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Beginning with a brief review of the regular space-time with asymptotically Minkowski core, we can
consider two copies of the space-time connected through a short-throat wormhole whose radius of mouth is
equal to or larger than an extremal regular black hole with asymptotically Minkowski core’s event horizon
radius. If the wormhole is traversable and smooth, fluxes in these two space-times will interact with and
flow into each other. On the cosmological scale, gravity is a candidate for the flux. As the gravitational field
changes in one space-time, the behaviors of stars around the wormhole will be affected by the other space-
time since we assume that there exists enough exotic matter to keep the wormhole open. The changes in a
gravitational field can be quantized through the gauge invariant perturbations. The variances in orbits of
stars can be reflected by changes in the kinematic shifts of photon frequencies. Then, we use this to
distinguish between the black hole and wormhole generated by the same space-time line element, since a
black hole cannot connect two space-times and is unaffected by another space-time.
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I. INTRODUCTION

As one of the fundamental theories of modern physics,
general relativity predicts many celestial bodies such as
black holes, white holes, wormholes, and so on. Also, it
explains many astronomical phenomena such as Mercury’s
perihelion precession, gravitational redshift, gravitational
drag effect, gravitational wave, and so forth. The combina-
tion of general relativity and quantum theory, promoting the
explorations of connotations of the Universe. The observa-
tional astronomy and gravitational wave astronomy projects
[1–7] have developed rapidly in recent years, allowing us to
find new celestial bodies, such as black holes and worm-
holes. As one of the celestial bodies predicted by general
relativity, wormholes are hypothetical objects that have the
feature of connecting two distinct universes or two distinct
points of the same universe and were first proposed by
Flamm [8]. Then we can classify wormholes into non-
traversable ones, such as the Euclidean wormholes [9–12].
And the traversable ones, such as Einstein-Rosen bridge
[13],Wheeler’s form [14], the form proposed in the pioneer-
ing work of Morris and Thorne [15,16] (and Lemos et al.
studied the same form with a cosmological constant [17]),
the thin shell model first proposed by Visser et al. [18–21],
and there has been some extended work on the thin shell
model: thin shell wormhole with cosmological constant
[22], plane symmetric thin shell wormhole [23], thin shell

wormhole in Einstein-Gauss-Bonnet gravity [24], and thin
shell wormhole in Brans-Dicke gravity [25]. Other types
shell wormholes are also interesting, such as cylindrical
wormholes [26], solitonic shell wormhole [27], and so on. If
wormholes were real, then the space-time topology of the
Universe would not be trivial or simply connected [28]. So
far, we still do not have a definitive astronomical proof that
wormholes exist. However, research in wormholes and its
related fields also have an important theoretical value that
may change our opinion of the standard inflationary cos-
mological model. Here are some valuable works to compare
wormholes to other celestial bodies: wormholes are distin-
guished from black holes by Einstein rings generated by
gravitational lensing [29], Elliswormholes are distinguished
from other usual massive objects [30–39] by light path
deflection in gravitational lensing under weak field approxi-
mation, black holes are distinguished from wormholes by
assuming that the active galactic nuclei are wormhole
mouths rather than supermassive black holes by hypoth-
esizing that wormholes emit gamma rays that produce
different spectrum [40] and utilizing the ringdown signature
of gravitational waves to probe the event horizon [41].
The wonderful Universe leaves us with huge amounts of

data to achieve the goals we want. As far as the current sky
surveys’ data, we have not found the existence of worm-
holes. This fact may give us two interesting perspectives.
First is that the scales of our sky surveys may be not large
enough. Because if our Universe really has a nontrivial
topological structure like a wormhole, and its scale is much
smaller than our sky survey scale, then light from a long
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distance will encircle the Universe many times before
reaching us, and we will see the same group of galaxies
in the repeated configuration. But in fact, astronomers tell
us that we do not see such repetitions, that is to say, this
nontrivial topology’s scale is larger than any current sky
survey’s scale. Second, it is not so easy for us to separate
the observation data of black holes and wormholes, which
may be mixed together. The second perspective is the
motivation for our research, which aims to provide a
method that can be used to distinguish between wormholes
and black holes. We will use the kinematic shifts of photon
frequencies emitted by stars [42–47] to distinguish worm-
holes from black holes.
In this paper, we use a simple model of wormhole space-

time: two copies of the regular space-time with asymp-
totically Minkowski core [48] smoothly connected through
a short-throat wormhole [49–53] whose radius of mouth is
equal to or larger than the event horizon radius R of an
extremal regular black hole with asymptotically Minkowski
core. We also assume that there is enough exotic matter
near the throat of the wormhole to make it open and stable.
At the meantime, we also use the black hole model under
the same space-time line element [54]. If we do not
consider the influence of another space-time connected
by the wormhole, then the motion of stars in these two
models are uniform, and frequency shifts of the photons
emitted by them are also identical. Then, the redshift/
blueshift data of photons will not be able to distinguish
between wormholes and black holes. But as long as we take
into account the other space-time that the wormhole is
connected to, the gravitational perturbation [55–63] from
the motion of a massive celestial body in it is transmitted to
our space-time through the wormhole and affects the
motions of stars and the frequency of photons. Whether
the change in photon frequency shifts with perturbation and
without perturbation is the key to distinguishing wormholes
from black holes. We use “reception space-time” and “test
space-time” to label the two copies of space-time.
Reception-space-time refers to the space-time where our
observer and detector are located in. The main mission of
the detector is to detect the frequency shifts of photons
emitted by stars orbiting the wormhole. Test space-time
refers to the space-time where the sources of the massive
objects that produce the gravitational perturbations are
located in. We let a massive star make a stable orbital
motion relative to the wormhole in this space-time, thereby
generating continuous and stable gravitational perturbation.
The rest of this paper is as follows: in Sec. II, we give the

space-time line element, build the wormhole model, and
calculate the frequency shifts of photons arriving at the
detector as the star moves around the wormhole in the
reception space-time. In the Sec. III, we use the gauge
transformation to analyze the gravitational effect of a
massive star moving in a circular orbit relative to the
wormhole in the test space-time and how the gravitational

effect is transmitted through the wormhole to the reception
space-time. In the Sec. IV, we choose the perihelion as the
starting point of receiving gravitational perturbation
from the test space-time and then calculate the variation
of trajectories of the star and the frequency shifts of photons
reaching the detector in the reception space-time. In the
Sec. V, we make a brief discussion and remark. In the
Appendices, we provide details of our numerical
implementation.

II. A BRIEF REVIEW OF THE SPACE-TIME AND
CONSTRUCT A WORMHOLE

Before constructing our wormhole model, we make a
brief review of the space-time of a regular black hole with
asymptotically Minkowski core. The line element of the
space-time is given by [48,54]

ds2 ¼ −
�
1 −

2me−a=r

r

�
dt2 þ

�
1 −

2me−a=r

r

�−1
dr2

þ r2ðdθ2 þ sin2θdϕ2Þ; ð1Þ

where the mass mðrÞ ¼ me−a=r is called the Misner-Sharp
quasilocal mass. The parameter a should be larger than
zero, when jrj → 0, the mass is being exponentially sup-
pressed, which possesses the asymptotically Minkowski
core. Otherwise, if a < 0, then we have an altogether
different scenario where asymptotic behavior for small r
indicates massive exponential increase. And as parameter
a ¼ 0, the mass becomes Schwarzschild black hole mass.
In our paper, we focus on the parameter a > 0. Mostly, the
metric is C∞ smooth but not Cω analytic at coordinate
location r ¼ 0, and this property is very important for us to
construct our wormhole model later. The black hole’s
horizon is located at

rH ¼ 2meWð− a
2mÞ ¼ a

jWð− a
2mÞj

; ð2Þ

where WðxÞ is the real-valued Lambert W function. The
existence and number of the black hole’s horizon is strictly
limited by the parameter a. For 0 < a < 2m=e, one has
inner horizon rH− and outer horizon rHþ

rHþ ¼ 2meW0ð− a
2mÞ; rH− ¼ 2meW−1ð− a

2mÞ; ð3Þ

and rHþ > a > rH− . For a ¼ 2m=e, one can find the two
horizons merge at rH� ¼ a and this case is what we
consider in this paper. And, for a > 2m=e, the horizon
locations are undefined and we shall deal with a horizonless
compact object.
Now, we construct our model of wormhole space-

time. The two copies of the regular space-time with
asymptotically Minkowski core are smoothly connected
through a short throat of radiusR ¼ rH with the parameter
a ¼ 2m=e, which is also the radius of the wormhole mouth,
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as we want to distinguish between black hole and worm-
hole in the same metric. Moreover, we are aware of that the
traversable wormholes need “exotic matter” to keep it open,
which is the violations of the averaged null energy
condition [15,16,19–21,64]. Using the Einstein field equa-
tions, the bulk space-time has the following stress-energy
tensor before perturbation [48]

ρ ¼ −pr ¼
mae−a=r

4πr4
;

pt ¼ −
maða − 2rÞe−a=r

8πr5
: ð4Þ

From [21] we know that pr is guaranteed to be associated
with averaged null energy condition violations, whereas
inequalities associated with pt generically represent normal
matter. In this case, we can choose the wormhole’s field
only deviates from the space-time in the region from the
throat R out to radius R0 as the exotic matter should be
restricted to a finite space-time region for the physically
realistic [21]. Hence, the integral isI

prdV ¼−2mðe−a=R0 − e−a=RÞ: ð5Þ

As we work in the thin-shell and short-throat wormhole
model, we assume that the exotic matter is located in the
wormhole throat, which implies that R0 → R. Then the
violation

H
prdV is limited to zero and it does not arise an

extremum. Therefore, there always exists enough exotic
matter to keep the wormhole open and stable.
We choose either of the two space-times to be the place

in which we release our detector, and we label the space-
time as “reception space-time.” Then, the other space-time
is labeled as “test space-time.”We use detector to detect the
frequency shifts of the photons emitted by stars moving
relatively to our wormhole, and we show our wormhole
space-time model in Fig. 1. For simplicity, we make three
strong suppositions. (i) Thewormhole is located at the focal
point of a star’s trajectory, regardless of the star’s pre-
cession. (ii) Our detector is located at the equatorial plane
of the wormhole which is infinitely far from the wormhole,
so that the star we observe can be approximately treated as
a particle. (iii) At first, in test space-time, there is nothing to
influence the star’s trajectory in reception space-time. It
means that the star’s behavior moves relative to a black hole
with the event horizon radiusR under the same space-time
metric. After a period of time, the gravitational effects in
test space-time are transmitted to reception space-time
through the wormhole, causing stars’ motions to change.
Hence, let us study the trajectories of stars in the regular

space-time with asymptotically Minkowski core. To facili-
tate calculate, we regard stars as particles. The compati-
bility of the metric means that the inner product of the
four-velocity of a particle moving along a geodesic is a
constant

−gμν
dxμ

dλ
dxν

dλ
¼ 1: ð6Þ

Then, one can obtain

−
�
1 −

2me−a=r

r

��
dt
dλ

�
2

þ
�
1 −

2me−a=r

r

�−1�dr
dλ

�
2

þ r2
�
dϕ
dλ

�
2

¼ 1; ð7Þ

where we assume that stars are on the θ ¼ π
2
plane at the

initial moment. Using timelike Killing vector ξμ ¼
ð1; 0; 0; 0Þ and spacelike Killing vector ημ ¼ ð0; 0; 0; 1Þ,
one can find two conserved quantities

E ¼
�
1 −

2me−a=r

r

��
dt
dλ

�
; L ¼ r2

�
dϕ
dλ

�
: ð8Þ

Applying Eq. (8) into (7), we can get a simpler formula:

�
dr
dλ

�
2

þ
�
1 −

2me−a=r

r

��
L2

r2
þ 1

�
¼ E2: ð9Þ

As dr
dλ ¼ dr

dϕ
dϕ
dλ, we define a new variable quantity x≡ L2

mr, and
then Eq. (9) becomes

FIG. 1. Our model of wormhole space-time. Two copies of the
regular space-time with asymptotically Minkowski core smoothly
connect through a short-throat wormhole of radius R, which is
also the radius of the wormhole mouth. As the figure showed, we
choose the upper space-time as the reception space-time and we
use the blue solid line to show the trajectory of the observed star.
Then, we make use of the red solid sphere to exhibit our detector.
Corresponding to that, we choose the lower space-time as the test
space-time and use the red solid line to show the trajectory of the
perturbation source.
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�
dx
dϕ

�
2

þ x2 þ 2xe−
2m2x
L2e −

2m2x3

L2e
e−

2m2x
L2e

¼ E2L2

m2
−
�
L
m

�
2

: ð10Þ

It is worth noting that e is the exponential constant, not the
eccentricity β of the trajectory. We differentiate the above
equation with d

dϕ to get

d2x
dϕ2

þ x −
�
1 −

m2x
L2e

þ 3m2x2

L2
−
2m4x3

L4e

�
e−

2m2x
L2e ¼ 0

⇒
d2x
dϕ2

− 1þ x

¼ −1þ
�
1 −

m2x
L2e

þ 3m2x2

L2
−
2m4x3

L4e

�
e−

2m2x
L2e : ð11Þ

The left side of the equal sign after the right arrow notation
is the normalized Binet equation. The right side of the equal
sign after the right arrow notation can be considered as
perturbation correction term, because we use a fact about
celestial bodies: L ≫ m. So, we can write the solution x to
a Newtonian solution plus a small deviation as x ¼ x0 þ x1,
where x1 is the perturbation solution,

d2x0
dϕ2

− 1þ x0 ¼ 0;

d2x1
dϕ2

þ x1 ¼ −1þ
�
1 −

m2x0
L2e

þ 3m2x20
L2

−
2m4x30
L4e

�

×

�
1 −

2m2x0
L2e

�
: ð12Þ

Then, we can obtain the solutions of the zeroth-order part
x0 and the first-order part x1

x0 ¼ 1þ β cosϕ;

x1 ¼ Ã1 þ B̃1 þ C̃1; ð13Þ
where β is the eccentricity of the orbit. The solution of x1
can be divided into three parts Ã1; B̃1, and C̃1. The Ã1 is
simply a constant displacement, the B̃1 are the oscillations
around zero, and the C̃1 is useful to accumulate over
successive orbits. More details for the three parts, see
Appendix A. And we show these results separately in
Fig. 2. To plot Fig. 2, we fix the Misner-Sharp quasilocal
mass m ¼ 1, the star’s angular momentum L ¼ 100a,
the eccentricity of the orbit β ∈ ½0; 1Þ, and the rotation
angle ϕ ∈ ½0; 8π�. The biggest differences between
Figs. 2(b) and 2(c) are as follows: (i) the amplitude of
the curve in Fig. 2(c) is not periodic, but it increases over
time. (ii) The amplitude of the curve in Fig. 2(c) is much
larger than that of the curve in Fig. 2(b). So C̃1 is the
important part for us to describe the orbit with precession of
a star. Finally, the solution of x

x ¼ 1þ β cosϕþ ϵϕ sinϕ

≈ 1þ β cos ðϕ − ϵϕÞ; ð14Þ

(a)

(b)

(c)

FIG. 2. Interpretations of Ã1; B̃1;, and C̃1 in Eq. (13). In (a), we
use the blue solid line to show the change in displacement. In (b) and
(c), we use five different color solid lines to show the five different
eccentricities β ¼ 0.1, 0.2, 0.3, 0.4, and 0.5 from top to bottom.
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where

ϵ ¼ 6β3m6

e2L6
þ 8βm6

e2L6
−
3β3m4

eL4
þ 2βm4

e2L4

−
12βm4

eL4
þ 3βm2

L2
−
3βm2

2eL2
≪ 1: ð15Þ

Hence, we can get

r ¼ L2

m
1

1þ β cos ðϕ − ϵϕÞ ¼
ð1 − β2Þα

1þ β cos ðϕ − ϵϕÞ : ð16Þ

If 0 < β < 1, then the trajectory is an ellipse. Then,
parameter α is semimajor axis. Photons will continue to
emit from the star in orbits of Eq. (16) and will be detected
by our detector. We shall characterize the motion of our star
by the frequency shifts of photons where the photons are
considered to move along null geodesics in the equato-
rial plane.
The frequency shifts z of photons is generally defined

as [42,43]

1þ z ¼ νem
νre

¼ −uμpμjem
−uμpμjre

; ð17Þ

where νem is the frequency emitted by the star at orbit, pμ
em

is the photon 4-momentum when it leaves the star, uμem is
the 4-velocity of the star, νre is the frequency received by
our detector, pμ

re is the photon 4-momentum received by
our detector, and uμre is the four velocity of our detector.
Given our previous assumptions, the frequency νem and νre
can be obtained as

νem ¼ ð−gttutpt − grrurpr − gϕϕuϕpϕÞjem;
νre ¼ ð−gttutptÞjre: ð18Þ

To simplify the calculation, we introduce three important
parameters: the energy of photon Eγ , the angular momen-
tum of photon Lγ, and the apparent impact parameter bγ

Eγ ¼ −gttpt; Lγ ¼ gϕϕpϕ; bγ ¼
Lγ

Eγ
: ð19Þ

It is worth noting that because photons move along the null
geodesics, the energy and angular momentum of photons
are preserved in the whole motion. So bγ is also invariant
throughout the whole null geodesics. Combining them with
pμpμ ¼ 0, one can obtain ðprÞ2, apparent impact parameter
bγ and frequency shift z

ðprÞ2 ¼ −
gϕϕgrrE2

γ þ gttgrrL2
γ

gttgϕϕ
;

bγ ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−
gϕϕðrÞ
gttðrÞ

s
;

1þ z ¼
ðut − bγuϕ − 1

Eγ
grrurprÞj

em

utre
: ð20Þ

Let us consider a practical model of redshift, kinematic
redshift zkin, as zkin ¼ z − zc. Where zc corresponds to the
frequency shift of a photon emitted by a static particle
located at b ¼ 0,

1þ zc ¼
utem
utre

: ð21Þ

Therefore, zkin can be written as

zkin ¼ ð1þ zÞ − ð1þ zcÞ;

¼ −
Uem þ bγu

ϕ
em

utre
; ð22Þ

where, Uem is a shorthand notation

Uem ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−
g2rrðurÞ2
gttgϕϕ

ðgϕϕgrr þ gttgrrb2γÞ
s ����

em

: ð23Þ

We visualize Eq. (22) as Fig. 3 to present the results and
facilitate discussion. To draw Fig. 3, we fix the Misner-
Sharp quasilocal massm ¼ 1, the star’s angular momentum
L ¼ 100a, the eccentricity of the orbit β ∈ ½0; 1Þ, and the
rotation angle ϕ ∈ ½0; 2π�. We use different colors to
describe the intensity of kinematic redshift or blueshift
in photon frequency. The more color tends to red, the more
intense the kinematic shifts are. The more the color tends to
blue, the less intense the kinematic shifts are. Since we start
at the perihelion, in the range of rotation angle ϕ ∈ ½0; π�,
the star is moving away from our detector, and the
frequency of photon has a redshift with a positive value,
as shown in the two subfigures in the left column of Fig. 3.
The more the color tends to red, the more intense the
redshift is. And in the range of rotation angle ϕ ∈ ½π; 2π�,
the star is moving toward the detector, and the frequency of
photon has a blueshift with a negative value, as shown in
the two subfigures in the right column of Fig. 3. The more
color tends to red, the more intense the blueshift is. We can
see from the figure that the values of redshift and blueshift
are almost symmetrical in absolute value but not com-
pletely symmetrical. Because our star will precess under the
action of gravity, its complete period is no longer 2π but
2πð1þ ϵÞ. However, it is a physical fact that the absolute
values of redshift and blueshift must be the same and the
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images must be continuous when the star is at its farthest
place from us, even though the sign of apparent impact
parameter bγ is different. The results shown in Fig. 3 are the
same as those shown in the case of a star orbiting a black
hole of the same metric. Therefore, to observe a wormhole,
one must consider the two space-times connected by the
wormhole at the same time. Otherwise, it is impossible to
distinguish the wormhole and the black hole under the same
metric.

Our next step is to calculate small changes in kinematic
shifts by adding the influence of test space-time that we did
not consider before. There are also celestial bodies in test
space-time, some of which also move relative to the
wormhole and arise additional gravitational effects. The
gravitational effects will be transmitted through the worm-
hole to reception space-time, affecting the motion of the
star in it. However, the gravitational effects are very weak
and need very precise measurement to be observed, so we

0.016

0.008

0.016

0.016

0.008

0.008

0.60.6

0.80.8

0.018

(a)

(b)

FIG. 3. Kinematic shifts of photons in contour plot. The photons are emitted by a star in particular trajectories with eccentricity β from
0 to 1. The star moves away from our detector in the range of rotation angle ϕ from 0 to π. And the star moves toward to our detector in
the range of rotation angle ϕ from π to 2π.
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use perturbation theory to describe one pattern in the
gravitational effects.

III. GAUGE INVARIANT PERTURBATIONS OF
THE SPACE-TIME

Gravity can be transmitted from one space-time to
another through a traversable wormhole. In our paper,
we put a massive star in test space-time, which also can be
viewed as a particle, and the massive star will produce
gravitational effects as it moves relative to the wormhole.
The gravitational effects can be represented as perturba-
tions on the background metric. In this paper, we use the
gauge invariant perturbations [55–63] to perturb the test
space-time. More introduction of the gauge invariant
perturbations is shown in Appendix B.
For simplicity, we can write the components of physical

metric gab as an expansion of background metric g0ab in
terms of tensor field. It is useful to choose an orthogonal
basis to construct the scalar spherical harmonics and pure-
spin vector and tensor harmonics in spherical symmetry of
the regular space-time with asymptotically Minkowski
core for decomposing tensor fields on the background
metric. Hence, we define two unnormalized, constant, and
orthogonal covector fields v and n with components in the
coordinates, va ¼ ð−1; 0; 0; 0Þ; na ¼ ð0; 1; 0; 0Þ, along
with the projection operator onto the two sphere,

σab≡g0ab−
�
1−

2me−a=r

r

�−1
nanbþ

�
1−

2me−a=r

r

�
vavb;

¼ r2diagð0;0;1;sin2θÞ: ð24Þ

Then, we can write the metric

gab ¼ g0ab þ hab: ð25Þ

Both the physical metric and the background metric are
solutions to Einstein field equations, and we can expand
them in powers of the metric perturbation hab

Gabðg0 þ hÞ ¼ Gabðg0Þ −
1

2
EabðhÞ þOðh2Þ

¼ 8πTab; ð26Þ

where the operator Eab is called linearized Einstein
operator

EabðhÞ¼∇c∇chabþ∇a∇bhcc−2∇ða∇chbÞc
þ2Ra

c
b
dhcdþg0abð∇c∇dhcd−∇c∇chddÞ: ð27Þ

The notation∇ is covariant derivative operator and Rabcd is
the background space-time curvature tensor in our whole
paper. We suppose that Eab always satisfies vacuum
Einstein field equation, so

Eab ¼ −16πTab: ð28Þ

As long as we solve the Eqs. (27) and (28) under
certain initial and boundary conditions, we can get the
result of metric perturbation we want, but the process is
very complicated. Luckily, Detweiler introduced a conven-
ient decomposition of harmonic modes of the metric
perturbation

hl
0m0

ab ¼AvavbYl0m0 þ2BvðaY
E;l0m0
bÞ þ2CvðaY

B;l0m0
bÞ

þ2DvðaY
R;l0m0
bÞ þETT0;l0m0

ab þFTE2;l0m0
ab þGTB2;l0m0

ab

þ2HTE1;l0m0
ab þ2JTB1;l0m0

ab þKTL0;l0m0
ab ; ð29Þ

where all parameters [56] from A to K are scalar functions
of ðt; rÞ, and one can find that our perturbation results are
not the same as gravitational waves. Yl0m0

is the scalar

spherical harmonic, Yany0;l0m0
a are pure-spin vector harmon-

ics, and Tany0;l0m0
a are pure-spin tensor harmonics. They are

adapted from Thorne [58] with a different normalization by
Detweiler [63]

YE;l0m0
a ¼ r∇aYl0m0

; YB;l0m0
a ¼ rϵcabn

b∇cYl0m0
;

YR;l0m0
a ¼ naYl0m0

;

TT0;l0m0
ab ¼ σabYl0m0

; TL0;l0m0
ab ¼ nanbYl0m0

;

TB1;l0m0
ab ¼ rnðaϵbÞdnc∇dYl0m0

;

TB2;l0m0
ab ¼ r2σcðaϵbÞedn

e∇c∇dYl0m0
;

TE1;l0m0
ab ¼ rnða∇bÞYl0m0

;

TE2;l0m0
ab ¼ r2

�
σcaσ

d
b −

1

2
σabσ

cd

�
∇c∇dYl0m0

: ð30Þ

The harmonics are mutually orthogonal

I
Yl0m0 ðYl00m00 Þ�dΩ ¼ δl0l00δm0m00 ;I
Yany0;l0m0
a ðYa

any00;l00m00 Þ�dΩ

¼ Nðany0; r;l0Þδany0any00δl0l00δm0m00 ;I
Tany0;l0m0
ab ðTab

any00;l00m00 Þ�dΩ

¼ Nðany0; r;l0Þδany0any00δl0l00δm0m00 : ð31Þ

The normalization functions N we used are slightly differ-
ent from [55], and when parameter a → 0 the functions
reduce to Schwarzschild case. For example,
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I
TL0;l0m0
ab ðTab

L0;l00m00 Þ�dΩ

¼
�
1 −

2me−a=r

r

�
2

δl0l00δm0m00 ; ð32Þ

and the full expressions of the normalization functions are
listed in Appendix B.
In this way, we can find the solution of the parameters

Eq. (29) instead of solving the formula (27). In for-
mula (29), one can consider the parameters from A to K
as components of metric perturbation hab projected onto a
spherical harmonic basis. It is useful to show the A − K
components of metric perturbation hab. For example, the A
component of the tensor hab is

hA ¼
�
1 −

2me−a=r

r

�
2 I

vavbhabY�
l0m0dΩ: ð33Þ

The parameters l0; l00 and m0; m00 in the above equations are
related to the trajectory of the object participating in the
perturbation. For the full expressions of the A − K com-
ponents of metric perturbation hab, please see Appendix B.

In Sec. II, we discussed the trajectories in the space-time.
When the Misner-Sharp quasilocal mass is much larger
than the perturbation object angular momentum L with
Gm ≫ L2, the object’s trajectory can be a circle. This will
greatly reduce our calculation, as we can take l0 ¼ l00 ¼ 0
and m0 ¼ m00 ¼ 0 for a circular orbit.
Under circular orbit condition, the perturbation metric

can be rewritten as

hab ¼
1

2
ffiffiffi
π

p ðAvavb þ 2DvðanbÞ þ Eσab þ KnanbÞ: ð34Þ

Gauge invariants are obtained by gauge transformation of
the components of hab projected onto spherical harmonic
basis, for example

δ ¼ Dþ ea=rr2

2ðrea=r − 2mÞ
∂2

∂t2 E: ð35Þ

And the full expressions of gauge invariants are showed in
Appendix B. Hence, we can obtain the left of Eq. (28) in
spherical harmonic basis with gauge invariants

EA ¼ −
4ðr − 2me−a=rÞ3

r4
∂
∂rψ −

4½r2 − 2mða − rÞ�ðr − 2me−a=rÞ2
r6

ψ ;

ED ¼ 4ðr − 2me−a=rÞ
r2

∂
∂tψ ;

EE ¼ 2
∂2

∂t2 ψ −
½r2 þmða − rÞ�ðr − 2me−a=rÞ

r4
∂
∂rψ þ 4e−2a=rmða − rÞðea=rr − 2mÞ

r
ψ

þ 2
∂
∂r oþ 2ea=r½amþ rðea=rr −mÞ�

rðea=rr − 2mÞ o;

EK ¼ 4

r2
ψ þ 4ea=r

ea=rr − 2m
o: ð36Þ

Then, we start to work out the right of Eq. (28).
Similarly in Sec. II, we set the massive star moves along
the trajectory in the equatorial plane θ ¼ π=2. Therefore,
we can express the four velocity in a circular trajectory as
ua ¼ ð−Emp; 0; 0; LmpÞ. Where Emp is the massive star
energy, and Lmp is the massive star angular momentum,
then

Emp ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e−a=RðRea=R − 2mÞ2
RðRea=R − 3mÞ þ am

s
;

Lmp ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

mR3 − amR2

RðRea=R − 3mÞ þ am

s
; ð37Þ

with R as the radius of circular trajectory. So we can write
the stress-energy tensor of the massive particle as [65]

Tab ¼ Mmp

Z
uaubffiffiffiffiffiffiffiffi
−g0

p δð4Þ½Δs − sðτÞ�dτ: ð38Þ

Also, we can obtain the linearized Einstein operator
spherical harmonic projection components

E0
A ¼ −16π

�
1 −

2me−a=R

R

�
MmpEmp

R2
δðr − RÞY�

00ðθ;ϕÞ;

E0
D ¼ 0;

E0
E ¼ −8π

�
1 −

2me−a=R

R

�
MmpLmp

R4
δðr − RÞY�

00ðθ;ϕÞ;

E0
K ¼ 0; ð39Þ

where 0 is not a derivative notation. Next, we combine
Eqs. (36) and (39) to solve the gauge invariants ψ and o

WEI HONG, JUN TAO, and TONGJIE ZHANG PHYS. REV. D 104, 124063 (2021)

124063-8



∂
∂rψ þ ½r2 − 2mða − rÞ�

r2ðr − 2me−a=rÞ ψ ¼ −
r4

4ðr − 2me−a=rÞ3 E
0
A;

o ¼ ea=rr − 2m

4ea=r

�
E0
K −

4

r2
ψ

�
¼ −

ea=rr − 2m

ea=rr2
ψ ;

∂
∂tψ ¼ r2

4ðr − 2me−a=rÞE
0
D ¼ 0;

E0
E ¼ 2

∂2

∂t2 ψ −
½r2 þmða − rÞ�ðr − 2me−a=rÞ

r4
∂
∂rψ þ 4e−2a=rmða − rÞðea=rr − 2mÞ

r
ψ : ð40Þ

Considering the reality in astrophysics, we can suppose that the perturbation vanishes within the trajectory and exponential
term e−a=r can expand in powers as e−a=r ¼ 1 − a=rþOðr2Þ. Therefore, one can get the ψ and o

ψ ¼ 2
ffiffiffi
π

p rηðrÞ
2amþ rðr − 2mÞ ×

�
MmpEmpR2

½2amþ RðR − 2mÞ�ηðRÞΘðr − RÞ
�
;

o ¼ −2
ffiffiffi
π

p ðaþ r − 2mÞηðrÞ
ðaþ rÞ½2amþ rðr − 2mÞ� ×

�
MmpEmpR2

½2amþ RðR − 2mÞ�ηðRÞΘðr − RÞ
�
; ð41Þ

where the expression in curly braces is a constant that
depends only on the radius of trajectory where the
perturbation source is placed, Θðr − RÞ is unit step func-
tion, ηðrÞ and ηðRÞ are two useful functions, which can
simplify our operations

ηðrÞ ¼ exp

�
−

2
ffiffiffiffi
m

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2a −m

p arctan

�
r −mffiffiffiffi

m
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2a −m
p

�	
;

ηðRÞ ¼ exp

�
−

2
ffiffiffiffi
m

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2a −m

p arctan

�
R −mffiffiffiffi

m
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2a −m
p

�	
: ð42Þ

One can easily find out from Eq. (42)

∂
∂r ηðrÞ ¼ −

2m
2amþ rðr − 2mÞ ηðrÞ: ð43Þ

Then, we substitute Eqs. (41) and (42) into (35) to find
parameters A and K

Aðt; rÞ ¼ −4
ffiffiffi
π

p ηðrÞ
r

κðRÞTðtÞ þOðκðRÞ2Þ;

Kðr; tÞ ¼ 4
ffiffiffi
π

p rηðrÞ
2amþ rðr − 2mÞ κðRÞTðtÞ;

¼ 4
ffiffiffi
π

p ηðrÞ
r − 2me−a=r

κðRÞTðtÞ þOðr2Þ;

κðRÞ ¼ MmpEmpR2

½2amþ RðR − 2mÞ�ηðRÞΘðr − RÞ; ð44Þ

where TðtÞ is function of time. For circular trajectory with
fixed constant radius R, the time function can be separated

out, which does not affect the metric perturbation. κðRÞ is a
constant function of radius R, which only depends on the
perturbation source. In addition, the parameter Dðt; rÞ and
Eðt; rÞ will vanish [62] as we choose the massive star
moving in circular trajectory. Finally, we can obtain the
physical metric gab

gtt ¼ g0tt þ htt ¼ −
�
1 −

2ðme−a=r þ ηðrÞκðRÞÞ
r

	
;

grr ¼ g0rr þ hrr;

¼ 1

1 − 2½me−a=r þ ηðrÞκðRÞ�=rþOðκðRÞ2Þ;

gθθ ¼ r2; gϕϕ ¼ r2sin2θ: ð45Þ

The effect of a massive object moving in a circular orbit
on the test space-time can be described as Eq. (45). It can be
transmitted through the wormhole. As we mentioned in
Sec. II, the wormhole metric is C∞ smooth and two copied
of space-time smoothly are connected through a short
throat. Therefore, the gravitational effect satisfies a con-
tinuity condition [49,53] between test-space-time effect hab
and reception-space-time effect h0ab

habðRÞ ¼ h0abðRÞ; ∂hab
∂r

����
r¼R

¼ ∂h0ab
∂r

����
r¼R

: ð46Þ

Here, we use a trick that hab ¼ h0ab, which satisfies the
condition (46). We visualize metrics in reception space-
time as Fig. 4. We fix these parameters, Misner-Sharp
quasilocal mass m ¼ 1.0, and the perturbation source star
mass Mmp ¼ 0.01m, the perturbation source star orbit
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height R ¼ 30rH. Where rH ¼ a ¼ 2m=e is the radius of
wormhole as well as the radius of black hole horizon. The
background metric is showed with red solid line and the
perturbation source metric is showed with blue solid line.
One can find from Fig. 4 that the farther away from the
wormhole, the smaller the influence of gravitational per-
turbation on time and space can be. We will show in the
next section how the perturbation affects the orbits of stars
in reception space-time with the same fixed parameters, and
it will also be a method to distinguish wormholes from
black holes.
It is similar to the discussion in the Sec. II, we need to see

if there exists enough exotic matter to keep the wormhole
open. Similarly, the bulk space-time stress-energy tensor
after perturbation can be written as

ρ̃ ¼ −p̃r ¼
1

8πr2

�
2ame−a=r

r2
−

2mκðRÞηðrÞ
2amþ rðr − 2mÞ

	
;

p̃t ¼ −
maða − 2rÞe−a=r

8πr5
þ mκðRÞηðrÞ
2π½2amþ rðr − 2mÞ�2 : ð47Þ

In this case, we can choose the wormhole’s field only
deviates from the space-time in the region from the throat
out to radius R00. Hence, the final volume integral is

I
prdV ¼ 2mðe−a=R − e−a=R

00 Þ þ κðRÞðηðRÞ − ηðR00ÞÞ:

ð48Þ

As we work in the thin-shell and short-throat wormhole
model, we assume that the exotic matter locates in the
wormhole throat, which implies that R00 → R. Then the

violation
H
prdV is limit to zero and it does not arise an

extremum. Therefore, there also exists the enough exotic
matter to keep the wormhole open and stable.

IV. PHOTON FREQUENCY REDSHIFT AND
BLUESHIFT OF STARS UNDER WORMHOLE

BACKGROUND

In Sec. II, we split the two space-times connected by
wormhole and only studied the motions of stars in reception
space-time without test-space-time’s effects at first. In such
a case, it is impossible to distinguish whether the celestial
body is moving around a black hole or wormhole. As a
consequence, we will consider these two space-times in this
section simultaneously for simulating the part of observa-
tion phenomena of wormhole. As we hypothesized earlier,
the throat of wormhole has enough exotic matter to keep
the wormhole from closing due to gravitational perturba-
tions. In this way, perturbations generated in test space-time
can be transmitted to reception space-time and affect the
motions of celestial bodies in it. And, small changes in
celestial bodies’ behaviors are a one of manifestation of
wormhole.
We can write the equation of motion like Eq. (9) in

reception space-time with a perturbation that is generated in
test space-time by the motion of a massive object

�
dr
dϕ

�
2

þ
�
r4

L2
þ r2

�
1

g0rr
¼ −

E2r4

L2

1

g0rrg0tt
¼ E2r4

L2
; ð49Þ

where g0μν is

(a) (b)

FIG. 4. The components of metric with perturbation and without perturbation in region r ∈ ½a; 10a� in reception space-time. We use
the red solid line to signify the components of metric with perturbation and we use the blue solid line to signify the components of metric
without perturbation.
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g0μν ¼

0
BBBBB@

g00tt þ h0tt 0 0 0

0 g00rr þ h0rr 0 0

0 0 r2 0

0 0 0 r2 sin2 θ

1
CCCCCA: ð50Þ

It is heavy workload to find the analytic expression for
Eq. (49) directly. Therefore, we need to study the changes
of the parameters in the equation to pave the way for our
subsequent approximation processing. We express the
change as

Δrr0 ¼
�

1

g00rr
−

1

g0rr

�
=
1

g00rr
: ð51Þ

Where, g0μν is the metric with perturbation and g00μν is the
metric without perturbation. We show numerical results in
Fig. 5. We fix these parameters, the Misner-Sharp quasi-
local mass m ¼ 1.0, and the perturbation source star mass
Mmp ¼ 0.01m, the perturbation source star orbit radius
R ¼ 30rH. One can find the tiny effects of perturbation on
the trajectory of stars after they receive the perturbation,
when the stars can move steadily relative to the wormhole
without perturbation at first. In subsequent calculations we
assume that the gravitational perturbation is continuous and
invariant. A more general calculation can consider that the
perturbation is time dependent. From Fig. 5(a), we can find
that the farther the star is from the wormhole, the less
gravitational perturbation it receives. In Fig. 5(b), we have
shown here that perihelion and aphelion in different
eccentricity β are affected by gravitational perturbation.

But in fact, any position in trajectory would have a similar
image. From Fig. 5(b), we can find that we need to use the
difference in velocity Δv of star to represent the change in
redshift/blueshift, because the influence of gravitation
perturbation is too small.
When we consider the actual orbits of celestial bodies,

we can find r ≫ m in geometrized units. Then, one can
obtain an approximate constant H

H ≈ ηð∞Þ ¼ exp

�
−

2
ffiffiffiffi
m

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2a −m

p arctanð∞Þ
	
;

¼ exp

�
−

π
ffiffiffiffi
m

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2a −m

p
	
: ð52Þ

The approximate constant greatly reduces our calculations.
Hence, we can rewrite the Eq. (49) as

�
dr
dϕ

�
2

þ
�
r4

L2
þ r2

��
1 −

2me−a=r þ 2HκðRÞ
r

	
¼ E2r4

L2
:

ð53Þ

Then the rest of the work is going to be similar to what we
did in Sec. II, and finally we can find the equation of
trajectory after perturbation

x0 ¼ 1þ β0 cosϕ;

x1 ¼ Ã2 þ B̃2 þ C̃2: ð54Þ

Just like we discussed before, the solution of x1 can be
divided into three parts Ã2; B̃2, and C̃2. The Ã2 is simply a

(a) (b)

6

6

6

FIG. 5. The difference of metric variations as well as Eq. (51). In (a), we use the red solid line to show the difference in region
r ∈ ½a; 10a�. In (b), we use the red solid line to signify the difference at the perihelion in region β ∈ ½0; 1Þ and we use the red solid line to
signify the difference at the aphelion in region β ∈ ½0; 1Þ.
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constant displacement, the B̃2 is oscillations around zero
and the C̃2 is useful to accumulate over successive orbits.
More details for the three parts, see Appendix A. Now, let
us compare the changes of these three parts with perturba-
tion and without perturbation. As discussed earlier, any
position on the trajectory will be affected by gravitational
perturbations, which have a cumulative effect on the
kinematic shifts of photons. For simplifying the calculation,
we choose the perihelion as the “starting point” for our
calculations. Before the perturbation has propagated to
reception space-time, the star moves periodically in its
original trajectory. When the star moves at the Perihelion,
we can obtain its angular velocity dϕ=dt and tangential
velocity dr=dt. At the same time, the perturbation prop-
agates to reception space-time and keep stable. Then the
star keep moving in the initial conditions dϕ=dt and dr=dt.
The energy and angular momentum of a star are conserved
after it is disturbed by gravitational perturbations. From
these assumptions we can obtain the angular momentum of
star after receiving the perturbation

Ω ¼ dϕ
dt

¼ dϕ
dτ

dτ
dt

;

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−gttðraÞ

p L
r2

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−g0ttðraÞ

p L0

r2
; ð55Þ

so

L0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−gttðraÞ

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−g0ttðraÞ

p L; ð56Þ

where Ω is the angular velocity, ra is the radius of the
perihelion, L and gtt are the angular momentum and metric
component without perturbation, and then L0 and g0tt are the
angular momentum and metric component with perturba-
tion. In the same way, we can obtain the new eccentricity β0
of the orbit

L2

m
1

1þ β
¼ ra ¼

L02

m
1

1þ β0
; ð57Þ

so

β0 ¼ L02ð1þ βÞ
L2

− 1;

¼ gttðraÞ
g0ttðraÞ

ð1þ βÞ − 1: ð58Þ

We show the changes of these three parts asΔÃ ¼ Ã1 − Ã2,
ΔB̃ ¼ B̃1 − B̃2;, and ΔC̃ ¼ C̃1 − C̃2 separately in Fig. 6.
To plot Fig. 6, we fix the Misner-Sharp quasilocal mass
m ¼ 1, the star’s angular momentum without perturbation
L ¼ 100a, the eccentricity of the orbit without perturbation
β ∈ ½0; 1Þ, and the rotation angle ϕ ∈ ½0; 8π�. We can see

0.98976

6

6

(a)

(b)

(c)

FIG. 6. The differences between Ã1; B̃1, C̃1 in Eq. (13) and
Ã1; B̃1, C̃1 in Eq. (54), respectively. In (a), we use the blue
solid line to show the change in displacement. In (b) and (c),
we use five different color solid lines to show the five differ-
ent eccentricity β ¼ 0.1, 0.2, 0.3, 0.4, and 0.5 from top to
bottom.
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from the figure that the gravitational perturbation weakens
the displacement behavior of star, and at the same time
suppresses the star’s precession behavior in the reception
space-time. Finally, we can get the polar equation of
trajectory radius

r ¼ L02

m
1

1þ β0 cos ðϕ − ϵ0ϕÞ ¼
ð1 − β02Þα0

1þ β0 cos ðϕ − ϵ0ϕÞ ; ð59Þ

where α0 is the new semimajor axis, and ϵ0 is a parameter
related to the precession angle

α0 ¼ 1

1 − β02
L02

m
;

ϵ0 ¼ 3Hmβ0

L02 þ 3m2β0

L02 −
3m2β0

eL02 þ 6m4β0

e2L04 −
12m4β0

eL04

þ 8m6β0

e2L06 þ 3m4β03

2e2L04 −
3m4β03

eL04 þ 6m6β03

e2L06 ≪ 1: ð60Þ

We use the same method as in Sec. II to describe the
changes in frequency shifts of photons emitted by the star

(a)

(b)

FIG. 7. The difference Δz0 between kinematic shifts of photons with perturbation and without perturbation in contour plot. The
photons are emitted by a star in particular trajectories with eccentricity β from 0 to 1 as well as the trajectory from circle, ellipse to
parabola. The star moves away from our detector in the range of rotation angle ϕ from 0 to π. And the star moves toward to our detector
in the range of rotation angle ϕ from π to 2π.
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after reception space-time receives gravitational perturba-
tions. However, we can see from Fig. 5 that the result of
gravitational perturbation has become very tiny for the
actual trajectory radius of the star. Therefore, we calculate
the difference of redshift to describe the effect of gravita-
tional perturbation

Δzkin ¼ zkin − z0kin: ð61Þ

Where, zkin is a kinematic shift without perturbation shown
as Eq. (22), and z0kin is a kinematic shift with perturbation.
To better present the results and facilitate discussion, we
visualize Eq. (61) as Fig. 7. For drawing Fig. 7, we fix the
Misner-Sharp quasilocal mass m ¼ 1. In reception space-
time, the star’s angular momentum without perturbation is
L ¼ 100a, the eccentricity of the orbit without perturbation
is β ∈ ½0; 1Þ, and the rotation angle is ϕ ∈ ½0; 2π�. The
angular momentum will be changed after the gravitational
perturbation transmitting to the space-time through the
wormhole. Therefore, we assume that the star subjects to
gravitational perturbation when it at the perihelion, and the
angular velocity of the star does not change. Then, the new
angular momentum can be calculated by Eq. (56).
Similarly, the eccentricity of trajectory will also be changed
after the gravitational perturbation transmits to the space-
time through the wormhole. The new eccentricity β0 can be
obtained by Eq. (58). In test space-time, we fix the
perturbation source star mass Mmp ¼ 0.01m, it moves in
equatorial plane along circular trajectory with the radius is
R ¼ 30rH. We use different colors to describe changes in
the intensity of gravitational perturbation at photon fre-
quency, as well as the differences of kinematic redshift/
blueshift Δzkin. The more the color tends to red, the more
obvious the effect of gravitational perturbation is.
From Fig. 7, we can find that with the increase of

trajectory eccentricity, gravitational perturbation can
modify the frequency redshift and blueshift of photons
more obviously. And the effect of gravitational perturba-
tion on the frequency blueshift of photons are more
obvious than the effect of photon frequency redshift.
Figure 7 also tells us a very important information: under
gravitational perturbation, the photon frequency kin-
ematic shifts decrease, because Δzkin ¼ zkin − z0kin > 0.
This is consistent with our discovery that gravitational
perturbation inhibits or reduces the global translation,
precession, angular momentum, and orbital eccentricity of
the star. And these changes reflect the decrease of photon
kinematic shifts.
The slight differences in these shifts are the way for us to

distinguish whether a star is moving around a black hole or
wormhole. With the help of high-resolution and high-
precision observation instruments on some larger scale sky
surveys than before, we may be able to observe wormholes
in the near future.

V. DISCUSSION AND FINAL REMARKS

In this paper, we show a method to distinguish between
black holes and wormholes under the same space-time
metric. The model starts from the nature of black holes
and wormholes, and distinguishes wormholes from black
holes by whether changes in the background gravity of
test space-time will affect the motions of stars in reception
space-time and changes in the frequencies of photons
emitted by them. If the celestial body is a black hole, then
the gravitational perturbation in test space-time will not
affect the motions of stars in reception space-time, and the
frequencies of the photons received will not be changed.
As the black hole does not connect the two copied space-
times. But if the celestial body is a wormhole, then the two
space-times connected by the wormhole will interact with
each other. The gravitational perturbation in test space-
time will affect the motion of the star in reception space-
time, and the frequencies of the photons received will also
be changed.
We chose the regular space-time with the asymptotic

Minkowski core to construct the black hole and wormhole.
We selected the l ¼ m ¼ 0 perturbation mode in the
Sec. III to calculate the gravitational perturbation result.
We found that, under our chosen gravitational perturba-

tion, the global translation and precession of the star in
reception space-time will be suppressed, and the redshift
and blueshift of the photon frequencies emitted by the star
will also be inhibited. The small change in photon
frequency is the key to distinguish a wormhole from black
hole. With the improvement of the resolution and accuracy
of the experiment, the small numerical difference will be
shown within sight one day.
What is noteworthy is that the gravitational perturbation

model used in this paper can also be extended to perturbation
sources (massive stars) doing elliptical motion, scattering
motion, or other more complex and closer to actual sit-
uations. Of course, the perturbation source can also be more
than one, such as a group of stars, or any celestial body near
the wormhole in the test space-time that produces the
perturbation. In addition, we did not consider the influence
of stars in the reception space-time on perturbation sources
in the test space-time. This mutual influence may bring
about a general result if one considers it.
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APPENDIX A: THE SOLUTIONS OF THE
RADIAL EQUATION OF MOTION OF THE

MASSIVE PARTICLE

This part will show the details of the solutions of the radial
equation of motion of the massive particle before and after
perturbation. In the case which the reception space-time
without perturbation, one can take the solutions of the zeroth-
order part x0 in the first-order part of Eq. (12) to obtain the
solutions x1. The following are the three parts of the first
order of the solutions x1, which are divided by whether it
contains the variable ϕ and whether the variable ϕ is
multiplied by the trigonometric function. The segment that
does not contain the variable ϕ is classified into Ã1 regarded
as a constant displacement. The segment that only has the
trigonometric function of ϕ is classified into B̃1 and is
regarded as oscillating around zero. Furthermore,
the segment that only has the variable ϕ multiplying the
trigonometric function of ϕ is classified into C̃1 and is
regarded as accumulating over successive orbits. The follow-
ing expressions are the three parts

Ã1¼1þ3m2

L2
−
3m2

eL2
þ 2m4

e2L4
−
8m4

eL4
þ 4m6

e2L6

þ3m2β2

2L2
þm4β2

e2L4
−
12m4β2

eL4
þ12m6β2

e2L6
þ3m6β4

2e2L6
; ðA1Þ

B̃1¼
3m2βcosϕ

2L2
−
3m2βcosϕ

4eL2
þm4βcosϕ

e2L4

−
6m4βcosϕ

eL4
þ4m6βcosϕ

e2L6
−
3m4β3 cosϕ

2eL4

þ3m6β3 cosϕ
e2L6

−
m2β2 cos2ϕ

2L2
−
m4β2 cos2ϕ

3e2L4

þ4m4β2 cos2ϕ
eL4

−
4m6β2 cos2ϕ

e2L6
−
2m6β4 cos2ϕ

3e2L6

þm4β3 cos3ϕ
4eL4

−
m6β3 cos3ϕ

2e2L6
−
m6β4 cos4ϕ
30e2L6

; ðA2Þ

C̃1 ¼
3m2βϕ sinϕ

L2
−
3m2βϕ sinϕ

2eL2
þ 2m4βϕ sinϕ

e2L4

−
12m4βϕ sinϕ

eL4
þ 8m6βϕ sinϕ

e2L6

−
3m4β3ϕ sinϕ

eL4
þ 6m6β3ϕ sinϕ

e2L6
: ðA3Þ

In the case of the reception space-time with perturbation,
one can take the solutions of the zeroth-order part x0 in the
first-order part of Eq. (54) to obtain the solutions x1. The
following are the three parts of the first order of the solution
x1, which are divided by whether it contains the variable ϕ
and whether the variable ϕ is multiplied by the trigono-
metric function. The segment that does not contain the
variable ϕ is classified into Ã2 and regarded as a constant
displacement. The segment which only has the trigono-
metric function of ϕ is classified into B̃2 and regarded as
oscillating around zero. Furthermore, the segment which
only has the variable ϕ multiplying the trigonometric
function of ϕ is classified into C̃2 regarded as accumulating
over successive orbits. The following expressions are the
three parts

Ã2 ¼
H
m

þ 3Hm
L02 þ 3m2

L02 −
4m2

eL02 þ
4m4

e2L04

−
8m4

eL04 þ
4m6

e2L06 þ
3Hmβ02

2L02 þ 3m2β02

2L02

−
m2β02

eL02 þ 6m4β02

e2L04 −
12m4β02

eL04

þ 12m6β02

e2L06 þ 3m6β04

2e2L06 ; ðA4Þ

B̃2 ¼
3Hmβ0 cosϕ

2L02 þ 3m2β0 cosϕ
2L02 −

3m2β0 cosϕ
2eL02 þ 3m4β0 cosϕ

e2L04 −
6m4β0 cosϕ

eL04 þ 4m6β0 cosϕ
e2L06

þ 3m4β03 cosϕ
4e2L04 −

3m4β03 cosϕ
2eL04 þ 3m6β03 cosϕ

e2L06 −
Hmβ02 cos 2ϕ

2L02 −
m2β02 cos 2ϕ

2L02 þm2β02 cos 2ϕ
3eL02

−
2m4β02 cos 2ϕ

e2L04 þ 4m4β02 cos 2ϕ
eL04 −

4m6β2 cos 2ϕ
e2L06 −

2m6β04 cos 2ϕ
3e2L06 −

m4β03 cos 3ϕ
8e2L04 þm4β03 cos 3ϕ

4eL04

−
m6β03 cos 3ϕ

2e2L06 −
m6β04 cos 4ϕ
30e2L06 ; ðA5Þ

C̃2 ¼
3Hmβ0ϕ sinϕ

L02 þ 3m2β0ϕ sinϕ
L02 −

3m2β0ϕ sinϕ
eL02 þ 6m4β0ϕ sinϕ

e2L04 −
12m4β0ϕ sinϕ

eL04 þ 8m6β0ϕ sinϕ
e2L06

þ 3m4β03ϕ sinϕ
2e2L04 −

3m4β03ϕ sinϕ
eL04 þ 6m6β03ϕ sinϕ

e2L06 : ðA6Þ
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APPENDIX B: GAUGE INVARIANT
PERTURBATION DETAILS

1. The brief introduction of the gauge invariant
perturbation

Generally speaking, it is very complicated to solve the
exact solution of the Einstein field equation. Therefore,
starting with the exact solution ðM; gÞ of the available field
equation and modifying it by using the perturbation theory
to obtain a new solution ðM0; g0Þ is also a way to solve the
field equation, where theM,M0 refer to manifold and the g,
g0 refer to metric. The solution of a field equation that can
be called an exact solution is a complete atlas of coordinate
charts that can be used to describe the changes of various
quantities on the manifold M. These coordinate charts
currently only map from a subset of R4 to M, and we hope
to apply these same coordinates to the physical manifoldM0
by some operations. In fact, we can accomplish this work
through a map ϕ∶M → M0. Since we may wish to extend a
number of smoothly related coordinates and every point in
M0 should have its own coordinate labeling, which means
that no two points have the same coordinates, then themapϕ
would be a smooth bijection called diffeomorphism. The
diffeomorphism allows us to compare tensors of different
pointswith the same coordinatevalues.Given the coordinate
system on the background manifoldM, the diffeomorphism
smoothly assigns the same coordinate value between the
points of the physical manifold M0. Under our selected
physical space-time, ðM0; g0Þ is only slightly different from
background space-time ðM; gÞ, and ϕ tells us which points
will be treated as the same point, such as fϕ ≔ ϕ�g0 − g,
where the ϕ� is the pullback. The value of any tensor or
tensor perturbation usually depends on the specific corre-
spondence between M and M0, but there is no general
preferredmappingϕ between any twomanifolds. This leads
us to arbitrarily choose the mapping without changing the
physical situation. Therefore, the selection of mapping ϕ is
called gauge choice. We can choose any gauge as long as all
equations are formed in terms of physical quantities that do
not depend on the choice of gauge. They are known as the
gauge freedom of perturbation theory. The gauge indepen-
dent physical quantities are known as gauge invariants.
As mentioned above, the ðM; gÞ and ðM0; g0Þ are slightly

different between each other then the fϕ is small every-
where under the gauge ϕ. However, one can not ensure that
fϕ will remain small in a different gauge φ, since φ−1 could
map to a point where g is different. Luckily, the different
gauges referring to different points of the background
manifold can be written as

ψ∶ M0 → M0;

ψ ¼ φ−1 ∘ ϕ: ðB1Þ

Note that ψ is a diffeomorphism from the background
manifold to itself, and that ϕ∘ψ−1¼φ. The diffeomorphism

ψ can then be used to change from one gauge to another.
Hence, one can obtain the perturbation of the metric

fφ ¼ φ�g − g0 ¼ ψ�ϕ�g − g0: ðB2Þ

Where, the ψ� is the pushforward. The perturbation fϕ and
fφ must can be compared at the same point, so one can apply
the pushforward ψ� to fϕ

Δfψ ≡ fφ − ψ�fϕ ¼ ψ�g − g; ðB3Þ

which depends only on ψ and the background metric. This
equation describes how the perturbation on the background
changeswith a gauge transformation. But there is a question:
when the change is very small, whether the perturbation
remains very small. Therefore, we need to talk about the
infinitesimal diffeomorphisms. The infinitesimal diffeomor-
phisms are generated by vector fields, so we suppose ψ is an
infinitesimal diffeomorphism generated by a vector field ξa.
The change of any tensor field under an infinitesimal
pushforward ψ� is the Lie derivative of that tensor field
with respect to ξa. Therefore, the change of the perturbation
of Eq. (B3) is

Δfψ ¼ Lξg ¼ ∇aξb þ∇bξa; ðB4Þ

where ξ is the gauge vector. One can find that the right
of Eq. (B4) is not zero for an arbitrary vector field, so the
components of fψ are variable under a choice of gauge.
Since any physical quantity we used is independent of a
choice of gauge, it is necessary to find some gauge
invariants.
One possible natural definition of a gauge invariant

quantity is the tensor field T on M0, and then the
components of T transformed to the coordinates induced
by ϕ are the same for all gauges. However, this definition is
too restrictive on the quantities T, which must be either
vanishing constant scalar fields or tensors, and the ϕ�T is a
tensor field on the background M that we do not always
care about since we consider the physical quantities in the
physical manifold M0 [55,66,67]. Moreover, the most
important thing that we need is the quantities that are
formed out of selective perturbations of tensor fields, rather
than the tensor fields themselves. Stewart and Walker
researched the gauge invariance of the perturbations first
[68]. They found that the perturbation ΔQ of one quantity
Q is gauge invariant if the value of the quantity itself equals
to zero on the background manifold M. Afterwards,
Bardeen [57] adopted a method to calculate the gauge
invariants whose core idea is starting in an arbitrary gauge
ϕ and showing the existence of the corresponding gauge
vector ξ, which transforms the tensor perturbation to one of
these useful gauges from the Eq. (B4). In Sec. III, we show
the calculating process under setting the desired compo-
nents of the metric to their restricted values.

WEI HONG, JUN TAO, and TONGJIE ZHANG PHYS. REV. D 104, 124063 (2021)

124063-16



2. The normalization functions and the A−K decomposition

The normalizations functions in Eq. (32) can be obtained by projecting each pure-spin vector and tensor harmonic
into itself over the two sphere. For example, the pure-spin vector YR;l0m0

a

I
YR;l0m0
a ðYa

R;l00m00 Þ�dΩ ¼
I

naYl0m0 ðnaYl00m00 Þ� sin θdθdϕ;

¼
�
1 −

2me−a=r

r

�
δl0l00δm0m00 ; ðB5Þ

and for the pure-spin tensor TT0;l0m0
ab

I
TT0;l0m0
ab ðTab

T0;l00m00 Þ�dΩ ¼
I

σabYl0m0 ðσabYl00m00 Þ� sin θdθdϕ;

¼
I �

r2 � 1

r2
þ r2sin2θ � 1

r2sin2θ

�
Yl0m0

Yl00m00
sin θdθdϕ;

¼ 2δl0l00δm0m00 : ðB6Þ

Then, the full expression of normalizations functions in Eq. (30) are listed:

I
YB;l0m0
a ðYa

B;l00m00 Þ�dΩ ¼ l0ðl0 þ 1Þδl0l00δm0m00 ;I
YE;l0m0
a ðYa

E;l00m00 Þ�dΩ ¼ l0ðl0 þ 1Þδl0l00δm0m00 ;

I
YR;l0m0
a ðYa

R;l00m00 Þ�dΩ ¼
�
1 −

2me−a=r

r

�
δl0l00δm0m00 ;

I
TL0;l0m0
ab ðTab

L0;l00m00 Þ�dΩ ¼
�
1 −

2me−a=r

r

�
2

δl0l00δm0m00 ;I
TT0;l0m0
ab ðTab

T0;l00m00 Þ�dΩ ¼ 2δl0l00δm0m00 ;

I
TB1;l0m0
ab ðTab

B1;l00m00 Þ�dΩ ¼
�
1 −

2me−a=r

r

�
l0ðl0 þ 1Þ

2
δl0l00δm0m00 ;I

TB2;l0m0
ab ðTab

B2;l00m00 Þ�dΩ ¼ ðl0 þ 2Þ!
2ðl0 − 2Þ! δl0l00δm0m00 ;

I
TE1;l0m0
ab ðTab

E1;l00m00 Þ�dΩ ¼
�
1 −

2me−a=r

r

�
l0ðl0 þ 1Þ

2
δl0l00δm0m00 ;I

TE2;l0m0
ab ðTab

E2;l00m00 Þ�dΩ ¼ ðl0 þ 2Þ!
2ðl0 − 2Þ! δl0l00δm0m00 : ðB7Þ

Similarly, the A − K components of Eq. (29) can be
obtained by projecting themselves onto each associated
vector or tensor harmonic then the expression can recover
to hab. Take the component A for example, its associate
vector harmonic from Eq. (29) is vavbYl0m0

, hence

I
AvavbYl0m0

dΩ ¼ hab: ðB8Þ

Then

A ¼ ˜Nðr;l0Þ
I

vavbhabY�
l00m00dΩ; ðB9Þ

where ˜Nðr;l0Þ is the specific normalization factor of the
harmonic vavbYl0m0

; it can be found through
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1

˜Nðr;l0Þ

I
vavbvavbYl0m0

Y�
l00m00dΩ ¼ δl0l00δm0m00 ; ðB10Þ

then

˜Nðr;l0Þ ¼
�
1 −

2me−a=r

r

�
2

: ðB11Þ

Therefore, the component A can be written as

A ¼
�
1 −

2me−a=r

r

�
2 I

vavbhabY�
l0m0dΩ: ðB12Þ

Where, for writing convenience, we will write l00; m00 as
l0; m0 without causing ambiguity. Employing the same
method, we can obtain the whole A − K components of the
perturbation metric hab

A ¼
�
1 −

2me−a=r

r

�
2
I

vavbhabY�
l0m0dΩ;

B ¼ −ð1 − 2me−a=r
r Þ

l0ðl0 þ 1Þ
I

vaYb�
E habdΩ;

C ¼ −ð1 − 2me−a=r
r Þ

l0ðl0 þ 1Þ
I

vaYb�
B habdΩ;

D ¼ −
I

vaYb�
R habdΩ;

E ¼ 1

2

I
Tab�
T0 habdΩ; F ¼ 2ðl − 2Þ!

ðl0 þ 2Þ!
I

Tab�
E2 habdΩ;

G ¼ 2ðl0 − 2Þ!
ðl0 þ 2Þ!

I
Tab�
B2 habdΩ;

H ¼ ðl0 − 1Þ!
ðl0 þ 1Þ!

�
1 −

2me−a=r

r

�
−1 I

Tab�
E1 habdΩ;

J ¼ ðl0 − 1Þ!
ðl0 þ 1Þ!

�
1 −

2me−a=r

r

�
−1 I

Tab�
B1 habdΩ;

K ¼
�
1 −

2me−a=r

r

�
−2 I

Tab�
L0 habdΩ: ðB13Þ

3. The general approach for gauge invariants

This part is going to show how we can get gauge
invariants from a gauge transformation. Considering an
infinitesimal diffeomorphism generated by a vector field ξa,
the first-order metric perturbation hab is changed under the
form of the Eq. (B4)

hnewab ¼ holdab − 2∇ðaξbÞ; ðB14Þ

where 2∇ðaξbÞ ¼ ∇aξb þ∇bξa. Since we consider that our
perturbation source moves in a circular trajectory, the
parameters l0;l00; m0; m00 are all set to zero, then we can

obtain a simply form of hab, which is shown as Eq. (34).
After this, we can decompose the gauge vector into the
pure-spin harmonic basis

ξa ¼ PvaYl0m0 þ RnaYl0m0 ¼ 1

2
ffiffiffi
π

p ðPva þ RnaÞ: ðB15Þ

The symbols P and R represent two scalar functions of ðt; rÞ
with harmonic labels and coordinate dependence is sup-
pressed for convenience. The functions P and R describe the
two degrees of gauge freedom. Then we can calculate the
A − K term of 2∇ðaξbÞ. Take the component A for example

ΔA≡ 2

�
1 −

2me−a=r

r

�
2
I

vavb∇aξbY�
00dΩ;

¼ 2

4π

�
1 −

2me−a=r

r

�
2
I

vavb∇aðPvb þ RnbÞdΩ;

¼ −2
∂
∂t P −

½2me−
2a
r ðr − aÞðrea=r − 2mÞ�

r4
R: ðB16Þ

This term ΔA alone is responsible for changes to the
component A of perturbation metric hab

Anew ¼ Aold − ΔA: ðB17Þ

The “new” and “old” subscripts correspond to projections of
hnewab and holdab , respectively. Moreover, using the same
method, we can find the components D, E, K. We list them
in the below

ΔA ¼ −2
∂
∂t P −

�
2me−

2a
r ðr − aÞðrea=r − 2mÞ

	
r4

R;

ΔD ¼ −
2mðr − aÞ

r2ðrea=r − 2mÞ P − 2
∂
∂tR;

ΔE ¼ 2ðr − 2me−a=rÞ
r2

R;

ΔK ¼ 2

� ∂
∂rþ

mðr − aÞ
r2ðrea=r − 2mÞ

	
R: ðB18Þ

As we have the gauge transformation on the metric
projections, we can start to find a class of gauge invariant
quantities in the used space-time. The approach used to find
gauge invariants in the space-time below follows in a
similar manner to that of Gerlach and Sengupta [61].
Further discussion of the Gerlach and Sengupta decom-
position and gauge choices may be found in Brizuela et al.
[69]. One may find that Eq. (B18) can be inverted to find
the components of ξa and their derivatives in terms of
changes in the metric under the gauge transformation. Let
us take the most obvious components ΔE and ΔK for
example, from
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ΔE ¼ 2ðr − 2me−a=rÞ
r2

R ðB19Þ

one can obtain

R ¼ r2

2ðr − 2me−a=rÞΔE: ðB20Þ

We can take the expression of R into ΔK

ΔK ¼ 2

� ∂
∂rþ

mðr − aÞ
r2ðrea=r − 2mÞ

	
r2

2ðr − 2me−a=rÞΔE;

¼ ea=r½rðea=r − 3mÞ þ am�
ðrea=r − 2mÞ2 ΔEþ r2ea=r

ðrea=r − 2mÞ
∂
∂rΔE:
ðB21Þ

Then

ΔK −
ea=r½rðea=r − 3mÞ þ am�

ðrea=r − 2mÞ2 ΔE

−
r2ea=r

ðrea=r − 2mÞ
∂
∂rΔE ¼ 0: ðB22Þ

Therefore, we can obtain a gauge invariant quantity ψ

ψ ¼ 1

2
K−

ea=r½amþ rðea=r − 3mÞ�
2ðea=rr− 2mÞ2 E−

ea=rr2

2ðea=rr− 2mÞ
∂
∂rE:
ðB23Þ

We can employ the same operation to obtain the rest of the
gauge invariant quantities

δ¼Dþ ea=rr2

2ðrea=r−2mÞ
∂2

∂t2E;

ϵ¼−
½mða− rÞe−a=r�

2r2
E−

A
2
;

ψ ¼ 1

2
K−

ea=r½amþ rðea=r−3mÞ�
2ðea=rr−2mÞ2 E−

ea=rr2

2ðea=rr−2mÞ
∂
∂rE;

o¼ ∂
∂tδ−

∂
∂rϵ;

¼ 1

2

∂
∂rAþ ∂

∂tDþ½mða2−3arþ r2Þe−a=r�
2r4

E

−
mða− rÞe−a=r

2r2
∂
∂rEþ

r2ea=r

2ðrea=r−2mÞ
∂2

∂t2E: ðB24Þ

4. To solve the gauge invariants from
stress-energy tensor

This part is going to show how we can obtain the
solutions of gauge invariants ψ and o as well as deducing
the Eq. (40) from Eqs. (36) and (39).

From the stress-energy tensor equation (38), we can
obtain two nonzero components:

Ttt ¼ Mmp
Emp

R2
;

Tϕϕ ¼ Mmp
Lmp

R2
: ðB25Þ

And, for any perturbing matter present in the physical
space-time, it can generate a stress-energy source for the
linearized Einstein operator (28). Then, we can obtain the
spherical harmonic projection components of linearized
Einstein operator. For E0

A component:

E0
A ¼−16π

�
1−

2me−a=r

r

�
2
I

vavbTabY�
l0m0dΩ;

¼−16π
�
1−

2me−a=r

r

�
2
I �

1−
2me−a=r

r

�
−1
TttY�

00dΩ;

¼−16π
�
1−

2me−a=r

r

�I
TttY�

00dΩ;

¼−16π
�
1−

2me−a=R

R

�
MmpEmp

R2
δðr−RÞY�

00ðθ;ϕÞ:

ðB26Þ

For E0
D component:

E0
D ¼ 16π

I
vaYb�

R TabdΩ;

¼ 16π

I
vanbY�

l0m0TabdΩ;

¼ 16π

I
ðvtntTtt þ vϕnϕTϕϕÞY�

l0m0dΩ;

¼ 0: ðB27Þ

For E0
E component:

E0
E ¼−

16π

2

I
Tab�
T0 TabdΩ;

¼−8π
I

ðTtt�
T0TttþTϕϕ�

T0 TϕϕÞdΩ;

¼−8π
�
R−2me−a=R

R3

�
MmpLmp

R2
δðr−RÞY�

00ðθ;ϕÞ;

¼−8π
�
1−

2me−a=R

R

�
MmpLmp

R4
δðr−RÞY�

00ðθ;ϕÞ:

ðB28Þ

For E0
K component:
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E0
K ¼ −16π

�
1 −

2me−a=r

r

�
−2 I

Tab�
L0 TabdΩ;

¼ −16π
�
1 −

2me−a=r

r

�
−2 I

nanbTabY�
l0m0dΩ;

¼ −16π
�
1 −

2me−a=r

r

�
−2 I

nrnrTrrY�
00dΩ;

¼ 0: ðB29Þ

Then, we can combine the two types of linearized Einstein
operators as well as Eqs. (36) and (39)

EA ¼E0
A; ED¼E0

D; EE ¼E0
E; EK ¼E0

K: ðB30Þ

From the part ED ¼ E0
D

4ðr − 2me−a=rÞ
r2

∂
∂tψ ¼ 0; ðB31Þ

one can find that ψ ∝ t. From the part EK ¼ E0
K

4

r2
ψ þ 4ea=r

ea=rr − 2m
o ¼ 0; ðB32Þ

we can obtain that

o ¼ −
ea=rr − 2m

ea=rr2
ψ ; ðB33Þ

and o ∝ t. As ψ ∝ t, the second derivative ∂2
∂t2 ψ ¼ 0.

Therefore, the equation EA ¼ E0
A and the equation EE ¼

E0
E are equivalent. Let us take the equation EA ¼ E0

A for
solving. As we have mentioned that the perturbation
vanishes within the trajectory and our perturbation star’s
orbit radius is 30rH, the exponential function f̃ ¼ e−a=r can
be expanded in powers as f̃ ¼ e−a=r ¼ 1 − a=rþOðr2Þ.
We take the function 1 − a=r as the symbol f̃0, and draw a
schematic for the functions f̃ and f̃0 and the residual Δf̃ ¼
f̃ − f̃0 changing with the radius r as we fix the Misner-
Sharp quasilocal mass m ¼ 1.0. We can find from Fig. 8
that the approximation we adopted is valid under the
perturbation scene we have chosen.

Therefore, we can rewrite the equation EA ¼ E0
A to

EA ¼ −
4ðr − 2me−a=rÞ3

r4
∂
∂rψ

−
4½r2 − 2mða − rÞ�ðr − 2me−a=rÞ2

r6
ψ ;

¼ −
4½2amþ rðr − 2mÞ�3

r7
∂
∂rψ

−
4½2amþ rðr − 2mÞ�2½rð2mþ rÞ − 2am�

r8
ψ ;

¼ −16π
�
1 −

2me−a=R

R

�
MmpEmp

R2
δðr − RÞY�

00ðθ;ϕÞ:

ðB34Þ

Next, we can obtain a more obvious expression

∂
∂rψ þ ½rð2mþ rÞ − 2am�

r½2amþ rðr − 2mÞ�ψ

¼ −
r7

4½2amþ rðr − 2mÞ�3 E
0
A: ðB35Þ

Then we can solve this the way we normally solve a linear
first-order differential equation

ψ ¼ Ce−
R

PðrÞdr þ e−
R

PðrÞdr
Z

QðrÞe
R

PðrÞdrdr; ðB36Þ

where C is the constant related to the initial conditions, the
function PðrÞ is equal to

FIG. 8. The exact function f̃, the approximation function f̃0 and
the residual Δf̃ change with the radius r. We plot the radius r
from the wormhole mouth radius a to perturbation source orbit
radius 30a as we fix the Misner-Sharp quasilocal mass m ¼ 1.0,
and the unit length of the abscissa axis in the figure is a. We use
the black solid line to show the exact function f̃, the blue solid
line to express the approximation function f̃0 and the red solid
line to signify the residual Δf̃.
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PðrÞ ¼ ½rð2mþ rÞ − 2am�
r½2amþ rðr − 2mÞ� ; ðB37Þ

and the function QðrÞ is equal to

QðrÞ ¼ −
r7

4½2amþ rðr − 2mÞ�3 E
0
A: ðB38Þ

Therefore, one can obtain the final solution of EA ¼ E0
A

ψ ¼ 2
ffiffiffi
π

p rηðrÞ
2amþ rðr − 2mÞ

×

�
MmpEmpR2

½2amþ RðR − 2mÞ�ηðRÞΘðr − RÞ
�
: ðB39Þ

Moreover, we should note that ψ ∝ t. From the
formula (B33), we can get the expression of parameter o

o ¼ −
ea=rr − 2m

ea=rr2
ψ ;

¼ −
aþ r − 2m
rðaþ rÞ ψ ;

¼ −2
ffiffiffi
π

p ðaþ r − 2mÞηðrÞ
ðaþ rÞ½2amþ rðr − 2mÞ�

×

�
MmpEmpR2

½2amþ RðR − 2mÞ�ηðRÞΘðr − RÞ
�
; ðB40Þ

and the parameter o is also proportional to t.
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