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Background independent field quantization with sequences
of gravity-coupled approximants. II. Metric fluctuations
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We apply the new quantization scheme outlined in M. Becker and M. Reuter, Phys. Rev. D 102, 125001
(2020), to explore the influence which quantum vacuum fluctuations of the spacetime metric exert on the
universes of quantum Einstein gravity, which is regarded an effective theory here. The scheme promotes the
principle of background independence to the level of the regularized precursors of a quantum field theory
(“approximants”) and severely constrains admissible regularization schemes. Without any tuning of
parameters, we find that the zero point oscillations of linear gravitons on maximally symmetric spacetimes
do not create the commonly expected cosmological constant problem of a cutoff-size curvature. On the
contrary, metric fluctuations are found to reduce positive curvatures to arbitrarily tiny and ultimately
vanishing values when the cutoff is lifted. This suggests that flat space could be the distinguished ground
state of pure quantum gravity. Our results contradict traditional beliefs founded upon background-

dependent calculations whose validity must be called into question therefore.
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I. INTRODUCTION

Uniting the laws of gravity with the principles of
quantum mechanics is commonly believed to present a
major challenge that is beset with formidable difficulties
and obstacles. Among the culprits that contributed perhaps
most to this belief are certain notorious divergences; they
are taken responsible for disasters such as the perturbative
nonrenormalizability of quantum general relativity, or the
exceedingly wrong theoretical expectations concerning the
observed cosmological constant, to mention just two.

On a more positive note, divergences do not always
deserve their bad reputation. Sometimes it happens that, if
one carefully listens to the physics message they tell us, all
of a sudden we see that actually the divergences are not the
cause of the problem, but rather the key to its solution.
The way in which asymptotic safety overcomes the
renormalizability problem can serve as an example of such
a metamorphosis [1-3].

This paper is devoted to a similar phenomenon con-
nected to the cosmological constant problem [4]. More
precisely, we are interested in the way quantum vacuum
fluctuations (“zero point oscillations”) influence the
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geometry of spacetime. Considering quantized metric
gravity (without matter here), the main role will be played
by the purportedly fatal quartic divergences which are at the
heart of the grossly false estimates for the expected induced
cosmological constant.

As it will turn out, if we take them seriously as the sign of
a strong, physically real quantum effect, then they can
indeed be converted from a problem to a solution. Making
essential use of the lessons implied by background inde-
pendence [3,5,6] we shall demonstrate that those diver-
gences, rather than giving rise to a spacetime curvature that
is too large by many orders of magnitude, actually do their
best to flatten spacetime. The mechanism we are going to
describe here might help then to explain why the universe
we live in is so much larger than its “natural” scale, the
Planck length.

A. Approximant systems

The present investigation extends work initiated in the
context of classical gravity [7] towards the realm of
quantum gravity. In the companion paper [7], henceforth
denoted by [I], we outlined a novel scheme for the
quantization of quantum matter fields coupled to classical
gravity. We proposed that quantum field theories should be
regularized by sequences of quasiphysical systems. Those
systems, called “approximants,” are required to possess a
well-defined number of degrees of freedom, f say, which
represent a finite subset of the excitations that can be
carried by the field. Typically, they are chosen as f of its
harmonic normal modes.

Published by the American Physical Society
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While the quantization of such finite approximants,
denoted by “App(f),” is straightforward, in principle, we
insisted that all of them are coupled to gravity; in particular
the f quantum degrees of freedom must be able to dynami-
cally backreact on the metric of the classical spacetime they
live in. Each one of the systems App(f) determines its
preferred background geometry self-consistently as the
solution of a certain tadpole condition, typically a kind of
semiclassical Einstein equation.

The total configuration of an approximant App(f) is
described by both a quantum mechanical state ¥; of the
quantized matter degrees of freedom, and a classical metric
which is self-consistent with respect to this particular
quantum state. Symbolically, we write

App(f) ~ ¥; ® metric(Vy). (1.1)

The construction of a continuum limit would then amount

to designing an infinite sequence of such systems

{App(f)} which possesses a meaningful and physically
interesting limit:

ApD(D) = Wiy @ B (Yorr). (1)

The important point here is that the limit (1.2) produces not

only a state ‘P%%T of the now fully quantized matter field

theory, but in addition also a dynamically determined

background metric g, which is self-consistent precisely

when the matter system is in the state ‘I‘(Sz(f,r of the (QFT).

B. Requirements on an improved
quantization scheme

The coupling to gravity and their individual dynamical
backreaction on the spacetime metric is a defining property
of the approximant systems. This property may be regarded
as an extension of the general principle of background
independence [5] to the regularized precursor of the
quantum field theory. In fact, in [I] we advocated the
following three general requirements concerning the quan-
tization scheme:

(R1) Background independence

(R2) Gravity-coupled approximants

(R3) N-type cutoffs.

The motivation for the last requirement, (R3), is to strictly
disentangle the concepts of, respectively, regularization,
i.e., the construction of sequences of approximants, and of
scale setting. The defining property of N-type cutoffs is that
they must not employ the metric in defining or selecting the
approximants’ degrees of freedom. As a consequence, the
numerical value associated with a specific N-cutoff is a
dimensionless number, and therefore it avoids defining any
particular length or mass scale.

In [I] we discussed in detail why the combination of
(R2) and (R3) allows us to take limits of {App(f)}

sequences that could not be considered within the standard
schemes. Intuitively speaking, the idea behind the quasi-
physical systems App(f) is the expectation that the closer
the approximants come to being quantum mechanical
systems that can actually be realized in nature, the more
likely it is that they approach a meaningful limit
lim¢_, ., App(f). In this sense, (R2) expresses that a system
can be “physical” only if it lives in harmony with gravity,
i.e., if it inhabits a spacetime geometry which is determined
dynamically by the energy and momentum of the inhab-
itants. Additionally, (R3) allows us to employ the concept
of a spacetime metric only within the individual systems
App(f), f fixed, but not for the very definition of the
approximants. In the standard regularization schemes with
dimensionful cutoffs those two roles of the metric often get
intermingled, something we consider unacceptable when
the metric is dynamical itself.

C. N-type cutoffs

Using an N-cutoff, the regularization of a generic func-
tional integral

Z= /f D(y)e=SW! (1.3)

over all fields y in a given (Hilbert) space of functions .%#
proceeds as follows. In .#, we pick a basis # =
{Wela € I}, ie., F = spanZ so that every field has an
expansion y(x) = > o5 CaWq(x) in terms of basis func-
tions w,, labeled by (a list of) indices from a certain index
set /. Regarding the measure, we interpret the ill-defined
formal product D(y)*“ = "[],ep dx(x) over all points of
the (fixed, differentiable) spacetime manifold M, as
[[,esdcq, and then we install the “N-cutoff” in the
resulting combination of infinitely many ordinary integrals.

To do so, we introduce a one-parameter family of subsets
By C % labeled by a dimensionless number N € N.' The
subsets are required to satisfy
:@()ZQ, ‘%oo:% and N2>N1=><%N23<%N1' (14)
Crucially, the specification of admissible sequences of
sub-bases,

BoC B CHByC---CByC---CHB, (15)

must not involve any data other than the index set /. Every
By must be described as

By = {wila e Iy} (1.6)

'With minor modifications, the case N € [0, o0) is possible as
well, see [I].
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with Iy C I a suitable subset of index values. Letting
Fy = span%By yields a sequence of finite dimensional
function spaces .% 5y C .%, and a corresponding sequence of
regularized integrals,

ZN = D(){)E_SD(].

Ty

(1.7)

They extend over progressively larger subspaces .% 5 when
the cutoff parameter N =0, 1,2, ..., oo is increased.

We consider (1.7) as the defining partition function
(generating functional) of the approximant system
App(N) = App(f(N)). Its degrees of freedoms are con-
stituted by a selection of f = f(N) modes of the field y. The
number f is given by the dimensionality of .%#, and
increases monotonically with N =0, 1,2, ..., co.

The deeper reason behind the requirement of an N-type
cutoff is to ensure that the individual approximants really
come close to viable physical systems in their own right, at
least to the extent that they possess a clear-cut number of
degrees of freedom. In many standard schemes, in particu-
lar those using a dimensionful cutoff scale, this would not
be the case. Typically such schemes employ a metric in
defining the regularized functional integral, and as we
explained in [I] already, it is usually impossible then to
interpret this integral as the partition function of some
quantum mechanical system. The reason of this failure is
that when gravity is dynamical, changes of the metric can
reshuffle matter degrees of freedom back and forth between
regularizations with different values of the cutoff scale.
Therefore, if we try to approximate an infinite dimensional
quantum system (a QFT) by a sequence of smaller physical
systems, we must avoid standard regularization schemes of
this sort.

Considerable care is required when the basis elements w,,
are taken to be eigenfunctions of some kinetic operator . %
which depends on the background metric:

«%/[Q]Wa[f_}] (x) = Arx[g]wa[g] (x)’ ael (18)

Even in this case, where the eigenvalues 1,[g] and the
eigenfunctions w,[g] are manifestly g-dependent, it is still
possible to define a bona fide N-cutoff in terms of

P[] = {walglla € Iy} (1.9)

and .Z y[g] = spanZy|g]. Here, the key point is that, while
the basis functions as such are metric dependent, the index
set enumerating them, Iy, is not. We refer to [I] for a
detailed discussion of this important class of N-cutoffs
which is somewhat subtle to deal with.

D. Application: Vacuum fluctuations and the
cosmological constant

In [I] we applied the new quantization scheme based
upon the three requirements (R1), (R2) and (R3) to a
concrete physical question, namely the effect of quantum
vacuum fluctuations on the curvature of spacetime.
Considering a free scalar matter field on a classical
Euclidean spacetime ($?,7,,), we constructed infinite
sequences of appropriate quantum mechanical systems,
{App(f)|f =f(N),N =0,1,2,...,0}, and for each
approximant separately we determined its respective
self-consistent metric (5i¢),, from the total state App(f) ~
Y€ ® (3§€),,- The latter is dictated by a coupled system
of equations consisting of a g, -dependent Schrodinger
equation for ¥, and a generalized Einstein equation with a
quantum stress tensor 7, [¥¢] for the metric.

Investigating the continuum limit (1.2) of sequences for
which limg_, ., W§© = W3k is the no-particle state revealed
a true surprise then: Contrary to general belief, adding
further field modes to the approximant does not increase,
but rather decreases the curvature of spacetime, and in the
continuum limit lim¢_, ., App(f) the approximants’ space-
times converge to flat space actually.

These results are strikingly different from those of the
well-known standard calculations which, following Pauli
[8], sum up zero-point energies and try to take the QFT
limit before the gravitational backreaction on the matter
system is taken into account.” The latter procedure gives
rise to an (infinitely) large induced cosmological constant
Ajpg = o0, and a correspondingly large (divergent) curva-
ture of spacetime. Indeed, our main conclusion in [I] was
that the crucial steps of taking the continuum limit f — oo,
and including gravity’s backreaction on matter do not
commute.

Thus it appears that the notorious “cosmological constant
problem,” at least to the extent it relates to zero point
oscillations, is an unphysical artifact originating from a
wrong way of taking the continuum limit. According to the
new scheme based upon (R1, 2, 3), the QFT limit f — oo is
taken after the inclusion of the backreaction. It describes a
well-defined vacuum state of the matter system that inhabits
anonsingular spacetime. The latter turns out completely flat
without any tuning of parameters or further ado.

In Fig. 1, this situation is summarized schematically. For
further details we must refer to [I].

E. Quantum fluctuations of the metric

While already in [1] gravity was treated dynamical, but at
the classical level only, the purpose of the present paper is

“Reviews of the cosmological constant problem and of earlier
attempts at its solution include Refs. [4,8—12]. Concerning more
recent foundational work on conceptual aspects of the problem,
unrelated to our approach however, we refer the reader to [13-16].
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f quantum modes:

QFT on a rigid

v > spacetime:
£ ® guv f — oo with T, ® S
_ _ g,
G = fixed = gl c e
impose impose
backreaction backreaction

f quantum modes:

U2 ® (39w f— o0

QFT on selfconsistent

spacetime: # curved spacetime:
3 ® (355)uw Ajpg = 00

singular, infinitely

FIG. 1.

The diagram illustrates that the inclusion of the gravitational backreaction (vertical arrows) does not commute with the limit

f — oo (horizontal arrows). The upper left box represents a regularized matter theory on a spacetime that carries an arbitrary metric
unrelated to the matter systems. The traditional quantization procedure follows the path “first right, then down.” Thereby, the continuum

limit f — oo is performed on a fixed, rigid spacetime with metric

QELS. This leads to an infinite cosmological constant, and when the

backreaction is included, to a singular spacetime with infinite curvature. The new quantization scheme, the path “first down, then right,”
instead results in a well-defined quantum state P3¢ on a nonsingular spacetime. It arises automatically equipped with a flat metric

(755),, (taken from [I]).

to generalize the analysis by a quantum mechanical treat-
ment also of the gravitational field itself. More precisely,
we are going to quantize the quadratic metric fluctuations
implied by the Einstein-Hilbert action, and we investigate
how their vacuum oscillations affect the self-consistent
spacetimes of the corresponding approximants.

Technically, we shall perform a linear background split
of the metric, g,, = g, + h,,, Whereby g,, is a dynami-
cally adjustable background metric, as in [I], while the
fluctuation field 4, plays a role similar to that of a matter
field. We describe the approximants App(f) by suitable
regularized action functionals of the form I'[%2,,,. ; g,,,] With
x = (y,) an arbitrary collection of additional (matter)
fields. Backgrounds g,, = ghs are self-consistent if they
allow the effective field equations implied by I" to admit the
solution £, = 0. Finding those special background geom-
etries requires solving the tadpole condition,

0 _
——T[h, x| =0,

(1.10)
5hﬂl/ h=0,5=g°¢

together with the matter field equations 6I"/dy, = 0.

In this paper we are going to focus on the case where no
genuine matter fields are present, so that the set (y,)
comprises only the Faddeev-Popov ghosts that arise by
gauge fixing the general coordinate invariance. We shall
analyze whether the spacetimes predicted by pure quantum

Einstein gravity are plagued by a cosmological constant
problem due to the zero point oscillations of the geometry.

F. This paper

The remaining sections of this paper are organized as
follows. In Sec. II we prepare the stage by introducing the
classical graviton and ghost system that we are going to
consider, and we set up the saddle point approximation of
the functional integral over all metrics.

In Sec. III we start the construction of the approximants,
and focus in particular on the (integrated trace oft the)
effective stress tensor by means of which they backreact on
gravity; a number of additional technical developments are
necessary here to make the approximants autonomous
physical systems.

The construction of the approximants is completed in
Sec. IV, where we specialize the setting for spherical
(Euclidean) spacetimes and give a detailed description of
the truncated bases that underlie the degrees of freedom
governed by App(N).

Finally, in Sec. V our main results are derived and
interpreted; there we install the self-consistent gravitational
backreaction in all approximants, and analyze the resulting
series {App(N)}, being particularly interested in the field
theory limit N — oo0. Section VI contains a brief summary
of our results.

Various details on the tensor harmonics of §¢, and on
certain spectral sum representations are relegated to three
Appendices.
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In the sequel we shall frequently refer to the companion
paper [1I] in which further details can be found.

II. VACUUM FLUCTUATIONS
OF THE GEOMETRY

In this preparatory section we assume that we are given
some generic, d-dimensional Riemannian manifold
(M, §,,) and we set up the classical and quantum theory
of metric fluctuations #,, relative to the classical back-
ground metric g,,. Performing a linear split between
background and fluctuation field, we represent the total
metric as g,, = g,, + h,,. We think of &,, as a kind of
matter field, while g, plays exactly the same role as in [I],
reviewed in the Introduction.

A. Classical gravitons and ghosts

As for its classical dynamics, we assume that g,,, and

hence h,,, are governed by the Einstein-Hilbert action
Suld =26 [ dxyG-R+20)  @1)
with
2=l (2.2)
322G

and an arbitrary bare cosmological constant, Ay.

1. Gauge fixing

In order to deal with the diffeomorphism invariance of
Sgy we promote it to a (BRST) gauge-fixed “quantum
action” in the standard way [17]. Introducing diffeomor-
phism ghosts C* and antighosts C,, respectively, it reads

S[h,C.C; 9] = Sgulg + h] + Se[h: 7]

+ Senlh, C. C3 9], (2.3)

where S, and Sy, denote the gauge fixing and ghost terms,
respectively. We adopt the formalism without a Nakanishi-
Lautrup auxiliary field and employ a gauge fixing action
which is quadratic in h,,,

Salhid) = [ x5 (P o) FE ). (24
and involves the differential operator
(2.5)

_ U B
Fi'lg) = 857D, = 577D,

The concomitant ghost action has the structure

Sgh[h,C,C;g]:—ﬂ/ddx\/ééﬂ///[mh,g]ﬂycv, (2.6)

where the corresponding Faddeev-Popov operator reads
explicitly

Mg, 9", = 75 D;(9,,Ds + 90 D,)

- QPGQIMDAQGDD/)' (27)
Here, D, and DM denote the covariant derivatives built
from g,, and g,,, respectively. It can be verified that the
total quantum action (2.3) enjoys an on-shell BRST
invariance [18].

2. Matterlike fields

In this paper we often regard the dynamical fields
(hy,.C,.C") as a special sort of “matter” which inhabits
the classical spacetime (M, g,, ). Separating off the purely
gravitational part, the corresponding “matter action” is
given by

Swlh. C.C: ) = S[h. C., C; g] - Sgnld]
= SEH[Q + h] - SEH[Q] + ng[h;g]

+Sgh[h,C’, C;gl. (2.8)
Here, we encounter an action functional of the bimetric
type at the classical level already. It depends on two
independent metrics, g,, and g,, + h,, = g,,, respectively.

3. Classical tadpole condition

For later comparison it is instructive to write down the
self-consistency condition (1.10) for the classical case,
i.e., when I" is given by the bare action S from Eq. (2.3).
We have to solve

)
oh

S[h, C, C; g] =0
v h=0,5=5°¢

(2.9)

along with two further equations in which C* and Cﬂ are
varied. The simple C(---)C-structure of the ghost action

entails that the latter equations are solved by C* = 0 = C,,.
Combining this solution with the first equation, (2.9), the

latter becomes

1)

0 = ——(Seulg + h] + Sglh: 7))
éhﬂl/ £ hzo’g:gSC
o _
Hy h=0.5=3°C

In the second line, we exploited that S is bilinear in 4,
and supplies no contribution to the functional derivative
at h =0 therefore. If we now reinstate the variable

125008-5
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9w = Gu + hyy, the condition (2.10) turns into the
expected form, namely

o
5 Sen9] =0.
) g=g5C

(2.11)

To summarize, classically the quasimatter fields
(h,C,C) governed by the full fledged BRST invariant
action live in a self-consistent background geometry if the
ghost fields vanish, and the metric g, is a stationary point
of Sgy, i.e., of the classical action functional before its
promotion to a BRST invariant action.

4. Quadratic actions: Free gravitons and ghosts

Let us expand the “matter” action Sy; given in Eq. (2.8)
around the point (2 = 0,C = 0 = C) up to terms of second
order in the dynamical fields (/, C, C). The result has the
structure

Smlh, C, C; 3] = Sgg[h; 9] + Spen|C, C; g]

+ (linear) + O(3). (2.12)
Here, “O(3)” stands for terms of cubic and higher orders,
while the “linear” terms vanish precisely when the back-
ground is a self-consistent one. Furthermore, Sgg and Sg,p,
denote the “free graviton” and “free ghost” actions, which
are bilinear in the respective dynamical fields:

Seolh: ] = 2 / A /G A (G e (2.13)

Skan[C. €3] = Se[0.C. C; g

=-V2 / d'x\/gC, A 5.3",C*.  (2.14)

The graviton’s nonminimal kinetic operator % = % +
J | comprises the two contributions 7, and #"; which
stem from the terms in the action o ,/gR and o /g,
respectively. They read, for a generic background metric,

%O[g] i [_DzKpalw + Vpﬁ/“’]

o 167G
109, = —2ApK ;1" 2.15
l[g]pa 1677.'G[ b po ] ( )
with
K””—15”5” 558" — 3 g 2.16
po ZZ[/I o T Gp_g’ugpa]' ( )

The potential-type curvature terms, built from g,,, are
given by

_ 1 _ _
V/)(flw = RK/)U”D + E [Q”DR/M + g/}(rRﬂD}
1,.,- - - -
~ 1 [BR + R, + SR+ R

- % [R¥)} 4+ R,F ). (2.17)
Here and in the following indices are always raised and
lowered with the background metric g,,. We emphasize in
particular that the fundamental dynamical variable is the
tensor field &, with two lower indices. Thus equations
such as (2.13) should be interpreted as a shorthand for

= 1 = = =PV = (o}
Srolbigl =5 [ ArBhg g P H G e (218)
with ;g% g™ abbreviated by h*.

B. Background independent quantum theory

Turning to the quantum theory now, we would like to
compute arbltrary correlation functions ((x;) - - - @(x,));

where @ = (hw, C C”) denotes the operatorial counter-
part of (h,,.C,, C ) = . The nontrivial challenge is to
compute those n-point functions as a functional of the
background metric g,,, or phrased in a different way, to
quantize the fluctuations on all possible geometries in
one go.

In this subsection we briefly review the corresponding
formal, i.e., unregularized path integrals representing the
relevant generating functionals. Later on we outline how to
regularize them by means of an N-cutoff.

Since the actual meaning is clear from the context, we

use the notation @ = (h,w, C C*) both for operators and

integration variables. Thus, after coupling the dynamical

fields ¢ = (hﬂ,,,C C*) to sources (#*,6",5,), we can
write down the following (formal) functional integral for

the generating functional of their connected correlators:

- / D(h:3)D(:5)D(E:5) exp(=S[h. €. & ]

+ / dxy/G{ P + 5,00+ o E,)). (2.19)

This functional integral involves the BRST invariant
action (2.3). It can be seen as the result of formally
applying the Faddeev-Popov trick to [ Dge~5elil, thereby
using a gauge fixing condition of the background field
type [19]. Furthermore, in Eq. (2.10) we interpret
D(ﬁ;g)D(C;g)D(é;g) as the BRST-invariant measure
found by Fujikawa [20]:
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D(h; 5)D(C;5)D(C; )

=[[ox) (deq,w(x)> (Hd@”(x)dé,(x)).

X u=v

(2.20)

Note its dependence on the background metric via the
characteristic power of the determinant g(x) = det(g,4(x)).

The formal construction of the effective action for the
“matter” fields on the (M, §) background is completed by
performing a Legendre-Fenchel transformation with
respect to the sources, at fixed g,,. This leads us to the
generating functional for the 1PI Green’s functions of fzﬂb
and the ghosts:

(A, Co. € 6] = T9u. G- G €. (2.21)

Here, the field expectation values are denoted by
B = (). C,=(C,); and C'=(C"), (2.22)

and in the case of the total metric g,, = g,, + fz,w we

write gm/ = <§;¢I/> = g}w + hm/'
The desired n-point functions can be obtained by
repeated differentiation of Eq. (2.21),

(D0r) () o (%) Mg, (223)

As we stressed already, we are particularly interested in
their g-dependence. The one-point function of the metric
fluctuation, <fzﬂy(x)>!-}, is of special significance in this
respect. Its vanishing is the defining property of a self-
consistent background geometry in the quantum mechani-
cal case. Since (§,,); = Gu + <lew>g it implies that the
expectation value of the metric operator equals exactly
the prescribed background metric if the latter is a self-
consistent one:

(Ou)g = T © (hy); =0 if g=7°. (2.24)

This requirement is known as a tadpole condition. In terms
of I', it consists of the equation

(2.25)

and, also imposing (C‘”)g = 0= (C,); two similar equa-
tions that involve ghost derivatives. The tadpole condition
(2.25) is the quantum mechanical analog of the classical
equation (2.9) discussed above. Replacing the bare action S

by the functional T', the condition of self-consistency

carries over from the classical to the quantum world in a
simple and natural way.

III. ONE-LOOP ACTION AND
FUNCTIONAL MEASURE

The loopwise expansion of integrals like (2.19) is well
known. In this section we recall the saddle point approxi-
mation of the path integral about the point of vanishing
fluctuation fields, and then highlight the importance of the
functional measure in this connection. We elaborate on a
number of technical points which, while unimportant in
typical calculations on flat spacetime, become nontrivial in
a background independent setting. In particular it is
essential then to carefully keep track of all occurrences
of g,, in the functional integral.

A. Tadpole condition at one loop

At one-loop order, and for vanishing ghost arguments,
the effective action has the structure

I['[1,0,0:9] = Sgu[g+ h] + ' [§+ h] + O(2loops)  (3.1)

with

T'1.19] = Tk 9] + Tgn[7] (3.2)
whereby the free graviton (FG) and free ghost (Fgh)
effective actions ['gg and gy, respectively, are given by
two Gaussian integrals which we write down in a moment.

Before doing so, let us return for a moment to the
effective field equation, the tadpole condition that governs
the backreaction of the quantum vacuum fluctuations on
their habitat, the classical spacetime (M, ), and that
decides about whether or not a certain background geom-
etry is
self-consistent.

The effective field equations to be considered consist of
Eq. (2.25) coupled to the corresponding equations for the
ghosts. Solving the latter by choosing Cﬂ =0=0CH it
remains to solve

1)
Sh,,, (x)

I'[h,0,0;] =0. (3.3)

Henceforth we shall employ the one-loop approximation
(3.1) for the effective action. As a result, Eq. (3.3) assumes
the form of a classical-looking Einstein equation,

- 1_ -
R =g R+ Mg = (826G (3.4)

whereby the stress tensor
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T™[g)(x) = — %@;ﬁ(x) I'i[g]

originates from the one-loop terms I';;, = g + T'gh-

(3.5)

B. Functional measure and Gaussian integrals

The saddle point approximation provides us with the
following Gaussian functional integrals over gravitons and
ghosts whose only interaction is with the background
gravitational field’:

e_FFG[!_/] — /D(il";g“)e—sm[ﬁ..;f/--]

= / D, [g(d—4)/ (4d) fz..}e‘SFG [ ;g_.]’

e_Fth[g]:/D(é.;g”)p(é‘;g")e_Sth[é..é’;g..]

— / Dy[gl4+2)/ 4D &) D, [d=2/4) &, e Sea[-C5]
(3.7)

Here, we factorized the measure (2.20) and expressed it in
terms of the naive measure D;. By definition, the latter
does not involve any factors of the determinant g(x) =

det(g..(x)):

Difh) = [T dhu ()

X pxv

Dy[C] =[] dc ")
D,[C] =[] dC,. ).

Here and in the following we omit the carets over the
integration variables.

In order to make the above measures and integrals well
defined we restrict them to a finite number of spacetime
points and attach integration variables like 4, (x) only to
the sites of some lattice or triangulation. The precise details
of this intermediate regularization do not matter as it
anyhow will be replaced by the N-cutoff at a later stage.

The actions appearing under the above integrals, Sgg and
Skgn» are given by the bilinear functionals (2.13) and (2.14),
respectively, which involve the operators #[g] and
A 9. 7).

Let us stress at this point that the approximation which
leads to (3.6) neglects interactions among gravitons
obviously. The nonrenormalizability of quantum general

(3.8)

*In cases where the positioning of indices is critical we indicate
the intended index structure of the respective geometric quantities
by dots.

relativity is not an issue here, and a status as an effective
theory is sufficient.

In the rest of this subsection we are now going to
evaluate the integrals explicitly. Because of the nonstandard
measures they are not (yet) strictly Gaussian. A certain
amount of additional care is required here, not only because
of the field-dependent measures, but also in view of our
special needs for what concerns the definition of approx-
imants respecting (R1,2,3); this will be the topic of the
next subsection then.

1. The spectral problem

Background independence forces us to evaluate the
generating functional and hence I'rg[g], say, for arbitrary
background metrics g,,. Therefore, the evaluation of (3.6)
starts out from the assumption that the spectral problem of
the operator .%7'[g] has been solved for arbitrary g,,,

‘%/[g]yvaﬂunm(x>aﬂ - yn[munm(x)aﬂ’ (39)
so that we know the metric-dependent eigenfunctions and
eigenvalues. As in [I] we assume a compact spacetime,
hence a discrete spectrum, and for every g we enumerate
the eigenvalues in increasing order: %, < .%, < %, <
5 < ---. The eigenfunctions u,,, form a complete set of
symmetric tensor fields on M, satisfying the orthogonality
and completeness relations:

/ 4/ G ()5 (2) 6 () gt (V) gy = BuiB (3.10)

= . o(x—y) o
S F T (3) ot (), = (x ) 58 (3.11)

The symmetrization in (3.11) is defined to include a factor
of 1/2.

2. Densitized fields

As a first step towards actually computing the functional
integrals we introduce the densitized fluctuation fields:

fu= gla-4/(4d) Ry
Bt = g(d+2)/(4d) CcH

9’

B, = jl-2/4a¢

- (3.12)

Employing the new variable f,,, the graviton integral

el — / D, [f. ]e-Srali(1) (3.13)

involves a simple measure now, but the price to be paid is
the following modification of the quadratic action (2.18):
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Seolh(f): ] = 1 / A o™ T (G e (3.14)

Concerning the transformed action (3.14), the following
remarks are in order:
(i) The new version of Sgg involves a differential
operator K which is related to the original one by
a similarity transformation:

Kgl,re = g(x)d=4/6d) ¢ [g] pog(x)~(d=0/Gd),

(3.15)

(i) In Eq. (3.14), the volume element d’x is not
accompanied by a factor of /g. Furthermore, as
for the tensor g* @ that occurs under the integral of
(2.18), the (inverse) background metric is replaced
by a new (inverse) metric, namely

g =gx)"Vig¥ & q,, = g(x)7"*g,,. (3.16)

Note, however, that there is no corresponding
replacement g,, — q,, in the case of the metric
dependence which enters via #'[g],,,”°. Hence, up to
the similarity transformation (3.15), the operators
2 and K have the same dependence on G-

We also recall that in order to properly keep track
of all g-dependences it is crucial to always read %2
(and likewise K) as a (2,2) tensor with the index
structure % = % .." which allows us to interpret it
as a map of (0,2) tensors onto (0,2) tensors.

(iii) The definition (3.16) entails that det(q..) = 1, i.e.,
4w 18 a unimodular variant of the background
metric.

3. Densitized eigenmodes

In order to evaluate (3.13), let us assume we have solved
the eigenvalue problem (3.9) of the original kinetic operator
2 and know its eigenfunctions u,,,. Then we can define
new mode functions

Vun (0), = §(0) VD, (x),, (3.17)

and thus obtain a complete system of K-eigenfunctions
with identical eigenvalues:

K{g]yyaﬁvnm(x)aﬂ = yn[g} Unm(x)aﬂ' (318)

The new mode functions satisfy orthogonality and com-
pleteness relations of the form

/ g ()¢ () Uy (X) gV (), = 8B (3.19)

D 4% () g () 0 () po O (), = 8 (x= )87, s

n,m

/. (3.20)

It is to be observed that, contrary to the simpler case where
& = —[; acts on scalars [I], the orthogonality and
completeness relations of the densitized eigenfunctions
still display an explicit dependence on the background
metric, however not on the conformal factor thereof. The
above relations contain no determinantal factors, and all
indices are raised and lowered with the unimodular metric
4, rather than g,,. But, of course, the spectral problem of
K [g..], Eq. (3.18), does “know” about the full background
metric g,,, and in particular .#, = .%,[g..] depends non-
trivially also on its conformal factor, i.e., on /3.

In terms of the new basis, every field configuration
contributing to the functional integral (3.13) admits an
expansion

fMl/ anmvnm y22 7 (321)

and, by (3.14), the associated action reads in terms of the
expansion coefficients:

Skg = %anﬁn;bzm

Furthermore, up to inessential constants which we omit, the
measure turns into

(3.22)

(3.23)

= [ [db.m-

n,m

so that it has become trivial now to evaluate the integral
(3.13), yielding ere = [T, ,, Z»'/*.

4. Spectral representation of I'yy,

Thus we have shown that the one-loop graviton action
equals

Z In(Z,[5.))

n,m

FFG g.. = (324)

wherein the .% s are defined by Eq. (3.9) as the spectral
values of the operator .#[g]..”. Denoting those of the
Faddeev-Popov operator .# |7, j|". by .Z&", the Grassmann
integral over the ghosts yields analogously

Zln fgh [9..])

Ten (- (3.25)
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The perfectly clear-cut results (3.24) and (3.25) involve
only objects with a well-defined interpretation, namely

numbers .%,[j] and .Z%" that are determined by (3.9) and
the analogous equation of the ghosts, but further potential
occurrences of g, are manifestly ruled out by our
derivation.

Moreover, this representation of the “one-loop determi-
nants” makes the respective contributions of the individual
eigenmodes manifest, and is therefore a suitable starting
point for the construction of approximants.

So altogether the one-loop functional reads

Ll =5 Y (7, - Y (#H).  (3.26)

n,m

As we stressed in [I] already, one should resist the
temptation to recast equations like (3.26) in the common,
but vague style of formal operator traces,

Ciulg) = 5 Trin (#[3]".) = Teln (43,3, (327

since this obscures information we are going to need
later on.

We close this subsection with an important remark
concerning Fujikawa’s BRST invariant measure which
we invoked for the functional integration over all metrics
[20]. While the final result for the one-loop effective action,
Eq. (3.26), looks only all too familiar, it must be empha-
sized that this result does arise, not despite, but rather only
thanks to the nontrivial g-dependence of the measure. The
metric dependence of the measure and of the action
conspire in precisely such a way that I';; ends up depend-

ing on g,, via the eigenvalues .7 ,[g] and F(g] only.

C. The approximants App(N)

In the preceding subsection we prepared the stage for a
precise description of the approximants that we are going to
consider. Invoking a N-cutoff now, the systems App(N) =
App(f(N)) are constituted by a certain selection, yet to be
specified, of f(N) modes of the graviton and ghost fields.
For each value of N =0,1,2, ..., and for tensor (T) and
vector (V) modes separately, this selection is described by
index sets

IycI™ and IycrlY (3.28)
which give rise to truncated bases
By = {uyn[g)|(n.m) € IV} (3.29)

that satisfy the conditions (1.4). As we insisted already, the
step from ™Y to ;¥ must not involve any metric, while the

g-dependence of the basis elements is admissible even for
an N-cutoff.

The finite quantum system App(N) is defined by the
generating functionals (3.6), (3.7)4 whereby the functional
integrals are restricted to the subspaces .7 I,’V = span%’},’v.

A first consequence of this definition is that the one-loop
effective action which describes the gravitational interac-
tion of the system App(N), henceforth denoted by

N =T, is given by the following perfectly finite sum:

S (7,09 -

(n.m)el},

S In(FEg).

v
(n,m)ely,

19l =% (3.30)

Clearly, the properties of the sequences {App(N)|N =
0,1, ..., 00} crucially hinge on the selection encoded in the
subsets / ﬁv Despite the constraints (1.4) there exists still a
great variety of possibilities.

For the purposes of the present paper the following
natural choice will be adopted:

Y ={(n,m) e "™V n < N}. (3.31)

Thus the system App(N) includes all field modes having

eigenvalues which do not exceed .7y or % Z%,h, respectively.
Equation (3.31) is still a fairly conservative choice of

%;’V. With its ordering prescription “small eigenvalues
first, larger ones come later,” it is still similar to a standard
ultraviolet (UV) cutoff. We emphasize, however, that this
kind of reference to the magnitude of the eigenvalues is by
no means a logical prerequisite of an N-cutoff.

In background independent quantum gravity, physical
“infrared-ness” or “ultraviolet-ness” are emergent, dynami-
cally determined properties which, at best, manifest them-
selves in the effective action. If the quantum effects are
sufficiently strong it is not obvious therefore if they are
linked to any special sort of bare field configurations under
the functional integral. In the future it should also be
promising therefore to investigate sequences {App(N)}
that are based upon more exotic orderings of the classical
modes.

In fact, recent studies along a different line of reasoning
[21,22] seem to support this point of view. They suggest in
particular relaxing the standard paradigma “UV (IR) &
large (small) eigenvalues” in a certain way. This is indeed
something that could be done easily within our framework.

D. A generalized variational identity

For later application, let us find out how the approx-
imants’ effective action responds to a change of some
arbitrary, nondynamical parameter which may be present in
the classical Lagrangian of the graviton-ghost system.

“It can also be defined by obvious generalizations thereof, for
instance with the inclusion of sources.
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Clearly, the prime example of such an external “parameter”
is the background metric, as the response of I'j; [g] to a
variation g,, — g,, + 8g,, defines the associated stress
tensor:

ol = - [ AT e . (332)
Let us be slightly more general now and assume that “5”
deforms the kinetic operators %" and/or .# in a certain
way, and let us ask about the resulting change 6I"j; . In our
case this question is afflicted by potential subtleties which,
in conventional perturbation theory, would usually be
brushed over by arguing that I'j; is of the trace-log form
(3.27), and so the matrix identity
STr[In(#)] = Tr[t ~167] (3.33)
can be applied to it. This then would reduce the problem to
the calculation of traces. However, in the present setting
where the regularization of “Tr” plays a crucial role, this
reasoning is too simplistic, leaving unanswered a number
of worrisome questions. [Given a certain cutoff scheme,
which general properties of a trace will survive the
regularization? Are they sufficient to establish a variational
formula like (3.33)? Are there differences between P- and
N-cutoffs [1]7]

Our goal is to derive a representation of the variation
which displays the contribution of each eigenmode of %
separately. Finite subsets of those modes constitute the
degrees of freedom of the various approximants. As we
endow those systems with a quasiphysical status, we must
know the individual contribution of each mode to the total
stress-energy tensor.

Therefore, rather than the trace-log expression, we vary
the finite spectral sums in (3.30) term by term:

o1 i _
5FIIVL[9] :E Z yn[g] lﬁﬁn[g}
(n.m)el},
- > FEeF G (3.34)
(n.m)ely,

If the infinitesimal variation 6 changes the kinetic operator
A to A+ 8.4, how do its eigenvalues ., change then?
The answer is given by the Hellmann-Feynman theorem’:

8T (9] = (wum| 0 [G] |t (3.35)
Here, the bra-ket notation refers to the L>-Hilbert space

structure of the field spaces, the corresponding inner
product being, for symmetric (0,2)-tensors say,

>For simplicity we assume that .%, is not degenerate or, if it is,
that the perturbation 6. does not mix different m-states. This
will indeed be the case in our later application of the result.

(uy|uy) = /ddx GGGV (x) 4y U2 (X) - (3.36)

(See Appendix A for further details.) Treating the ghost part
in the same way we obtain the sought-for generalized
variational identity in the following form:

o1 _
5F11VL[9] = E Z <unm|‘}£/ 15‘)?i/|unm>
(n.m)el’},
- Z <”nm|'/{_l5%|”nm>' (337)
(n.m)ely,

In the limit N — oo, when I,V — ™V, Z%Y — "V so
that the u,,s form complete bases, the result (3.37)
obviously reproduces the standard formula &Y =
ITe[ 16K = Te[ 4~ 6.4], if the traces exist.
However, the Eq. (3.37) makes perfect sense also for
any finite number of N < oo field modes; in this case it
yields the correct answer for the variation of the effective
action that governs App(N).

E. The integrated trace of the effective stress tensor

As an application of the variational formula for (3.37)
that we shall need later on, let us consider the example
where 6 is realized by the differential operator:

0

R (3.38)

T = —Z/ddxg,w(x)

(1) To see its purpose, consider an arbitrary actionlike
functional of the metric, F[g], and associate the
Euclidean stress tensor

) 2 5F[g]

T g = ——F="1=

F [ ] \/§ 5 g}u/

to it. Then, denoting the integral of its trace g,, 7%
over the entire manifold by

(3.39)

0" (7] = / deV/G5, (G (). (3.40)

we see that .7 is nothing but the map that sends F

directly to the integrated trace of its stress tensor:
gl = TF[q). (3.41)

(2) A convenient way of concretely computing JF

consists in performing an infinitesimal, position-
independent rescaling of the metric:

d
TFG = P
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This relation is easily established by Taylor expand-
ing its rhs.

(3) Letting § = 7, the variational formula (3.37) yields
for the application of .7 to I},

Oyl = IT (9]
=3 S T i)

(n.m)el},

- Z < nml'%[.% ] 19%[9’ ]|unm>'

(n.m)ely,

(3.43)

Furthermore, explicit inspection of the kinetic oper-
ators (2.15) and (2.7), respectively, reveals the
scaling relations

Hole .. = et o[g.)."
A ol R 2 1/

MNe G, €G] = e M (G, 5. (3.44)

By virtue of Eq. (3.42) they imply

TH [Ges)ea™ = 27 ([Gec)ea™
%(%/1[ ]. =0

T MGeus Goo|"s = 2 [Gun, §ou]’.. (3.45)

In establishing the scaling behavior (3.44) only the

familiar identities for the Weyl transformation of the

various geometric quantities are needed. It is crucial
though to meticulously observe the correct position-
ing of any uncontracted index.

Thus, the variation of the full graviton kinetic
operator % = ¥ + ¢ is given by, in simplified
notation again,
THNG) = 2K [g] =23 = 221[g].  (3.46)

Note that 7| =0 if A, =0,
T H g =2.4g).

(4) If we now return to Eq. (3.43), and exploit that the
u,,,s are normalized, (u,,,)u,,, = 1, we are led to a
remarkably simple-looking and instructive result
for the integrated stress tensor trace of App(N).
Namely,

in which case

Oyl =TT} [g]
=fG(N) —1fa(N)
- Z <unm|<%/[g]_l%l[g”unm>-

T
(n.m)ely,

(3.47)

Here, fG(N) and fy,(N) denote the approximant’s
total number of graviton and ghost degrees of
freedom, respectively:

Zl fon(N

(n.m)el},

)=2 Z (3.48)

(n, m)e[

We observe that 7T [g] can acquire a nontrivial
dependence on g, only if Ay # 0. Then, in (3.47),
the term involving .| &« A, has a chance to make a
nonzero contribution.

For a vanishing cosmological constant, on the
other hand, ®y = T is a perfectly metric-
independent quantity. It has the remarkable property
of counting the difference between the number of
graviton and ghost degrees of freedom,

Oy =TT [g]=fc(N)-

fon(N) (Ap=0). (3.49)
In the following sections this quantity will be seen to
play a central role in the backreaction of the

fluctuations on the spacetime (M, g).

IV. APPROXIMANT SYSTEMS WITH
SPHERICAL UNIVERSES

As long as we keep the background metric fully generic,
the evaluation of the energy and momentum carried by the
quantum fluctuations is an extremely difficult problem that
cannot be solved in closed form. For this reason we resort
from now on to the same simplification we invoked in [I]
already. Namely, we restrict the allowed background
geometries (M, J) to round d-spheres with an arbitrary
radius, S(L).

The restriction allows us to perform all necessary
calculations explicitly and exactly, and no (asymptotic)
heat kernel or similar expansions are required. At the same
time it leaves us with a nontrivial backreaction problem
which still encapsulated the essential physics.

In the case M = S¢(L) all metrics of interest have the
form

(4.1)

gﬂl/ (x) = Lzymz (X) )

where y,, denotes the dimensionless standard metric on the
unit d-sphere. As a consequence, all functionals of g,, turn
into ordinary functions of the radius L now. For any
functional F[g] we write its restriction to spheres as

F(L) = F[L?y]. Incidentally, the operator .7 acts on these
functions according to
JF(L) = LdF(L) (4.2)
T2 ‘

which is easily inferred from Eq. (3.42).
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A. The projected tadpole condition

The eligible backgrounds being restricted to S?(L), the
maximum symmetry of the spheres implies that the
information contents of the Einstein equation (3.4) is
preserved when we contract it with g*, and then integrate
it over the entire manifold. The result reads

On(L) (4 5

1
~3(@=2R(W) + dhy = 82G G ez

with, respectively, the scalar curvature and volume of
S4(L),

Ry =421,
I(d/2)
Vol[S4(L)] = (47[)‘1/2WUZ. (4.4)

Importantly, the integrated trace

Ou(L)=0u17)= [ G T

g=L%y

completely specifies the energy momentum tensor in the
case at hand.

Equation (4.3) is the key relation that determines the
sought-for radii L = L5C of self-consistent spherical back-
ground spacetimes. Making the crucial L-dependences
manifest it assumes the form

1
04|dAL! =2 d(d~1)(d=2)L*? | =82GON(L)  (4.6)

with constants 6, = (47)¥/?I"(d/2)/T(d). In d = 4 dimen-
sions, for example,

3G

4ApL* = 1217 = =7 Oy (L). (4.7)

The nontrivial contents of the condition (4.6) reside
entirely in the function @y (L), which relates to the one-

loop action by Oy (L) = Oy[L%y] for By[g] = TTN [g].
The identity (4.2) shows that indeed
d N
Ox(L) = ~L T (L), (48)
where
(L) =T [L%] (4.9)

denotes the restriction of the one-loop functional discussed
in the previous section.

B. An effective potential for the Hubble radius

The restriction I'(L) =T'[L?y,,] of the total effective
action functional (3.1) has the interpretation of an effective
potential for the radius L, the Euclidean counterpart of the
Hubble length. Moreover, since S¢ is maximally symmet-
ric, the “principle of symmetric criticality” [23] implies that
the metric variation of the action functional and its
restriction to S4(L) can be interchanged. Indeed, since

I(L)= (SEH[ 9+ [d) =12,

{=d(d=1)L*2+2A, L} + T (L)

4.1
1671'G (4.10)

the tadpole condition (4.6) is obviously equivalent to the
stationarity of this potential, i.e., to

4w =0,

4.11
dL L—15C ( )

at self-consistent values of the radius, L = L5C.

C. App(N) bases of tensor spherical harmonics

When the background geometries are d-spheres, the
operators #[g] and .#(g, g| as given in (2.15) and (2.7),
respectively, boil down to the Laplacian on $¢(L), denoted
by U;, plus a constant coefficient times the unit matrix. As
a consequence, % [g] and .#[g, g| are diagonalized by the
eigenfunctions of [y, with eigenvalues .7, and .7 £ oiven
by those of [y, up to a constant shift.

The vector and (symmetric rank-2) tensor harmonics on
59 are well studied [24]. In the tensor case, for instance, the
eigenvalue equation

_D ( nm) = (g"i(uj

) (4.12)

admits four series of solutions, commonly denominated by
the labels J € {TT, TLT, LLT, tr}. We refer to Appendix A
for a brief summary of their properties and a table listing the
eigenvalues & and their multiplicities D).
(1) For d-spheres the Hilbert space of square-integrable
tensor fields has a basis that decomposes according

to

A =B B uB uBY  (4.13)
whereby

B ={u, € B |n<Nim=1,...Dl}. (4.14)

For the ghosts, %y, in Eq. (3.29) becomes the
following subset of vector harmonics:

B =B v BY (4.15)
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@

Here, %1(\{) is again given by (4.14), but this time for
transverse (J = T) and longitudinal (J = L) vector
fields.

Note that all graviton and ghost bases are cut off

at the same highest n-quantum number, n = N,
whereas the lowest possible value of n depends
on the type J. (See Table 1.)
The system App(N) possesses a total of fg(N) and
f,n(N) graviton and ghost degrees of freedom, those
numbers being the cardinality of %) and %Y,
respectively. In terms of the various multiplicities
we have

N

_ Z (D;I;T + DII;TT + D%LT)
n=2
N
+) D, (4.16)
n=1
N
=2 (D} +Dk). (4.17)
n=1

The Table in the Appendix shows that the multi-
plicities D’ for different types J obey the relations

3

N
2D + DY) + > (2D} +2D3). (4.20)

n=2

fgh (N)

It can be observed that in calculating the difference
between the numbers of graviton and ghost modes,
significant cancellations occur between the terms in
(4.19) and (4.20) on all n-levels with 2 <n < N.
The contributions o D3 disappear completely, for
example, and we are left with

—-DS-2DT.  (4.21)

On a detailed mode-by-mode basis, this counting
formula reflects how the ghosts remove the unphys-
ical excitations from the h,, field.

The cancellation mechanism is particularly
transparent when N is much larger than unity.
Equations (A9) and (A10) from Appendix A yield
for N > 1, in leading order,

Z DTT

])(d - Z)fscal(N) + O(Nd_l)v

5
DYT=DpI  DUT=Dr=p% (n>2). (4.18)
(4.22)
It is instructive therefore to express (4.16) and (4.17)
in terms of the three-independent multiplicities D7, N
DE, and Dgl ZDE = (d - 1)fscal(N) + O(Nd_l)' (423)
n=2
N
fG(N) = DS + Z (DIT + DT +2D%), (4.19) Here we employ the (leading order term of the)
n=2 analogous scalar sum as a convenient reference [I]:
TABLE 1. Spectrum of —[J on S¢(L).
Eigenfunction Eigenvalue Muliplicity n
Scalars:
Uy g; _ n(n;H) D,s, _ (2n+cf1?({d)£r;)+!d72)! _ Z(nzl_il—z) + (n;ii;z) 0,1,...
Vectors:
(uEm)M & = % DT = n(n+d—t[)i(_Zgl;(illl))(anrd—S)! _ n[(n;ilgl) + (n+d 2)]+(n+d 3) 1,2, ...
(t1im) 0 gL = nlrrd-l)-Ga-1) DT = p$ 1,2, ...
Tensors:
(M'VII;E)#D gTT n( n+d 1)-2 DIT _ (d+1)(d_2)(’1;([2(_"1;!1(31(3_’;;(1_1)(ner_B)! 2.3,---
= (d+1)(n - (") +(d + 1)(d - 2)
n+d—. d n— n+d—
X () + S (1)
LTT n(n+d—1)— LTT _ T
(Ui ) ELTT = % DL = D] 2,3,...
LLT n(n+d—1)-2a LLT _ NS
(") SLLT — nlotd-1)-2 DLLT — pS 2,3, ...
(u}) o EY = &5 DY = D3 0,1,...
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Nd + O(N41).  (4.24)

sca.l N) ZDS

Note that the prefactors of fy, in (4.22) and (4.23)
are precisely the numbers of independent field
components comprised by a transverse-traceless
tensor and a transverse vector field, respectively.
As aresult, the difference fg — f,,, is seen to count
exactly the number of independent polarization
states of a physical graviton in d dimensions:

£o(N) ~ £ (N) = | 5(d+ 1)(d=2)=(d=1) | EcalNV)
+O(N*)
= d(d=3)Ea (N) + O(N)

(4.25)

This is indeed the correct result: a physical graviton
represents d(d — 3)/2 degrees of freedom per space-
time point,’ or stated differently, d(d — 3)/2 more
than a real scalar would have.

D. Spectral sums

Next we evaluate the integrated trace of the stress tensor
given in Eq. (3.47) for the special case of S%(L) back-
grounds. Since the operator % is diagonolized by the
eigenfunctions of the tensor Laplacian on S(L) then, and
its potential-type terms are proportional to the unit operator,
the eigenvalues of % for the various series of tensor
modes, u;,,, J € {TT,LTT,LLT, tr}, are readily found.

Restricting the calculation from now on to d =4
dimensions, we obtain from (3.47):

On(L) = Oy[L%,,]

=1G(N) — £ (N) + AOy(L; Ay).

This representation of the trace involves two different kinds
of contributions: the (now exact) number of graviton and
ghost degrees of freedom,

(4.26)

1
fG(N) = - [10N* + 80N3 + 158N? — 8N — 180,

1
— [8N* + 64N? + 160N? + 128N],

fon(N) = 12[ (4.27)

®One way to see this is to note that the symmetric matrix &,
has d(d + 1)/2-independent entries, but that only d(d + 1)/ 2=
d —d = d(d —3)/2 of the functions parametrizing £, are free to
independently time-evolve physical information. Thereby, the
first “—d” is due to the coordinate conditions, while the second
one is a consequence of Bianchi’s identities which enforce
unavoidable relations among the 7,,’s.

and a more complicated, A,-dependent spectral sum:

N DIt
A®y(L; Ay) = 2A "
w(Li ) bnz{é"TT+8L‘2—2Ab
DLTT
eI R oA,
DLLT
@@LLT +8L72 2Ab}
N Dtr
+2Abz Fiz (4.28)

Several remarks are in order to this point.
(1) The exact number counts in (4.27) for d = 4 confirm
the expected asymptotics (4.25),

4

fo(N) — £ (N) = [10 — §] 11\/_ + O(N?).

(4.29)
The “10” is due to the ten independent entries of 4,,,,
and the “—8” stems from the ghosts. This leaves us
with two physical polarization states for the grav-
iton, as it should be.

Recalling from [I] the exact d = 4 result for a real
scalar field,

1

foa(N) = o —[N* + 8N +23N? +28N],  (4.30)
it is also interesting to note that the magic compen-
sation “10 — 8 = 2” does not only take place in the
leading N* term but also in the first subleading one

which is proportional to N3. In fact, the difference

[f6(N) — £ (N)]

is of only second order in N rather than third.

At orders N¥, k=2, 1, 0, there are nonzero
deviations from the “10 — 8 =2” count. We take
them as a first hint indicating that the idealization of
“quasiphysical” approximants with finitely many
degrees of freedom deteriorates for too small values
of N. While the N* and probably also the N* terms
are perfectly meaningful, lower orders should be
considered with a grain of salt.

(2) Note that the A®y-contribution to @y (L) is entirely
due to the £, -fluctuations; the sum (4.28) makes
their various J-sectors explicit. The ghost contribu-
tion to the integrated trace consists of nothing more
than the negative constant —f;(N) that appears in
(4.26). We had encountered this piece in Sec. III
already, even without being forced there to assume
any specific (i.e., simple) form of the background
metric g,

- 2fsca1(N) = O(Nz) (431)
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The contribution A®, with its complicated mode
sum originates from the “deformation” of the grav-
iton’s kinetic operator %~ = ¢, + J£ | by the term
| &« Ay. The latter introduces a second length
scale into the problem that can compete with L now,
namely the (Hubble) length L, associated with the
bare cosmological constant. In the case A, > 0,

3
Ly=4/—.
b A

Neither .#[g] nor the Faddeev-Popov operator

g, 7] depend on this second scale.

If Ay, = 0, the integrated stress tensor for App(N)
simplifies substantially. Since the correction term
A®, vanishes identically in this case, the total

result,

Oy(L)=fg(N)—f,,(N)=const (A,=0),

is found to be independent of the radius L. Besides
its sheer simplicity, also the counting properties of

®y are noteworthy.

(3) Since L and A, are the only dimensionful quantities
in the game, A®y(L;Ay) is actually a function of
one dimensionless variable only. Henceforth assum-

ing that A, > 0, we set
ABy(L; Ay) = In(2),

where the argument of 9y,

I\2
=2AL*=6(—] ,
‘ ° (Lb>

measures the radius in units of the bare Hubble

length.

Equation (4.28) assumes the following form now:

19N(Z):ZZ|: ( D + D

n=2

2D 5z
n ] ‘

nn+3)—z| 4-z

Here we took advantage of the relations (4.18) and
inserted the eigenvalues of the tensor Laplacian.
They can be found in Table I, which also provides us
with the multiplicities D7 for general d. Making
essential use of their explicit forms in d = 4,

nn+3)+6-z nn+3)+2-z

DIT = 2(n—1)(n+4)(2n+3)
DT = % (n+3)2n+3)
DS = é(n + 1)(n+2)(2n + 3), (4.37)

we can simplify Eq. (4.36) quite considerably by
means of a partial fraction decomposition. It yields

Iy(2) = %z(N )N +5) +4STZZ

5 N 2n+3
- 10) - = '-
+52 Znn+3 16—2
i 2n+3
— nn+3)+2-z
+1 ( +2)2N: nt3 (4.38)
3e\e —n(n+3)-z '

Obviously, 9y(z) possesses three series of poles
at the points z = z?f}; where the denominators under
the sums vanish:

2 = n(n+3) + Az,

Az€{0,2,6}, n=2,..N. (439

In Sec. V we shall come back to these poles in more
detail.

It is instructive to reorganize Eq. (4.38) in the
following style:

Iy (2) = () + () + 9™ (2).  (4.40)

The three contributions to 9y(z) differ in their
leading behavior for N > 1. If we let N — o0, at
fixed z, the first two pieces, 19?\}”(1 x N? and
19}3‘%  In(N), diverge quadratically and logarithmi-
cally, respectively, while 93" converges to a finite
limit. The explicit expressions for 94!, 91 and
IL™, respectively, can be found in Append1x B.
We emphasize in particular that 9y contains
no quartic terms oN* As a consequence,
AB®y(L; Ay) = I9y(z) is suppressed by a factor of
1 /N2 relative to the constant term in ®y, i.e., to
f — fa < N*, when N — oo at fixed z.
Finally, the finite sums defining 9y(z) can be
evaluated explicitly in terms of digamma functions.
We display the somewhat unwieldy result in
Appendix C.
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V. SEQUENCES OF SELF-CONSISTENT
APPROXIMANTS

In this section we are going to assemble the above results
in order to complete the construction of the approximant
systems. The final step consists in implementing the
gravitational backreaction of the quantized fluctuation
degrees of freedom on the universe they live in.

In four dimensions, the Hubble radii L = L3° of self-
consistent background universes for App(N) must be
found from the tadpole equation:

3G

AN L — 1202 ——0Oy(L) = 0. (5.1)
T
Thereby the integrated trace of the stress tensor,
O(L) = [(N) + Ay (L: Ay), (5.2)

comprises a term which is leading when N > 1 and
independent of L,

f(N) =f5(N) — fau(N) = 1N4 + O(N?),

. (5.3)

as well as a second term which, while L dependent, is
subdominant with respectto V. In fact, for N — oo atfixed L,
A®y « N? and so A®,, is suppressed by two powers of N.

Therefore, and also because of the complexity of the
function A®,, we proceed in two steps now. At first, we
derive the leading order solution to (5.1) by retaining
only the dominant term, i.e., the one quartic in N,
Oy ~ f(N) ~ ¢ N*, and then we show in a second step that
the essential features of the result obtained remain unaltered
when we include the A®,-correction.

A. The leading-N approximation

(1) So, to begin with, let us neglect A®, and solve
Eq. (5.1) with a constant ®y = f(N). For A, > 0,
we find that the consistency condition does indeed
possess regular solutions, namely exactly one self-
consistent radius for each value of N. Expressed in
terms of the bare Hubble length L, and the Planck
length £p = G'/?, the radii are given by

(LSCY — %L% {1 4 ¢ I +}T (i—?)zf(N)]. (5.4)

The corresponding family of self-consistent back-
grounds amounts to a complete sequence of
approximants App(N), well behaved for all
N=0,1,2,...,00. Already its very existence is
nontrivial.”

"See [1] for examples with incomplete sequences or even no
solutions at all.
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Concerning the interpretation of this sequence, recall
that every approximant App(N) is a quantum system
in its own right. It consists of fg(N) quantized
modes of the metric and f,,(N) ghost modes, which
together are effectively equivalent to f = fg — £,
modes of a physical graviton. Those modes inhabit a
background spacetime which they have selected
themselves, S*(L3C). Among all spheres, this is
the one the modes like the most to “live in.”

Symbolically, for every given N the state of the
total system reads

App(N) ~ (£(N) physical graviton modes)

® S*(L3F). (5.5)
Now let us move upstairs in the tower of systems and
states, letting inturn N =0, N =1, N =2,.... At
the lowest level, App(0) is the classical system; in its
universe the scale is set by the bare value of the
Hubble radius, L3¢ = L, = 1/3/A,.

Then, increasing N = 1,2, 3, ..., Eq. (5.4) shows
that the radius L3° grows monotonically. Each time
we add degrees of freedom to the approximant its
Hubble length becomes larger.

In fact, if N>1 so that f(N)=iN* is a
good approximation, Eq. (5.4) yields a linear
N-dependence of L3C,

N LV 1

Most importantly, the behavior L3C o N implies that
the sequence we found possesses a well-defined
limit for N — oo, and that the self-consistent back-
grounds S*(L3C) approach flat space in this limit:

lim App(N) ~ (fully quantized physical graviton)

N—oo

® (self-consistent spacetimeR*).

(5.7)

Thus our main result is that the energy and
momentum of the vacuum fluctuations executed
by the quantized metric, contrary to longstanding
prejudices based upon background-dependent cal-
culations, do not cause an infinite spacetime curva-
ture. Quite the reverse is true: adding graviton
degrees of freedom, i.e., lifting the cutoff, tends to
flatten the universe.

At this point let us add also some remarks on the
more technical aspects of this result.

(4a) We find that it is neither the Planck nor the classical

Hubble length that sets the scale of the L3Cs and the
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spacing between them. Rather, it is the geometric
mean of those scales, /£ Ly,.
(4b) Note also that upon rewriting (5.6) as

L€ = N(S:j\b) 1/4{1 + 0(%) } (5.8)

the result is seen to be manifestly nonperturbative,
displaying a nonanalytic G'/*-dependence on
Newton’s constant.

(4c) The approximant system App(N) with its f(N)
degrees of freedom is governed by the effective
action

T

(L) =2

[—6L% + A LY + TN (L) (5.9)

whose one-loop contribution can be recovered from
the stress tensor by integrating (4.8):

L !/
o) - - [ a9l

+const.  (5.10)

In the ® = f approximation, this potential is strik-

ingly simple:

N (L) = —f(N)In(L) + const. ~ (5.11)
One easily checks that (5.9) with (5.11) assumes a
minimum at L = L3F.

What is remarkable about Eq. (5.11) is the purely
logarithmic L-dependence of I'Y . Itis the result of an
exact evaluation of the one-loop determinant at order
N*. Specifically, '), contains none of the perhaps
expected terms proportional to L* and L? which, on
spheres, correspond to [,/g and [,/gR, respec-
tively. When present, they would renormalize the
values of G and A, in the total effective action (5.9).

As was discussed in [I] already, such terms are the
typical outcome of calculations which employ a
dimensionful (P-type) cutoff and express their an-
swers by a (usually only asymptotic) series expan-
sion. The chief example of a regularization scheme in
this class is the heat-kernel based calculation of one-
loop determinants with a proper time cutoff [I].

(5) In future work, it will be interesting to compare our
results to those from other background independent
approaches such as Monte Carlo simulations of
Regge calculus or causal dynamical triangulation
(CDT)-based statistical models, for example [25,26].
We remark however that any comparison of this kind
is possible at the level of observable final results
only. The basic mathematical mechanism which we
propose here is specifically related to the “paradoxi-
cal implementation” of background independence

which actually does use backgrounds but fixes them
dynamically. By contrast, the statistical approaches
do not introduce a background at all, and so there is
probably no direct technical analog of the self-
adjustment process in the form above.

B. Inclusion of the A®, correction

Finally we include the correction terms A®y, subleading
with respect to N, into our determination of self-consistent
radii. We are going to show that even in the presence of
A®y the sequence {App(N)|N =0,1,2,...} from the
previous subsection, with only inessential modifications,
continues to be a solution to the tadpole conditions. Hence,
again, the conclusion will be that spacetime approaches flat
space in the continuum limit N — oo.

Taking advantage of the convenient variable (4.35),
z=06(L/Ly)? we write the full tadpole equation in the
dimensionless form Qy(z) =0, where the function Qy
reads

ON(2) =2 =62~ SGAJEN) + 85(a]. (5.12)
and 9y(z) is represented by the finite sums (4.38) or, in
evaluated form, by (C2). Apart from N, Eq. (5.12) involves
only a single free parameter, namely the dimensionless
product GAy. Under the natural assumption A, = O(m3,) it
is of order unity. While we shall continue to assume that Ay
is positive, our conclusions will not depend on the
numerical value of GA,,.

With 3y neglected we had found only a single solution at
each N, namely (5.4), or what is equivalent,

GA
oo =311+ 2000
GA 1/2
:(2—") N2 + O(N). (5.13)
T

The new feature due to 9y is that Qy(z) possesses more
than one zero now, actually a considerable number of them
which increases proportional to N.

In Fig. 2 we display the graph of Qy(z) and its
analog with $y omitted, Qy(z) =z> — 62 —2GALf(N).
Obviously, the overall behavior of Qy is dictated by the

polynomial Q, and Qy differs from Qy only close to the

poles z?\ffl,le located at (4.39). There, $y escapes to infinity

and returns with the opposite sign, while Q is smooth.
Since 9y is of order N? only, this feature becomes
increasingly pronounced for N — oco. In this limit,
Iy(z)/E(N) — 0 at all regular points z # 5. Hence,

8Intelrestingly, from a quite different perspective, recent work
on asymptotically safe gravity [27] found evidence which seems
to point in a similar direction.
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FIG. 2. Graphs of the functions Qy(z) and Qy(z) for N = 10 and GA, = 1.

the graph of Q) basically agrees with that of Q, except for
a “forest” of infinitely thin spikes.

At finite NV, as § changes its sign at the poles, continuity

. . 7ero pole _pole .
implies that 9y must possess a zero z§'Y € [zy;, 2y ;) I

between any pair of consecutive poles.

In principle, any of those zeros is a possible candidate for
the self-consistent radius of App(N). In constructing a
sequence {App(N)|N =0, ..., oo}, we have the freedom to
select, for all N independently, one particular zero from the
respective set of candidates: zy~ € {z3'7}.

The rest of the argument proceeds along the following
lines now:

(1) Different sequences of choices for z3° imply
different sequences of approximant systems. They
may have inequivalent properties and some of
them might, in principle, converge to physically
different continuum limits. This situation is not
unfamiliar: different regularization schemes may
probe different (universality classes of) continuum
limits.

(2) Near the poles the one-loop corrections are becom-
ing huge, and this casts doubt on the reliability of the
loop expansion with #y included. Fortunately,
the zeros are about in the middle between the

3

“
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neighboring poles, and so they avoid the pathologi-
cal regimes as much as possible.

For specific App(N) sequences it is possible to
diminish the influence of dy(z) even further by
picking the zeros for the self-consistent radii
appropriately.

In fact, let us focus henceforth on the special
sequence {App(N)} which is defined by the follow-
ing rule: For all N, select that particular zero from
the set {z3"?'} which is closest to the one implied by
the ®y = f approximation, i.e., to z3 of (5.13).
Then, denoting its label by j = j(N), the effect of
9(z) is not more than a tiny shift by an amount
NGy T 75 |g—o = 0 which decreases rapidly
for N - oo due to the proliferation of eligible
Z€er0s.

For N — oo, the entire forest of spikes and

zeros, and with it the special zero zlz\?rjf’(m, moves

towards larger values of z. The latter zero is
very close to z3°|g_o o« N?> which runs to infinity
rapidly. This, then, implies that the self-consistent
spacetime related to the limit limy_, ., App(N) has
infinite Hubble radius and is nothing but flat
space.
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Thus we completed the demonstration that even if one
takes the subleading #y contributions at face value and
includes them into the tadpole equation, there exists a
“universality class” of N — oo limits for which 9y is fully
irrelevant.’

VI. SUMMARY AND CONCLUSION

In this paper we employed a new quantization scheme in
order to explore the dynamical effect which quantum
vacuum fluctuations exert on the spacetimes described
by metric quantum gravity. At all stages of the calculations,
the scheme takes appropriate account of the pivotal role that
is played by background independence whenever gravity is
dynamical. Most importantly, the new approach extends the
requirement of background independence to the level of the
regularized precursors (approximants) of the quantum field
theory in question and to the design of admissible cutoff
schemes.

The general features of this approach have been outlined
in [I] already where it has also been tested for the case of
classical gravity coupled to a free quantized matter field.
The present investigation instead is devoted to the zero-
point oscillations of the spacetime metric itself. To quantize
it, we employed a one-loop approximation of quantum
general relativity, considered an effective theory. Since
matter fields can be added straightforwardly, we focused on
pure quantum gravity here.

Our main result is that the actual effect which quantized
metric fluctuations have on the curvature of spacetime is
exactly opposite to what is suggested by the well-known
calculations which, following Pauli [8], encounter the
cosmological constant problem of a cutoff-size curvature:
Each additional graviton mode that gets quantized, rather
than curving spacetime more strongly, in reality reduces the
(positive, scalar) curvature, and thus drives the universe
further towards flat space.

The explanation of this striking difference parallels the
analysis in [I], where we had obtained an analogous result
for a scalar matter field. Namely, the typical standard
treatments which sum zero-point energies of harmonic
oscillators end up with effective cosmological constants
many orders of magnitude beyond anything acceptable, are
flawed by crucially relying on the unphysical assumption
of an externally provided, rigid spacetime that would not
respond to the energy and momentum of its inhabitants. As
we explained in connection with Fig. 1 above, this
assumption amounts to performing the continuum limit
and including the gravitational backreaction in the wrong
order. It violates background independence at the approx-
imant level.

9General]y speaking, there could also be others. But since they
would owe their existence to a nominally small correction to the
leading-N behavior the validity of the approximation might not
extend to them.

So, within its technical limitations,10 the present results
seem to suggest that pure quantum Einstein gravity should
have a distinguished ground state, namely flat space.
When seen in a broader context, they make it quite obvious
how dangerous it is to base investigations into the interplay
of gravitational and quantum effects on the chimera of a
rigid spacetime, even in cases where this violates back-
ground independence only at the intermediate stages of the
calculation.
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APPENDIX A: TENSOR HARMONICS ON §¢

In this Appendix we summarize the main properties of
the tensor harmonics of spin 0,1,2 on S¢(L). They satisfy
the eigenvalue equation,

—puyy = Epttyyy, m=1,2,....D, (A1)
with the eigenvalues &, and multiplicities D, listed in
Table I.

While there exists only one series of scalar harmonics,

us,,, in the vector case we must distinguish transverse

harmonics (uy,,), and longitudinal ones, (uj,),. The
former satisfy D, (uy,,)* = 0, and the latter are gradients

of scalar harmonics, (uy,), = D, Uy,

As for symmetric rank-2 tensor harmonics, there are
four series; three of them, namely (uy,,),, Wwith J €
{TT,LTT,LLT} are comprised of traceless tensors:
g””(uﬁm)lw = 0. The first series, the “transverse traceless”
tensors (uy,),,» satisfy D*(uy,),, = 0, while the LTT and
LLT-type tensors are derivatives of simpler harmonics:

ut = D,u + D,uy, (A2)
_ _ 2
u T, = D,uk + Duf - EgWD“uIO;
. 2
=2D,D,u’ Egﬂbljgus (A3)

Finally, the tensors of the fourth series have a nonzero trace,
being of the form (u}},,),, = Gy Usnn-

While the explicit calculations employed the Einstein-Hilbert
action, the role of background independence described in this
paper is likely to be relevant to a much broader class of gravity
theories, in particular all those admitting an effective field theory
description by general relativity at low energies. Then, at the very
least, the corresponding IR fluctuation modes should exert the
described effect on the cosmological constant.
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These systems of scalar, vector and (symmetric, rank-2)
tensor harmonics are complete, i.e., they constitute bases
of the corresponding L? Hilbert spaces. Hence a metric
fluctuation 4, for example, can be expanded according to

DLTT

LTT LTT
/w + Z Am unm

=) DT
— E E TT TT
- { anmunm
n=2 “\m=
DLLT

§ : LLT LT (
—"_ a nm

For further details we must refer to [24].

It is instructive to consider the n — oo asymptotics of the
three independent multiplicity functions D3, DY, DIT. In
terms of the result for scalars,

2 1
Dy = =11+ o0(-) ¢, AS
o)) @
the other asymptotic degeneracies read
1
D{:(d-l)Dﬁ{hLO(—)}, (A6)
n

DIT :%(d+ 1)(d—2)D§{1 + OG)} (A7)

The prefactors of D} in (A6) and (A7) equal precisely
the numbers of independent field components which trans-
verse vectors and transverse-traceless tensors possess
in d dimensions, namely (d—1) and (d+1)(d—-2)/2,
respectively.

Furthermore, let us count the modes having quantum
numbers n < N for a given N > 1. The above formulas
imply the following leading order behavior of the respec-
tive total number of modes:

ZDS _—Nd+0(Nd- ), (A8)
N N

> Dl = 1)) D5+ O(N), (A9)
. TT _1 S —1

> D} _§(d+1)(d—2);D,§+0(Nd ). (Al0)

n

These relations are needed and discussed further in the
main text.

APPENDIX B: DECOMPOSITION
OF 4y ACCORDING TO THE
LARGE-N ASYMPTOTICS

In this Appendix we list the three terms of different
large-N asymptotics that appear on the rhs of Eq. (4.40).
They are given by the following finite spectral sums:

g (7) = %Zn[vzz(Zn +3) = %z(N - D(N+5), (B

N
1910g - 10) B —
(2) =320 Znn+3 +6-z2
N
ta(z-2 nznn+3 +2-z
2y +2)i " (B2)
R nzzn(”+3)_Z’
52 5 N 1
geonv _ = —-10
v 4—Z+2Z(Z >;n(n+3)+6—z
3 N 1
2,2 -
+2Z(Z );n(n—l—.’))—l—Z—z
N
1
(B3)

+Z(Z+2)Zn(n+—3)—z'
n=2

The third contribution, 95"V(z), approaches a well-
defined limit when N — oo. It can be expressed in terms
of elementary functions:

n (z—-10) b3
lim 5™ (2) = 2z |5~ =) tan( Z/4z = 15
M) 21{ NZEEE an(2 ‘ >

+

(z=2) <7z >
3 tan| —v4z + 1
47 + 1 2 ¢
2
—l—Z(ZjL )tan< \/4z+9>}
4z+9 2
5z+36 24

——+ 15z - 14.
42 +6— + 15z

(B4)

The trigonometric functions in (B4) give rise to infinite
sequences of poles and zeros. They are simple examples of
analogous sequences displayed by the general ¥; functions
discussed in Appendix C below.
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APPENDIX C: REPRESENTATION OF 8y IN
TERMS OF DIGAMMA FUNCTIONS

For every finite number N it is possible to evaluate
the spectral sums of Eq. (4.38) that represent dy(z)
in terms of Euler’s psi-, or digamma-function. By
making repeated use of the difference equation it
satisfies [28],

1
x+k’

yE+N+1) —px) =) (C1)
k=0

we obtain the following final answer:

In(z) =§Z(N— 1)(N+5) +45—_ZZ+§z(z— 10)¥,(N.z)

+%Z(z —2)¥,(N,z) +%Z(z +2)¥3(N.z).  (C2)

The functions ¥; in (C2) are given by a linear combination
of digamma functions:

5 1 5 1
‘I‘i(N,z)=l//<N+§+ z+1qi> +1//<N+§—\/z+é—lqi>
7 1 7 1
—w(i—#\/z—kzqi)—w(i—werZq,-). (C3)

Herein the constants g; are g; = —15, ¢, = 1, and g3 = 9,
respectively.

The arguments of the digamma functions in (C3) are
all real individually if z > 15, ie., L/Ly > +/5/8. The
complete ¥; functions are real for all z, however, as
wx+N+1)—w(x) eR forall xeC.

Along the real axis, the digamma function is known to
have poles of first order at the negative integers. In (C2)
with (C3) they conspire so as to reproduce those of 9y(z)
which are visible in (4.38) and given in (4.39).
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