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We revisit the entanglement harvesting protocol when two detectors are in causal contact. We study the
role of field-mediated communication in generating entanglement between the two detectors interacting
with a quantum field. We provide a quantitative estimator of the relative contribution of communication

versus genuine entanglement harvesting. For massless scalar fields in flat spacetime, we show that when
two detectors can communicate via the field, the detectors do not really harvest entanglement from the field,
and instead they get entangled only via the field-mediated communication channel. In other words, in these

scenarios the entanglement harvesting protocol is truly “harvesting entanglement” from the field only when
the detectors are not able to communicate. In contrast, for massive scalar fields both communication and
genuine harvesting contribute equally to the bipartite entanglement when the detectors are causally

connected. These results emphasize the importance of taking into account the causal relationships between
two parties involved in this relativistic quantum information protocol before we can declare that it is truly

entanglement harvesting.

DOI: 10.1103/PhysRevD.104.125005

I. INTRODUCTION

It is by now well-known that quantum fields can display
quantum correlations between any two disjoint spacetime
regions [1-3]. These correlations can be extracted by two
localized quantum probes [e.g., Unruh-DeWitt (UDW)
detectors [4,5], atoms coupled to the electromagnetic field
[6,7], etc.]—even when they are spacelike separated—via a
protocol that has become known as entanglement harvest-
ing (see, e.g., [7-10]). In the context of relativistic quantum
information, entanglement harvesting has been used to
probe physical phenomena including the underlying space-
time geometry [11-15], topology [16], presence of hori-
zons or boundary conditions [17-21], indefinite causal
order [22], or center of mass delocalization [23].

When two detectors are spacelike separated, it is clear that
the entanglement they acquire has to necessarily come from
the harvesting of correlations that exist in the field, since the
two detectors cannot communicate. However, it is not
uncommon in the study of entanglement harvesting protocols
to consider the regimes where the detectors are causally
connected (see, among many others, Refs. [7,10,23-26],
etc.). However, the question whether these detectors are
harvesting correlations between timelike or lightlike sepa-
rated regions of the field is not obviously clear, since causally
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connected detectors can potentially get entangled through
two mechanisms: (1) genuinely harvesting correlations from
the field, or (2) communicating with each other via the field
without harvesting any preexisting field correlations.

Ideally, we would like to be able to separate the
contribution to the entanglement acquired between two
detectors into two components: the entanglement that is
genuinely harvested, and the entanglement that is generated
through the communication of the two detectors via the
field. Unfortunately, so far there was no quantitatively clear
way to distinguish both contributions. To address this, in
this paper we are going to propose a quantitative estimator
of the contribution that communication has to the entan-
glement acquired by detectors in causal contact.

We will do so by noting that the correlations acquired
between the detectors can be separated in two (subadditive)
contributions: the contribution coming from the real part of
the Wightman function of the field (the expectation of the
anticommutator) and the one coming from its imaginary
part (the expectation of the commutator). We will argue that
the relative contribution of the commutator part to the total
acquired entanglement will give a faithful estimator of how
much the entanglement is coming from communication and
how much from genuine harvesting.

We will give mainly two reasons for this: on the one
hand, it has been shown that the leading order contribution
to communication between the detectors is exclusively
given by the field commutator, and this contribution enters
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the final state of the detectors at the same leading order as
the harvesting contribution [27-29]. Second, and more
importantly, the commutator contribution is state-indepen-
dent: any entanglement that comes from the commutator
contribution cannot be ascribed to the field state (hence
unrelated to the entanglement structure of the field theory)
and will be the same even if there are no correlations
in the field state. Consequently, genuine vacuum entangle-
ment harvesting must necessarily come from the (state-
dependent) anticommutator contribution. In the cases where
the commutator contribution constitutes near 100% of the
entanglement, one can safely claim that the entanglement
acquired through the protocol is not harvested. Again, this is
because in that case the entanglement of the detectors would
be the same even if we replace the state of the field by another
one with no correlations whatsoever, since the commutator
expectation is state independent. This is particularly impor-
tant in light of recent results where one can suspect
that a significant amount of the detectors’ entanglement
may be due to field-mediated communication (see, e.g.,
Refs. [20,21,30]). Field-mediated communication is also
expected to contribute to the bipartite entanglement when
one implements indefinite causal ordering between two
detectors’ switching times [22], or when the detectors have
spatial smearings that make the detectors causally connected
(e.g., some regimes of [10,23]).

In this paper we will proceed as follows: First, we build a
quantitative measure that distinguishes harvesting from
communication-mediated entanglement. Then, we will
show how the behavior of the field commutator that
governs communication between the two detectors depends
on spacetime dimensions and the mass of the field. In doing
so, we will take into account the decay laws of the real and
imaginary parts of the Wightman function and how they are
affected by the spacetime dimension and the strong
Huygens principle [31,32]. We will see that as a general
rule for flat spacetime, when there is causal contact
between the detectors there is little or no entanglement
harvesting; rather, the entanglement acquired by the detec-
tors will be mostly due to their communication through the
field. This is expected to be true also at least for con-
formally coupled massless fields in (conformally flat)
curved spacetimes. We will briefly discuss what can be
expected in spacetimes which are not conformally flat such
as Schwarzschild geometry [33] or spacetimes which admit
no conformally flat slicing such as Kerr geometry [34,35].
Finally, we will also study how the field mass affects these
results, and show that the results are the same whether the
detectors are compactly supported on spacetime or whether
they have Gaussian tails in their switching functions.

This paper is organized as follows. In Sec. II we outline
the UDW model and the entanglement harvesting protocol.
In Sec. III we review the Wightman function, its splitting
into anticommutator and commutator, and the strong
Huygens’ principle. In Sec. IV we calculate explicitly

the density matrix elements for two detectors that interact
with a scalar field, and build the communication-mediated
entanglement estimator. In Sec. V we present our main
results for massless scalar fields in (1 + 1), (2+ 1), and
(3 4+ 1) dimensions. In Sec. VI we discuss how the results
change in higher spacetime dimensions and when the field
is massive, ending the section with a comparison between
the cases of compact switching vs noncompact switching.
Throughout this paper we will use natural units ¢ = 7 = 1,
“mostly plus” the metric signature, and X = (f,x) is used as
a shorthand for spacetime points.

II. ENTANGLEMENT HARVESTING PROTOCOL

Two detectors interacting with a quantum field can get
entanglement through two mechanisms: they can exchange
signals, or they can swap the entanglement already present in
the state of the quantum field [1,2], allowing them to get
entangled even when they are spacelike separated [8—10]. Let
us summarize the simplest entanglement harvesting protocol.

Let us consider a quantized scalar field of mass m in
(n + 1)-dimensional Minkowski spacetime. In terms of
plane-wave modes, we can write the field as

n
0x) = [ e ), (1)
2(27)" wy,

where wy, = +/|k|? + m? is the relativistic dispersion rela-
tion and the annihilation and creation operators obey the
canonical commutation relations [a, &}, = 8" (k — k).
Here, the canonical quantization of the field is carried
out with respect to inertial observers with coordinates
X = (t,x), where ¢ is the standard Killing time.

Consider two observers Alice and Bob, each carrying a
pointlike Unruh-DeWitt detector consisting of a two-level

system interacting locally with the quantum field. The total
interaction Hamiltonian is given by

By = S (e (0) + B (), )
HY = 2i(t)i(z) @ d(1(z)). x(1))). (3)

The superscript on A’ means that the Hamiltonian gen-
erates time translations with respect to the Killing time ¢
and z; is the proper time of detector j = A, B. The switching
function y;(z;) prescribes the duration of interactions, and
for simplicity we assume that y; is real. Each detector’s
monopole moment fi; is given by

fij(z;) = le;)(g;lem +|g;) {e;|e™m, (4)

where {[g;). |e;)} are ground and excited states of detector
Jj. For simplicity we will consider identical detectors so that
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In this work we will consider detector trajectories that are
at rest relative to the quantization frame (#,x): we can
replace X;(z;) = (t(z;).x;(z;)) in Eqgs. (15) and (16) with
(tj,x;) where x; are constants for j = A, B. Since the
detectors are taken to be pointlike, without loss of general-
ity we set the trajectories to be

X,(t) = (£,0,0,0), Xs() = (t,L,0,0), (5)
where L = |x; —x,| is the proper distance between the
detectors.

The detector-field interaction for a given initial state p is
implemented by unitary time evolution p = UpoUT, where
the time evolution operator U is given by the time-ordered
exponential

["] _ Te—ifdt[:lﬁ(t). (6)

In general we can evaluate this perturbatively via Dyson
series expansion

U=1+0Y+0% 4+ 0, (7)
- / * aefr (1), (8)

N 00 t N A
0@ = / dr / dr Hy () Hi (7). ©)

Thus the final state of the full system can be described by
perturbative Dyson expansion about the initial state:

p=po+pV+p@ + 0, (10)
pu) = Z TR, 07 (11)
K+i=j

where pU) is of order A/. The final state of the two detectors
is obtained by tracing out the field; thus we also have a
perturbative expansion

. A A1), A2
Pan = Trpp = Papo + P + P +0(),  (12)

where pii) = TrypY) and papo = Trypo.

If the initial state of the field is the vacuum state |0)
defined by a;|0) =0 for all k, then ,b,g]g) =0 due to the
vanishing of the one-point function (0|¢(x)|0). Thus the
leading order correction to the joint bipartite density matrix
Pas.o is of order A%

For the purpose of analyzing entanglement harvesting
protocol, we will also make the assumption that both
detectors are initially uncorrelated and are in their own
respective ground states with respect to their free
Hamiltonian, and thus we write

Po = 19x)(9a] ® |9s){gs| ® [0)(O]. (13)

For simplicity we consider both detectors to be static
relative to the quantization frame so that the coordinates
of their trajectories are given by (#(z;),x(z;)) = (z;,x;) for
some fixed x;. Under these assumptions, we can show

that to leading order and in the ordered basis {|g,gs),

|gaes).€ngs). |eses)} We get
1-L,,— Ly O 0o M
0 L L 0
Bap = BB AB " 0(/14)’
0 Len Lix O
M 0 0 0
(14)

where the matrix elements are given by

L;; :/12/dtdf/)(i(t))(j(t/)e_ig(t_[/)W(f,xi;I/,xj), (15)

M= 22 / drde' ey, (1), (1)
x [O(t =1 YW(t,x,: 1, xp)
+ O = W(! xy51,x,)], (16)

where W(X;(z;),X;(7})) is the pullback of the Wightman
function along the detectors’ trajectories and ©(z) is the
Heaviside function.

In order to measure the amount of entanglement between
the two qubits, we use entanglement measures such as
negativity or concurrence [36-38]. For a system of two
qubits, the negativity A/ for the density matrix p is a faithful

entanglement monotone defined by [36]

It -1

Np] = =, (17)

where p! is the partial transpose of p and || - ||, is the trace
norm. For the final density matrix p,; in Eq. (14),
negativity takes the form

Nprs] = max{0,—E} + O(4*), (18)

where

1
E= E <’CAA + EBB - \/(LAA - ‘CBB)z + 4|M|2)- (19)

Since the detectors are identical and Minkowski space has
translational symmetries, we have that £,, = L, and
hence the negativity reduces to

N [pp] = max {0,

M| =L} +0@.  (20)
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III. WIGHTMAN FUNCTION AND STRONG
HUYGENS’ PRINCIPLE

For our purposes, we need to analyze the (vacuum) two-
point Wightman function W(x,x') = (0|¢(X)¢(x')|0). For
(n + 1)-dimensional Minkowski spacetime, this reads

) d'k
W)= | S

where it is understood that the Wightman function is a (bi)
distribution.

The Wightman function has two clearly distinct con-
tributions, its imaginary and real parts:

—iawy (1—1')+ik-(x—x") , (21)

W(X,X) = 5(c+(x X)+C-(x.X)),  (22)

where
CH(x,X) = (0{(x), p(x)}|0), (23)
C=(x,x') = (0[[¢(x), p(x)]|0). (24)

This splitting is motivated by two important facts on which

the main crux of this work is based:

(i) The expectation value of the field commutator
[p(x),p(X)] is state-independent: that is, if pj. Py
are two distinct field states and C~, C'~ their corre-
sponding commutator expectation values, then

C™(x%,X) = Tr(py
(/31,5[
C(x, ) (25)

In particular, it means that C~(x, X’) for a vacuum state
will be the same as the one computed using a field state
which has no correlations whatsoever.

(i) The expectation value of the anticommutator
{p(X),p(X)} is state-dependent: that is, if py, Py
are two distinct field states and C*, C'" their corre-
sponding anticommutator expectation values, then in
general

CHx,X) = Tr(py{(x), p(x)})

# Tr(p{d(x). p(x)})
= C""(x,X). (26)
In particular, it means that the difference in the two-
point correlations between two field states is com-

pletely contained in the expectation value of the
anticommutator.

We also note that field commutator (24) is
Green’s function for the Klein-Gordon equation in
(n + 1)-dimensional Minkowski spacetime.

The decomposition into commutator and anticommuta-
tor is very helpful to disentangle entanglement harvesting
(no pun intended) from the entanglement that is not
harvested, but rather generated through field-mediated
communication of the two detectors. Since the field
commutator is state-independent, the bipartite entangle-
ment of the detectors cannot be associated with preexisting
(vacuum) correlations of the field. It is also known that
communication between the detectors is, at leading order,
given by the field commutator [27-29,39,40].

In order to better understand the role of communication
in generating entanglement between two detectors, we need
some results about classical Green’s functions for wave
propagation. The strong Huygens’ principle states that
Green'’s functions (hence the general solutions) of a second-
order linear partial differential equation of normal hyper-
bolic type has support only along the null direction (the
boundary of the domain of dependence, e.g., the light cone)
[31]. For a massless Klein-Gordon field in flat spacetimes,
a classic result shows that this wave equation satisfies the
strong Huygens’ principle for odd n > 3 [32]. When the
principle is violated, Green’s function also has support in
the interior of the light cone. The principle is known not to
hold for massless fields in generic curved spacetimes and
for fields with nonzero mass [41,42].

The preceding discussion shows that the support of the
field commutator C~ (X, X) is paramount in determining the
role of communication between two detectors when they
are causally connected since it mediates the leading order
communication. In contrast, the anticommutator C* (X, X’)
has support for spacelike-separated events, and it is
certainly the only contribution to the Wightman function
(and therefore the correlations that two detectors can
acquire) when two detectors perform spacelike entangle-
ment harvesting.

In the next section we will build an estimator of how
much of the entanglement acquired between two detectors
is due to communication (which is to say, through the field
commutator) and how much is coming through the anti-
commutator, which plays no role in communication at
leading order [27,29,39]. The contribution from the anti-
commutator will therefore be associated with genuine
harvesting of entanglement.

To carry out this study we will generalize the entanglement
harvesting protocol in [10] to arbitrary (n 4 1)-dimensional
spacetimes and also for scalar fields with m > 0.

IV. COMMUNICATION AND ENTANGLEMENT
HARVESTING IN ARBITRARY DIMENSIONS

Our first task is to obtain explicit expressions for the
matrix elements £,, (Lzz) and M for arbitrary field mass
m and any number of spacetime dimensions.
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FIG. 1. Spacetime diagram for Alice and Bob’s detectors.

The gray rectangles are the (strong) support of their detectors’
switching functions, denoted S, S;. Alice and Bob are separated
by proper distance L. The time delay ¢,; = f; — f, marks the
difference between their switching peaks. The red-shaded regions
are null-separated from S,.

Let us take the switching function j to be Gaussian,

_(I*lj)z

xi(t)=e 7,

Jj = A,B, (27)

where T prescribes the effective duration of the interaction
and 7; denotes the switching peak of detector j. With this
choice, the matrix elements of p,, will greatly simplify. In
this work, we define the strong support of the detectors to
be the interval
S;=1[-35T+1,35T+1], j=AB, (28)
which contains 99.9999% of the total area of the Gaussian.'
This allows us to think of the switching as effectively
compactly supported within an interval of 77 centered at ;.
Detector B can then be considered spacelike separated from
detector A when S, does not intersect any light rays
emanating from S,, as we show schematically in Fig. 1.
The matrix element Ejj, which corresponds to the
vacuum excitation probability of detector j, is given by

'As we will see in Sec. V, the choice of +3.5T about the center
of Gaussian is based on numerical evidence involving the field
commutator. It also suggests that the interval for the strong
support S; should not be taken to be smaller than (28). In any
case, we will study truly compactly supported switching func-
tions in more detail in Sec. VL.

dk .
L= [ sompa @+ P (29

where 7 is the Fourier transform of the switching function.
For a massless scalar field with @, = |[k| and Gaussian
switching (27), this can be solved exactly:

2-n
Vel n—1 2—-n 1 T2Q?
5rey [\ 2 2 27T 2

n 3—n 3 TQ?

where | F(a; b; z) is Kummer’s confluent hypergeometric
function and I'(z) is the gamma function [43,44]. This
expression is valid for n > 1 since there is a well-known
infrared (IR) divergence in (1 + 1) dimensions” [10,45].
For massive scalar fields where wy = +/|k*| +m? with
m > 0, there is no closed form expression for (29).

For matrix element M which depends on the trajectories
of both detectors, we decompose it into two parts,

M = M+ + M-, (31)

where M* depends on the (anti)commutator C*(x, x’) in
Egs. (23) and (24). Using the shorthand k = |k|, they are
given by (see Appendix A)

. dkk"!

Mt = —)2e%8, i ﬁ(’cl(k) + K, (k)),  (32)
n—1

M- = —j2e%0% dkk (K5(k) + K4(k)),  (33)

0o Vk*+m?

where each C; (j =1, 2, 3, 4) reads

i = (N KL?
’C] (k) = 2_’1_]7[]_7T20F1 <§ ) ——4 )

% e+ +ity, (Q~k) (34)
n T k2L2
Ka(k) = 27 a2 F %‘T)

« e_%T2 (k2+.Q2)+itAB (]H».Q) s (35)

*If we were to continue using this expression for the (1 4 1)D
case, then one should use n = 1 + € for some 0 < ¢ < 1, which
amounts to dimensional regularization of the IR divergence. One
can also use mass regularization (small nonzero mass) or a hard
IR cutoff as in [10].
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)= e (T )
V2r

- (n KL?
XOFI(E;_T>’ (36)

V2T

- (n  KL?
X0F1<2;—4>, (37)

where F(z) = ¢ [idye” is Dawson’s integral and
qu(b;z) is the regularized generalized hypergeometric

function or Bessel-Clifford function® [43,44,46]. Here we
use the shorthand 7,; := t; — 7, for the time delay. As there
is no closed form expressions for M for arbitrary m and
t\g» We will evaluate M numerically.

The splitting in Eq. (31) motivates us to define harvested
negativity N *|p ] and communication-assisted negativity

N7 [pas] as
N=[Pug] := max {0, M= = L;;} + 0(2*).  (38)

The idea is that if the two detectors are spacelike separated,
then M~ =0 and hence N =N (N~ = 0). When the
detectors are not in spacelike separation, they still can in
principle harvest entanglement. Indeed, the vacuum in any
two regions of spacetime contain quantum correlations
[1-3]. Comparing the contributions of the commutator and
anticommutator to negativity will hence allow us to see
how much of the entanglement between the detectors is due
to bipartite communication and how much is actually
harvested from the scalar field vacuum.

To compare both contributions, we define a communi-
cation-mediated entanglement estimator Z[p,;] given by

N_[/'}AH] A
I[ﬁAB] = { N [pas] N[pAB] >0 . (39)
0 Nlpre] =0

The estimator’s role can be summarized as follows:

(i) IfZ[p.s] ~ 1, then essentially all of the entanglement is
dominated by the communication between two detec-
tors through the field and not from swapping entan-
glement with the scalar field vacuum.

(ii) If 0 < Z[p,s] < 1, then some of the entanglement is
communication-assisted, and vacuum entanglement

The nonregularized, generalized hypergeometric function is
related to the regularized one by F(b)qu(b; 2) = ,F (a;z) [46].
Note that another commonly used expression for OF | involves the
Bessel function of the first kind, often called the Bessel-Clifford
function C,. They are related by C,,(—z%/4) = F (n+ 1;-z2/4) =
(2/2)"J,(2) [44].

also has nonzero contribution to the detector-detector
entanglement.

(iii) If Z[p,s] =0, then either there is no entanglement
(N[pas] = 0) or all entanglement comes from harvest-
ing (N7 [ps] =0) since the anticommutator does
not participate at all in leading order communication
[27-29]. These two cases can be distinguished by
checking whether |[M| > L.

We will show in the next section that the estimator can

attain values close to unity when the detectors are in causal

contact.

In what follows, we are going to focus on varying only
the time delay between the switching peaks f,;. In
particular, the variation of ¢,; will allow us to change
the causal relationships between detectors A and B. All
quantities will be measured in units of the Gaussian
switching width 7'. For concreteness, we will set the proper
distance between Alice and Bob’s detectors to be some
fixed quantity Q7 =7 and L =77T. In making these
choices, one important thing is that L be sufficiently large
so that the strong support (28) still gives enough space
between detectors for spacelike separation to be well-
defined.

Moreover, the calculations done in this work can be
straightforwardly extended to the case when the detectors
have finite size: the inclusion of spatial smearing is outlined
in Appendix B. We focus on pointlike detectors so that the
causal relationships between the two detectors are clearer as
it is completely controlled by the switching function.

Finally, we reemphasize that even though we are work-
ing with Gaussian switching in this section and the next
one, and hence the detectors are really never truly spacelike
separated, we will show in Sec. VI that the results carry to
the case of strictly compactly supported switching. In other
words, the negligible Gaussian tails outside of the detec-
tors’ switching strong support have no relevance to entan-
glement harvesting in general, and in particular to our
results.

V. RESULTS

In this section we show the result for 3 + 1), (2 + 1),
and (1 + 1) dimensions when the scalar field is massless
and the switching is Gaussian. We will consider higher
dimensions, massive fields, and compactly supported
switching functions in Sec. VI.

A. (3+1) dimensions

In Fig. 2, we plot the communication-assisted entangle-
ment estimator Z[p,;], the negativity, and the matrix
elements M, L;; for (3 + 1) dimensions. The vertical
straight lines are the light cones of detector A emanating
from the event (z,,0), and we vary the time delay #,;. In
Fig. 2(b) we show the total negativity N of the two
detectors after interaction as well as the decomposition

125005-6
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FIG. 2. Bipartite entanglement as a function of time delay 7,; between Alice and Bob’s switching in (3 + 1) dimensions.
The parameters are QT = 7 and L = 7T. The vertical straight lines are the light cones of detector A emanating from the event (¢,,0).
The red-shaded region marks the strong support of Alice’s switching function, and the blue-shaded area marks the region where the
behavior of | M*| starts to change dramatically. (a) The communication-assisted entanglement estimator. Note that Z[p,;] ~ 1 near the
light cone, and hence most of the bipartite entanglement is purely communication-based. (b) N/, N'* as a function of ¢,,. Crucially,
the anticommutator part | M| vanishes near the light cone while the commutator part | M~ | dominates. (c) M|, |M=|, L;; as a function
of t,5. The region where |[M| > L ;j (solid blue curve is above dashed horizontal red curve) is where the negativity N is nonzero.

into harvested and communication-assisted negativity N*.
In Fig. 2(c) we show in more detail the behavior of the matrix
elements of p,;. For all figures, the red-shaded area marks
Alice’s light cone with respect to the strong support S,
(cf. Fig. 1). The blue-shaded area marks the region where the
behavior of | M¥| starts to change dramatically, which occurs
within Alice’s light cone. The central white area about the
origin is where Alice and Bob are effectively spacelike
separated, as one can verify by checking the commutator-
dependent quantities N/~ and | M| in Figs. 2(b) and 2(c).

From Fig. 2(a), we see that in (3 + 1) dimensions, the
communication-assisted entanglement estimator Z [p 5] = 1
near the light cone at 7,; = £7T (since L = 7T). This
means that essentially all of the bipartite entanglement is
communication-based and not harvested from the scalar
field vacuum. Figures 2(b) and 2(c) show how the anti-
commutator (state-dependent) part takes a sudden, drastic
dip (near the edges of the blue-shaded region) as full light
contact is approached, eventually vanishing at the light
cone; in contrast, the commutator part starts to dominate at
precisely the regions where the anticommutator contribu-
tion starts diminishing.

From the field-theoretic perspective, this result may
perhaps be somewhat surprising because it says that com-
munication does not simply enhance bipartite entanglement
between Alice and Bob by “adding” more correlations on top
of vacuum entanglement harvesting. Even though a
Bogoliubov decomposition analysis shows that timelike
separated regions do contain correlations [3], our results
suggest that when the detectors can communicate through the
field, the two detectors will forgo entanglement harvesting
from the vacuum and preferentially gain entanglement
through their exchange of information through the field.
Indeed, we emphasize that since the commutator contribu-
tion is state-independent, any entanglement obtained by
the detectors from the commutator cannot be attributed to
preexisting correlations of the vacuum state of the field.

The fact that the peaks in Z[p,;] are localized around the
light cone is a consequence of the strong Huygen’s
principle in (3 4+ 1) dimensions: the (expectation value
of) commutator [¢(X), ¢(X')] for a massless field only has
support along the null direction. The explicit expression
reads (see, e.g., Appendix C for a derivation)

— AN 1
C5(6X) = g [6(Ar + |ax) —5(8 = |ax])).  (40)
where 5(z) is a one-dimensional Dirac delta distribution
and we used the notation C,, to denote the commutator in
arbitrary (n + 1)-dimensional Minkowski spacetime.

Next, we note that when the detectors are timelike
separated, it is in principle possible to have timelike
entanglement harvesting as the field commutator com-
pletely vanishes outside the light cone, while the anti-
commutator still has support in the light cone interior (see,
e.g., [24] for a related result). However, it is generically
much more difficult to extract entanglement from the
vacuum for timelike separation than for spacelike separa-
tion (for fixed proper separation L). This follows naturally
from the fact that the Wightman function for massless fields
in (3 + 1) dimensions has a power law decay &(X,, X) ",
where o(X,Y) is the Synge world function, which in flat
space reduces to half the spacetime interval:

o(x.y) = (IX° =P = e —y[?). (41)

N[ —

Since the commutator is supported only at the light cone, it
follows that this power law falloff is contained in the
anticommutator. Therefore, the anticommutator contribu-
tion |M™| diminishes the deeper Bob is in Alice’s light
cone interior, eventually falling below the noise term L;;
rendering harvesting impossible.
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Let us comment on one minor observation concerning
the slight asymmetry of the estimator Z [p,;] in Fig. 2. The
peaks of Z[p,;] is not exactly at Az, = 7T (the light cone
emanating from the peak of Alice’s Gaussian switching)
but comes very close to it. This has to do with the inherent
asymmetry of the anticommutator contribution |M™| [see
Fig. 2(c)] that affects the denominator of the ratio of
N~ /N in Eq. (39). One can check numerically that for the
parameters we chose in Fig. 2, the value of [M™] vanishes
at approximately At,; ~ £7.07T. In contrast, the commu-
tator contribution |M™| is, indeed, symmetric about the
light cone. Note that the symmetry of | M ™| only occurs at
(3 + 1) dimensions and has no direct connection with null
separation: we will see in Sec. VI that in higher dimensions
the asymmetry manifests also for | M~| regardless of the
strong Huygens’ principle. In any case the finite nature of
the switching function blurs the picture, and what really
matters is that in the neighborhood of At,; = 7T (blue
region of Fig. 2), the bipartite entanglement is dominated
by field-mediated communication.

In summary, our result in (3 + 1) dimensions highlights
the importance of the detectors being spacelike separated in
order for vacuum entanglement harvesting to be possible.
When they are null separated, the entanglement comes
mainly from bipartite communication and not from entan-
glement harvesting. When they are timelike separated,
entanglement harvesting is in principle possible but much
more difficult than spacelike harvesting due to the power
law decay of the anticommutator.

B. (2+1) dimensions

Let us now see what happens in (2 4 1) dimensions
where the strong Huygens’ principle is known to not hold,
as we show in Fig. 3. Note that since A4 has units of

llength]'T" in natural units, we define the dimensionless
coupling constant 1 = ATZ" since T is fixed in this work.

We see in Fig. 3(a) that as Bob enters deeper into the
interior of Alice’s light cone, the communication-assisted
entanglement estimator Z [p,;] — 1. The sudden vanishing of
Z[pss) for |ty = 10T is just because there is no more
entanglement past this point: M* — 0 as |t,5| — oo (while
L ;; remains constant), which follows from the falloff proper-
ties of the Wightman function for n > 2. Inspection of
Figs. 3(b) and 3(c) shows that within Alice’s light cone
interior, we have that |M| ~ |M~|, and thus any entangle-
ment generated in the timelike region is all communication-
based: there is virtually no entanglement harvesting for
timelike separated detectors. On the other hand, unlike the
(3 + 1)-dimensional case, the negativity at null separation is
shared equally by communication and harvesting at the light
cone. Furthermore, the violation of the strong Huygens’
principle manifests itself by having the field commutator
slowly increasing its dominance as Bob approaches Alice’s
light cone, eventually taking over all of |[M| ~ |M~|. Atthe
same time the role of the anticommutator quickly vanishes as
Bob approaches the light cone and vanishes in the interior.

To emphasize the lesson learned in this section, unlike
the (3 + 1)-dimensional case, in (2 + 1) dimensions there
is no such thing as timelike entanglement harvesting at
leading order in perturbation theory, as all entanglement
obtained from the timelike region are all due to the field
commutator.

C. (1+1) dimensions

For completeness, we include the (1 4 1)-dimensional
case that we show in Fig. 4. Note that due to the well-known
infrared (IR) divergence for massless fields in the (1 + 1)-
dimensional Minkowski background, we do introduce a hard
IR cutoff AT = 0.02 for the integrals over momentum as it is
common in entanglement harvesting (e.g., [10]) and in other
applications of quantum field theory (e.g., [45]).

We see in Fig. 4(a) that the communication-based
entanglement estimator continues to increase as Bob enters

T(pas) — N/ NHR e N7/ — M|/ IMEI/NR e | MEIJN — L/ N
(a) 1.0f
o8k 2 \1.5x1o”2»
L |
06 1 D10
04f ".\___2 [
| 5.x107 ;
o2t \ /
M\ A . Atap
-10 -5 0 5 10 -5 5 10 T
FIG. 3. Bipartite entanglement as a function of time delay ¢,, between Alice and Bob’s switching in (2 + 1) dimensions. The

parameters are QT = 7 and L = 7T. The vertical straight lines are the light cones of detector A emanating from the event (z,,0). The
shaded region marks the strong support of Alice’s switching function, and the blue-shaded area marks the region where the behavior of
| M¥| starts to change dramatically. (a) The communication-assisted entanglement estimator. Note that Z[p,;] ~ 1 near the light cone;
hence all of the bipartite entanglement is purely communication-based. (b) A/, N'= as a function of t,,. Crucially, the anticommutator
part | M| vanishes near the light cone while the commutator part | M~ | dominates. (c) [ M|, |M*|, L;; as a function of #,5. The region
where | M| > L;; (solid blue curve is above dashed horizontal red curve) is where the negativity N is nonzero.
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FIG. 4. Bipartite entanglement as a function of time delay 7,; between Alice and Bob’s switching in (1 4 1) dimensions. The
parameters are QT = 7 and L = 77. The infrared cutoff is chosen to be A = 0.027~!. The vertical straight lines are the light cones of
detector A emanating from the event (7,, 0). The red-shaded region marks the strong support of Alice’s switching function, and the blue-
shaded area marks the region where the behavior of | M| starts to change dramatically. (a) The communication-assisted entanglement
estimator. (b) NV, V= as a function of ¢,;. Crucially, the anticommutator part | M| vanishes in the interior of the light cone while the
commutator part M~ | increases, approaching a constant value. (c) |[M|,|M*|, L;; as a function of 7.

deep into the interior of Alice’s light cone and eventually
Z[pss] — 1. This is because in (1 + 1) dimensions the field
commutator is constant inside the light cone, and thus the
communication contribution A/~ approaches a constant
value [see Fig. 4(b)], while the harvesting contribution N *
continues to decay as Bob goes deeper into the timelike
interior of Alice’s light cone. The constant nature of N~ is
therefore a direct consequence of the constant commutator
Cy(x,X') in (1 + 1) dimensions (see Appendix C),

Ci(x,xX) = —%sgn(At)®(|At| — |Ax|). (42)

Hence, similar to the (2 + 1)-dimensional case, there is no
such as thing as timelike entanglement harvesting: the
entanglement obtained by two timelike separated detectors
mostly originates from field-mediated communication.

One subtlety concerning the (1 4 1)-dimensional mass-
less scalar field is that IR cutoff plays a very significantrole in
influencing the results. More specifically, the commutator is
independent of the IR cutoff but the anticommutator is not. It
is well-known that the Wightman function in (1 + 1)
dimensions with a hard IR cutoff can be written
as [45]

W) = = - log (-%(Ar -0 - &), (43

so the IR divergence contributes an additive constant that
diverges in the limit A — 0. Using (22), it follows that
C~(x,X') is IR safe because the additive constant drops out,
but C*(x, x) has twice the additive constant. Consequently,
the choice of IR cutoff will affect M™ and £;; but not M~.

As a comparison, Fig. 4 is plotted for AT = 0.02 while
in [10], the calculation was done for AT = 0.001. However,
how much of the bipartite entanglement comes from
harvesting depends on the IR cutoff chosen. Since both

|M™*| and L;; increase with decreasing the IR cutoff A
while |M~| stays unchanged, spacelike entanglement har-
vesting improves as the cutoff A decreases. We have checked
that for AT < 0.02, we have L;; > | M~ [; thus below this
threshold the two detectors cannot get entangled even when
Bob s in the interior of Alice’s light cone despite the decay of
the anticommutator contribution | M™|. This is the reason
why we chose slightly larger IR cutoff AT = 0.02, so that we
can still see the impact of field-mediated communication on
the bipartite entanglement.

Beyond the dependence on the IR cutoff—which is a
known pathology of the usual UDW model in free-space
1 4+ 1 dimensions—the results obtained in Fig. 4 parallel
the one in (2 + 1) dimensions as they both have commu-
tators that have nonzero support for timelike separated
regions. Hence our main claim remains unchanged: as the
detectors become causally connected, the field-mediated
communication dominates the entanglement between the
two detectors while the harvesting contribution diminishes.

D. General comments on entanglement harvesting
outside the UDW model in flat spacetime

In this subsection, we are going to summarize some
generic implications of our results based on massless scalar
fields in (1+1), 241), and (34 1) dimensions in
Minkowski spacetime and then make some comments on
more complicated spacetime backgrounds and different
couplings.

The fact thatin (3 + 1) dimensions the null-separated case
is completely dominated by communication implies that one
should be careful when deeming the entanglement obtained
by the two detectors to harvesting when they are null-
connected. This includes, for instance, (1 4+ 1)-dimensional
models involving derivative coupling variants of the Unruh-
DeWitt model [20,21] where the commutator of the field’s
proper time derivatives has support only along the null
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direction; setups involving massless fields conformally
coupled to gravity in conformally flat backgrounds; or setups
when one uses compactly supported switching but Alice and
Bob’s spatial smearings can be null-connected (e.g., some of
the regimes in [17,23]). Outside of conformal symmetry, one
still needs to be careful as curvature can have nontrivial
effects on the ability of null and timelike connected detectors
to harvest entanglement. For example, in a black hole
spacetime (such as Schwarzschild) it is possible to find
scenarios where null communication through secondary
geodesics allows for genuine entanglement harvesting
[33]. In Kerr geometry, one cannot even find conformally
flat slicing (unlike Schwarzschild geometry in Painlevé-
Gullstrand coordinates [34,35]), and thus the role of vacuum
entanglement vs communication is likely to be even more
complicated.

The fact that timelike entanglement harvesting does not
occuratallin (2 + 1) dimensions also implies that one should
in general be very careful in ascribing the entanglement
obtained by the two detectors to vacuum entanglement
harvesting when the strong Huygens’ principle does not
hold. This includes, for instance, setups where the back-
ground geometry is curved and not maximally symmetric,
such as cosmological spacetimes with minimal coupling;
black hole spacetimes, including the lower-dimensional
cases such as (rotating) Banados-Teitelboim-Zanelli (BTZ)
black holes [17,30]; and lower dimensional maximally
symmetric spacetimes such as (2 + 1)-dimensional anti—de
Sitter geometry (AdS;) [13]. Another relevant example
involves a particular setup in (2 + 1) dimensions involving
indefinite causal ordering (ICO). This was also recently
investigated in [22], or superposition of trajectories [47]. In
light of our results, while there is not much doubt that there
are quantum advantages due to ICO, when there is causal
connection between the detectors one may wonder how
much of this can be ascribed to enhancement of communi-
cation (which is possible; see, e.g., [48]) or true enhancement
of the vacuum harvesting protocol.

— R
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VI. FURTHER RESULTS: MASSIVE FIELDS,
HIGHER DIMENSIONS, AND COMPACT
SWITCHINGS

In this section we briefly discuss the effect of the mass of
the scalar field, the number of spacetime dimensions, and
the effect of using truly compact switchings (instead of
Gaussian ones) in light of the results obtained in the
previous section.

A. Strong Huygens’ principle in higher dimensions

As we briefly mentioned in Sec. III, when the strong
Huygens’ principle is satisfied, the field commutator
C~(x,X’) has support only along the null directions. For
a Klein-Gordon field in (n 4 1)-dimensional Minkowski
spacetimes, this occurs only when n > 3 is odd and there
are massless fields. It turns out that due to the structure of
the commutator in higher dimensions, the role of commu-
nication manifests somewhat differently even if the prin-
ciple is satisfied. A representative example is shown in
Fig. 5 for n = 5.

Figure 5(a) shows that as in the (3 + 1)-dimensional
case, the communication-assisted entanglement estimator
dominates at the neighborhood of the light cone. However,
notice that there are two peaks around the light cone
emanating from the center of Alice’s strong support, which
suggests that while communication dominates in the
neighborhood of Alice’s light cone (red-shaded region),
the anticommutator dominates around the region of maxi-
mum light-contact At,; = L. This is because both |M™|
exhibit an extra peak, which leads to an additional peak in
N= in Figs. 5(b) and 5(c). Note that since the anticom-
mutator has three peaks around the light cone At,; = L,
and the commutator only two peaks, for n =15 the
commutator actually is not the dominant contribution at
Aty = L, unlike for n = 3. In fact, one can check that for
odd n =2j+ 1 with j > 1, we have j 4 1 peaks for the
anticommutator around Alice’s light cone and j peaks for
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Detector entanglement as a function of time delay 7, between their switching peaks in (5 4 1) dimensions. The parameters are

QT = 7 and L = 7T. The vertical straight lines are the light cones of detector A emanating from the event (¢,, 0). The red-shaded region
denotes Alice’s light cone arising from the strong support S,. Note the increasing number of peaks in all the plots compared to the

(3 + 1) dimensions.

125005-10



WHEN ENTANGLEMENT HARVESTING IS NOT REALLY ...

PHYS. REV. D 104, 125005 (2021)

Z[pas] - N/ a

(a) 1.0 (b) D\ 35x107¢

3.x107"F
\‘ 25x107"F
|| 2.x107E
H1sx104f
‘| ‘.‘1 x10"4F

5x107"9F

N/ — N/R

— M/

(©

IMF|/R e MO/ — L/ N

2.x107" ¢

\ 15x10f

/

i
I
I
I
i
I
[
/1
I
I
I
i

-10 -5 0 5 10 T -10

\

|

1\ ,‘
A =
-5

5 10

FIG. 6. Detector entanglement as a function of time delay 7, between their switching peaks in (4 + 1) dimensions. The parameters are
QT = 7 and L = 7T. The vertical straight lines are the light cones of detector A emanating from the event (,, 0). The red-shaded region
denotes Alice’s light cone arising from the strong support S,. Note the increasing number of peaks in all the plots compared to the

(2 4+ 1) dimensions.

the commutator; thus the importance of the commutator at
the light cone depends on whether j is even or odd. Note
that we also see a similar asymmetry of Z[p,;] around the
region of maximum light contact emanating from Alice’s
Gaussian peak at At,, = 7T as was the case in (3+ 1)
dimensions.

The increasing number of peaks for both commutator
and anticommutator contributions can, in fact, be directly
traced back to the behavior of the imaginary and real parts
of the Wightman function. For a massless field, the
Wightman function for arbitrary n reads (see, e.g.,
[15,49], or by taking the small m — 0 limit of the massive
scalar case in Appendix D)

(~i)-'T(5)

WX’X, = n+ n—
() 47T ((Ar —ie)? — |Ax )T

, (44)

where € is a UV regulator and the (distributional) limit
€ — 0 is taken after integration: for small e > 0, the real
and imaginary parts of (44) correspond to the “nascent”
family whose limit € — 0 is the Wightman function. The
real and imaginary parts in that distributional limit yield,
respectively, the (vacuum expectation of) the anticommu-
tator and the commutator.

The simple case of the commutator can actually be
computed easily from a mode expansion (see Appendix C).
For arbitrary odd n > 3 the (state independent) expectation
of the commutator takes the form

n=3
2

U159 (Ar + |Ax])

C,(x,x) =i e
Jj=0

+ (=118 (A1 — | Ax])], (45)

where a; are real, At =t — ¢, Ax =x —x', and 5(/)(z) is
the jth distributional derivative of the Dirac delta function.
The distributional derivatives of Dirac deltas have support
strictly along the null direction, but they differ from the

Dirac delta in that the “nascent” family defining 5(/)(z) has

Jj+1 peaks.4 Since the commutator is dominated by the
highest derivative of the Dirac delta [the (rn —3)/2-th
derivative] for sufficiently large detector separations (which
is the case in this work), the number of peaks in |M™| is
1+ (n—3)/2. Thus for n =5, the highest derivative is
j =1, which gives two peaks for the commutator con-
tribution, in agreement with Fig. 5(c). It is straightforward
to check that for n = 7, we will have three peaks in Z[p,]
which follow from the number of peaks in |M~|, and this
pattern continues to higher dimensions.

Similarly, there are also an increasing number of peaks in
| M*| for even n. As shown in Fig. 6, we plot the case for
n = 4, and we see that we also have more peaks in |M™|
(hence N* and Z[p,;]) as compared to the n = 2 case in
Fig. 3. However, the pattern differs slightly from the odd n
case. More generally, for even n = 27 with £ > 1 there will
be £ peaks for both the anticommutator and the commu-
tator around Alice’s light cone. Since the number of peaks
around both components are equal, it is always the case for
even n that both components contribute equally to the
bipartite entanglement around the light cone. Despite this
we want to reemphasize that for timelike contact entangle-
ment is still dominated by communication in all even
spatial dimensions, rather than true harvesting.

B. Massive scalar field

In this subsection we will obtain analogous results for
massive scalar fields.

We plot the massive field results in Fig. 7. There are several
important distinctive features as compared to the massless
case. The first observation is that for a massive field the
commutator has support inside the light cone regardless of
the dimension of spacetime, even within the deep interior of
Alice’s light cone (At,; > 7T). The second observation is
that the oscillatory nature of both the commutator and the

“One can readily see this by using Gaussian functions as a
family of nascent delta functions, and their derivatives define a
family of derivatives of delta functions.
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FIG. 7.

Detector entanglement as a function of time delay 7, between their switching peaks in (3 4 1) dimensions for massive scalar

fields. (a) mT = 0.2. (b) mT = 0.5. (c) mT = 1. The parameters are QT = 7 and L = 7T. The vertical straight lines are the light cones
of detector A emanating from the event (¢,,0). The red-shaded region denotes Alice’s light cone arising from the strong support S,.
Observe that for small mass the behavior is close to massless fields and their increasing oscillatory behavior as the mass of the field

increases.

anticommutator contributions to the correlation term |M®|
become more pronounced as the mass of the field increases.
The third observation is that the oscillations are not “in
phase”: the dominant contributions to entanglement alternate
between the anticommutator contribution and the commu-
tator contribution, so that on average they both contribute
equally for timelike separated detectors that are switched on
long enough.

The oscillatory nature of both contributions can also be
directly traced back to the behavior of the imaginary and
real parts of the Wightman function, which is given for
arbitrary m and n by (see Appendix D for derivation)

m's 1
(2m)'5 [—(Ar —ie)? + |AxP[F

XK%(m\/—(At —ie)> + [AxP).

W(x,x') =

(46)

We can regard the UV regulator € as providing a nascent
family of complex-valued functions whose limit gives the
Wightman function above. By plotting the nascent family
for finite nonzero e, one can see the same oscillatory
behavior of |M¥|, including the number of peaks that
appear in them.

Notice that while both massless fields in even spatial
dimensions and massive fields have commutators with
support for timelike separation, their relative contributions
to the entanglement generated between two timelike

separated detectors are quite different. Namely, on the
one hand, for the massless case entanglement deep into the
region of timelike separation is dominated by the commu-
tator contribution, and therefore it cannot be attributed to
genuine harvesting. On the other hand, for the massive case
both communication and harvesting can be thought of as
contributing equally to the detectors’ entanglement.

C. Compactly supported switching function

Finally, we complete our analysis by showing that the
main claims of this work are not affected by the use of
noncompact switching, as long as the strong supports of
both detectors are in spacelike separation. We do this by
performing the same calculations for compactly supported
switching functions and restricting our attention to the
simple case of a massless scalar field in (3 4 1) dimensions.
Unlike the Gaussian case, there is not much in the way of
simplification that we can effect for the matrix elements
of p,z; thus we calculate the matrix elements for the case of
compact switchings numerically from (15) and (16) using
the standard formula for the Wightman function for a
massless field in (3 + 1) dimensions using Eq. (44):

1 1
4n? (At —ie)? — |Ax

W(x,x') = (47)

The compact switching we consider is the truncated
Gaussian,
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Comparison between compact and noncompact switching on detector entanglement in (3 + 1) dimensions for massless scalar

fields. The parameters are QT = 4 and L = 7T. (a) Comparison of the communication-assisted entanglement estimator for full and
truncated Gaussian switchings. (b) Comparison of |M=| for the full and truncated Gaussian switchings. The truncated Gaussian has
compact support R; = [-3T + ¢, 3T + t;]. The vertical straight lines are the light cones of detector A emanating from the event (z,,0).
The white region between the gray zones near the origin shows the values of 7,; where the two compactly supported detectors can be
truly spacelike separated. The red regions are Alice’s light cone with respect to the full Gaussian switching’s strong support.

(48)

where @y is the indicator function on the compact interval
R; = [-3T +1;,3T + ], given by

d)Rj = {

This choice of truncated Gaussian allows us to compare the
result with the full Gaussian switching more easily. As the
detector separation is set at L = 77, in this case the two
detectors can be made strictly spacelike separated without
any tails putting them in marginal light contact. The
comparison is shown in Fig. 8. The gray-shaded region
marks the light cone of Alice’s compact support if the
switching is the truncated Gaussian, which spans the
interval of 67". The red-shaded region marks the light cone
of Alice’s strong support if the switching is Gaussian.

Our example here gives essentially identical communi-
cation-assisted entanglement estimator Z [p,;] in Fig. 8(a).
We also see from Fig. 8(b) up to small oscillations near the
boundary of compact support, the use of compactly
supported switching leads to essentially the same result
as the noncompact switching: namely, the communication
component (commutator contribution) dominates near the
light cone while the vacuum harvesting component (anti-
commutator contribution) vanishes. This is not surprising
because the essential reason for the dominance of commu-
nication over harvesting at null separation is not influenced
by the shape of the switching function but rather the
distributional behavior of the real and imaginary parts of
the Wightman function.

1 ZERj

0 1R (49)

VII. CONCLUSIONS

In this paper we analyzed whether entanglement harvest-
ing can be achieved when particle detectors are causally
connected, are able to exchange information, and therefore
get entangled without harvesting correlations from the
field.

In particular, we studied the role of the field-mediated
communication in the so-called entanglement harvesting
protocol for the Minkowski vacuum in arbitrary spacetime
dimensions. By varying the time delay between the switch-
ing functions of two detectors and hence their causal
relationships, we investigated how much of the entangle-
ment acquired by the two detectors after interaction with
the fields is due to field-mediated communication between
them and how much is due to vacuum entanglement
harvesting.

More specifically, the communication between two
detectors at leading order communication between the
two detectors is mediated by the field commutator (see,
e.g., [27-29]), which does not care about the correlations
preexisting in the field since it is state independent.
Therefore its contribution would be the same whether
the field state has correlations to harvest or not. We hence
argue that the ability to harvest entanglement is mediated
by the field anticommutator. Both the commutator and the
anticommutator have very different behavior depending on
the dimensions of spacetime.

We compared the contribution of the commutator and the
anticommutator to the entanglement acquired by two
detectors interacting with the field. We showed that, for
massless fields in any dimensions, when the two detectors
are causally connected, the entanglement they acquire does
not come from harvesting. Instead, it is dominated by the
field-state independent commutator contribution to the
correlation between the detectors, hence being due to
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communication and not harvesting as has been sometimes
claimed.

We have also analyzed the case of massive fields, where
the behavior is somewhat different: for massive enough
fields the contributions of harvesting and communication to
the entanglement acquired by the detectors in causal
connection tends to be equally contributed by both com-
munication and harvesting.

Finally we have considered how our results also apply to
more general scenarios such as curved spacetimes, smeared
detectors, detectors with indefinite causal order, or deriva-
tive coupling UDW models. In this context, we have
discussed how the results about harvesting vs communi-
cation largely apply to all these general scenarios.

The key takeaway in view of our results is that for a
genuine “entanglement harvesting protocol,” the entangle-
ment “swapped” from the existing field correlations should
be the major contributor to the bipartite entanglement
between the detectors. In this context, we have seen that
in the cases when the field commutator is the leading
contribution to the entanglement between detectors, the
entanglement cannot come from harvested correlations.
This is so because the commutator contribution is the same
regardless of the state of the field, and hence it will entangle
the detectors in the same way whether the field has
preexisting correlations or not. That is the case in most
massless field scenarios when the two detectors are in
causal contact, where their entanglement comes from their
ability to signal each other via the field. Our results
emphasize the importance of remaining spacelike separated
to properly claim that the detectors harvest entanglement
from the field.

|

oo t . N _m)?  (-w)?
M= —/12/ dt/ d eiU+) [e 2 e 12
—Q0 —00
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APPENDIX A: NONLOCAL TERM IN
ARBITRARY DIMENSIONS

Here we will derive the nonlocal term M, generalizing
the result of [10] to an arbitrary number of spatial
dimensions n and mass m. We will also show how the
derivation of M conveniently splits the contributions
coming from the field commutator and anticommutator.

First, we recall that we have two identical detectors
which are pointlike and at rest relative to the quantization
frame with Minkowski coordinates (z,x). The detector
trajectories X;(#) (j = A,B) are static relative to the quan-
tization frame so we can write X;(7) = (¢,x;) where x; are
constant. The detectors are turned on for the same effective
duration (controlled by Gaussian width 7') but they are
allowed to be turned on at different times [different
Gaussian peaks in Eq. (27)]. We will comment on the
inclusion of spatial smearing at the end of this section.

Under these assumptions, the nonlocal contribution M
can be written as

d"k . .
5w (=) ik (=) A B)|, Al
/ T e + (A < B) (A1)

where we have implemented the time ordering ®(z — ) as a nested integral and @, = +/|k|> + m? is the relativistic
dispersion relation. It is convenient to perform the following redefinition and change of variables:

Iap = Iy — Iy,

This will give the more symmetric expression

M= -2 /oo dr /l dt’/—dnk eiox(t=1) piQ(1+1'+21,) [e_}%e
—00 —00 2(271’)"a)k

Let us rewrite this in a more compact form:

M = —j2e% /

K:(k) = /°° dt/t dtle_iwk(t_t/>ei9(f+[’> [e_;jze_

(o] (e8]

Xap = Xp = Xy,

> 1—1,, />t —t,. (A2)
_(r/_;nge_ik"‘“ + e_(r_rrzwze_%eik'xm} . (A3)

d'k
S Kk), A4
(I,_TISB)Ze_ik'xAB + e_(l_;gB)ze_;%eikthB} ’ (A5)
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where we keep all the global phases for clarity. The integral can be done in closed form:

K(k) = g T2 e—#(sﬂm;)[ ekt (Q-on) | o=k T it ()]
+ g T2t {ei"‘ij (M T(on—-Q) + 2%) B (M 10 7 - Q))] . (A6)
where we define
J(a,b) = —iy/ze " erfi (“ “\L/lzi/ 2) , (A7)

with erfi(z) = —ierf(iz) and erf(z) is the error function.
Next, we separate the radial and angular part of the integration measure in (A4):

d'k 1 / |k|"~! 1 / ||t / /ﬂ )
dQ,_ | = —— du,,_ dosin"20, (A8
/2(271’)" 27‘[)” | | /7|k|2+m 2( | | /—|k|2 2 0 ( )
where dQ,,_, is the area element of the unit sphere $”~! and du,,_, is the remaining angular part of the integration measure:
n—2
dQ,; = dO(sin0)"2du, . dp,y = | [ dgi(singp;) >, (A9)

i=1

The integral over du,_, can be found using the trick in [50] as follows:

n 2 5
/ dQ, | = / dips / dosin" 20 = = (A10)
0 INC)
: Val(3') 277
dosin" 20 =Y" 2/ / Aty = . (A1)
/ r() RC)
Hence we get
d'k 1 2 / k[~ ,
" d6sin"26. Al2
/2(27r)” ~22n)" T (%5 I |«/|k|2+m (A12)

The only component that depends on the angular variable is the phase e***w; thus we can perform this integral first:

(kPR
Bz, —Elrael Al
)() 1(23 4 ) ( 3)

where ()F | 1s the regularized generalized hypergeometric function [43]. For completeness, we note that this could also be
equivalently written in terms of the Bessel function using the fact that for n > 1 we have [44]

T n | |2|'KAB|2 2 " T 1
0 1<2 1 |‘|| AB| 22(| || AB|) ( )

This is also called the Bessel-Clifford function, denoted as C,(z) = (F,(n + 1;z) [44].
Since K(k) in (A6) has four terms, it is convenient to rewrite the expression as K = K| + K, + K3 + K4, where

/7[ do sin"2 eeiikxAB _ / dO sin"2 ee:tllkaAB|cos¢9 \/—F<
0 0

2 2
R e ) (A13)
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n d k 2 2 .
,CQ(lkD = 2—"—1”1—§T20F1 (E = %) e_%TZ(‘k|2+92)+1tAB(|k‘+Q) ,

2

IZB
K (Jk]) = —i2-" 472l m <

Ka(lk])

where F(z) = e I dye”” is Dawson’s integral [43]. We
have made explicit the fact that C; depends only on the
magnitude of the momentum vector |k|; thus it is conven-
ient to write k := |k|. The full expression for M now reads

) ) 1
_ 2,201,
M= -2 / mZK (A19)
This is the final expression for the nonlocal matrix element
M for arbitrary mass m > 0.

In what follows we would like to be able to split M into
two parts, one which depends only on the anticommutator,
denoted by M, and the other which depends only on the
field commutator, denoted by M. This split is necessary
for splitting the harvesting contribution (which depends on
the anticommutator) from communication contribution
(which depends on the commutator). Let us write the
expectations of the anticommutator and the commutator in
terms of the Wightman function:

CE(x,x') = W(x,x') £ W(X, x). (A20)
Remarkably, what is perhaps not obvious from the splitting
of M into ;s is that the field anticommutator expectation
C*t(x,x’) depends only on KC; and K,, while the field
commutator expectation C~(X,X’) depends only on Kj
and K4. Consequently, the (anti)commutator contributions
can be written as M* = M + M/, where M’ is the same
integral as M in Eq. (A4) but with the replacements
oy, — —wy andk — —k. Under these replacements, we have

. 4
_ 32 2i0t,
M = —)%e fA dk Y I:IC}(k)
j:

(A21)

=2 / drdr / drxdn (1) (1) 3 (6) F () =200 (1, £ ),

A i 2 2
— —iz_nﬂ%_%TzeitABQ_ﬁ—TzﬂzJ,:» |k|T —1l,p ()Fl E; _ |k| |xAB| ,
V2T 2 4

(A16)
kT2 +ita\ 2 (1 kPPlxas]®
Ve, oF X 1 , (A17)
(A18)
|
where as before we use k = |k| and
Ki(k) = Kak),  Ky(k) = Ky (),
Ks(k) = =Ku(k),  Ky(k) = =Ks3(k). (A22)

Hence, the (anti)commutator contributions to M are com-
pactly expressible as

kn—l

Mt = 320 0°° ks (1 (8) + K (K),
(A23)

Mo = e | * dk \/L(/@(k) + (k).
(A24)

APPENDIX B: SPATIALLY SMEARED
DETECTOR

The calculation for the case of a spatially smeared
detector is straightforward. For simplicity, we will consider
the special case where both detectors have identical spatial
smearing and switching functions (up to spacetime trans-
lation), with the same inertial trajectory at rest in the
quantization frame.

Under these assumptions, we can write y;(f) = y(t — t;)
where j = A, B and y(¢) is some real function. The spatial
smearing of both detectors is a common real-valued
function F(x) that is L'-normalized to unity, and we write
Fj(x) = F(x —x;). The resulting matrix elements in (15)
and (16) are modified into

(B1)
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= —ﬂz/dtdt /d"xd"x )y (s (P)F o (x)Fy(x)O(t — YW(t,x; 1, X)
+ ey (e (1) F () Fy (x)O( = )W (1, x'; 1, x)]. (B2)

The expression for £;; in Eq. (15) is modified to

Ly =7 [ S (@ OOE (@ + a0 FRF; ) (83

where F;(k) is the Fourier transform of F;(x). The translation property of the Fourier transform allows us to write this as

d'k - : .
Ly = 2 [ 3o (@ + I F et etin). (B4)
)" Wy

Note that £;; (the excitation probability of detector j) is independent of #; and x ;, as we expect from translational invariance.
The pointlike limit is recovered simply by setting F(k) = 1.

For the nonlocal M matrix element we can proceed similarly. For the Gaussian switching considered in Appendix A, the
resulting expression for M in (A4) turns out to be obtainable by simply replacing

K(k) — |F(k)]*K (k). (BS)

This follows straightforwardly from the definition of Fourier transform and its translation property and is consistent with the
expression found in [10].

Finally, we remark that the usual dipole coupling in light-matter interaction allows for complex-valued smearing
functions, e.g., when one considers a hydrogen atom coupled to electric field. So long as there is no exchange of angular
momentum involved between the detectors and the field, the results obtained using real-valued smearing and switching
functions will be qualitatively similar [7].

APPENDIX C: COMMUTATOR IN ARBITRARY DIMENSIONS AND STRONG HUYGENS’ PRINCIPLE

In this section we calculate the expression for the (vacuum expectation value of the) field commutator C~(x,X') =
[#(X), p(X')] in arbitrary dimensions. We note that this expectation value is state-independent, and all the state-dependence
of the Wightman function is contained in the expectation value of the anticommutator C* (X, X’). Using the fact that
C~(x,X) = W(x,x') — W(x',x) and Eq. (A12) we have

n—=1

1 2m 0 T
L on / dlk ||k / dfsin"2 @ sin (—ilk| At + ilk||Ax| cos 0), (C1)
0

O Ty

where we have used the shorthand A7 = ¢t — 7, Ax = x —x’. Writing @ = |k| and performing the angular integral, we get

C(x.X) = — (jw {2 A dwa"? sin(wAr) F, <§ ——|Ax|2 2)} (C2)

where (F| is the regularized generalized hypergeometric function [43]. Note that the term in the square brackets is in the
form of a Fourier sine transform. As an example, we can readily recover the case for n = 1, n = 2, and n = 3 previously
calculated, for example, in [28]:

O(|Ar —[Ax]), (C3)

Ci(x,x') = —; [2Aw dw sin(wAt) COS(a)|Ax|):| _ _isgn(Az‘)

o7 2

isgn(Af) ©(Ar? — |Ax|?)
2z A2 —|Ax]P

C;(x,X) = —% [ZAOO dw sin(a)At)JO((g|Ax|)] -
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i o . 2 sin(w|Ax|) i
(X, X)=—-—=512 d At =
s (xX) (47;)3/2{ /0 wosn(@A) =TT | = dlax

[6(Ar + |Ax|) — 5(Ar — |Ax|)]. (C5)

The expressions for arbitrary dimensions can be worked out analogously.

Let us consider what happens for the commutator when 7 is odd and n > 3. The strong Huygens’ principle says that for
an odd number of spatial dimensions (odd 7), the support of the commutator is only along the null direction At = +|Ax]|.
We will calculate this explicitly for » = 5 and n = 7 and provide the generic form for arbitrary odd n. The crucial part of the
upcoming calculation is that for odd n > 5, the support is confined to be along the null direction. However, notice that it
involves not only Dirac delta functions but also their distributional derivatives. Let us denote the distributional derivatives of
the Dirac delta function by 5<k>(z) where (k) denotes the number of derivatives. The distributional derivative has the
property that

dkf

[ 4z @39 = 20) = (~DF L o) (co)

and, in particular, [dz6®(z) =0 for all k > 1.
In order to calculate the commutator for n =5, first we rewrite Eq. (C2) as

5 1
dww?® sin(wAt),F, (2 Z|Ax|2w2>

C5(xx) = m/
‘Wf/) dwm

[cos(wAt + w|Ax|) — cos(wAr — w|Ax|)]

[sin(wAt + w|Ax|) + sin(wAt — w|Ax])]. (C7)

" 2i /md 2w
= o
J@ns o mIAxP

Integrating over @ from O to oo, the first line in the last step is essentially the Fourier cosine transform of a constant function,
while the second line is proportional to the Fourier sine transform of w. Therefore, we obtain

Cs(x,X) = [6(At + |Ax|) — 6(At — |Ax|)] — [0 (At + |Ax|) + 61 (Ar — |Ax])]. (C8)

i i
82| Ax|? 87%| Ax|?
Note that the commutator is supported only along the null direction, but there is a contribution due to the first derivative of
the Dirac delta function 8() (At & |Ax|) which dominates for larger |Ax|.

In order to calculate the commutator for n = 7, first we rewrite Eq. (C2) as

7 1
C7(x,x') = dww’ sin(wAt),F, <— —ZAx2w2>

2’

m/
:W/) d“’m

[cos(wAt + w|Ax|) — cos(wAt — w|Ax]|)]

n 2i °°d 12w
A P
V@)oo alax|?

2i /oo 4w?
| do——
V@47 Jo V7| Ax|

[sin(wAt + w|Ax|) + sin(wAt — w|Ax|)]

[cos(wAt + w|Ax|) — cos(wAr — w|Ax])]. (C9)

Integrating over @ from 0 to oo, the first line is the Fourier cosine transform of a constant function, the second line is the
Fourier sine transform of @, and now we also have the third line proportional to the Fourier cosine transform of ?.
Therefore, we obtain
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3i
C7(X X) m[ (At+|Ax|)—5(At
1

W[CS(Z)(N*‘ |Ax|) —

A = ———
[ax)] 1673 | Ax|*

@ (A1 — |Ax])].

S 1500(Ar + |Ax]) + 60 (Af — |Ax])]

(C10)

Note that the commutator is supported only at the light cone, but there are contributions due to first and second derivatives
of the Dirac delta function, with the second derivatives dominating at small distances.
More generally, following the same procedure one can show that odd n > 3, the commutator takes the generic form

n=3
2

G, (x,X) :i 9

|Ax|" 2—j

where a; are real constants, and at small distances the
commutator is dominated by the highest derivative of the
Dirac delta function. Thus we showed that the strong
Huygens’ principle is satisfied in Minkowski spacetimes
with an odd number of spatial dimensions n > 3.

Finally, we remark that the distributional derivatives of
the Dirac delta function are responsible for the increasing
number of peaks in |[M™| in a higher dimension. Roughly
speaking, this comes from the fact that M~ is an integral
with respect to z, ¢ over the switching functions multiplied
with the commutator C;(X,X’). Since we considered
detectors that are sufficiently separated spatially (large

highest (5= —th) derivative of the delta function. Therefore,
the domlnant feature of |[M~| comes from convolution of
the switching functions with the highest derivative, so the

1 275
W(x,x') = ™

(8 (At + [Ax]) + (-

LI

st ), 9k '\/|k|2

171500

)l (C11)

peaks of | M ™| come from the behavior of the derivatives of
the switching functions centered about the null direction.

APPENDIX D: WIGHTMAN FUNCTION FOR
MASSIVE SCALAR FIELDS IN ARBITRARY
SPACETIME DIMENSIONS

Here we study the behavior of the Wightman functions of
arbitrary m > 0 and n > 2. For completeness we will first
derive the Wightman function for a massive scalar field in
arbitrary dimensions. The Wightman function was also
derived in [49] but the steps in there required restrictions to
timelike-separated points. Here we present a more general
expression.

Following the procedure in Appendix A, we know that
the Wightman function can be written as

e~V [k +m* At /ﬂ dgsinn—296ik-Ax’ (Dl)
0

where At =t — ¢ and Ax = x — x'. The angular part has been solved in (A13), but it will be convenient for us to use the

Bessel-Clifford functions (A14) and write this as

|k|n 1

W(x,x') =

[T
20y N

We perform the change of variable s = /|k|? + m?/m, so that

WX X) = —m
2(2rm)2|Ax[ T

We can now use the identity #6.645 in [51]:

1

/ dx(x? = e, (BV — 1) = \/ﬂ” 24 B2

eV [k|>+m> At <|’€||2T|>HT_2J%(|k||Ax|) (DZ)
mo / s(s2 — 1) Fem:01 ), (m|ax| V2 < 1). (D3)
Ko(yJe +7), (D4)
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n—

where K, is the modified Bessel function of the first kind. Setting v = 122 B = m|Ax| and analytic continuing using

a = e+ imAt give

n—1
mz2 1

2

W(x,x') =

(27) [~(Ar = ie)? + |Ax]]

=K (m\/—(At —ie)> + |AxP?), (D5)

where this expression should be understood as a (bi)distribution. The corresponding commutator and anticommutator can
then be obtained using C*(x, X') = W(x,x') & W(X/, X). Note that the small mass limit m — 0" will give us the Wightman

function for the massless scalar field in Eq. (44).
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