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We compute tail contributions to the conservative dynamics of a generic self-gravitating system, for
every multipole order, of either electric and magnetic parity. Such contributions arise when gravitational
radiation is backscattered by the static curvature generated by the source itself and reabsorbed. Tail
processes are relevant for the study of compact binary dynamics starting from the fourth post-Newtonian
order. Within this context, we resolve a discrepancy recently arised at fifth post-Newtonian order between
effective field theory and self-force results.
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I. INTRODUCTION

The recent detections of gravitational waves from
coalescing binaries [1–3] by the large interferometers
LIGO [4] and Virgo [5] have not only opened a new field
in astronomy, but also revived theoretical studies of the
general relativistic two-body problem.
Starting from the multipole expansion of a generic

source, the focus of the present work is the contribution to
the conservative dynamics of certain types of nonlinear
effects, called tails, which are quadratic in Newton
constant GN and arise when radiation is emitted, scattered
onto the static potential generated by the same source,
and finally absorbed. Tail effects have been first identi-
fied in emission processes, i.e., in the scattering of
radiation off the source background curvature [6], and
the leading contribution to the conservative dynamics of
compact binaries has been first quantified in [7]; see
also [8].
A common framework for dealing with two-body

dynamics is the post-Newtonian (PN) approximation to
general relativity (GR) (see [9] for a review) that treats
perturbatively the two-body problem and whose parameter
of expansion is the binary relative velocity v, where the
third Kepler’s law ensures v2 ∼GNM=r, where M is the

binary system total mass and r is the binary constituents’
distance. The PN approximation scheme is almost as old as
GR itself; however, remarkably, it has been recast in recent
times by [10] in a purely effective field theory (EFT)
framework, dubbed nonrelativistic GR (NRGR) as it
borrowed ideas from nonrelativistic QCD.
A technical detail of the NRGR framework, which is a

common tool in field theory computations, is the distinction
of the momenta of modes exchanged between sources, i.e.,
gravitational modes in NRGR, according to the region they
belong to: hard or soft.
Potentialmodes sourced by conserved charges are of the

former type, which are characterized by 4-momenta k ∼
ðk0;kÞ with jkj ∼ 1=r ≫ k0 ∼ v=r, while radiative modes
sourced by radiative multipoles have jkj ∼ k0 and belong to
the soft region. This separation is related to the distinction
in a near and a far zone, commonly adopted in the
traditional PN approach, where in the former binary
constituents are resolved as individual objects and in the
latter the binary system is described as a composite source
endowed with multipoles. The complete dynamics is given
by the sum of near and far zone processes [11], as it is well
known from the particle physics application of the method
of regions [12,13].
The tail contributions presented in this work are linear in

M and quadratic in the nonconserved multipoles. The tail
process involving electric quadrupole moments concur to
determine the 4PN conservative dynamics of two-body
system, which has now been obtained with three different
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methods independently by several groups [14–20] with
mutually agreeing results.
Note that for obtaining the correct two-body dynamics, it

is not enough to compute the tail effects in terms of
multipoles, but also to derive the appropriate expression of
the multipoles in terms of individual constituents, in a
procedure that in the EFT language is called matching.
Since tail processes involve regularization of divergen-

ces, which we treated in dimensional regularization, to
obtain the correct result it is crucial to have a multipole
expression which is correct in generic d dimensions.
While this is straightforward for electric multipoles
[21], it involves some subtleties for magnetic ones, which
are often expressed in terms of the Levi-Civita antisym-
metric tensor ϵijk, which is not straightforwardly general-
izable to d ≠ 3. Besides computing in the present work for
the first time tail terms for all multipoles, we solve the
puzzle arised by the apparent discrepancy between the
conservative dynamics NRGR result at 5PN, obtained in
[22] for the far zone and in [23] for the potential modes,
and the derivation of the two-body scattering angle
from the “Tutti Frutti” approach [24,25], as presented
in [26], at next-to-leading order in symmetric mass ratio
ν ¼ m1m2=M2, having denoted by m1;2 the masses of the
binary constituents. We show here that agreement is
indeed found between the two approaches when magnetic
multipoles are properly defined in generic d dimensions,
as in [27].
The outline of the paper is as follows: in Sec. II

we perform the computation of the tail process
for generic multipoles, completing it in Sec. III with
the necessary matching procedure, which enables one to
write the multipoles in terms of the binary constituents’
variables. In Sec. IV we explain the origin of the
discrepancy found in [23,26] and show its solution, and
Sec. V contains the conclusions that can be drawn from
our results.

II. FAR ZONE CALCULATIONS

Weadopt the following parametrization for themultipolar
expansion of the gravitational coupling of a composite
system:

Smult¼
Z

dt

�
1

2
Eh00−

1

2
Jbjah0b;a

−
X
r≥0

�
cðIÞr IijR∂RR0i0jþ

cðJÞr

2
JbjiRa∂RR0iab

��
; ð1Þ

with [28,29]

cðIÞr ¼ 1

ðrþ 2Þ! ; cðJÞr ¼ 2ðrþ 2Þ
ðrþ 3Þ! ; ð2Þ

where E denotes the energy of the system and hμν
indicates the metric deviation from Minkowski, i.e.,
gμν ¼ ημν þ hμν.

1 We denote the generic electric traceless
multipoles by IijR ≡ Iiji1…ir, using the collective index R,
and the magnetic traceless multipoles by JbjiRa ≡ Jbjii1…ira

(antisymmetric under a ↔ b), using the d-dimensional
generalization of the magnetic moments recently proposed
in [27], which are described in the Appendix B. The tail
process we are interested in is described by the diagram in
Fig. 1. It represents the leading far zone contribution to the
conservative dynamics, i.e., the leading contribution from
diagrams involving radiative gravitational fields.
The solid double line represents the nonpropagating

source of Eq. (1), characterized by conserved energy and
angular momentum, and time-dependent electric and mag-
netic multipoles; wavy lines represent radiative mode
Green’s function and the dashed line stands for the potential
mode Green’s function, meeting at the triple bulk vertex
where the scattering of radiation off the potential happens.
Using standard Feynman rules for the worldline and bulk
vertices involved (see, e.g., [22]) and adopting the notation

pR ≡ pi1…ir and
R
pq≡

R ddp
ð2πÞd

ddq
ð2πÞd, one has

Sðe;rÞ
tail ¼ −

½cðIÞr �2E
4Λ4

Z
dp0

2π

Z
p;q

pRqR0IijRðp0ÞIklR0 ð−p0Þ
ðp2 − p2

0Þðq2 − p2
0Þðq − pÞ2

×

�
−
1

4
p6
0δikδjl − p4

0δikpjðq − pÞl −
p2
0

cd
pipj

�
ðq − pÞkðq − pÞl þ

1

2
qkql

�
þp2

0

2
piqk½p · qδjl þ pjql − plqj�

�

¼ −
E

ð32πΛ2Þ2
ðd − 2ÞΓðd − 3ÞΓð2 − d

2
ÞΓð− d

2
− 1 − rÞ

2rð4πÞd−2ðd − 1Þðrþ 1Þ2ðrþ 2Þ2Γðdþ rÞ ζ
ðeÞ
d;r

Z
dp0

2π
ð−p2

0ÞdþrIijRðp0ÞIijRð−p0Þ ð3Þ

with

1Latin indices a;…; n indicate purely spatial coordinates and we adopt the mostly plus metric, ημν ¼ diagð−;þ; � � � ;þÞ. Because
space indices are raised and lowered with a Kronecker delta, we will identify covariant and contravariant space indices.
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ζðeÞd;r≡d4þ2ðr−2Þd3þð3r3−3rþ5Þd2
þðr−2Þð2r2þ rþ1Þdþðrþ1Þ2ðr2þ2rþ12Þ

¼ ðrþ1Þðrþ2Þðrþ3Þðrþ4Þ
þðrþ4Þð2r2þ7rþ7ÞεþOðε2Þ; ε≡d−3; ð4Þ

which can be obtained using the master integral reported in
AppendixA; see also [30]. It has been necessary to introduce
a d-dimensional Newton constant in the form Gd ¼
μd−3ð32πΛ2Þ−1, with Λ≡ ð32πGNÞ−1=2, where μ is an
arbitrary, inverse length scale needed to adjust dimensions.
Expansion around d ∼ 3 gives

Sðe;rÞ
tail ≃−G2

NE
2rþ2ðrþ3Þðrþ4Þ

ðrþ1Þðrþ2Þð2rþ5Þ!

×
Z

dp0

2π
ðp2

0Þrþ3IijRðp0ÞIijRð−p0Þ
�
1

ε̃
− γðeÞr

�
ð5Þ

with

1

ε̃
≡ 1

ε
− iπ þ log

�
p2
0e

γ

πμ2

�
ð6Þ

and

γðeÞr ≡ 1

2
ðHrþ5

2
−H1

2
þ 2Hr þ 1Þ þ 2

ðrþ 2Þðrþ 3Þ

¼
�
41

30
;
82

35
;
1819

630
;
11359

3465
;
646141

180180
;…

�
; ð7Þ

where Hr is the rth harmonic number defined by
Hr ≡P

r
i¼0 1=i. The structure contained in Eq. (6), whose

precoefficient in the tail action is the opposite of the one
multiplying the multipole contribution to the flux [28] (see
below), is universal for all multipoles and has been
analyzed in [22]. It has been obtained using Feyman
Green’s functions, which give for the real part the same
result as it would be obtained by adopting causal boundary
conditions, that is, an UV pole, to be matched by an IR pole
coming from the near zone, and the nonlocal (in time)
contribution discovered in [6]. The imaginary part, which is
of no interest for the present work, is related via the optical
theorem to the energy flux in tail process; see [11] for a
thorough discussion on the appropriate choice of the
boundary conditions.
Coming to the first new result of this work, that is, the

γðeÞr term displayed Eq. (7), we notice that it is rational
because the irrational terms contained in Hrþ5

2
and H1

2

cancel in the difference Hrþ5
2
−H1

2
¼ 2

Prþ2
i¼1

1
2iþ1

. The first

two values γðeÞ0 and γðeÞ1 correspond to the electric quadru-
pole and octupole finite and local-in-time contributions
computed, respectively, in [7,22].
An analogous computation for the magnetic moments

gives

Sðm;rÞ
tail ¼ ½cðJÞr �2E

32Λ4

Z
dp0

2π
JljjRkðp0ÞJnjaR0mð−p0Þ

Z
p;q

pRqR0

ðp2 − p2
0Þðq2 − p2

0Þðq − pÞ2
× fp4

0plqnðδjaδkm þ δjmδkaÞ þ 2p2
0plqmpj½δkapn þ δknðp − qÞa� − qaqmpjpkðp · qδln − qlpnÞg

¼ −
E

ð32πΛ2Þ2
Γðd − 3ÞΓð2 − d

2
ÞΓð− d

2
− 1 − rÞ

2r−1ð4πÞd−2ðrþ 1Þðrþ 3Þ2Γðdþ rþ 1Þ ½d
2 þ dðr − 2Þ þ r2 þ 2rþ 3�ðdþ rþ 1Þ

×
Z

dp0

2π
ð−p2

0ÞdþrJljjRkðp0ÞJnjaRkð−p0Þ½δjaδln þ ðrþ 1Þδjnδla�: ð8Þ

Expansion around d ∼ 3 gives

Sðm;rÞ
tail ≃ −G2

NE
2rþ4ðrþ 2Þðrþ 4Þ

ðrþ 1Þðrþ 3Þ2ð2rþ 5Þ!
Z

dp0

2π
ðp2

0Þrþ3JljjRkðp0ÞJnjaRkð−p0Þ½δjaδln þ ðrþ 1Þδjnδla�
�
1

ε̃
− γðmÞ

r

�
ð9Þ

with

FIG. 1. Self-energy diagram for a generic radiative multipole
source of electric and magnetic type. The green wavy (dashed
straight) line represents the radiative (potential) gravitational
field, while the black double line stands for the composite source
described by the multipolar action in Eq. (1).
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γðmÞ
r ≡ 1

2
ðHrþ5

2
−H1

2
þ 2Hrþ3 þ 2Þ − 2r2 þ 13rþ 22

ðrþ 2Þðrþ 3Þðrþ 4Þ ¼
�
49

20
;
22

7
;
4541

1260
;
1565

396
;
1525229

360360
…

�
: ð10Þ

Also in the magnetic case, the numerical coefficient in front of the ε pole reproduces, for d ¼ 3, the magnetic emission
coefficients which, however, in the commonly used formula for the energy flux F appears as (see Appendix A)

F ¼ GN

X
r≥0

�
fIðrÞ

��
drþ3

dtrþ3
IijR

�
2
	
þ fJðrÞ

��
drþ3

dtrþ3
JijR

�
2
	�

; ð11Þ

i.e., they multiply the square of the magnetic multipole JijR,
which is dual to the JljjRk used above [27]:

JljjRk ¼d¼3
ϵilkJijR: ð12Þ

When substituting in the result of Eq. (9) the relation (12)

one finds JljjRkJnjaRk½δjaδlnþðrþ1Þδjnδla� ¼d¼3 ðrþ3ÞJ2ijR
which reproduces the magnetic emission coefficients first

derived by [28]. As for the finite part proportional to γðmÞ
r in

Eq. (9), care is needed to match to the binary constituents’
variables, which will be done in Sec. III, and to extract the
correct d → 3 limit, which will be done in Sec. IV.

III. MATCHING

Following standard GR textbook derivation (see
Appendix B for details) the linear gravitational coupling
of an extended source can be written in terms of the
nonconserved source multipoles. Working in the trans-
verse-traceless (TT) gauge for simplicity, and focusing for
the moment on the electric multipoles, one can write

Smult−e ¼
1

2

Z
dt

�
1

2
̈Iijhij þ

1

6
̈Iijkhij;k þ…

�
; ð13Þ

where at lowest order

Iij ¼
Z
V
T00xixj; ð14Þ

Iijk ¼
Z
V
T00xixjxk; ð15Þ

where Tμν is the energy-momentum tensor of a generic
source and we adopted the notation

R
V ≡

R
ddx. For the

magnetic ones, one needs some extra care, in view of the
d-dimensional generalization which is needed for Eq. (9).
Taylor expanding the standard, generic gravitational cou-
pling 1

2
Tμνhμν at next-to-leading order for the spatial

components Tij, one obtains (see Appendix B for details)

1

2

Z
V
Tijxk¼1

6

Z
V
ðTijxkþTkixjþTjkxiÞ

þ1

6

Z
V
ð2Tijxk−Tikxj−TjkxiÞ;

¼ 1

12

d2

dt2

�Z
V
T00xixjxk

�

þ1

6

d
dt

�Z
V
ðT0ixkxjþT0jxkxi−2T0kxixjÞ

�
: ð16Þ

The first term in the second line of Eq. (16) is the electric
octupole contribution, whereas the second term is the
magnetic quadrupole one, which is often written in terms of

Jij ≡d¼3 1

2

Z
V
xmT0nðxiϵjmn þ xjϵimnÞ; ð17Þ

which is symmetric in i, j and traceless. Using the identity

ðT0ixk−T0kxiÞxjhij;k¼T0mxnxjðδlmδkn−δkmδ
l
nÞhlj;k

¼d¼3−ϵimnxmT0nxjϵilk×
1

2
ðhlj;k−hkj;lÞ;

and the definition of themagnetic part of the Riemann tensor

Bij ≡d¼3 1
2
ϵimnR0jmn, one finds themagnetic quadrupolemulti-

pole term

Smult−m ¼d¼3 2

3

Z
dt ðJijBij þ…Þ: ð18Þ

To avoid the use of the Levi-Civita tensor ϵijk whichmay not
be straightforwardly generalizable to d ≠ 3, it is useful to
write the magnetic quadrupole term coupled to gravity as

1

2

�Z
V
Tijxk

�
hij;k






magnetic

¼−
1

3

�Z
V
xjðT0ixk−T0kxiÞ

�
_hij;k

¼ 1

3

�Z
V
xjðT0ixk−T0kxiÞ

�
×
1

2
ð _hkj;i− _hij;kÞ

¼−
1

3
JkjjiR0jik; ð19Þ
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where an integration by parts has been used and in the last
passage the linearized expression for the Riemann in the TT
gauge, R0ijk ∼ 1

2
ð _hij;k − _hik;jÞ, has been inserted. Note that

sinceR0ijk has vanishing traces for pure radiation, one is led
to define the magnetic quadrupole as

Jijjk ≡
Z
V
xjðT0kxi − T0ixkÞ − δkj

d − 1
ðxmT0mxi − x2T0iÞ

þ δij

d − 1
ðxmT0mxk − x2T0kÞ; ð20Þ

which is antisymmetric in the index pair i, k, traceless, and,
in d ¼ 3, it is the dual of Jij in (17), as per Eq. (12) with no
“R” indices.
At the leading order in source internal velocity and self-

gravity, it is actually trivial to match the multipoles to
binary constituents’ parameters, to obtain

Iij ¼
�X

a
maxiax

j
a

�
TF
;

Iijk ¼
�X

a
maxiax

j
axka

�
TF
;

Jijjk ¼
�X

a
maðxiavka − viaxkaÞxja

�
TF
; ð21Þ

where “TF” stands for trace-free. Evaluating them in the
center of mass frame, one obtains

Smult ⊃ −
Z

dt

�
1

2
IijR0i0j þ

1

6
IijkR0i0j;k þ

1

3
JbjiaR0iab

�
;

ð22Þ

where in the TT gauge R0i0j ≃ − 1
2
ḧij and, at leading

order,

Iij ¼ νMðxixjÞTF;
Iijk ¼ νΔmðxixjxkÞTF;

Jbjia ¼ νΔm
�
xixbva−

x2

d−1
δibva−

x ·v
d−1

δiaxb− ða↔ bÞ
�
;

ð23Þ

where Δm≡M
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4ν

p
and ν≡m1m2=M2 is the sym-

metric mass ratio. This expression for the magnetic quadru-
pole is valid for any d; hence, its expression can be safely
plugged into Eq. (9) to obtain the correct conservative
action.

IV. EXPLICIT FORM OF 5PN TAIL TERMS AND
COMPARISON WITH PREVIOUS RESULTS

We can now plug Eq. (23) into the expressions for Sðe;1Þ
tail

and Sðm;0Þ
tail reported in Sec. II and obtain the tail terms as

functions of the binary variables. We focus on these two
contributions as they are the ones whose lowest order
contribution is at 5PN, which is where [23,26] have shown
disagreement with the extreme-mass ratio result. After
reducing higher order derivatives by means of the
Newtonian equations of motion, and neglecting logarithms
and the imaginary part, which are anyways completely
determined by the dimensional pole, the result takes the
following form:

Sðe;1Þ
tail ≃ −

G4
NM

3

189
ν2Δm2

Z
dt
r4

�
1

ε

�
6042

5
v4 − 2364v2v2r þ 1170v4rþ

GNM
r

�
1872

5
v2 − 432v2r

�
þ 288

5

G2
NM

2

r2

�

þ 157887

175
v4 −

68442

35
v2v2r þ

7167

7
v4r þ

GNM
r

�
124452

175
v2 −

26316

35
v2r

�
þ 34848

175

G2
NM

2

r2

�
; ð24Þ

Sðm;0Þ
tail ≃ −

16G4
NM

3

45
ν2Δm2

Z
dt
r4

�
1

ε

�
1

2
v4 þ v2v2r −

3

2
v4r

�
þ 21

40
v4 þ 61

20
v2v2r −

143

40
v4r

�
; ð25Þ

with vr ≡ r·v
r . Both results are in agreement with the self-

force determination of the scattering angle, as it has been
checked in [23] and then confirmed in [26]. However, the
magnetic quadrupole result in Eq. (25) is different from
what would be obtained by substituting Eq. (17) into the
analog result for Eq. (9) obtained in [22], which is
expressed in terms of the three-dimensional form of the
magnetic quadrupole Jij, instead of its dual Jkjji, whose
introduction is subsequent to [22].

To understand the origin of the discrepancy, let us
replace Jajjb with its dual expression (12) inside Eq. (9)
for r ¼ 0, to obtain its dual version

Sðm;0Þ
tail−dual ≡

Z
dt ðJ…ijÞϵilkTjkbcδldϵadcðJ

…

abÞ; ð26Þ

where
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Tjkbc ≃ −
16G2

NE
135

ðδjbδkc þ δjcδkbÞ ×
�
1

ε̃
−
49

20

�

which is the result reported in [26], and which, after using
the three-dimensional relation ϵilkϵadcδld ¼ δiaδkc − δicδka,
gives

Sðm;0Þ
tail−dual ¼ −

16G2
NE

135

Z
dt ðJ…ijÞðdδaiδbj − δabδijÞðJ

…

abÞ

×

�
1

ε̃
−
49

20

�

≃ −
16G2

NE
45

Z
dt

�
1

ε̃
−
127

60

�
ðJ…ijÞ2; ð27Þ

which is the result computed in [22].
We note, however, that the identification (12) is valid

only for d ¼ 3; hence, one is allowed to use it only as long
as the final result is finite. The conservative Lagrangian is
indeed finite, but the two separate contributions coming
from the far and the near zone, computed, respectively, in
[22] and in [23], have ε poles in dimensional regulariza-
tion. In principle, it is possible to use the far zone
expression in terms of the Jij variables if a similar
manipulation is also performed in the near zone diagrams
corresponding to the magnetic quadrupole tail, along the
lines discussed in Appendix B of [19], which treats in
detail the 4PN case. This is, however, a cumbersome
procedure and a much simpler alternative, as done in the
present work, is to completely avoid the use of Jij, and
stick to the d-dimensional form for the magnetic multi-
poles in the far zone which leads to Eq. (9), and not use the
result in Eq. (27).
This explains the discrepancy observed in [23],

where it is observed that Eq. (27) is incompatible with
the result obtained via scattering angle/extreme mass
ratio limit computation [24,25], unless the coefficient
−127=60 is offset by −1=6. In [26], building on Tutti
Frutti approach results [24,25], a different offset is
invoked because a different expression for Jij with
respect to [23] [namely, the inverse of Eq. (12), instead
of Eq. (17)] is assumed. However, this is just a formal
difference, and both [23,26] agree on the only expression
compatible with the scattering angle/extreme mass ratio
determination is the one reported in Eq. (25) in the
Lagrangian formalism.

V. CONCLUSION

We have formally computed all the tail contributions to
the conservative dynamics of a generic binary system.
Such computation makes use of the recently introduced
d-dimensional generalization of the magnetic gravita-
tional multipoles and, when applied to the specific case
of compact binaries, allowed us to reconcile the effective

field theory result with the scattering angle one at next-to-
leading order in the symmetric mass ratio ν at 5PN order.
Note that finite size effects for spinless black holes vanish
in the static limit [31–33]; hence, they affect the dynamics
at higher than 5PN order, which is the lowest order
admissible by the effacement principle [34]. The expres-
sion of the scattering angle is still incomplete at next-to-
next-to-leading order in ν, but even the present partial
knowledge is enough to show [26] that such a sector is
incompatible with the effective field theory near þ far
zone result obtained so far, which involves, among other
terms on the far zone side, the nonlinear memory process
due to emission, scattering, and absorption of radiation
[35].2 We leave the investigation of this remaining mis-
match to future work.
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APPENDIX A: USEFUL FORMULAS

To perform the computations in Sec. II one needs the
master integral

Z
pq

1

Da
¼ ð−p2

0Þd−2−aIa; ðA1Þ

where we adopted the notation Da ≡ ðp2 − p2
0Þðq2 − p2

0Þ
ðq2 − p2Þa, and

Ia ≡ 1

ð4πÞd
Γðaþ 2 − dÞΓðaþ 1 − d=2Þ2Γðd=2 − aÞ

Γð2aþ 2 − dÞΓðd=2Þ :

ðA2Þ

Note that we have been cavalier about the Green’s function
boundary conditions, i.e., about the displacement off the
real axis of the Green’s functions poles. We are allowed to
do so because, as derived in [11], casual or time symmetric
boundary conditions give the same result for the real part of
diagrams with up to two Green’s functions for radiative
modes, and the imaginary part of the diagrams do not
contribute to the conservative dynamics we are comput-
ing here.

2While the present work was under review, [36] appeared,
further investigating the far zone processes contributing at next-
to-next-to-leading order in the mass ratio.
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In addition one needs the tensor integral

Z
q

qi1…qin
½ðk−qÞ2�a½q2− ðωþ iaÞ2�b ¼

X½n=2�
m¼0

Sa;b½n;m�f½δ�m½k�n−2mgi1���in ;

Sa;b½n;m�≡ ½−ðωþ iaÞ2�d=2−a−bþm

2mð4πÞd=2
Γðaþb−d=2−mÞΓðaþn−2mÞΓðdþ2m−2a−bÞ

ΓðaÞΓðbÞΓðdþn−a−bÞ : ðA3Þ

The explicit expression of the Thorne coefficients
appearing in Eq. (11) is

fIðrÞ ¼
ðrþ 3Þðrþ 4Þ

ðrþ 1Þðrþ 2Þðrþ 2Þ!ð2rþ 5Þ!! ;

fJðrÞ ¼
4ðrþ 2Þðrþ 4Þ

ðrþ 1Þðrþ 3Þ!ð2rþ 5Þ!! : ðA4Þ

APPENDIX B: DETAILED MATCHING
PROCEDURE FOR THE MAGNETIC MOMENTS

We give here an alternative, detailed procedure for the
matching of the magnetic moments for the specific case of a
binary system, whose coupling to radiation is described by
the diagrams in Fig. 2.
We are particularly interested in the coupling of gravi-

tational radiation with the first moment of Tij, which gives
rise to the mass octupole and to the current quadrupole
couplings as per Eq. (16). By expanding up to the first order
in the external gravitational mode momentum q, and
working in the TT gauge, the sum of the two diagrams
gives 1=2Tijhij, with Tij given by

Tijðt;qÞjFig: 2 ¼
X
a

maviav
j
ae−iq·xa

−
ðd − 2Þ
4cdΛ2

X
a≠b

mamb

rd
Θ
�
1þ i

2
q · rab

�

× rirje−iq·xa ; ðB1Þ

with Θ≡ Γðd=2−1Þ
ð4πÞd=2 2d−2, and consequently to

�Z
ddxTijxk

�
hij;k

¼
�X

a

maviav
j
axka−

ðd−2Þ
8cdΛ2

X
a≠b

mamb

rd
ΘðrkaþrkbÞrirj

�
hij;k:

ðB2Þ

Use of the equations of motion

maẍia ¼ ð−1Þaþ1ð2 − dÞ m1m2

2cdΛ2
Θ
ri

rd
; ðB3Þ

and some derivation by parts lead finally to the explicit
couplings

Smult ⊃
Z

dt

�
1

4

�X
a

maxiax
j
axka

�
ḧij;k

−
1

3

�X
a

maðxiavka − viaxkaÞxja
�
_hjk;i

�
: ðB4Þ

This procedure is fully equivalent for the case of binary
systems to the general textbook approach to the derivation of
the multipolar coupling, which has been sketched in Sec. III
and which we integrate here with some further details.
The linear coupling of matter 1

2
Tμνhμν to gravity can be

written as

Smult¼
1

2

Z
dt
Z

d3xTμνðt;xÞhμνðt;xÞ

≃
1

2

Z
dt

��Z
V
T00

�
h00þ

�
2

�Z
V
T0i

�
h0i

þ
�Z

V
T00xi

�
h00;i

�

þ
��Z

V
Tij

�
hijþ

�Z
V
T0ixj

�
ðh0i;jþh0j;iÞ

þ1

2

�Z
V
T00xixj

�
h00;ij

�
þ
�Z

V
T0ixj

�
ðh0i;j−h0j;iÞ

þ
�Z

V
Tijxk

�
hij;kþ…

�
; ðB5Þ

where all gravitational fields h and their derivatives
are understood to be evaluated at x ¼ 0. Working in the

FIG. 2. Diagrams representing the leading order coupling of a
binary system to radiative gravitational modes. While diagram (a)
yields the first term in Eq. (B1), diagram (b) accounts for the rest
of the expression.
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center-of-mass frame, the surviving nonradiative couplings
are

Smult−nr ¼
1

2

Z
dt ðEh00 − Jijjh0i;jÞ; ðB6Þ

where we have defined the angular momentum antisym-
metric tensor as

Jijj ≡
Z
V
ðxiT0j − xjT0iÞ: ðB7Þ

We now turn our attention to nonconstant multipoles,
and we work for simplicity in the TT gauge. By the
standard trick of repeated use of the energy-momentum

conservation in the form _Tμ0 ¼ −Tμi
;i, it is straightforward

to derive

Z
V
Tij ¼ 1

2

d2

dt2

�Z
V
T00xixj

�
≡ 1

2
̈Iij;

Z
V
T0i ¼ −

d
dt

�Z
V
T00xi

�
: ðB8Þ

The coupling 1
2
Tijhij, hence, gives rise to the electric

quadrupole coupling − 1
2
IijR0i0j term and the next-to-

leading-order coupling 1
2
Tijxkhij;k gives rise to the electric

octupole and magnetic quadrupole couplings as explained
in Sec. III.
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