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In this work, we use the framework of effective field theory to couple Einstein’s gravity to quantum
electrodynamics (QED) and determine the gravitational corrections to the two-loop beta function of the electric
chargein arbitrary electrodynamics (Lorentz-like) and arbitrary (de Donder—like) gravitational gauges. Ourresults
indicate that gravitational corrections do not alter the running behavior of the electric charge; on the contrary, we
observe that it gives a positive contribution to the beta function, making the electric charge grow even faster.

DOI: 10.1103/PhysRevD.104.125001

I. INTRODUCTION

Even though the classical theory of the gravitational
field is well established by Einstein’s theory of general
relativity, the quantum description of gravity is still an open
problem. Several approaches concur to describe gravity at
the quantum level. As nonperturbative approaches, we can
remark asymptotic safety [1], causal dynamical triangu-
lations [2], lattice quantum gravity [3], and loop quantum
gravity [4] besides superstrings as a possible unifying
theory of all forces. On the other side, perturbative
quantization of Einstein’s theory of gravity, for small
fluctuations, around a flat metric leads to a nonrenormaliz-
able quantum field theory [5-7].

However, the potential harm of nonrenormalizability
in the perturbative approach can be contoured in the
effective field theory (EFT) framework, where there is
an unambiguous way to define a well-behaved and reliable
quantum theory of gravitation, if only we agree to restrict
to processes of low energy compared to the Planck
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scale [8,9]. This EFT approach has been applied to compute
quantum gravitational corrections to several quantities
such as Newtonian and Coulomb potentials [10-12], the
Friedmann-Lemaitre-Robertson-Walker metric [13], bend-
ing of light by a massive source [14], and others.

Although the effective field theory of gravitation is
perfectly well defined as a quantum field theory, some
subtleties arise from its nonrenormalizability, such as the use
of the renormalization group equations [15,16], as illustrated
by the controversy involving the gravitational corrections to
the beta function of gauge theories. In 2006, Robinson and
Wilczek announced their conclusion that gravity contributes
with a negative term to the beta function of the gauge
coupling constant, opening the possibility that the coupling
to quantum gravity could make gauge theories asymptoti-
cally free [17]. This result was soon contested in Ref. [18],
where it was shown that the claimed gravitational correction
is gauge dependent, and a lot of subsequent research on the
subject followed with varying conclusions [12,19-27].

In particular, it was shown through the computation of
scattering processes at one loop that quantum gravitational
corrections do not alter the running behavior of the electric
charge in the massless Einstein-scalar quantum electrody-
namics (QED) [28], and the same behavior was observed in
the massive case [29].

In this work, we couple gravity to Abelian gauge fields
and matter, both fermionic and scalar, in order to compute
the gravitational corrections to the beta function of the
electric charge at two loops. We start with fermionic QED
in Sec. II, where we discuss the results for one- and two-
loop (Secs. I A and IIB) contributions. In Sec. III, we
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compute the one- and two-loop beta function of the electric
charge in the scalar QED. In Sec. IV, we present some final
remarks.

Throughout this paper, we use natural units ¢ = 7 = 1.

II. QUANTUM ELECTRODYNAMICS COUPLED
TO GRAVITY

The Lagrangian describing gravity coupled to QED is

2 1 i = .
L= V _g{PR - Z glﬁFﬂ(zFbﬂ + E [l//y”(vﬂ - leA”)l//
—w(V, +ieA)r'v] - my'/y/} + Lno + Lar + Ler,

(1)

where the Dirac matrices are contracted with the vierbein

(" =ret), Vo = (0, +iw, )y, WV, = (0,5 — ipw,),
Wy = zltgah[ eq(Ouep, — Oyep,) +%€Ze‘b’(3,,ec,, —0pecq)en—

(a <> b)] is the spin connection with 6% = i[y“, y*]/2, e is
the electric charge, and « is the gravitational coupling
(k* = 322G = 327/ M3), with M being the Planck mass
and G the Newtonian gravitational constant.

An observation is in order. Even if we go up to two loops,
we restrict the calculations to the exchange of at most one
graviton, which already involves a lot of Feynman graphs.
This limitation also corresponds to restraining to study
processes up to the order of E? in the energy expansion of
the EFT and to consider higher-order operators (HOs) up to
the order of 6, in the Lagrangian. Two-graviton exchange
would mean to calculate a lot more graphs and the
introduction of several HOs of the order of 8 or more.
Besides that, when considering two-graviton exchange, we
will end up with contributions proportional to x*, which are
much smaller than the one-graviton exchange approxima-
tion; therefore, we neglect it in this work. We will postpone
that to future studies. Expanding g, around the flat metric
as g,, = Ny, + Kkhy,, with 5, = (4, =, —, =), we have [30]

L=Ly+Ls+Ly+ Lyo + Lar + Ler, (2)

where
1 1
ﬁh = —Zaﬂhaﬂh + Eaﬂh"”(?"hw; (38.)
Ly=5 (w"a w = 0 yy) — miy + ety
Kk i, _ _
k|5 @O = 0ury) — mpy
K _ L
~2 By (Wry* Ovy — 0 Gryw)
1 _
- EKe(hﬂuzz - huv)l//yﬂl//Ay; (3b)

1
Ly ==y FFyy+ S P F o= ShFF: (3¢)

O &, O
Lyo = ﬁ%(ela €2m)1l/—ZF” @Fyu
e
+ o U (3d)
Mz
Lor = (o -Lon) - L@ (e
GF‘fh 2% T2g, ©

where h = hj,, F* is the usual electromagnetic field
strength, o =Z[y#,y"], &, is the gravitational gauge-fixing
parameter, £, is the electromagnetic gauge-fixing param-
eter, and &; are dimensionless coupling constants related to
the higher (sixth) order operators, needed at our approx-
imations. L is the Lagrangian of counterterms. They are
monomials of the same exact form as that of Eq. (3)
multiplied by convenient Z factors, to be properly chosen to
absorb the divergencies obtained in the calculations. We did
not write the Faddeev-Popov Lagrangian (nor the corre-
sponding ghost propagators, below). The electromagnetic
ghosts completely decouple, as known, for Abelian gauge
theories, and the gravitational ghosts are not needed in the
order that we are working (only one-graviton exchange).

From the quadratic part of the Lagrangian (2), we find
the following propagators (in an arbitrary gauge):

U v(_ — L wo_ (1 — p'pr’
(TR () (-p) = (n (1-60 24 ) (4a)
_ . P—m
(Ty(p)w(-p)) = e (4b)

i apuy
<Thaﬂ<p>hﬂv<—p>>7(1”/3””—(1—@,)9]) ) (40)

where the projectors P#** and Q" are given by

per = é(n“"n/’” + g — Py

QM = (np’p* + n™pPpt + W pep + 0 pph).

(5)
In the renormalized Lagrangian, we followed the usual
notation for the fields renormalizations: y, = Z, !/ 21// and

Ag, = Z;/ 2A,,, with the renormalizing factors expanded in
loops, as

Zi=1+42"4+7% ... (6)
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The relation between the bare and renormalized electric
charges is given by

ey = u* Zi e
0o — LR
7,73/*

(7)

where Z<11> is the counterterm in / loops, for the interaction

vertex ey Ay, while u is a mass scale introduced by the
dimensional regularization with D = 4 — 2e.
|

—izW(p) =

(32&4€% +37K2m?* = 29&,>m?) f — 2m(16€* (&4 +3) — k2m*(19¢), —23))

A. One-loop renormalization group functions

In this section, we will calculate the one-loop relevant Z
factors for the renormalization of the electric charge in
an arbitrary gauge, so we will consider the one-loop self-
energy diagrams in Figs. 1 and 2. To do this, we use a set of
Mathematica packages [31-33], whose files can be found
in Supplemental Material [34].

The corresponding expression for the electron self-
energy (Fig. 1) is

P p(158,—19)+12m(3 - &)

5127%

2
+ 20 = mz) + L (2D = mz) 4 finite.

M3

The first term of the above equation is renormalized by
the counterterms Zgl) and Z,(,p, while the second term is
renormalized by the higher derivative operators Z(ll) and

@
Z(éi) (they are not needed for our conclusions and we will
not write them, below). Imposing finiteness to X(p), we

find the following one-loop counterterms:

2 37 — 29¢;,)k>m?
Z(21) __¢ 5;1 _( fg)’( m , (9a)
167°€ 512n°€
ng _ 362;)1 3 eszA 3 231<211213 19K2mj§h’ (9D)
167°¢ 167m°e¢ 2567°€¢ 2567°€

where we used the minimal subtraction scheme (MS) [35].
For the photon self-energy, straight calculation of the
graphs in Fig. 2 results in

h y
e e
e e
e e
1 2

FIG. 1. Feynman diagrams for the electron self-energy. Con-
tinuous, wavy, and wiggly lines represent the electron, photon,
and graviton propagators, respectively.
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FIG. 2. Feynman diagrams for the photon self-energy.

+ 1287%€¢
(8)
1
1% (p) = (P = pup)ID(P2),  (10)
where
- 2 (8e? —k?p*(2-3&,))
a2y — 70 sm P, ( 0
(P%) 3 T4 M3 + 967%¢
+ finite. (11)

As can be seen, H,(,p (p) preserves the Lorentz invariance
and the gauge symmetry, that is expressed by the Ward
identity p*I1,;)(p) = 0. From the expression for [T (p2),
we can see that Z; is the renormalizing factor for the
Maxwell term, while Z; renormalizes the higher derivative
term F*[JF,,. Thus, Zs is the relevant counterterm for the
beta function of the electric charge.

Imposing finiteness of TI(!) (p?) order by order in powers
of p?, we find (in the MS scheme of renormalization)

2
(1) ¢
ZV) — 12
3 1272¢’ (12)
- M (2 —
AR KMp(2—384) (13)

967%e

Note that Zgl) is independent of the gravitational
coupling k. Let us go to the vertex function I*. The
contributions to it, in one-loop order, are depicted in Fig. 3.
The resulting expression is

2 2.2
NI ) , €Sa | K'm>(37-29¢,)
i (p) = —eru |2+ g 5127%
—2i¢7\"6,,p* + O(p) + finite. (14)
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FIG. 3.

Z(ll) absorbs the terms linear in p* (not shown in the
above expression). Imposing finiteness through the MS
scheme, we find

(37 — 29¢,,)k*m?
B 5127%€ ' (13)

_ ey
167%¢

z{ =

Note that Z%l) = Zgl) [see Eq. (9a)], confirming the Ward
identity: p*T',(p) = Z(q) —Z(p + q) (see, for instance,
Ref. [36]), required by gauge symmetry. This result shows
that, up to the order of one loop and x?, gravitational
corrections do not spoil the gauge invariance.

The beta function of the electric charge can now be
obtained from the relation between bare and renormalized

electric charge [Eq. (7)]. Observe that Z(ll) and Z(zl) depend
(

on k, but, since Z; ) — Z(zl), the renormalization of

ey = /42623_1/26, is independent of k and f(e) at the one-
loop order results in

de e’

—u_ 16
Fan = 1222 (16)

B (e)
which is independent of «, just as in our previous result for
the Einstein-scalar QED in one loop [29].

B. Two-loop corrections of the electric charge

In order to compute the two-loop corrections to the beta
function of the electric charge, we have to evaluate the

two-loop corrections to the photon self-energy l'[,(f,), besides

the two-loop scattering amplitude F,(,z) and the electron
self-energy (2. The diagrams contributing to l'[,(,?,) are
depicted in Fig. 4. The Feynman integrals were calculated
using the set of computational packages given in
Refs. [31-33,37].

We already used this computational package to calculate
the Lorentz tensor integrals in one loop. In two loops, it

permits one to calculate only Lorentz scalar integrals.

h e
e
4
14
e
3
4 e
h
e
7

One-loop corrections to the wy*wA, vertex function.

So, for each Feynman graph i contributing to TI?*(p),
we write the general Lorentz symmetric form:

2)uv v 2 v (2
P (p) = pI? (p2) + prp I (p?). (17)

from which Hl@ (p?) and ﬁl(-z) (p?) can be obtained through
the projections

@ _ 1 PuPu\ (2
i - (D-1)p? ("’”_ p’ )Hi ’
~(2) 1 PuPu\ (2w
i (- 1p? <”””_D P’ >Hi '

As defined before, D = 4 — 2¢. After calculating ng) and

1:152) for the several diagrams and adding the results, we
found that their sum satisfies [T (p?) = —T1?)(p?). This
result implies that the two-loop photon polarization tensor
has the transversal form, compatible with the Ward identity

p/‘Hﬁ) = 0 and the preservation of the gauge symmetry.

In those calculations, we reduced the scalar two-loop
integrals using the Tarasov algorithm [38], with the help of
the computational package TARCER [37]. The resulting
scalar two-loop integrals can be found in Ref. [39]. Finally,
we evaluated the integrals, keeping only the UV-divergent
part of 1% (p? = 0).

The detailed file with the calculations can be found in
Supplemental Material [34], and the resulting expressions
for the UV-divergent part is given by

o 3et 5e2k2m?
© 128z%  768x*c

_im?)(p) +0(p?). (18)

Corroborating the gauge independence of this result, we see
that this expression does not depend on the gauge param-
eters £, and &,. This result provides the renormalization
of the Maxwell term. It also contributes for the two-loop
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FIG. 4. Two-loop corrections to the photon self-energy.

correction to the beta function of the electric charge,

through the renormalization constant Z§2> [see Eq. (7)].
To get the f function of e in two loops, we would also

need Zéz) and Z<12), which means to calculate the electron
self-energy () and the electron-photon scattering ampli-

tude F,(;) in two loops. In the previous section, we
calculated these amplitudes in one loop, in an arbitrary
gauge, for both electromagnetism and gravitation, with the

result that ZEI) = Zél). From now on, we will assume

(without proving) that the same result Z(lz) = Zgz) remains

true in two loops. This means that the relation between e

and e remains given by ey = /425251/ %e, in two loops.
Let us determine Zg2). The topologies of the counterterm

diagrams are shown in Fig. 5, and the corresponding

expression up to the order of e* is given by

2
: _ 2, ¢ (1) (1)
—lHCT = —Z3 +@<Zm - Zl )
4
— 2P - _Lop), 19
3 3271'46 (p ) ( )
where Zgz) is the two-loop order counterterm.
e R G S
1 2 3 4
FIG. 5. Topologies of the diagrams of counterterms in the

Einstein-QED model.

The divergent part of the two-loop photon self-energy

has to be canceled by the counterterm Zf), SO we write

=illyy(p) = —illcr(p) — i (p)
@ _ et 3 5¢%krm?
3 1287%  768x%e

+ O(p?) = 0.

(20)

Therefore, the renormalizing factor for the gauge field
Zs, at two-loop order, is given by

2y =2V + 7"+ 7% + ...

2 4 502K2m2
_1 e e ek m b (20)

T 127% 1287% 1687%e

where we have used Eq. (12). Notice that, in the absence of
gravity (x — 0), our result agrees with previous calcula-
tions found in the literature (see, for instance, [40]).

The corrections up to two loops and up to the order of x>
to the f function of the electric charge can, thus, be cast as

oe e & 5¢3krm?

O R T R Er e rre p e

or, in terms of the fine-structure constant a@ = ¢> /4,

5 m? o’
pla) = ple) baa) b (9

da_ 2
de 3z
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where M is the Planck mass. Since M~ 1.22x 10! GeV
and the mass of the electron is m ~0.51 MeV, the
gravitational correction to the beta function at o order

should be of the order of ]"’;—§~ 10745,

even though f(e) becomes dependent on k through the
two-loop diagrams, the gravitational corrections do not
qualitatively alter the behavior of the running of the electric
charge.

In the next section, we will compute the two-loop beta
function of the electric charge, in scalar QED, including
gravitational corrections up to the order of k2, and show that
it does not qualitatively alter its usual behavior.

As we see,

III. SCALAR ELECTRODYNAMICS COUPLED
TO GRAVITY

We now consider the model described by

L= \/_{ R __gﬂl/ aﬁFyan/ﬂ _gﬂy(D/t(p)Tqus

- m*Tph— 2 (¢T¢)2} + Lyo + Lgr + Ler, (24)

where D, = 8” —ieA, is the covariant derivative and,
as is well known, we have the additional A(¢'¢)? self-
interaction of the scalar field, required by renormalization.

As done in the last section, we will expand the metric
around the flat metric as g,, = 1,, + kh,,. By doing so,
we obtain [30]

L=Ly+Li+Ls+ Lyo+ Lop + Lot (25)

where the parts £, £4, and Lgr are given by Eqs. (3a),
(3c), and (3e), respectively, and

A
L= (D) D= (') =, (8§ (D) Do

F5h| (D) D -2 6
Lo = L [Re(g 0,07
HO—M_%)[ e(¢ ﬂqﬁ)}
A O
M—22[Im(¢*8 P)? ——F”” 7 F, (26b)
P

where we have used the same conventions as the last
section.

The propagators of the photon and the graviton are given
by Eq. (4), and the scalar propagator is given by

T (=p)) = ———. 27)

p-—m

The relations between bare and renormalized coupling
constants are given by

Z
2e 1

€n H Z2Z;/2 ) (28)
Z

Ao = pX =4, 29

where Z; and Z, are, respectively, the renormalization
factors for the interaction term ieA*(¢*0,¢ — ¢0,¢") and
the scalar field while Z; is the counterterm for the scalar
self-interaction.

We now proceed to discuss the one- and two-loop
corrections to the scalar and photon self-energies in order
to compute the relevant Z factors.

A. One-loop renormalization group functions

Let us start with the one-loop scalar self-energy (Fig. 6).
The corresponding expression is given by

(4= & — w2 = &)

167%¢

PI(E(B=&4) —°m*(2-&,))
167%¢

— Z\Y)m? + HO terms. (30)

Z(p) =

+ 7z p?

Therefore, imposing finiteness through the MS, we have

Z;l) — 62(3 - gA) - K m (2 éh) , (313)
167%¢
2y A=l emR-8) (31b)

1672¢

For the one-loop photon self-energy (Fig. 7), we found
the expression [29]

2 2
—iTI# — (P2 _ pHpY () Z(>p ¢
i (p) = —(p°n pp)[ +Z; e a8
K2P2(2 - 3¢;) ..
+ W + flnlte:| . (32)

Imposing finiteness, the counterterms can be cast as

z{M = -

, 33
487%€ (33)
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FIG. 6. Self-energy of the scalar field. Dashed, wavy, and wiggly lines represent the scalar field, photon, and graviton propagators,

respectively.
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FIG. 7. The one-loop photon polarization tensor in the scalar
QED coupled to gravity.

2142
(1) K Mp(2 - 35/1)

Zy =———7"— 34

3 967%¢ (34)

where Zgl) is the Maxwell counterterm and Z%l) is a

counterterm that renormalizes the high-order derivative
term F*LIF,,.

Finally, we compute the three-point function diagrams
depicted in Fig. 8. We obtain the following expression:

2 2,2 2,2
, 1y e (Ex—=3) —Kk*m*E, + 2k*m
—il" =e(p} -2p4)| 2" + 6e
+ finite. (35)
Then, imposing finiteness, we find
23-¢&4) - 2—
Z(ll) — € ( §A> K m ( gh) (36)

1672¢

From the equation above, we can see that Z( ) = Zél),
verifying the Ward identity. Substituting this result in

¢

¢ =" ’ L
A
R h
y \\\] E
¢ - ¢
¢

3 ud
< ' h N
1% \¢ <<

~ 14 ~__ Y

FIG. 8.

Eq. (28), we get ey = u*Z;"%e, from which the fi(e) at
one-loop order results in

de e

ple) :ﬂ@—m, (37)

which is independent of « [29]. It is worth to mention that
we also have no gravitational contribution of the order of x?

for the renormalization of Maxwell’s term at the one-loop
order [29].

B. Two-loop beta function of the electric charge

In order to compute the gravitational corrections to
the two-loop beta function of the electric charge in the
Einstein-scalar QED, we have to evaluate the two-loop
photon self-energy. Here again, all the results are in
arbitrary electromagnetic and gravitational gauges. The
topologies of the graphs contributing to the process are
depicted in Fig. 9. From these topologies, we construct
40 diagrams. The detailed calculations can be found in
Supplemental Material [34]. The resulting expression for
the UV-divergent part is given by

et e’ e’k*m?
—iIl =- - - O(p*). (38
Ta(P) = = S6rte ~ 38ante ~ 2567 T 0P (38
In Fig. 10, we show the topologies of counterterm

diagrams. The resulting expression up to the order of e* is

1 | ,>\\ ,A’/
Vo Vo «va /u(
5 A e

¢ ¢ 6
Y - 12 -
¢ ¢
4 ' '
T h - -
¢ ¢ ¢
9 10

One-loop corrections to the j*A, vertex function in the scalar QED.
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FIG. 9. Topologies of the two-loop corrections to the photon self-energy in Einstein-scalar QED.
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FIG. 10. Topologies of the diagrams of counterterms in the
Einstein-scalar-QED model.

2

. 2 e 1 1
_lHCT = _Zg ) + 48772 (ZSV!) - Z(l ))
2 4
(2) 2e“) —3e 2
=-Z —+0 , 39
3 7687[46 + (p ) ( )

where Zgz) is the two-loop order counterterm.

The vanishing of the divergent part of the two-loop
photon self-energy,

~illyy(p) = =iller(p) - iMy(p)

4 e2K2m2

) ¢ 2
= — —_ —_ fr— O’
3 128z% 2567%c +0)
(40)
together with Eq. (33), gives us
Zy=1+2"+72% +...
2 4 2.2,2
_1 e e ercm+”.‘ (41)

" 487% 1287%¢ 2567t

In Egs. (31a) and (36), we explicitly verified that, as in
the spinorial QED, Z(ll) = Zgl). From Eq. (28), assuming,
as we did in the spinorial QED, that Z(lz) = Z§2>, the
gravitational correction to the two-loop beta function of

the electric charge up to the order of x> can be calculated.
The result is

3 5 3,:2,,2

e’ e e’k m
= 42
Ale) = 182 T Tas T 25607 (42)
or, in terms of fine-structure constant,
a? 6 m? a
=— |1 +— —. 43
Ala) 67 ( * JTMIZD) i 4r? (43)

It is easy to see that, just as in the fermionic QED,
although there is a nonzero gravitational contribution,
it does not change the sign of the beta function
and, therefore, does not qualitatively alter the
behavior of the running of the electric charge in the scalar
QED.

IV. FINAL REMARKS

In summary, we have computed the gravitational
corrections to the two-loop beta function of the electric
charge in QED and scalar QED, up to two loops,
restricted to the order of 2, i.e., considering processes
involving at most one-graviton exchange. We have shown
that, even though the beta function of the electric charge
receives a gravitational correction at two-loop order, this
gravitational correction does not alter its qualitative
behavior.

Functional renormalization group methods have been
used to study the gravitational interaction in the presence
of Abelian fields [41-43]. In Ref. [43], the authors of the
article used this approach to obtain the beta function of the
gauge coupling as

€3NF
ple) = S4m

( 5G 5G >
— — + _ e,
97(1 = 2A)  18z(1 — 2A)?
(44)
where N is the number of fermions and G and A are the

dimensionless Newton’s gravitational constant and the
dimensionless cosmological constant, respectively. These
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gravitational dimensionless parameters are defined from
the ordinary ones, G and A, as G =KkG and A = KA,
where £ is the functional renormalization group momentum
scale. This rescaling of Newton’s constant seems to be
responsible for the gravitational correction showing up in a
lower order in a. A deeper study is needed to elucidate the
relationship between these two approaches. This will be a
task for an upcoming work.

Previous works have indicated that the presence of
another dimensionful parameter, the cosmological constant
20]], through the dimensionless combination KA, might
render a negative new term to the beta function of the

electric charge. Our tools can be modified to include the
cosmological constant in the calculations, and we plan to
pursue it in future investigation.
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