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Symmetric teleparallel gravity theories, in which the gravitational interaction is attributed to the
nonmetricity of a flat, symmetric, but not metric-compatible affine connection, have been a topic of
growing interest in recent studies. Numerous works study the cosmology of symmetric teleparallel gravity
assuming a flat Friedmann-Lemaitre-Robertson-Walker metric, while working in the so-called “coincident
gauge,” further assuming that the connection coefficients vanish. However, little attention has been paid to
the fact that both of these assumptions rely on the freedom to choose a particular coordinate system in order
to simplify the metric or the connection, and that they may, in general, not be achieved simultaneously.
Here we construct the most general symmetric teleparallel geometry obeying the conditions of
homogeneity and isotropy, without making any assumptions on the properties of the coordinates, and
present our results in both the usual cosmological coordinates and in the coincident gauge. We find that in
general these coordinates do not agree, and that assuming both to hold simultaneously allows only for a
very restricted class of geometries. For the general case, we derive the energy-momentum-hypermomentum
conservation relations and the cosmological dynamics of selected symmetric teleparallel gravity theories.
Our results show that the symmetric teleparallel connection in general contributes another scalar quantity
into the cosmological dynamics, which decouples only for a specific class of theories from the dynamics of
the metric, and only if the simplest geometry is chosen, in which both assumed coordinate systems agree.

Most notably, the f(Q) class of theories falls into this class.
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I. INTRODUCTION

Recent observations in cosmology, such as the tension
between different measurements of the Hubble parameter
[1], hint toward physics beyond the cosmological standard
model, which describes the dynamics of the universe
through general relativity, a cosmological constant A,
and cold dark matter (CDM), hence being known as a
ACDM model. A plethora of modified theories of gravity
have been developed, which offer potential explanations for
these observations [2,3]. While the most traditional class of
modifications departs from the common formulation of
general relativity using the metric and its Levi-Civita
connection, thereby attributing gravity to the curvature
of the latter, a large number of so-called teleparallel theories
exists, which attribute gravity to the torsion or nonmetricity
of a flat connection [4], or both of them [5,6]. In this article
we focus on the latter class of theories, more precisely
known as symmetric teleparallel gravity theories, in which
the employed connection is free of torsion and curvature.
Starting from the symmetric teleparallel equivalent of
general relativity (STEGR) [7], numerous theories of this
class have been developed and studied [8-21].
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Since a major motivation for the study of modified
gravity theories comes from cosmology, also the cosmo-
logical dynamics of teleparallel gravity theories has been
the subject of numerous studies. While the cosmology
of metric teleparallel theories has been thoroughly dis-
cussed in the literature [22,23], symmetric teleparallel
cosmology has only recently received growing attention.
Particular attention has been devoted to cosmology in the
f(Q) class of theories [24-38], or theories which couple
(pseudo)scalar fields to the nonmetricity [39,40]. An addi-
tional coupling to energy momentum has been considered
[41-59]. These studies make use of the fact that around any
point in spacetime there exist local coordinates in which the
coefficients of the symmetric teleparallel connection vanish
identically. This choice of coordinates, which is known as
the coincident gauge, allows replacing the symmetric
teleparallel covariant derivative with the usual partial
derivatives, hence leading to a simplification of various
terms appearing in the field equations. In addition, the
metric is assumed to exhibit cosmological symmetry, hence
being homogeneous and isotropic, and thus chosen to be of
the (in particular spatially flat) Friedmann-Lemaitre-
Robertson-Walker (FLRW) type.

Although the aforementioned choice of the coincident
gauge and the FLRW metric appears canonical and leads to
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consistent dynamics for the theories whose cosmological
dynamics has been studied, it attempts to employ the
freedom to choose a coordinate system in order to achieve
two goals at the same time, by imposing a particular form
for both the metric and the symmetric teleparallel con-
nection, each of which relies on the freedom to choose
coordinates. However tempting, there is no reason to
assume a priori that there exists a common coordinate
system in which both quantities simultaneously take the
desired forms. Demanding that the metric takes the FLRW
form determines the space and time coordinates to be
adapted to the foliation of the spacetime with spatial
hypersurfaces, while the coincident gauge is unique up
to an affine transformation of the coordinates. Hence, fixing
the coordinates by asserting one of the aforementioned
goals does not leave in general sufficient coordinate free-
dom in order to also achieve the other one. In particular, it
obstructs considering FLRW cosmologies beyond the
spatially flat case, which have been shown to require a
covariant treatment instead [60].

The aim of this article is to use the covariant approach to
symmetric teleparallel gravity [60] and to study the most
general class of homogeneous and isotropic symmetric
teleparallel geometries, without any a priori assumptions
on the compatibility of the coincident gauge and the
cosmological coordinates imposed by the FLRW metric.
The starting point of this analysis is given by the vector
fields which generate rotations and translations on the
spatial hypersurfaces, and under which we impose the
metric and the connection to be invariant, hence following a
similar approach as in metric teleparallel geometry [61-63].
Imposing this condition as the basis for the definition of
cosmological symmetry is motivated both mathematically,
as it agrees with the notion of symmetry derived from the
underlying Cartan geometry [64], and physically: retaining
a homogeneous and isotropic metric throughout the cosmic
evolution requires that the terms appearing in the field
equation governing its evolution obey the same symmetry.
Since the metric and the connection are, in general, coupled
in the field equations, imposing the cosmological symmetry
also on the connection guarantees that its contribution to
the field equations preserves this symmetry. We then use
these homogeneous and isotropic geometries in order to
derive the cosmological dynamics for a number of sym-
metric teleparallel gravity theories.

The outline of this article is as follows. In Sec. II, we give
a brief review of the essential ingredients of symmetric
teleparallel gravity theories. We then determine the most
general class of homogeneous and isotropic symmetric
teleparallel geometries in Sec. III by using the usual
cosmological coordinates, in which the metric has the
well-known FLRW form. In Sec. IV we then perform a
coordinate transformation to the coincident gauge, in which
the connection coefficients vanish. The conservation of
energy-momentum-hypermomentum in these cosmological

backgrounds is discussed in Sec. V. For the geometries and
matter discussed in the aforementioned sections, we derive
the cosmological field equations of a number of symmetric
teleparallel gravity theories in Sec. VI, and display them in
a form which is independent of the original choice of
coordinates. We end with a conclusion in Sec. VII.

II. SYMMETRIC TELEPARALLEL GRAVITY

We begin with a brief review of the key ingredients of
symmetric teleparallel gravity. The dynamical fields are a
metric g,, of Lorentzian signature and an independent
affine connection with coefficients I, defining a covar-
1ant derivative V”, which is constrained by the conditions of
vanishing curvature

Rpo‘/w = aﬂrpay - 8vrp6y =+ Fplﬂl—%m/ - Fp/lurzay =0, (1)

and vanishing torsion

T/Jﬂy — [‘/JW -Ir =0, (2)

uv

but in general nonvanishing nonmetricity

Qppw = vpg/w' (3)

There are different, equivalent possibilities to implement
these conditions, either by imposing them a priori and
correspondingly restricting the variation of the action to
obtain the field equations, or by including Lagrange
multipliers [65]. Following the former approach, we con-
sider a general symmetric teleparallel action of the form

§ = Sylo. 11 + Suly. 9.1, 4)

where y denotes a generic set of matter fields. Note that we
have included the independent connection also in the matter
action, thus allowing also for matter which couples directly
to this connection [66,67]. It then follows that the variation
of the action is generically of the form

1 -
6Sg = — /M <§ W’Lw\/ _g(sgyu + Y,uypél—wl/p> d4x (5)

for the gravitational part, as well as

1 ~ -
oSm = A/I (26)"”, /=969, +H T, + Q,(S)(’) d*x (6)

for the matter part, where a tilde over a symbol indicates
that the corresponding quantity is a tensor density. Keeping
in mind that the variation of the connection must be of the
form 6I*,, = V,V, (* with a vector field * in order to
preserve the vanishing torsion and curvature, it follows that
the field equations are given by [65]
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w

w=0 vV, Y,»=VV,H" &=0. (7)

Hys

Further, we demand that each of the terms Sg and S, is
separately invariant under diffeomorphisms. For the gravi-
tational side, this implies the Bianchi identity

SN, =V, T, 8)

which is a geometric identity, i.e., it holds irrespective
of the field equations for any symmetric teleparallel

geometry. Here and in the remainder of this article V,
denotes the Levi-Civita covariant derivative defined by
the metric, and we use a circle also to denote related
quantities. In contrast, for the matter side we must impose
the matter field equations Q; = 0 to be satisfied, in order to
arrive at the energy-momentum-hypermomentum conser-
vation law

J=iV,0," = Y,V i, 9)

Note that this relation is independent of the gravitational
part S, of the action and depends only on the matter part
S- Further, we see that imposing the metric field equation
W,, = 0,,, the connection field equation is automatically
satisfied as a consequence of the Bianchi identities and the
energy-momentum-hypermomentum conservation. We will
make use of this fact throughout this article and display
only the metric field equations for any theory we consider,
while omitting the connection field equations, as they
follow from the former.

III. HOMOGENEOUS AND ISOTROPIC
SYMMETRIC TELEPARALLEL GEOMETRY

In order to derive the cosmological dynamics of
symmetric teleparallel gravity theories outlined in the
preceding section, we start by constructing the most
general metric-affine geometry which obeys the cosmo-
logical symmetry, i.e., which is both homogeneous and
isotropic. Hence, we start with a metric g,, and an affine
connection with coefficients I'*#,,, and demand that their
Lie derivatives [68]

vp»

(£Xg);4y = X/)a/)g;w + ayxpg/)u + 81/X/)g/,t/) (10)
and

(LxT),, = X°0,I%,, — ,XMT°,, + 8,X°T*,,
+0,X°TH,, +8,0,X" (11)

vanish, where X* is any of the three rotation generators

¢ = sin g, + - o8 f;’a(p, (12a)
0> = —coS pJy + sin "’a (12b)
03 = —0,, (12¢)

or translation generators

xsing

=y sin 8 cos @0, += cos&cosgoa&—m o (13a)
7, =y sin 9 sinp0, + ~cos 9 sin @0y +Z consg (13b)
=y cos 90, — sm 90,. (13c)

Here we used the abbreviation y = V'1 — kr?, where k € R
indicates the spatial curvature, and we work in spherical
coordinates (x*) = (¢,r,9,¢). The most general metric
which satisfies these conditions is the well-known
Robertson-Walker metric, whose nonvanishing compo-
nents are given by

A? .
gtt:_N27 grr:?v 91919:A2r2a g(pqa:g&‘)snlz'g’ (14)

where N = N(1) is the lapse function and A = A(r) is the
scale factor. We include the former, as it will turn out useful
to consider different choices for the time coordinate. Also
for later use we decompose the metric in the form

g;w = _nﬂnl/ + h;w (15)

into the hypersurface conormal n, and spatial metric 4,
whose nonvanishing components are given by

I’l[:—N, hrr:_

]’l,g,g = A2r2, h(p(p = h,g,g Sin219. (16)

For the affine connection, the most general case which
satisfies the conditions of cosmological symmetry is given
by [69]
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1
Ft” = Kl’ Flgr@ = Flgi()r = F(/]r(ﬂ = F(/)(/”. = ;7
9, =17,9 =cot 9, ré,, = —sin 9 cos 9,
K, . . .
r, = )(_2 Mg = —ry?, I, = —ry?sin®9,
Fr(/)& = —Frt()(/, = K5r2)( sin 19, Ft&g = Kzrz,
', = Fst@ = F(ptqa = Kj, ', = Fs&n = F(pgat =Ky,
k .
I, :)(_;’ I, = Kyr’sin® 9,
K5 sin 9
M, —-r9 2377
re @r 7
KS
[79=-T" = 17
rd Ir ¥ sin 9 ( )

where K(1), ..., K5(¢) are functions of time. In order to
obtain a symmetric teleparallel geometry, we must further
restrict this general cosmologically symmetric connection
by imposing vanishing torsion and curvature. For the
former we find that it can be written as

K
| F2=2ek,, (18)

K, - Ky
—2 h
" A

Tﬂl/ﬂ T e
where ¢, = n’¢,,,, is the spatial part of the Levi-Civita
oup Of the metric g, We thus find that the torsion
vanishes if and only if K3 = K, and K5 = 0 are satisfied.
Using these conditions to eliminate K, and K5, we find that
we can write the curvature as

tensor €

K5(K5 — Ky) + 0,K;

Rty =2 V2 n,,nv,hi]
K>(K; — K;) - 0,K
) 2(K5 A21> t zn”n[ph(,]y
k4 K K
+ ZT;Shﬁ)hdy. (19)

The conditions on the remaining functions K;,; for
vanishing curvature thus take the simple form

k+ K>K3 = K>(K3 — Ky) — 0,K>
= K;(K) —K3)—0,K;=0.  (20)

In order to determine the most general solution to these
conditions, it is useful to distinguish two cases:

(1) k = 0: In this case K, K3 = 0, so that at least one of
these two functions must vanish. Depending on
which of them vanishes, we can distinguish further
the following subcases:

(a) K, = K3 = 0: In this case the equations involv-
ing K are solved identically, so that K; remains
arbitrary.

(b) K, # 0: The equation involving 0,K3 is solved
identically by K5 = 0, but now K is fixed to

9,K,

Kl:
K,

(21)

and K, is the only remaining free function.
(c) K3 # 0: In this case, one similarly finds K, = 0,
while K is determined by

9,K;3
K3

Ky =K;+ ; (22)

so that only K3 remains arbitrary.
(2) k#0: One has K,K3; = —k # 0, fixing one of the
two functions in terms of the other. Finally, K, is
fixed by

0Ky _ . _ 0Ky

K, =K ,
1 3+ K K,

(23)

where the last equality follows from 9,(K,K3) = 0.
Hence, also in this case only one function remains
arbitrary. Note that a special case with 0,K, =
0,K5 = 0 has also been discussed in [60].
We see that in all of the aforementioned cases one of the
functions in the connection coefficients remains arbitrary,
while the remaining functions are fully determined.
Simultaneously with our work, these branches have also
been found and reported in [63]. For the study in the
remainder of this article, it is helpful to choose a para-
metrization of this single function which will help to
simplify the gravitational field equations of the various
symmetric teleparallel gravity theories we discuss. The
latter are constituted by the nonmetricity tensor, which
takes the form

Q/my = 2an/)nynu + 2Q2n/)h;w + 2Q3h/)(;4nv) (24)

for the torsion-free, but not necessarily flat connection
parametrized by K, ;. Here the three expressions

N K, 1 9,A
= —— =— K, ——
Ql N2 N ) Q2 N ( 4 A 5
Ky K,N
23R 25
Q3 N A2 ( )

are scalar functions of the time coordinate ¢; i.e., under a
change 7+ 7(r) of the time coordinate they transform
trivially as

0i(1) = 0:(1(1)), (26)

as does the scale factor A. This stands in contrast to the
original functions K , 3, as well as the lapse function N, for
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which a nontrivial transformation law applies. It is therefore
convenient to use the scalar functions Q;,3 in order to
introduce a parametrization for the different branches of
flat, symmetric connections we have found above. We start
with the simpler case k = 0:

6]

@)

3

K, = K53 = 0: Choosing the remaining parameter
function as

K, = tT — KN (27)

in terms of a scalar function K = K(¢) results in
0, =K, 0, =-H, 0; =0, (28)
where we introduced the Hubble parameter

_9A_L,A_A
NA A A

(29)

We use the Lie derivative here to emphasize again
that this is a scalar function, and will henceforth
denote it with a dot.

K5 # 0: In this case choosing K, also determines
K. It is convenient to choose

KA?

_ON 28,A 0,K
N’ -

K2:
N A K

K,

from which follows
K
Q1:2H+E’ 0, =-H, 0; =K. (31)

K3 # 0: In this case K is determined by K3, and we
choose

ON K
K; = KN, K, =KN+—+—, 32
3 1 + N + K (32)

so that we obtain

K
Ql:_K_§7 QZZK_H’ Q3:K (33)

It is a remarkable fact that each of the three spatially flat
branches given above can be obtained as a limit for k — 0
from the unique spatially curved branch k # 0 by choosing
different, but equivalent parametrizations for the latter.
These can be chosen as follows:

6]

The most simple parametrization is given by

ON O
K, = KN+ 220 22
. o T
k
Ky = —— K,=K 4
2 KN’ 3 = KN, (34)

and results in

K
Ql:_K_E’ O =K—-H,
k
03 :K+7KA2. (35)

In the limiting case k — 0, it reduces to the
branch K5 # 0.
(2) Choosing instead the parametrization

0N A 9K kN

K i T
7N A K Tka
KA? kN
K :——7 K :—7 36
2 N 3 KA2 ( )
and thus
K & k
:2H ———, = — — s
o TK ka2 0 KA?
k
=K+—s, 37
Q3 +KA2 ( )

one obtains the branch K, # 0 in the limit k — 0.

(3) The third parametrization we present here is rather
cumbersome, and we include it for completeness
only. Setting

o,N 0,A - - N
K, =2 94 5k kY
- A - N
K, = —sgnk |k|e_KN, K;= |k|€KZ7 (38)
one obtains
2 kI - kl -
leH—K——VA"eK, sz%eK—H,
Mkl - ;
05 = A| |(eK + sgnk e K). (39)

In the limit £k — 0, this yields the branch K, = K5 =0
with

K=H-K. (40)

As can be seen from the form of K, and K3 in the different
parametrizations shown above, one can transform each of
them into each other by a suitable redefinition of the
parameter function K, provided that k& # 0. For the remain-
ing calculations in this article, we will therefore only use
one of these parametrizations, and choose the first one
given by the definition (34), as it is the simplest. In the limit
k — 0, however, the transformation of K becomes singular,
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so that the three spatially flat branches we presented are
inequivalent and must be studied separately.

IV. COORDINATE TRANSFORMATION AND
COINCIDENT GAUGE

It follows from the conditions (1) and (2) of vanishing
curvature and torsion that one can always find a local
coordinate system in which the coefficients of the sym-
metric teleparallel connection vanish identically. This
choice of coordinates, which is most often assumed in
the literature on symmetric teleparallel gravity, is known as
the coincident gauge. In this section we derive the coor-
dinate transformation from the cosmological coordinates
(x*) = (t,r,9,¢) to the coincident gauge (¥*) for the
cosmologically symmetric connection branches we have
derived in the previous section. The starting point of this
calculation is an ansatz of the form

P =%tr), %! = (¢, r) sin 9 cos g,

2 % = F(t,r)cos I, (41)

=

= 7(t, r) sin 9 sin ¢,

with two functions 7 and 7 of the coordinates 7 and r which
are to be determined. From the condition that in the
coincident gauge the connection coefficients vanish,
f“”w =0, follows that in the cosmological coordinates
they take the form

ox* 9%x°

= It 42
Y 9x° Ox¥ Ox” (42)

Hence, we find a system of differential equations, from
which 7 and 7 can be determined. From the coordinate
transformation (41) we find the component equation

1 a,F

—=I?, = , 43

r rd 7 ( )
which is solved by the general ansatz

F(t,r) = R(t)r. (44)

We then use this solution and continue with the component
equation

rRO, 1

(1 —k?) =TTy = o
r(L=kr) = = R T — Ry

(45)

In order to solve this equation, we now distinguish between
the different branches we have found in Sec. III:
(1) We start with the case k # 0. Then Eq. (45) can be
solved by making a separation ansatz of the form

W.r)=T(1)Z(r) = 0i=20,T. 0,i=T,Z.

(46)

124077-6
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With this ansatz we can separate the equation to
obtain

1\d,Z  RO,T
<kr—r> 7~ o (47)

Since the left-hand side depends only on r, while the
right-hand side depends only on ¢, both must be
constant. Denoting this constant by k¢ we find the
solution

Z=a (\/ 1- krz)c,

T = ach, (48)

with integration constants a; and a,, which can be
merged into a = a,a, in the product 7. We further
use this solution and find the component equation

kr kr
— =TI, =——[1+(1=0c)kr, 49
l_er rr 1_kr2[+( C)r] ( )

which is solved by setting ¢ = 1. We have thus
determined the coordinate transformation up to the
free function R(7). Note that so far we have used
only components of the general homogeneous and
isotropic connection (17) which are common to all
branches, and we have not made use of the con-
ditions of vanishing curvature and torsion yet. We
now make use of the latter by replacing the free
functions K, and K5, so that we are left with only
K, ;3. This leads to the remaining equations

O,R R O’R
= = Ki=—— (50
which are consistent with the conditions (20) of
vanishing curvature. With the parametrization (34),
we have

= R - 5 (51)
RN R

which can be integrated to obtain R(¢) for any given

function K(¢). Absorbing the integration constant a

found in the solution for 7 into a redefinition of R we

thus have the coordinate transformation

i=R()V1—kr, F=R(t)r. (52)
In the case k = 0, we find that 0,7 cancels from the
component equation (45), and we are left with the

equation

9,R0,7 =0, (53)
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which can be solved by either 9,R = 0 or 9,7 = 0, or

both. We will find that these choices can be related to

the three branches of spatially flat geometries as
follows:

(a) Choosing 0,7 = 0 by setting 7(¢, r) = T(t) leads
to the restriction K, =0 on the connection
coefficients. Further, we find that 7 and R are
related by

0,RO?T = O?RO,T, (54)
which is solved by

T(t) =Ty+ T R(1). (55)
The remaining equations then read

LR R

K =
ST R " HR’

(56)

and finally lead to the same equation (51) for R
as in the spatially curved case when inserting the
parametrization (32) of the spatially flat branch
K3 # 0. Finally, the integration constants 7, and
T may be absorbed by a linear transformation of
the time coordinate 7, which does not affect the
coincident gauge, leading to the coordinate
transformation

i=R(), F=R(1)r (57)

(b) Similarly, choosing 9,R =0, and thus
R(f) = R = const, we obtain the restriction
K3 =0. Further, we find the condition
0,0,f = 0, from which follows that 7 can be
written as a sum

©

Z(r) :%# + Zo, (61)

and the left-hand side determines 7 from K.
With the parametrization (30) it becomes

cN c
=—— =, 62
A2%0,T AT (62)
so that finally 7'(¢) is determined from the scalar
function K(f). We can again fix the constants
¢ = 1 and Z; = 0 by a linear transformation of 7,
as well as R by a transformation of 7, and obtain

T=T(t) +=r,

~t
I
~

(63)

Finally, combining both choices above to set
O,R=0,i=0 leads to the condition K, =
K3 =0, corresponding to the last remaining
branch. In this case the equation to determine
T(t) is given by

T N
ar _ Ky = N _ g, (64)
0,7 N

which can more succinctly be written as
T+KT =0, (65)

and can be integrated to obtain 7(¢) from K(t).

Absorbing all integration constants using linear

transformations as in the previous cases, the
coordinate transformation finally takes the form

i=T(), F=r (66)

We have thus found the coordinate transformation to the

i(t,r) =T(t)+ Z(r). (58)

coincident gauge for all branches of flat, symmetric
connections. We see that only for the spatially flat branch

K, = K53 = 0 the coordinate transformation reduces to a

These unknown functions can be solved for
using the remaining equation

reparametrization of the time coordinate, and so it is the
only branch in which the metric retains the form (14), with

the transformation changing N and A only. Hence, choos-

Kor = a_rf _ 8rR' (59) ing this form of the metric and assuming the coincident
ot 0T gauge a priori inevitably fixes the branch K, = K5 = 0,

and neglects the remaining branches.
Separating this equation into parts depending on It is instructive to calculate the symmetry generators (12)
t and r only yields and (13) in the coincident gauge. From the form (11) it
follows 5”5,,5(/’ =0, and so their components must
0,2 become affine functions of the coordinates. This is most

r obvious for the rotation generators, which read

Both sides must now be equal to the same 01255352—76233, 92:5c153—5c351, 9323251—%152

constant, which we denote by c¢. The right-hand
side is then solved by

124077-7
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in all branches, and thus reduce to the well-known
Cartesian form. For the translation generators, the simplest
Cartesian form

= 51, T = 52, 73 = 53 (68)
is obtained only in the spatially flat branch K, = K5 = 0.
We further find the spatially flat cases

T) = .%032, T3 = ~Oé3 (69)

in the branch K3 # 0 and

(31 :5(‘?1504—51, 12:.%2304—52, T3:5C350+53 (70)
for K, # 0. Finally, in the spatially curved case k # 0 we

have

T = —kilé() + .%031, Ty = —k)?zéo + )~C052,
73 = =k + 100;. (71)

One easily checks that they satisfy the same commutation
relations as in their usual form.

While it is possible to work in the coincident gauge, it
turns out to be simpler to use the cosmological coordinates,
since it allows for a simpler form of the metric and its
associated field equations, which will be the equations we
study in the remainder of this article. Further, they allow for
a simpler description of the energy-momentum-hypermo-
mentum conservation, which we will derive in the follow-
ing section.

V.V, (H,”\/=g)
V=9

V. COSMOLOGICALLY SYMMETRIC ENERGY-
MOMENTUM-HYPERMOMENTUM

In order to model the cosmological dynamics of sym-
metric teleparallel gravity theories, one must impose the
conditions of isotropy and homogeneity not only on the
geometry as shown in the previous sections, but also on
the matter variables defined from variation (6). For the
energy-momentum tensor this leads to the well-known
perfect fluid form

®/u/ = pnn, + phﬂl/ (72)

defining the density p and pressure p, while the hyper-
momentum is most generally given by a hyperfluid [70]

H,,,=dh,,n,+yh,n,+yh,n,+on,n,n,—Ce,,, (73)

where we introduced the density factor A S =H /=g
It is instructive to calculate the explicit form of the energy-
momentum-hypermomentum conservation law (9) for the
hyperfluid. For the left-hand side we find the usual form

o

V.0,  =[p+3H(p+ p)ln,, (74)

which vanishes in the case of a perfect fluid, in which
hypermomentum is absent. For the latter, we obtain the
expression

={&+ (6H + Q)@+ 3[H + HBH + Q)]

+3(H + 0y — Q3)[ir + (3H +20, +20,)y] +3(H + Q5)[¢p + i + 3H(¢ +0))tn,  (75)

for the general cosmologically symmetric nonmetricity
(24), where we have made use of the conditions (20) of
vanishing curvature in order to eliminate time derivatives
Q2 and Q3, after replacing them with K 3. To proceed
further, one must consider the different branches of
|

ViV, (H,"/=9)
V=9

depending on @ only. Similarly, for K, # 0 we find

|
cosmologically symmetric geometries we found in Sec. III
separately in order to substitute the parameter functions
01 23- The simplest case is given by K, = K; = 0, which
leads to Q3 =0 and Q, = —H, so that numerous terms
cancel and we are left with

={&+ (6H + K)@ + 3[H + H(3H + K)|w}n,. (76)

LD (o ool (o e (28]

V=9
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while the branch K5 # 0 leads to

V.V, (H,"/=9)
V=9

— {c'[)+ <6H—K—§>@+3[H+H<3H—K—gﬂa)+3K[gb+)'(+3H(¢+)()]}n”. (78)

Hence, we find that depending on the choice of the branch, either the hypermomentum component y or ¢ + y contributes.

Finally, in the curved case k # 0 we have

V.V (H*./=q X ) X
Vo Hy g)—{c‘i)—i—(6H—K—§)@+3{H+H(3H—K—%)]a)

V=9

—3/&{:1% (H—2§>w] +3K[¢+;&+3H(¢+;{)J}nﬂ, (79)

and so both of the aforementioned hypermomentum com-
ponents contribute.

We emphasize again that the relations we derived in this
section hold independently of the choice of the gravity
theory, and that they can be used, together with the metric
field equation, in order to replace the field equation derived
by variation of the total action with respect to the
symmetric teleparallel connection. Hence, in the following
section, in which we derive the cosmological field equa-
tions for a number of symmetric teleparallel gravity
theories, we will restrict ourselves to displaying only the
metric field equations. Even though the hypermomentum
does not appear in these field equations, it contributes to the
dynamics through the energy-momentum-hypermomentum
conservation (9), or equivalently, the connection field
equations.

VI. APPLICATION AND COSMOLOGICAL
FIELD EQUATIONS

We will now use the most general homogeneous and
isotropic symmetric teleparallel geometry derived in
Sec. III and apply it to the field equations of a number
of gravity theories. Here we make use of the fact that the
field equation derived by variation with respect to the flat,
symmetric connection is related to the metric field equa-
tions through the diffeomorphism invariance of the action,
and thus not independent of the latter [65]. We will
therefore display only the metric field equations. In
particular, we discuss f(Q) gravity in Sec. VI A, newer
general relativity in Sec. VIB and scalar-nonmetricity
gravity in Sec. VIC.

A. f(Q) gravity

As a first example we study the f(Q) class of gravity
theories, which is defined by the action [11]

1
%= 732

d*xy/=gf(Q). (30)

|

Here f is a free function, which determines a particular
theory within the general class, while Q is the nonmetricity
scalar defined by

0= _Qm/pP#W

1 1 1
= Z Q;u//) Q#UP - E Q;,wp Q/ll/p - Z Q/)/l” Qpl/y

1
+504,0", (81)

where we introduced the nonmetricity conjugate

Py — _lQp/w 4 l Q(lﬂ/)/’ 4 lgﬂv<me -0,%)
4 2 4 ‘ ‘
1

- Zgﬂ(ll oV, (82)

The nonmetricity scalar is related to the Ricci scalar of the
Levi-Civita connection via the relation

R=—-0-V,(0", —0,"). (83)

Hence, in the case f(Q)= Q, the gravitational action
reduces to the action of STEGR [7], which equals the
Einstein-Hilbert action up to a boundary term. The metric
field equations can most compactly be written as

2 1
2 == ZgPPH 1) - pHro "8 f, 4
Ko, N o(V=gP o f') + P70 Qo f + 5001, (84)

where we denote derivatives of f with respect to Q by
primes. To derive the cosmological dynamics of this class
of theories, we insert the expressions we derived for the
four branches of homogeneous and isotropic symmetric
teleparallel geometries in Sec. III into these field equations.
The simplest case is given by the spatially flat branch
K, = K5 = 0, for which we obtain
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12H?f — f = 2k%p, (85a)

—ASHHf" — 4(H + 3H?)f' + f =2%p.  (85b)
It is remarkable that in this case the scalar K which
determines the symmetric teleparallel connection fully
decouples from the metric field equations, so that the latter
reduce to the equations derived by using the coincident
gauge [11]; however, it still enters the dynamics through
the energy-momentum-hypermomentum conservation dis-
cussed in Sec. V, unless the hypermomentum component @
vanishes. Moreover, we see that the first equation turns into
a constraint equation, generalizing the well-known
Friedmann constraint equation. However, to see that this
is only a particular property of the chosen geometry branch,
and not a generic feature of symmetric teleparallel gravity
theories, we also derive the dynamics for the other spatially
flat branches. In the case K, # 0 we have

9K[K + 3HK + (3K +4H)H|f" + 3(K + 3HK + 4H?)f'
— f=2%p, (86a)
|

2k [K K2+HK
A2 |K K* K

+ K[K 4+ 3HK + (3K —4H)H ]}f” {

(e Gk %

3k2 {K K*> HK

A*K? K2 K

A

where we have used the parametrization (34), so that they
reduce to the case K3 # 0 in the limit k — 0. In order to
show that all cosmological field equations shown above
indeed reduce to the case of general relativity for the
parameter function f(Q) = Q, it is helpful to display the
value of Q for all branches, which follow from the general
expression

0 =3(203+0,0;-0,03). (89)

In the case K, = K5 = 0 we find the known result
Q = 6H?, (90)

while for K, # 0 we have

HH .
—27+H—2HK+H2] +

2K2

H\ (K? HK
3—4— H+2HK — H? 3-2
o (3-4%) G o)+ (5-22) ]

k .
+[2(4 32 +3—)+3K—4H+3H(3K—4H)]f’+f:21<2p,

—3(K +4H)[K + 3HK + (3K + 4H)H|f"

— 3K +4H +3H(3K +4H)|f' + f = 2*p.  (86b)
while for the branch K5 # 0 we find
—9K[K + 3HK + (3K — 4H)H|f"
—3(K +3HK —4H?)f — f = 2%p,  (87a)
—3(3K —4H)[K + 3HK + (3K — 4H)H|f"
+ 3K —4H +3H(3K —4H)|f + f = 2*p.  (87b)

We see that now K enters as a new dynamical field. Finally,
for the spatially curved (k # 0) branch we obtain the rather
lengthy equations

K [K _K* HK . 5

(K- HK) + K +3HK — 4H2} = f =2, (88a)
-~ _H-4HK + 2H2} —3(3K —4H)[K + 3HK + (3K — 4H) ]}f”
(88b)
l .
Q =3(2H? + 3HK + K), o1)
and K3 # 0 yields
Q = 3(2H? - 3HK-K); (92)

finally, the spatially curved branch yields

. HK-2K>-K

Inserting these values for f = Q in the cosmological field
equations, together with /' = 1 and f” = 0, we find that
the terms involving K indeed cancel, and we are left with
the cosmological dynamics of general relativity.
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We finally remark that the cosmological field equations
shown in this section have simultaneously been derived in
[63], where also an exact solution for a power law model
f(Q) ~ O* has been studied.

B. Newer general relativity

The second theory whose cosmological dynamics we
derive is newer general relativity, whose action we write in
the form [11]

1
Sg =~ W/ d4x\/ _g(cl Q”W)Q;wp + CZQ/W/) Q/);w + C3 Q/)”y Q/wy + Cy4 Q”yp ny/) + Cs QﬂﬂpQﬂyu)’ (94)

C4:O, Cs = — (95)

where cy, ..., c5 are constants. If these constants are chosen to take the values
1 1
clp=—--, CH = —, c
1 2 275 3

1
=1

1
2 b

we find that the theory reduces to STEGR. The field equations obtained by variation with respect to the metric are given by

K0, =

° 1
uv _2vp ClQp/w + CZQ(;w)p +c;3 Qpaag/w + C4Q60(/45i) + ECS(Qagpg/w + 564Qu)0'6)

1
+ 5 (CIQPGTQ/JM =+ %) QpMQtpo- + C3 QTprma =+ C4QpprQaM + Cs QpprQraa)g;u/ —C3 Qyprvag
+ <2Qp0ﬂ Qgpu - QﬂpGQypo - 2Qp6(;4 Qu)pa) + CZ(QPUﬂ on-z/ - Q/lpo-Ql//)O' - de(y Qv)po)

1
+ C4[Q/;/)U(Qrmy - ZQ(/w)a) + Qp/)y Q”(w - Q/)/)(M Qu)o’ﬁ] + ECS[Q[mrr(Qpﬂy - ZQ(/w)/)) - Qy/)pr(ro—]' (96)

In order to display the cosmological field equations for the
homogeneous and isotropic geometries listed in Sec. III, it
is helpful to replace the original constants in the gravita-
tional action by the linear combinations

a; =2(c; + 3c3), ar =2(2¢3 + cs),

az = 2<Cl +cte3tey +C5)7

as = 2(cy — ¢4 + c5), (97)
which turn out to be the only linear combinations which
enter into the resulting equations; i.e., the cosmological

dynamics turn out to be unchanged if we change the theory
by the replacement

¢y — c; — 3¢, Ccy > ¢y + 3e,

cs > 5 —2¢ (98)

c3 > c3+€,

Cyt> CcqteE,

of the parameters with a free constant ¢. The new linear
combinations are chosen such that in the STEGR case (95)
they take the values a; = 1 and a, = a3 = a4 = 0. Using
these constants, we find that the cosmological field equa-
tions for the branch K, = K3 = 0 read

2a3k + 3021;[ + a3K2 + 3(&2 + 2@3)HK

+3(a; + 3a,)H?* = k?p, (99a)

—ayK —2a,H + a;K* — 3a,H* = K2p.  (99b)

|

Taking a closer look at these equations, we see that they
depend only on the three constants a 5 3 and that the scalar
K related to the symmetric teleparallel connection decou-
ples for a, = a3 = 0. In the latter case, we find that the
cosmological dynamics become identical to those of
general relativity, if one further chooses the normalization
a; = 1. Since these are three linearly independent con-
ditions on the five initial parameters c, ..., cs, it follows
that there exists a two-parameter family of theories which
exhibits this property. This observation is different for the
remaining branches. With the branch K, # 0 we obtain the
equations

kK K HK ,

2a3 X B + (3a; + 10a;) e + (3ay +4a3)H
9

+7 (a, —2a3 + a,)K* + 3a,HK

+ (3a; + 15a, + 16a3)H?* = k?p, (100a)

K K? HK : .
—met (az + a3)ﬁ+4a37+ as;K —2(a, +ax)H

a, —2asy + ay

1 K? +2a,HK + (4a; — 3a,)H* = *p,

(100b)

while for K5 # 0 we find

124077-11



MANUEL HOHMANN

PHYS. REV. D 104, 124077 (2021)

K K? HK :
—203?—‘-36@?—3(02+2a3)7+3(12H
2la, +22a5 — 3a

+ 2 T 3 4

+3(a; + 3a,)H? = *p,

K2 - 3(6612 + 4613 - Cl4)HK

(101a)

K K2 . .
et (a3 — ay) e (6a; + 4as — ay)K = 2a,H

2la, + 22a5 — 3a
n 2 3 4

1 K? = 3a,H?* = «*p.

(101b)

ki@

HK :
- 2(13f+ 3(13? — 3(612 + 2613)7—“ 3612H +

21[12 + 22613 - 3614

We see that in this case also a4 appears in the dynamical
equations. For theories satisfying a, = a3 = a4 we find
that K decouples, after which the cosmological field
equations reduce to those of general relativity. Together
with the normalization condition a; = 1 this leaves a one-
parameter family of theories whose cosmological dynamics
agrees with general relativity for these two branches, with
the single free parameter given by the transformation (98).
Finally, coming to the spatially curved case k # 0 we find
the cosmological field equations

3 2a1—a2—4a3—|—a4

4 K2 - 3(6(12 + 4613 - 614)HK

H
+ 3(01 + 302)H2 + 3Cl4k

2 2(12—203+(14: >

—k , 102
AK 2 4 AK? P (1022)
K K? : . 2lay +22a; - 3a
le}"’ ((13 - az)ﬁ + (6(12 + 4(13 - a4)K — Zle + 2 4 3 4K2 - 3(11H2
K 1 201—02—4a3+6l4 1 a2—2a3+a4
—ayzk ——k iy S Y ) 102b
“Warkr T2 A2 T A or (102b)

We find that the behavior qualitatively agrees with
the previous two branches and that K decouples if
a, = ay = a4 = 0, leading to cosmological dynamics iden-
tical to general relativity for a spatially curved FLRW
metric.

C. Scalar-nonmetricity gravity

As a last example, we consider a class of scalar-non-
metricity theories given by the gravitational action

o= 5 [[FA@Q+ 28X+ 2(9)Y
+2D($)Z = V()] (103
|
2
K0, =——
0, \/__gv,,

e} o o [} o °p
+2C0¢g,, +2DV,V, ¢+ (2C+D)V (,0,)," —CV .0 0 ;9,, + DV h(201)p = Cppiv = Q% 6pGv) + V1

for the metric, as well as

A'Q +2B0¢ + BV, V' - 20V,0%, — 2DV, 0,% 2V’ =0

|
which generalizes the class of theories presented in [13,14].
Here Q denotes the nonmetricity scalar (81), and we further
introduced the terms

X= _%9””8;4458%15’ Y= Qwuaud” Z= vaaﬂ(p‘ (104)

The general form of the action contains the free functions
A, B, C, D, V of the scalar field ¢, whose choice selects a
particular theory from the general class. The field equations
can most conveniently be expressed using the nonmetricity
conjugate (82) and read

A B o o o o
(V=9AP?,) o+ AP Qo+ G O+ <5+ 2C’> quﬁqubg,w —-(B-2D")V,¢V,¢

(105)

(106)

for the scalar field. We then insert the geometries we determined in Sec. III. For the branch K, = K3 = 0 we obtain the

cosmological field equations
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. . — ! / . .
3AH? +2(C+D)K¢ + 6(2C + D)Hp — w& +2(C+D)p -V = «?p, (107a)
. 5 . - B+ 4 "5 . )
—AQ2H +3H) +2(C+ D)K = 2AHp ————¢* =20+ V = ’p. (107b)
12CH + 4(C 4+ D)K + 6(6C — A')H? + 12(C + D)KH — 6BH¢$ — B'p* — 2B — 2V = 0. (107¢c)

Again it is remarkable that there exists a special class of theories, now given by C + D = 0, in which the scalar K from
the symmetric teleparallel connection decouples. In this case the first equation becomes the usual Friedmann
constraint equation. This class of theories also stands out in the remaining branches. For K, # 0 we find the dynamical
equations

B-4(C' + 1)

3AH? +2(C+D)—¢+ (A’ +2D)K¢ + 2(8C + 5D)Hep — 5

P +2(C+D)h-V=rx*. (108a)

B+ 4C
2

—~A(2H + 3H?) +2(C + D) K?‘p ——(A' +2D)K¢+ (4C + 4D — 24" )H¢p — $*—2CHp+V =xp, (108b)

1
2
KK — K* + 3HKK
KZ
—6BHp — B'¢p* —2Bp — 2V =0, (108c)

4(C+D) —3(A +2D)(K + 3HK) + 4(5C + 2D)H + 6(10C + 4D — A')H?

while in the case K5 # 0 we have

3AH? - 2(C + D) KK¢ 3A - 1626 K<i> +6(2C+D)Hep — wg’fﬂ +2(C+D)p-V=x*p, (109a)
-A(2H + 3H?) -2(C+ D) K?d) %(3,4/ —16C — 10D)K¢p — 2A'Hep — 5 +24C P*=2Ch+V =x2p,  (109b)

K?> — KK —3HKK
K2
—6BH¢p — B ¢* —2Bj — 2V = 0. (109c)

4(C+D) + (3A' = 16C — 10D)(K + 3HK) + 12CH + 6(6C — A')H?

Note that the second derivative K enters the field equations only for theories with C + D # 0. This behavior can also be
observed in the spatially curved branch k # 0, which leads to the cosmological field equations

SAH? — (C+D)K¢ 1620_ 0D v+ 6(2¢ + D)H

_B-4(C+D) ., 3k

5 ¢ +2(C+D)p-V+ g AK + (A + 2D)g] = K2p, (110a)
— A(2H +3H?) - 2(C + D) < T3 (3A' = 16C — 10D)K¢p —2A'Hep
_5 +24C P =20h+ V= o PAK + (A +2D)] = p, (110b)

K? - KK —-3HKK
K2

4(C+D) + (3A' = 16C — 10D)(K + 3HK) + 12CH + 6(6C — A')H?

—6BH) — B§* —2Bp —2V' + A§1k<2 RA'K? + (A +2D)(K — HK)] =0, (110c)
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which differ from the previous case only by the additional
terms linear in k. For all branches, we find that for
the particular class of theories defined by the relation
A" =2C = -2D the scalar K decouples from the field
equations. This does not come as a surprise, since in this
case the theory reduces to the symmetric teleparallel
equivalent of scalar-curvature gravity [13]. Finally, setting
A(¢) = f'(¢) and V(¢) = (f($) — bf (#))/2. together
with B=C =D =0, one finds that the scalar field
equation imposes the condition ¢ = Q, while the metric
equations reduce to those of f(Q) gravity discussed in
Sec. VI A for all branches. Again this result is expected,
as the theory is the scalar-nonmetricity representation of
f(Q) gravity [13]. This concludes our discussion of
symmetric teleparallel gravity theories and their cosmo-
logical dynamics.

VII. CONCLUSION

We have determined the most general homogeneous and
isotropic symmetric teleparallel geometries. We have found
a single spatially curved (k # 0) solution to the symmetry
conditions, as well as three distinct branches of spatially
flat (k = 0) geometries, each of which arises as a particular
limit with kK — O from the common spatially curved case.
Each of these branches is parametrized by two scalar
functions of time, the cosmological scale factor A in the
metric and another scalar K parametrizing the symmetric
teleparallel connection, while a third function, the lapse N,
can be absorbed by a choice of the time coordinate. For
each branch, we determined the coincident gauge, in which
the coefficients of the symmetric teleparallel connection
vanish. We found that only for one branch the metric
retains the FLRW form in the coincident gauge. Our results
show that the common assumption in symmetric tele-
parallel cosmology, which simultaneously imposes the
coincident gauge and the FLRW metric, restricts the
geometry to this particular branch, and does not allow
for studying the remaining branches. This is due to the fact
that both the coincident gauge condition of vanishing
connection coefficients and the FLRW form of the metric
single out particular classes of coordinate systems, and
these two classes may, in general, not have a common
member.

Further, we derived the cosmological field equations of a
number of classes of symmetric teleparallel gravity theories
for all aforementioned branches allowed by the cosmo-
logical symmetry. We found several subclasses of theories,
including general f(Q) gravity as well as subclasses of
newer general relativity and scalar-nonmetricity gravity, in
which the scalar K in the connection decouples from the
metric field equations in the aforementioned coincident/
FLRW branch. For these theories, our result reproduces the
previously obtained results on symmetric teleparallel cos-
mology. Moreover, our results also show that this decou-
pling from the metric field equations constitutes only a

particular sector of symmetric teleparallel cosmology, and
that K in general enters also into the metric field equations
if a different branch is chosen, or a more general gravity
theory is considered, which does not fall into the afore-
mentioned classes. This shows that symmetric teleparallel
gravity theories allow for a significantly richer spectrum of
cosmological dynamics than has been considered so far in
the literature. The physical implications from these modi-
fied dynamics depend, of course, on the particular theory
under consideration. Due to the plethora of theories
discussed in the literature, studying these implications
would by far exceed the scope of this article, in which
we discuss only general classes of theories. We therefore
leave these physical implications for future studies.

We also studied the conservation of energy-momentum-
hypermomentum in the aforementioned symmetric tele-
parallel cosmological backgrounds. The most general
matter model compatible with the assumed homogeneity
and isotropy is a hyperfluid, and we found that its
dynamics, in general, depends on the choice of the
particular background geometry and involves the scalar
K, unless the hypermomentum vanishes, i.e., in the case of
vanishing matter coupling to the symmetric teleparallel
connection. This result is independent of the gravity
theory under consideration, and this in particular also
applies to the class of theories in which K decouples from
the metric field equations, and its evolution remains
undetermined by the remaining equations. Further inves-
tigations are necessary to determine whether this hints
toward a possible pathological dynamics, or a strong
coupling issue as it is eminent also in f(7) metric tele-
parallel gravity theories [71-74].

We finally remark that both the gravitational and matter
dynamics we presented are independent of any choice of
coordinates, as they involve only scalar quantities and their
Lie derivatives with respect to the unique future unit vector
field obeying the cosmological symmetry, which is canoni-
cally defined by the FLRW geometry. In particular, they are
independent of the lapse function N, so that the latter may
be chosen arbitrarily, irrespective of the theory under
consideration; there is no breaking of diffeomorphism
invariance which would obstruct this freedom. For the
specific branch in which the metric retains its FLRW form
also in the coincident gauge, one may also use the
coincident gauge condition of vanishing connection coef-
ficients in order to fix the time coordinate, and hence also
the lapse function N. Making this peculiar choice, and thus
fixing N through the scalar K involved in the trans-
formation to the coincident gauge, it appears that diffeo-
morphism invariance is broken in theories whose dynamics
involve K, and thus ascribe dynamics to N when this choice
is made. However, this apparent breaking of diffeomor-
phism invariance is simply an artifact of the gauge
(coordinate) choice, which is in no way singled out from
other common coordinate choices.

124077-14



GENERAL COVARIANT SYMMETRIC TELEPARALLEL ...

PHYS. REV. D 104, 124077 (2021)

ACKNOWLEDGMENTS

The author gratefully acknowledges the full financial
support by the Estonian Research Council through the

Personal Research Funding Project No. PRG356 and by the
European Regional Development Fund through the Center
of Excellence TK133 “The Dark Side of the Universe.”

[1] N. Aghanim et al. (Planck Collaboration), Planck 2018
results. VI. Cosmological parameters, Astron. Astrophys.
641, A6 (2020); Astron. Astrophys. 652, C4(E)
(2021).

[2] E. Di Valentino, O. Mena, S. Pan, L. Visinelli, W. Yang, A.
Melchiorri, D. F. Mota, A. G. Riess, and J. Silk, In the realm
of the Hubble tension—a review of solutions, Classical
Quantum Gravity 38, 153001 (2021).

[3] E. N. Saridakis er al. (CANTATA Collaboration), Modified
gravity and cosmology: An update by the CANTATA
network, arXiv:2105.12582.

[4] J. Beltran Jiménez, L. Heisenberg, and T. S. Koivisto, The
geometrical trinity of gravity, Universe 5, 173 (2019).

[5] J. Beltrdn Jiménez, L. Heisenberg, D. losifidis, A. Jiménez-
Cano, and T.S. Koivisto, General teleparallel quadratic
gravity, Phys. Lett. B 805, 135422 (2020).

[6] C.G. Boehmer and E. Jensko, Modified gravity: A unified
approach, Phys. Rev. D 104, 024010 (2021).

[7]1 J.M. Nester and H.-J. Yo, Symmetric teleparallel general
relativity, Chin. J. Phys. (Taipei) 37, 113 (1999), http://www
.ps-taiwan.org/cjp/download.php?type=paper&vol=37&num=
2&page=113.

[8] M. Adak, M. Kalay, and O. Sert, Lagrange formulation of
the symmetric teleparallel gravity, Int. J. Mod. Phys. D 15,
619 (2006).

[9] M. Adak, O. Sert, M. Kalay, and M. Sari, Symmetric
teleparallel gravity: Some exact solutions and spinor
couplings, Int. J. Mod. Phys. A 28, 1350167 (2013).

[10] I. Mol, The non-metricity formulation of general relativity,
Adv. Appl. Clifford Algebras 27, 2607 (2017).

[11] J. Beltran Jiménez, L. Heisenberg, and T. Koivisto, Coinci-
dent general relativity, Phys. Rev. D 98, 044048 (2018).

[12] J. Beltran Jiménez, L. Heisenberg, and T.S. Koivisto,
Teleparallel Palatini theories, J. Cosmol. Astropart. Phys.
08 (2018) 039.

[13] L. Jéarv, M. Riinkla, M. Saal, and O. Vilson, Nonmetricity
formulation of general relativity and its scalar-tensor ex-
tension, Phys. Rev. D 97, 124025 (2018).

[14] M. Riinkla and O. Vilson, Family of scalar-nonmetricity
theories of gravity, Phys. Rev. D 98, 084034 (2018).

[15] M. Adak, Gauge approach to the symmetric teleparallel
gravity, Int. J. Geom. Methods Mod. Phys. 15, 1850198
(2018).

[16] M. Hohmann, Polarization of gravitational waves in general
teleparallel theories of gravity, Astronomy Reports 62, 890
(2018).

[17] M. Hohmann, C. Pfeifer, J. Levi Said, and U. Ualikhanova,
Propagation of gravitational waves in symmetric teleparallel
gravity theories, Phys. Rev. D 99, 024009 (2019).

[18] J. Beltran Jiménez, L. Heisenberg, and T. S. Koivisto, The
canonical frame of purified gravity, Int. J. Mod. Phys. D 28,
1944012 (2019).

[19] T. Koivisto, M. Hohmann, and L. Marzola, Axiomatic
derivation of coincident general relativity and its premetric
extension, Phys. Rev. D 103, 064041 (2021).

[20] K. Flathmann and M. Hohmann, Post-Newtonian limit of
generalized symmetric teleparallel gravity, Phys. Rev. D
103, 044030 (2021).

[21] F. D’ Ambrosio, M. Garg, L. Heisenberg, and S. Zentarra,
ADM formulation and Hamiltonian analysis of coincident
general relativity, arXiv:2007.03261.

[22] Y.-F. Cai, S. Capozziello, M. De Laurentis, and E.N.
Saridakis, f(T) teleparallel gravity and cosmology, Rep.
Prog. Phys. 79, 106901 (2016).

[23] S. Bahamonde, K. F. Dialektopoulos, C. Escamilla-Rivera,
G. Farrugia, V. Gakis, M. Hendry, M. Hohmann, J. Levi
Said, J. Mifsud, and E. Di Valentino, Teleparallel gravity:
From theory to cosmology, arXiv:2106.13793.

[24] J. Beltran Jiménez, L. Heisenberg, T. Sebastian Koivisto,
and S. Pekar, Cosmology in f(Q) geometry, Phys. Rev. D
101, 103507 (2020).

[25] R. Lazkoz, FE. S. N. Lobo, M. Ortiz-Bafnos, and V. Salzano,
Observational constraints of f(Q) gravity, Phys. Rev. D
100, 104027 (2019).

[26] J. Lu, X. Zhao, and G. Chee, Cosmology in symmetric
teleparallel gravity and its dynamical system, Eur. Phys. J. C
79, 530 (2019).

[27] B.J. Barros, T. Barreiro, T. Koivisto, and N.J. Nunes,
Testing F(Q) gravity with redshift space distortions, Phys.
Dark Universe 30, 100616 (2020).

[28] F. Bajardi, D. Vernieri, and S. Capozziello, Bouncing
Cosmology in f(Q) Symmetric Teleparallel Gravity, Eur.
Phys. J. Plus 135, 912 (2020).

[29] I. Ayuso, R. Lazkoz, and V. Salzano, Observational con-
straints on cosmological solutions of f(Q) theories, Phys.
Rev. D 103, 063505 (2021).

[30] S. Mandal, D. Wang, and P. K. Sahoo, Cosmography in
f(Q) gravity, Phys. Rev. D 102, 124029 (2020).

[31] N. Frusciante, Signatures of f(Q)-gravity in cosmology,
Phys. Rev. D 103, 044021 (2021).

[32] S. Mandal, A. Parida, and P.K. Sahoo, Observational
constraints and some toy models in f(Q) gravity with bulk
viscous fluid, arXiv:2103.00171.

[33] W. Khyllep, A. Paliathanasis, and J. Dutta, Cosmological
solutions and growth index of matter perturbations in f(Q)
gravity, Phys. Rev. D 103, 103521 (2021).

[34] F. K. Anagnostopoulos, S. Basilakos, and E. N. Saridakis,
First evidence that non-metricity f(Q) gravity can challenge
ACDM, Phys. Lett. B 822, 136634 (2021).

124077-15


https://doi.org/10.1051/0004-6361/201833910
https://doi.org/10.1051/0004-6361/201833910
https://doi.org/10.1051/0004-6361/201833910e
https://doi.org/10.1051/0004-6361/201833910e
https://doi.org/10.1088/1361-6382/ac086d
https://doi.org/10.1088/1361-6382/ac086d
https://arXiv.org/abs/2105.12582
https://doi.org/10.3390/universe5070173
https://doi.org/10.1016/j.physletb.2020.135422
https://doi.org/10.1103/PhysRevD.104.024010
http://www.ps-taiwan.org/cjp/download.php?type=paper&vol=37&num=2&page=113
http://www.ps-taiwan.org/cjp/download.php?type=paper&vol=37&num=2&page=113
http://www.ps-taiwan.org/cjp/download.php?type=paper&vol=37&num=2&page=113
http://www.ps-taiwan.org/cjp/download.php?type=paper&vol=37&num=2&page=113
http://www.ps-taiwan.org/cjp/download.php?type=paper&vol=37&num=2&page=113
https://doi.org/10.1142/S0218271806008474
https://doi.org/10.1142/S0218271806008474
https://doi.org/10.1142/S0217751X13501674
https://doi.org/10.1007/s00006-016-0749-8
https://doi.org/10.1103/PhysRevD.98.044048
https://doi.org/10.1088/1475-7516/2018/08/039
https://doi.org/10.1088/1475-7516/2018/08/039
https://doi.org/10.1103/PhysRevD.97.124025
https://doi.org/10.1103/PhysRevD.98.084034
https://doi.org/10.1142/S0219887818501980
https://doi.org/10.1142/S0219887818501980
https://doi.org/10.1134/S1063772918120235
https://doi.org/10.1134/S1063772918120235
https://doi.org/10.1103/PhysRevD.99.024009
https://doi.org/10.1142/S0218271819440127
https://doi.org/10.1142/S0218271819440127
https://doi.org/10.1103/PhysRevD.103.064041
https://doi.org/10.1103/PhysRevD.103.044030
https://doi.org/10.1103/PhysRevD.103.044030
https://arXiv.org/abs/2007.03261
https://doi.org/10.1088/0034-4885/79/10/106901
https://doi.org/10.1088/0034-4885/79/10/106901
https://arXiv.org/abs/2106.13793
https://doi.org/10.1103/PhysRevD.101.103507
https://doi.org/10.1103/PhysRevD.101.103507
https://doi.org/10.1103/PhysRevD.100.104027
https://doi.org/10.1103/PhysRevD.100.104027
https://doi.org/10.1140/epjc/s10052-019-7038-3
https://doi.org/10.1140/epjc/s10052-019-7038-3
https://doi.org/10.1016/j.dark.2020.100616
https://doi.org/10.1016/j.dark.2020.100616
https://doi.org/10.1140/epjp/s13360-020-00918-3
https://doi.org/10.1140/epjp/s13360-020-00918-3
https://doi.org/10.1103/PhysRevD.103.063505
https://doi.org/10.1103/PhysRevD.103.063505
https://doi.org/10.1103/PhysRevD.102.124029
https://doi.org/10.1103/PhysRevD.103.044021
https://arXiv.org/abs/2103.00171
https://doi.org/10.1103/PhysRevD.103.103521
https://doi.org/10.1016/j.physletb.2021.136634

MANUEL HOHMANN

PHYS. REV. D 104, 124077 (2021)

[35] A. Pradhan, D. Chandra Maurya, and A. Dixit, Dark energy
nature of viscus universe in f(Q)-gravity with observational
constraints, Int. J. Geom. Methods Mod. Phys. 18, 2150124
(2021).

[36] F. Esposito, S. Carloni, R. Cianci, and S. Vignolo, Recon-
tructing isotropic and anisotropic f(Q) cosmologies,
arXiv:2107.14522.

[37] N. Dimakis, A. Paliathanasis, and T. Christodoulakis,
Quantum cosmology in f(Q) theory, Classical Quantum
Gravity 38, 225003 (2021).

[38] L. Atayde and N. Frusciante, Can f(Q)-gravity challenge
ACDM?, Phys. Rev. D 104, 064052 (2021).

[39] M. Li, H. Rao, and D. Zhao, A simple parity violating gravity
model without ghost instability, J. Cosmol. Astropart. Phys.
11 (2020) 023.

[40] M. Hohmann and C. Pfeifer, Teleparallel axions and
cosmology, Eur. Phys. J. C 81, 376 (2021).

[41] Y. Xu, G. Li, T. Harko, and S.-D. Liang, f(Q,T) gravity,
Eur. Phys. J. C 79, 708 (2019).

[42] Y. Xu, T. Harko, S. Shahidi, and S.-D. Liang, Weyl type
f(Q,T) gravity, and its cosmological implications, Eur.
Phys. J. C 80, 449 (2020).

[43] S. Arora, S. K.J. Pacif, S. Bhattacharjee, and P. K. Sahoo,
f(Q,T) gravity models with observational constraints,
Phys. Dark Universe 30, 100664 (2020).

[44] A. Pradhan and A. Dixit, Transit cosmological models with
observational constraints in f(Q, T) gravity, Int. J. Geom.
Method Mod. Phys. 18, 2150159 (2021).

[45] S. Arora, J.R.L. Santos, and P. K. Sahoo, Constraining
f(Q,T) gravity from energy conditions, Phys. Dark Uni-
verse 31, 100790 (2021).

[46] S. Arora and P.K. Sahoo, Energy conditions in f(Q,T)
gravity, Phys. Scr. 95, 095003 (2020).

[47] R. Zia, D. Chandra Maurya, and A. Kumar Shukla, Transit
cosmological models in modified f(Q,T) gravity, Int. J.
Geom. Methods Mod. Phys. 18, 2150051 (2021).

[48] J.-Z. Yang, S. Shahidi, T. Harko, and S.-D. Liang, Geodesic
deviation, Raychaudhuri equation, Newtonian limit, and
tidal forces in Weyl-type f(Q, T) gravity, Eur. Phys. J. C 81,
111 (2021).

[49] S. Bhattacharjee, BBN constraints on f(Q,T) gravity,
arXiv:2102.12921.

[50] S. Arora, A. Parida, and P. K. Sahoo, Constraining effective
equation of state in f(Q, T) gravity, Eur. Phys. J. C 81, 555
(2021).

[51] R. Solanki, S.K.J. Pacif, A. Parida, and P.K. Sahoo,
Cosmic acceleration with bulk viscosity in modified f(Q)
gravity, Phys. Dark Universe 32, 100820 (2021).

[52] N. Godani and G. C. Samanta, FRW cosmology in f(Q,T)
gravity, Int. J. Geom. Methods Mod. Phys. 18, 2150134
(2021).

[53] S. Arora, S. K.J. Pacif, A. Parida, and P. K. Sahoo, Bulk
viscous matter and the cosmic acceleration of the universe
in f(Q,T) gravity, J. High Energy Astrophys. 33, 001
(2022).

[54] Z. Haghani and T. Harko, Generalizing the coupling
between geometry and matter: f(R,L,, T) gravity, Eur.
Phys. J. C 81, 615 (2021).

[55] A. Pradhan and A. Dixit, The models of transit cosmo-
logy along with observational constriction in f(Q,T)
gravity, Int. J. Geom. Methods Mod. Phys. 18, 2150159
(2021).

[56] L. Pati, B. Mishra, and S. K. Tripathy, Model parameters in
the context of late time cosmic acceleration in f(Q,T)
gravity, Phys. Scr. 96, 105003 (2021).

[57] P. Rudra, Energy-momentum squared symmetric telepar-
allel gravity: f(Q, T, T") gravity, arXiv:2107.10240.

[58] G. Gadbail, S. Arora, and P. K. Sahoo, Power-law cosmol-
ogy in Weyl-type f(Q,T) gravity, Eur. Phys. J. Plus 136,
1040 (2021).

[59] A.S. Agrawal, L. Pati, S. K. Tripathy, and B. Mishra, Matter
bounce scenario and the dynamical aspects in f(Q,T)
gravity, Phys. Dark Universe 33, 100863 (2021).

[60] D. Zhao, Covariant formulation of f(Q) theory, arXiv:
2104.02483.

[61] M. Hohmann, L. Jiarv, M. Kr$sak, and C. Pfeifer, Modified
teleparallel theories of gravity in symmetric spacetimes,
Phys. Rev. D 100, 084002 (2019).

[62] M. Hohmann, Complete classification of cosmological
teleparallel geometries, Int. J. Geom. Methods Mod. Phys.
18, 2140005 (2021).

[63] F. D’Ambrosio, L. Heisenberg, and S. Kuhn, Revisiting
cosmologies in teleparallelism, arXiv:2109.04209.

[64] M. Hohmann, Spacetime and observer space symmetries in
the language of Cartan geometry, J. Math. Phys. (N.Y.) 57,
082502 (2016).

[65] M. Hohmann, Variational principles in teleparallel gravity
theories, Universe 7, 114 (2021).

[66] T. Harko, T.S. Koivisto, F.S.N. Lobo, G.J. Olmo, and
D. Rubiera-Garcia, Coupling matter in modified Q gravity,
Phys. Rev. D 98, 084043 (2018).

[67] T. Harko, T. S. Koivisto, G. J. Olmo, F. S. N. Lobo, and R.-G.
Diego, Novel couplings between nonmetricity and matter, in
Proceedings of the 15th Marcel Grossmann Meeting on
Recent Developments in Theoretical and Experimental Gen-
eral Relativity, Astrophysics, and Relativistic Field Theories
(MG15) Rome, Italy, 2018 (World Scientific, Singapore,
2019) [arXiv:1901.00805].

[68] K. Yano, The Theory of Lie Derivatives and its Applications
(North-Holland, Amsterdam, 1957).

[69] M. Hohmann, Metric-affine geometries with spherical
symmetry, Symmetry 12, 453 (2020).

[70] D. losifidis, Cosmological hyperfluids, torsion and non-
metricity, Eur. Phys. J. C 80, 1042 (2020).

[71] J. Beltran Jiménez, A. Golovnev, T. Koivisto, and H.
Veermie, Minkowski space in f(7) gravity, Phys. Rev. D
103, 024054 (2021).

[72] A. Golovnev and M.-J. Guzman, Nontrivial Minkowski
backgrounds in f(7T) gravity, Phys. Rev. D 103, 044009
(2021).

[73] A. Golovnev and M.-J. Guzman, Foundational issues in f(T)
gravity theory, Int. J. Geom. Methods Mod. Phys. 18,
2140007 (2021).

[74] J. Beltran Jiménez and T.S. Koivisto, Accidental gauge
symmetries of Minkowski spacetime in teleparallel theories,
Universe 7, 143 (2021).

124077-16


https://doi.org/10.1142/S0219887821501243
https://doi.org/10.1142/S0219887821501243
https://arXiv.org/abs/2107.14522
https://doi.org/10.1088/1361-6382/ac2b09
https://doi.org/10.1088/1361-6382/ac2b09
https://doi.org/10.1103/PhysRevD.104.064052
https://doi.org/10.1088/1475-7516/2020/11/023
https://doi.org/10.1088/1475-7516/2020/11/023
https://doi.org/10.1140/epjc/s10052-021-09165-x
https://doi.org/10.1140/epjc/s10052-019-7207-4
https://doi.org/10.1140/epjc/s10052-020-8023-6
https://doi.org/10.1140/epjc/s10052-020-8023-6
https://doi.org/10.1016/j.dark.2020.100664
https://doi.org/10.1142/S0219887821501590
https://doi.org/10.1142/S0219887821501590
https://doi.org/10.1016/j.dark.2021.100790
https://doi.org/10.1016/j.dark.2021.100790
https://doi.org/10.1088/1402-4896/abaddc
https://doi.org/10.1142/S0219887821500511
https://doi.org/10.1142/S0219887821500511
https://doi.org/10.1140/epjc/s10052-021-08910-6
https://doi.org/10.1140/epjc/s10052-021-08910-6
https://arXiv.org/abs/2102.12921
https://doi.org/10.1140/epjc/s10052-021-09358-4
https://doi.org/10.1140/epjc/s10052-021-09358-4
https://doi.org/10.1016/j.dark.2021.100820
https://doi.org/10.1142/S0219887821501346
https://doi.org/10.1142/S0219887821501346
https://doi.org/10.1016/j.jheap.2021.10.001
https://doi.org/10.1016/j.jheap.2021.10.001
https://doi.org/10.1140/epjc/s10052-021-09359-3
https://doi.org/10.1140/epjc/s10052-021-09359-3
https://doi.org/10.1142/S0219887821501590
https://doi.org/10.1142/S0219887821501590
https://doi.org/10.1088/1402-4896/ac0f92
https://arXiv.org/abs/2107.10240
https://doi.org/10.1140/epjp/s13360-021-02048-w
https://doi.org/10.1140/epjp/s13360-021-02048-w
https://doi.org/10.1016/j.dark.2021.100863
https://arXiv.org/abs/2104.02483
https://arXiv.org/abs/2104.02483
https://doi.org/10.1103/PhysRevD.100.084002
https://doi.org/10.1142/S0219887821400053
https://doi.org/10.1142/S0219887821400053
https://arXiv.org/abs/2109.04209
https://doi.org/10.1063/1.4961152
https://doi.org/10.1063/1.4961152
https://doi.org/10.3390/universe7050114
https://doi.org/10.1103/PhysRevD.98.084043
https://arXiv.org/abs/1901.00805
https://doi.org/10.3390/sym12030453
https://doi.org/10.1140/epjc/s10052-020-08634-z
https://doi.org/10.1103/PhysRevD.103.024054
https://doi.org/10.1103/PhysRevD.103.024054
https://doi.org/10.1103/PhysRevD.103.044009
https://doi.org/10.1103/PhysRevD.103.044009
https://doi.org/10.1142/S0219887821400077
https://doi.org/10.1142/S0219887821400077
https://doi.org/10.3390/universe7050143

