of the Lagrangian (see, e.g., [20,24]). The
simplest example of such a law is the conservation of
the magnetic helicity:

1 dH 1
=— | &i*xA-B, "—_—_— | &*xE-B. (6
Fon 472 * dt 272 * (6)

If the chemical potential is constant, the electric field is
screened inside an ideal conductor, and the magnetic
helicity is conserved. Indeed, for an electric current J,; =
o,.E to be finite in the limit of the perfect magnetohydro-
dynamics 6, — oo the electric field inside the fluid should
vanish [35].

Let us emphasize that this conservation law is purely
dynamical and is not related to a symmetry of the
Lagrangian. Rather, this physics is sensitive to boundary
conditions [36]. This is a generic difference between the
specific conservation laws of an ideal fluid and Noether
currents which are conserved locally. Potentially, existence
of the extra conservation laws is a source of an unusual
infrared sensitivity. We will come back to discuss this
point later.

Chiral magnetic and chiral vortical effects are closely
related to the extra conservation laws. Indeed, with account
for the quantum chiral anomaly the conserved axial charge
for a system of massless fermions is given by

QS = Qrslaive + Hnw (7)

where Q%" is a naive microscopic axial charge.

In the effective field theory describing the electromag-
netic interaction of fermions in the hydrodynamic approxi-
mation [39], the effective interaction of the microscopic
degrees of freedom with a photon field is shifted due to the
chemical potential

A, = A, + pu,. (8)

If we substitute this into (7), we get two additional
hydrodynamic contributions to the axial charge, one being
the fluid helicity H; = 51 [ d*xu*@", and the other being
the fluid-magnetic helicity H,,,; = 55 [ d®xuB°, with B* =
ye"Py,F,; being the magnetic field in the comoving
frame of the element of fluid. Let us note that this
substitution does not capture the 77 part of the vortical
effect. With account for that part, the total axial charge is
given by

125011-2



CHIRAL VORTICAL EFFECT IN ACCELERATED MATTER

PHYS. REV. D 104, 125011 (2021)

Q5 - anive + Hm + Hf + Hmf + Htf, (9)

where the magnetic, fluid, and fluid-magnetic helicities can
be associated with the currents

1 1 1
"o H_ 2 T
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while the thermal fluid helicity H,; is the charge corre-
sponding to

a1
i :6T2w". (11)

Such an analysis, based on the consideration of hydro-
dynamic charges rather than spatial currents, albeit not new,
is generally unnoted in the literature. Moreover, quantum
field theory brings in a novel perspective on the role of the
extra conservation laws.

Indeed, the substitution (8) demonstrates the connection
between the chiral vortical conductivity and the quantum
anomaly existing even in the absence of electromagnetic
fields. A crucial point is that the connection holds for the
calculation of the currents, not their divergences. The
reason is that the anomalous contributions to the currents
are defined by the infrared properties of the system, while
the divergences of anomalous currents are defined by the
physics in the ultraviolet. Roughly speaking, if we try to
reconstruct currents knowing their divergences the contri-
butions discussed appear as “integration constants.” In
other words, the condition of vanishing divergences of
the novel contributions to the currents becomes a constraint
on the equation of state of the ideal fluid.

Let us elaborate this point following [24]. The condition
0, — o0 requires % — 0, % = 0. Introducing a kinematic
acceleration a, = u”0,u, = W’ ®,,, with ®,, = d,u, — 0,u,,
and algebraically decomposing @, in a, and w, one finds

00" = 2a,0". (12)
Note that Eq. (12) is purely kinematic. In order to account for
the dynamics of the fluid we use the relativistic Euler

equation,

1
€e+p

Ay = —

Ao/’aﬁp, (13)

where € is the energy density, p is the pressure, and the
projector A,z = gop + gy satisties u®A 5 = 0. Using that
along with thermodynamical relations dp = ndu + sdT and
€ + p = nu + sT (here n is the density of the chosen kind of
particles and s is the entropy density), one can rewrite (13) as

05T nT
aa_—Aaﬁ(ﬂT+€+paﬁ(§)). (14)

It is convenient at that point to change the thermodynamic
variables from g, T to % and T Then for the various parts of
the conserved hydrodynamic current we have

T? ’nT E,
27':2501]'? = 20" e Oy d + HRE Pa) 2uE,w%
- €+ p T e+pT
(15)
2”2811.].%‘]‘ = (aaﬂ - /’taa)Ba - 2/4an(17
= E,B% — 2uE, 0" (16)

We see that the sum of the magnetic, fluid, and mixed
helicities is conserved by itself,

8&]% + 80[/? + 80!.].;}‘ = 0; (17)

which means that there is no production of the microscopic
axial charge in the ideal-fluid regime and

Oy(nsu*) =0, (18)

even though the macroscopic helicities can interchange
with each other. Let us note that this picture breaks with the
introduction of viscosity but as long as the ideal-fluid
approximation is valid, it stays true.

As for the T2 contribution, it is simply conserved by

itself:
2nT? E
= (o, (L) -Z2)er =0. (19)
€+ p T T

In particular, it seems that, in the ideal regime, there is no
mechanism of transition between this part of fluid vorticity
and the magnetic helicity, although vortical response in the
photonic helical current is nonzero [11].

Note that all of these additional conservation laws take
place only in the stationary case. This brings up the
question of what happens if we introduce some non-
stationarity into the system. One way to do that is to
consider the system in an external gravitational field, which
is the focus of the next section. As was discussed in the
Introduction, it seems that in this case there should be some
additional inputs to the hydrodynamic charge. Another
possible source of nonconservation is dissipative effects,
which, in turn, can translate the nonstationarity caused by
an external field into a stationary flow, which is charac-
terized by the corresponding transport coefficients. In
principal, there should be some corrections to the hydro-
dynamic charges in higher orders in the gradient expansion
as well.

a{l ( T2 a){l)
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III. TURNING ON GRAVITY

Now we consider the case of a weak external gravita-
tional field and study the terms which are linear in gravity.
In particular, we focus on the gravimagnetic anomaly,
which itself is linear in the acceleration.

The central point of our argument is that we can use the
flat-space conservation laws and rewrite them via the
equivalence principle to include the leading gravitational
effects. For instance, in the absence of electromagnetic
fields we can write the fluid helicity conservation as

1
Py v()z/'l2a)oC =

2”2 8(1( V _gMZwa) =0, (20)

1
2712\/—_9
where V,, is the covariant derivative. However, in the weak
gravitational field approximation we can rewrite it as a
correction to its flat-background form, 8,,(0” = 0. To do so
let us consider an ideal fluid in an external weak gravita-
tional field, i, = g,, — 1, of a simple form with the only
nonzero component being

hoo — —Zb, (21)

where b = b(t,x) plays the role of a gravitational potential.
If, in addition to the condition of the gravitational field to be
weak, we require the fluctuations of the velocity of the fluid
to be small as well, u' = v’ < 1, then the four-velocity of
the fluid takes the form w* = (1 — b, v). Substituting this
into Eq. (20) and noticing that \/=g =1+ b+ O(h?),
we get

2
Y
8(1]]("(0) - _P (Q : Vb)7 (22)

with Q@ =1V x».

Turning to the relativistic case we notice that the metric
in form (21) says nothing about the state of the fluid in the
geometry described by that metric. In fact, choice (21)
actually fixes the frame we are working in without any
reference to the fluid flow. In general, one has to specify the
boundary conditions in order to proceed. For our purposes
we have to describe a fluid such that each of its elements is
accelerating. That means that the metric should have form
(21) in the local rest frame of a fluid element, and we use
the following ansatz:

hy,, = —2bu,u,, (23)

1774
with b = —%u"u”hﬂy.
Let us stress that the redefinition (23), while looking
harmless, is in fact a nontrivial procedure beyond the first
order in gradients. Unlike the decomposition F,, = E,u,—
E,u, + eﬂmﬂu"’Bﬂ , which is identical and simply serves as a
definition of E, and B,, in the general case Eq. (23)

genuinely makes £, u-dependent and in that sense resem-
bles the chemical shift (8). Much like the latter, which in the
case of a uniform flow is simply a U(l) gauge trans-
formation, this decomposition makes the gravitational field
gauge nontrivial as u, becomes dynamic.

To preserve some notion of stationarity, or, to be more
specific, “comoving” stationarity, we also require that

u'd,b = 0. (24)

Now we can proceed to expand the hydrodynamic
variables in £,,. We will denote the order in h,, by the
subscript/superscript (7). First let us note that a change in
the geometry modifies the four-velocity of the flow, which
we can write as a series in /,,: u* = u’(’()) + u’(’l) -+ .... The

function ”}(40) would then play the role of a “flat” fluid

velocity. The corrections of the first order can be easily
found from the condition g, u*u” = —1:

w, = ul (14 b) + O(h2). (25)

Now we can use that and the equivalence principle to
find the divergence of the zero-order currents. Starting first
with a naive current nsu¥, one can see that in the ideal
regime in a flat space this current is conserved, and
therefore

1 1
0= \/—__gaﬂ\/—_gny/t” = \/—_—gaﬂnSMI(t()) + O(hZ) (26)

Thus, we see that the usual divergence of the naive current
is zero.

Proceeding further to the other equations of the ideal
hydrodynamics, we first consider the fluid helicity in the
external gravitational field,

2
o4 J— H (04
Oulf 0 = =3 0l Dub. (27)

We see that this equation actually saturates the gravimag-
netic anomaly (4), and coincides with Eq. (3). Note that we
do not refer at all to the chiral gravitational anomaly but
keep only the terms with the gravitational field coming
from the Christoffel symbols and the definition of the four-
velocity on a curved background.

One can also demonstrate that this result is actually
independent of the observer’s rotation. To see that we can
simply introduce an intrinsic rotation in the rest frame
via a new parameter in the metric as h,, = —2bu,u,—
Vyu,—V,u,, and fixing the gauge with V, u* =0,
u*d,V, = 0. Equation (27) then reads

2
N
0aif o) = = 3 (@) = Q) 0ab. (28)
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where Q% = %e“ﬂf‘” ug)) 8# V, can be thought of as an intrinsic
angular velocity of the observer’s frame. This equation
explicitly shows that the gravimagnetic anomaly, much like
the CVE itself (see [40] for further discussion), is induced
specifically by the fluid rotation and in this sense it is frame-
independent.

Coming back to the case V, =0, and including the

effects of an external electromagnetic field, we find

T2
aa]?f,(()) = _?w((l())aab (29)
0l 0y T Oadms 0) T Ol
2
— a 4
. (223() £ >8b (30)

All of these equations are a consequence of the equivalence
principle and can be arrived at starting from the flat case
through the substitution

Akinematic — gravity» (31)

H — O
where g, = —0"b.

The equivalence principle also allows us to study the
thermal effects using the analogy between the temperature
gradient and the gravitational field [33] through the
Luttinger substitution,

0,T
b =—aj = % (32)

Since the terms linear in 0,,b are fixed by the equivalence

principle, we expect that the terms linear in the %L should
be fixed as well. This conjecture can be used to determlne
the relation between the different transport coefficients. We
should note, however, that the substitution (32) should be
used cautiously as it depends on the frame we are working
in. In particular, the stationarity condition (24) implies that
the four-velocity satisfies

1
FU0.T =0, (33)

which is a nontrivial condition.

To illustrate this point we turn to a nondissipative effect
reminiscent of a thermal Hall effect, and recently discussed
in [41]. Namely, we consider two second-order contribu-
tions to the electric current (a current of a conserved charge)
of the form

5 = ¢\ A 0,0 — %aﬁ”ayn (34)

where /" is a part of @ that is orthogonal to u*,

1
o’ 5(8"u — M uh), (35)
with & u* = AMPQ,u¥ = O'u” 4 uta”, so that
o =" + 2u”a —Ea"u = —e"Pu,wp  (36)

In the simplest case of a conformal theory, dimensional
analysis tells us that ¢; = Tf1(4) and ¢, = T?f, (). Since
the second term in Eq. (34) is linear in the temperature
gradient, we expect that it could be recovered from the
covariant form of the first term in (34) in the external
gravitational field via substitution (32). However, in the
case of a conformal theory one can argue that the effective
description of the thermal gradients in terms of gravita-
tional fields should preserve the conformal symmetry, i.e.,
the metric (23) should be replaced by a conformal metric,
9w = (1 +2b)n,,. Note that this redefinition does not
change the four-velocity rescaling (25), as it is defined
only by the projection of the metric on the velocity itself
(gop in the comoving rest frame), and, therefore, the
coefficients of the gravimagnetic anomaly stay the same.
However, the expected contribution in (34) changes.

Indeed, we have w, = w,(,o) + O(b?*), and

. y 1 v
o = Clvaﬂ (l)f - CIAM/J \/_—gav<\/ _ga}f>
=(1- 3b)c1A”,,8ya)'i”7(O) - cla)’f(o)aﬂb. (37)

Thus, the first term in (34) results in the second term under
the Luttinger substitution, and we find that

Cy = TCl? (38)

in agreement with [41]. Notice that the Luttinger substi-
tution relates only the acceleration and the temperature
gradient but the metric components gain no new meaning.
The extra term in (37) coming with b without gradients can
be removed if we turn off the external gravitational field
after the second term of (34) is identified.

IV. MATCHING THE EQUIVALENCE PRINCIPLE
AND THERMODYNAMICS

So far, while considering the fluid in the external
gravitational field, we focus on the case when the gravity
introduces nonstationarity into the picture. This, again,
partially fixes the boundary conditions in our problem.
Another approach is to consider an accelerating fluid in the
equilibrium. To do that one must include acceleration into
parameters characterizing matter in the equilibrium. The
corresponding density operator p relevant to this case was
worked out rather recently (see [42]):
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1 o 1 o
p=—exp <—ﬁaPa - §waﬁ1“ﬂ> , (39)

where P is the momentum operator, J% are generators of
the Lorentz rotations, f, = %, and w5 = 1 (9,65 — OsP.)
is the thermal vorticity tensor. Note that, in contrast with
@4, Which includes only the kinematic acceleration and
vorticity of the fluid, @, also depends on the gradients of
the temperature. The Lorentz generators in (39) can be
decomposed into the boost operators K and generators of
rotations J:

J%¥ = yeKP — yPK* — eaﬁy‘suyj,;. (40)

Knowing the density operator p one can evaluate one-
loop statistically averaged matrix elements, such as matrix
elements of the energy-momentum tensor 7% or of the
axial current J¢, see in particular [43,44]. The novel point is
that the boost operators are conserved but do not commute
with the Hamiltonian [42]. If one does not introduce the
vorticity, then it turns out that the matrix elements are
polynomials in the acceleration a and temperature 7. The
whole calculation is in terms of the Minkowskian space,
and the acceleration a is now what we call kinematic
acceleration, dy;pematic-

On the other hand, one can evaluate the same matrix
elements associated with particles living on a nontrivial
manifold with a boundary—a so-called conical manifold—
at a finite temperature. The acceleration is then introduced
in geometrical terms and represents the gravitational
acceleration.

It was demonstrated that, say, energy density p,_; , for
massless spin-1/2 particles is exactly the same within the
both approaches, statistical and gravitational:

T2a* 174*
24 96072

12T
Ps=1/2 = 60

(41)

This coincidence of the results can be considered a
confirmation of the equivalence principle in a nonlinear
form. For further details see the original paper [44].

V. DISCUSSION

In these notes we have considered an application of the
equivalence principle to the ideal fluid hydrodynamics.
From the very beginning, we put an emphasis on the
conservation laws inherent to ideal fluids, since the con-
servation laws are the backbone of the hydrodynamic
approach. Considering the fluid in the ideal regime allows
us to use the formalism of unitary field theories. Since we
are interested in hydrodynamics we chose an effective field
theory which describes physics of equilibrium. The corre-
sponding effective vertices can readily be read off from the
form of the density operator.

Simple manipulations within the effective field theory
allow us to re-establish a fundamental observation: that in
ideal hydrodynamics there are extra conservation laws which
are highly nonlocal and not related to the symmetries of the
Lagrangian—the conservation laws of macroscopic helic-
ities. In fact, these conservation laws have been discussed for
along time in terms of classical theory. An unexpected turn of
logic is that now they get related to the quantum anomalies of
the underlying field theory. While the anomaly is determined
by the short-distance physics, the helical currents emerge as
an infrared completion of the theory.

We utilize the equivalence principle to consider the
accelerated motion of the fluid. The main point of this
discussion is that it can be used to obtain the effects linear in
gravitational acceleration. A particular effect that can be
recovered this way is the so-called gravimagnetic anomaly.
Formally, this result coincides with the result of Ref. [19].
The interpretation is, however, different. From our point of
view, the consequences of the equivalence principle reduce to
a classical observation @yinematic = @gravity» WHETe dyinemaic 18
associated with the introduction of a noninertial coordinate
system, while agpiy is the acceleration induced by an
external gravitational field. The gravimagnetic anomaly
appears not to be associated with any violation of the chiral
symmetry.

Although in our case [45] application of the equivalence
principle results in a routine answer, we encounter a kind of
fundamental problem that the introduction of the gravita-
tional acceleration brings in nonstationarity. This particular
issue becomes especially interesting if we go in another
direction following [33]. If we introduce dissipative effects,
this nonstationarity translates into a (stationary) transport
phenomenon. The nonstationarity that external field brings
in is important for this: say, in the stationary rotating fluid
there should be a temperature gradient causing the cen-
trifugal force but no transport along this gradient. This
becomes especially apparent if we go to the reference frame
rotating with a fluid, where the temperature gradient is
screened by a gravitational (inertial) force. In general the
correct statement is that the dissipative transport is caused
by the fields that are not screened in the “comoving”
coordinate maps (see, for example, [48,49]). This in turn
leads us to a conjecture that a global comoving coordinate
map exists in general only for an ideal fluid and dissipative
effects are in this sense similar to the introduction of a
genuine gravitational field. This also indicates the specific
nature of the conservation laws we are working with. For the
ideal fluid, every fundamental conservation law should exist
separately for each fluid element, and when the gravitational
field (which itself should be invariant with respect to the
coordinate diffeomorphisms) is applied, each volume
element should behave independently. Conservation of
the macroscopic fluid helicities, however, depends on the
boundary conditions and does not fit into this picture.
For now we leave this topic for a future discussion.
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We also illustrate a broader applicability of the equiv-
alence principle in hydrodynamics, showing that some
higher order responses involving the temperature gradient
can be related to the other transports. Such relations help
to construct a consistent hydrodynamic theory at higher
orders, and may be essential for phenomenological appli-
cations. We leave the further considerations of such related
transport coefficients for future work.

Finally, in Sec. IV we review the recent developments in
the descriptions of the accelerating-fluid equilibrium. For
that one can include the kinematic acceleration of the fluid
into the density operator p (39) and use it to calculate
statistically averaged matrix elements [42], or do the same
calculations on a curved background. The coincidence of
the results obtained using these methods can serve as an
additional confirmation of the equivalence principle. Our
final remark is that within the statistical approach linear in
acceleration terms are absent. Indeed, these terms do not
contribute to the matrix elements, see [42,44]. At first sight,

this result is in conflict with our procedure to fix the
nonzero linear terms starting from the equivalence principle.
However, there is no contradiction between the two
approaches since they are applied to two different regimes,
equilibrium and nonequilibrium. Moreover, comparison of
these two types of calculations makes manifested dependence
of the linear in acceleration terms on physics in far-infrared,
which we have emphasized in the preceding sections.
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