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The observation of the shadow of the supermassive black hole M87� by the Event Horizon Telescope
(EHT) is sensitive to the spacetime geometry near the circular photon orbit and beyond, and it thus has the
potential to test general relativity in the strong field regime. Obstacles to this program, however, include
degeneracies between putative deviations from general relativity and both the description of the accretion
flow and the uncertainties on “calibration parameters,” such as, e.g., the mass and spin of the black hole.
In this work, we introduce a formalism, based on a principal component analysis, capable of reconstructing
the black hole metric (i.e., the “signal”) in an agnostic way, while subtracting the “foreground” due to the
uncertainties in the calibration parameters and the modeling of the accretion flow. We apply our technique
to simulated mock data for spherically symmetric black holes surrounded by a thick accretion disk. We
show that separation of signal and foreground may be possible with next generation EHT-like experiments.
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I. INTRODUCTION

More than a century after Albert Einstein introduced
general relativity (GR) [1], many large scale observational
campaigns and theoretical studies are still searching for
possible, new insights into gravity. Although GR has so far
passed all tests with flying colors, e.g., in recent years the
exploration of the dynamical and strong field regime via
measurements of black hole (BH) and neutron star mergers
by LIGO and Virgo [2–5], many of the outstanding open
problems in physics involve gravitation and BHs. The latter
are among the most extreme objects in nature, and access
to the gravitational waves that they emit, as well as the
first radio “image” of the shadow of the supermassive BH
M87� by the Event Horizon Telescope (EHT) [6,7], allow
for testing our theoretical understanding in unprecedented
ways.
One possible way to look for deviations from GR is to

test the Kerr hypothesis [8–10]. The latter states that all
astrophysical BHs are uniquely characterized by their mass
and angular momentum through the Kerr metric [11]. The
recent measurement of the shadow of M87� is therefore
particularly interesting to test the Kerr hypothesis and
constrain possible deviations from it. Several theoretical
works have connected the bright emission ring that is
present in the reconstructed image with the impact param-
eter of the circular photon orbit [12–25]. This feature in the

image may therefore be used to connect the underlying BH
spacetime with the observed image and therefore test the
Kerr hypothesis.
Despite this large amount of existing theoretical work on

the topic, a lively discussion about the interpretation of BH
shadow images is currently ongoing. More precisely, one
question is how suited the shadow size alone (as opposed to
the full image) is for testing deviations from the Kerr
metric. In Psaltis et al. [26], it was claimed that the 17%
constraint on the shadow size of M87�, as reported earlier
by the EHT Collaboration in Refs. [6,7], can be used to
place constraints beyond the first post-Newtonian order of
the BH metric. However, the basis and robustness of this
conclusion have been critically discussed since then. Gralla
[27] argued that uncertainties in the underlying astrophys-
ics make tests of GR with the current observations not
possible. Völkel et al. [28] showed that even if some
underlying assumptions questioned by Gralla [27] and
adopted in Psaltis et al. [26] are true, the bounds of
Ref. [26] do not hold when higher order post-Newtonian
orders are included in the analysis. Nevertheless, Völkel
et al. [28], as well as Kocherlakota et al. [29], demonstrate
that theory specific tests can be performed and allow for
gaining information on the gravitational theory. The role of
dimensional coupling constants in alternative theories of
gravity has been studied by Glampedakis and Pappas [30].
Since the shadow size, as used in most previous works,1

is only a single number, it represents an immense reduction
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1See Nampalliwar et al. [31] for a recent work including also
the deviations from circularity.
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of the information that is encoded in the full image. For this
reason, and because it is based on the connection between
the impact parameter of the circular photon orbit and the
image brightness, more advanced studies are needed.
Improvements of several aspects of the analysis have

already been partially carried out in recent works. For
instance, a multiple ring structure seems to appear in the
shadow image at high angular resolution, although its
observation would require measurements beyond current
EHT capabilities, see, e.g., Refs. [32–34]. Medeiros et al.
[24] have also investigated deviations from circularity in non-
Kerr spacetimes using a principal component analysis (PCA).
Formal questions regarding the uniqueness of shadow images
and the underlying BH geometry, from the point of view of
geodesics, have been recently studied in Ref. [35].
Ideally, however, an analysis should take into account

the whole image and simulate both the astrophysics and
the background geometry at the same time. Treating this
problem in its full complexity is far beyond of what is
currently possible. State-of-the-art calculations combine
general relativistic magnetohydrodynamic (GRMHD) sim-
ulations of the matter with ray-tracing codes to construct
images—see Ref. [7,36]. However, even in the context of
GR, the large computational cost associated to these
calculations allows one to vary (at the same time) at most
a few parameters describing the accretion flow physics and
the geometry [36,37]. Therefore, repeating these simula-
tions for non-Kerr spacetimes is already challenging, even
when backreaction on the geometry is neglected—see, e.g.,
Refs. [38,39]. Nevertheless, varying the accretion flow
physics and allowing for non-Kerr geometries at the same
time has been attempted before, although restricting to
particular deformations of the metric [40].
In this work, we present a framework that allows one to

deal with deviations of both the accretion flow and the
spacetime geometry from standard scenarios, showing that
under suitable assumptions they can be both recovered/
constrained from the shadow image. In more detail, we
perform a PCA, which allows us to probe small but very
general (i.e., theory “agnostic”) deviations from the
Schwarzschild metric, while at the same time reconstructing
the astrophysical accretion flow (which we assume to be
spherical and with a simple emissivity profile). The PCA
allows for working in a rather general set of basis functions,
e.g., Gaussians or power laws. Although our matter descrip-
tion is not as sophisticated as current GRMHD simulations,
we show for the first time how the background metric and
simple astrophysical scenarios can be disentangled from one
another and reconstructed singularly in an inverse problem
for thewhole shadow image.Ourwork is therefore extensible
to incorporate more realistic models in the future.
Our main findings can be summarized as follows. We

provide different mock images produced by our model as
hypothetically observed data. These images have been
produced by varying the emissivity profile and/or the

BH metric. We have first demonstrated that the PCA
reconstruction allows one to constrain the emissivity profile
when the background is assumed to be Schwarzschild.
Then we have also demonstrated that general deviations of
the metric away from Schwarzschild can be recovered
when the emissivity profile is well understood. In the final
and most important application, we have demonstrated that
when the functional form of the emissivity profile is
assumed to be of a simple form, but with unknown
parameters, it is possible to recover both the spacetime
geometry (the “signal”) in an agnostic way, as well as the
emissivity profile (the “matter foreground”).
This work is organized as follows. In Sec. II we

summarize our accretion model and the ray-tracing algo-
rithm. In Sec. III we outline our numerical method to
compute BH images and the PCA. Applications and results
are reported in Sec. IV. A discussion of our findings is
presented in Sec. V, while our final conclusions are
provided in Sec. VI. The metric signature throughout this
paper is −þþþ and we set G ¼ c ¼ 1.

II. THEORY

In the following, we will give a brief overview of our
modelling of accretion flows (in Sec. II A) and of ray-
tracing around supermassive BHs (in Sec. II B).

A. Accretion model

Being a bright source for terrestrial and space observa-
tories across different parts of the electromagnetic spec-
trum, M87� has been extensively observed in a variety of
wavelengths [41]. The central BH mass can be estimated by
modeling the dynamics of nearby gas [42] or stars [43].
Note that these methods give different BH mass values, but
the recent EHT measurement of MBH ¼ ð6.5� 0.7Þ ×
109 M⊙ only agrees with the stellar dynamics measurement
[7]. The environment of M87� is believed to be a geomet-
rically thick and optically thin accretion disk [36], rather
than a geometrically thin and optically thick one (such as
e.g., the classic Novikov-Thorne model [44]). The photons
observed by the EHT at 1.3 mm are thought to be produced
by synchrotron radiation from the relativistic electrons in
the hot accretion plasma [6,36]. Moreover, M87� exhibits a
visible jet, observable at all wavelengths, whose power has
been used to disfavor zero-spin models [36,45].
For our purposes, we employ a simplified toy model for

the accretion flow. We assume a spherically symmetric and
optically thin disk surrounding a spherically symmetric
(i.e., nonrotating) BH with metric

ds2 ¼ gttðrÞdt2 þ grrðrÞdr2 þ r2dθ2 þ r2sin2ðθÞdϕ2; ð1Þ

where gttðrÞgrrðrÞ ¼ −BðrÞ2, with BðrÞ being a free func-
tion. The power radiated by the disk can be characterized by
the emissivity [46],
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jνðrÞ ¼
dE

dV dt dν
; ð2Þ

which we assume to be independent of the frequency ν.
Motivated by radiatively inefficient accretion flow (RIAF)
models [40,47], we assume that the spatial distribution of the
emissivity is well described by a power law jνðrÞ ∝ r−n,
with n ≈ 1.
We assume that the BH image is detected by a distant

observer. Hence, the image can be described by the
intensity IνðbÞ, as a function of the impact parameter b
of the null geodesics along which photons propagate.
The intensity can be obtained by integrating the radiative
transfer equations (here presented in the form of
Ref. [48,49]),

d
dλ

�
Iν;obs
ν3obs

�
¼ jν

ν2
e−τν;obs ; ð3Þ

dτν;obs
dλ

¼ ανν; ð4Þ

where ν ¼ −κμuμ, with κμ the photon’s linear momentum
and uμ the 4-velocity of the disk’s fluid, is the photon’s
frequency as measured in the fluid’s rest frame. The
subscript “obs” denotes quantities in the observer’s frame.
These equations are integrated from the matter source to

the far away observer along null geodesics parametrized by
the affine parameter λ. Since we make the assumption of
a disk that is (perfectly) optically thin, we choose an
absorption coefficient αν ¼ 0, and we also neglect the
Doppler shift due to the motion of the disk’s fluid, i.e., we
assume uμ ¼ ð1= ffiffiffiffiffiffiffiffi−gtt

p
; 0; 0; 0Þ. Furthermore, we assume

that the observer measures Iν;obsðbÞ at a single frequency.2
Hereinafter, for simplicity, we will drop the labels ν and
“obs” in both the intensity and the emissivity.

B. Ray-tracing

The photons contributing to the BH image probe the
spacetime along null geodesics. In the vicinity of a
Schwarzschild BH, these photons are strongly lensed.
For a critical impact parameter bph ¼ 3

ffiffiffi
3

p
MBH, where

MBH is the mass of the BH, photons follow unstable
circular orbits at a surface called the photon sphere. If no
matter is present within this surface, this critical value of
bph can be interpreted as the size of the BH shadow [50].
In practice, although photons follow trajectories from the

source to the observer, ray-tracing algorithms often inte-
grate the geodesics and radiative transfer equations in the
opposite direction—see, e.g., Ref. [49]. In addition,
although the geodesics equations are integrable in spherical

symmetry (and in the Kerr spacetime), it is convenient to
consider the standard second-order equations

d2κμ

dλ2
þ Γμ

ρσ
dκρ

dλ
dκσ

dλ
¼ 0; ð5Þ

where Γμ
ρσ are the Christoffel symbols. The advantages of

this choice are that one avoids a special treatment at the
turning points of the geodesics, and (as we will describe
below) one can linearly perturb these equations in a
straightforward way.

III. METHODS

In this section, we outline our PCA method. In more
detail, in Sec. III A we introduce the basis functions on
which we decompose the accretion model and the devia-
tions of the BH metric away from Schwarzschild. In
Sec. III B, we present our (linearized) likelihood, and
apply the PCA to it in Sec. III C. The role of priors is
discussed in Sec. III D.

A. Choice of basis

A useful way to describe and test the multiple possible
modified gravity solutions for BH geometries is to employ
physically motivated parametrizations of the metric. In
spherical symmetry, these can take the form of series of r−n

terms, with n ≠ 0, like in the post-Newtonian (PN) series,
or more complicated expressions, like in the Rezzolla-
Zhidenko parametrization, where the metric coefficients are
described by Padé approximants [51,52]. One must be
careful, however, that any particular parametrization may
not be able to describe all possible arbitrary departures
from GR, especially if only few parameters are left free
to vary.3 For instance, the PN expansion is valid only for
mild gravitational fields, cf. for instance Ref. [28], and an
infinite number of terms would be needed to describe all
possible conceivable BH metrics in the strong field region.
In the following, we therefore allow the deviations of the

metric from the Schwarzschild solution to have an arbitrary
form. Focusing on gttðrÞ and assuming for simplicity a toy
model where B ¼ 1 (and hence gttðrÞgrrðrÞ ¼ −1), one can
write

gttðrÞ ¼ gð0Þtt ðrÞ þ
X
i

αðttÞi δgðiÞtt ðrÞ; ð6Þ

where αðttÞi are free coefficients, gð0Þtt ðrÞ is the Schwarzschild
solution, and the functions δgðiÞtt ðrÞ form a suitable basis on

2In practice, the EHT measures visibilities, which correspond
to the Fourier transform coefficients of the Stokes parameters of
the image.

3Note however that the Rezzolla-Zhidenko parametrization has
proven very flexible in this respect, as it is capable of reproducing
BH geometries in entire classes of theories [53] with relatively
few parameters. However, those theories are not necessarily
comprehensive of all possible deviations from GR that one can
conceive.
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which any smooth function defined on the (positive) real
axis can be decomposed. The basis is sometimes referred to
also as frame. A familiar example of basis functions is
given by sines and cosines in Fourier analysis. Another
example is provided by the Morlet-Gabor wavelets used in
gravitational wave analysis pipelines [54]. This basis need
not be orthogonal. For instance, in some of the applications
described in the following, we choose the basis to consist of
Gaussians (centered on different points on the real axis,
labeled by a discrete index i, but with a nonvanishing
overlap to enforce continuity of the reconstructed function).
In order to account for uncertainties in the astrophysical

model, we can write a similar expression for the emissivity
of the disk:

jðrÞ ¼ jð0ÞðrÞ þ
X
i

αðJÞi δjðiÞðrÞ; ð7Þ

where αðJÞi are again free coefficients, and δjðiÞðrÞ may be
different from the metric basis functions.

B. Linearized model and likelihood

We approach the inverse problem of reconstructing the
spacetime metric from the observed BH image within a
Bayesian perspective. The expressions in Eqs. (6) and (7)
will be the backbone of our model IMðα; bÞ for the BH

image. We will then seek to estimate the parameters α ¼
ðαðttÞl ; αðJÞm Þ that best describe the BH image data IDðbÞ.
When the posterior probability can be approximated as
Gaussian, one can further “clean” the reconstructed metric
by means of a PCA.
We begin by describing our model for the BH image in

more detail. We assume that the image consists of a finite
number of data points at locations b1;…; bN , where the
associated intensity ID ¼ ðID;1;…; ID;NÞ is measured. We
also assume that the data are subject to Gaussian meas-
urement errors, which we assume to be constant and
given by σ. As for our model, which we denote by
IMðαÞ ¼ ðIMðα; b1Þ;…; IMðα; bNÞÞ, we integrate numeri-
cally the radiative transfer and geodesic equations [Eqs. (3)
and (5)] assuming Eqs. (6) and (7). In particular, in order to
render the posterior probability function Gaussian (i.e.,
quadratic in the parameters α) and apply the PCA tech-
nique, we linearize Eqs. (3) and (5) in α.
Physically, this amounts to assuming that the deviations

from Schwarzschild and from our default emissivity
model are small. (We do not report these linearized
equations here as they are cumbersome and not particularly
illuminating—see, e.g., Appendix A of Ref. [55] for the
linear perturbations of the geodesic equations.) In practice,
the 14 first-order linearized equations for the variables

ft; r;ϕ; _t; _r; _ϕ; δt; δr; δϕ; δ_t; δ_r; δ _ϕ; Ið0Þ; δIg; ð8Þ

where _X ≡ dX=dλ, are integrated with a custom-made ray-
tracing code written in C++ and employing an adaptive
stepsize fourth order Runge-Kutta algorithm [56].
Therefore, the model can be written as

IMðαÞ ¼ Ið0Þ þ
XM
i¼1

αiδI; ð9Þ

whereM is the total number of αi parameters and δI are the
image deviations corresponding to each of the individual
basis functions.4

In the Bayesian framework, the solution to the inverse
problem, up to a normalization factor, is encoded in the
posterior probability distribution, given by

pðαjIDÞ ∝ pðIDjαÞpðαÞ; ð10Þ

where the likelihood follows from the assumption of
Gaussian measurement errors and is given by

logpðIDjαÞ ¼ −
χ2

2
; ð11Þ

with

χ2 ¼ 1

σ2
ðID − IMðαÞÞTðID − IMðαÞÞ: ð12Þ

In addition, as explained below, we will assume Gaussian
priors pðαÞ. This choice, coupled with the likelihood
Eq. (12), yields Gaussian posteriors, which are suitable
for PCA.

C. Principal component analysis

Since the model is linear in the parameters and the
posterior probability is Gaussian, the maximum of the latter
(i.e., the “most likely” parameters α⋆) can be obtained by
solving a (possibly degenerate) linear system of equations
of the form Fαþ q ¼ 0, where the M ×M matrix F
(defined below) and the M-vector q are computed numeri-
cally with our ray-tracing code. (This is the most computa-
tionally expensive part of the framework since it involves
computing a perturbed image for every basis function.) The
errors associated with the parameters are in general
correlated and are encoded in the Fisher (Hessian) matrix

Flm ¼ −
1

2

∂2

∂αl∂αm logpðαjIDÞ; ð13Þ

4Notice that the basis functions (dependent on the coordinate
variable r) are mapped into an image space (dependent on the
impact parameter variable b) by a nonlinear transformation or
“transfer function”. In many applications of the PCA (e.g.,
Ref. [57]) there is no such mapping.
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which, with our assumptions, becomes a constant matrix.
Linear combinations of the parameters corresponding to
the Fisher matrix orthonormal eigenvectors eðiÞ, however,
have uncorrelated errors σðiÞ ¼ 1=

ffiffiffiffiffiffiffiffiffi
2λðiÞ

p
, where λðiÞ are the

corresponding eigenvalues.
The main idea behind the PCA is to clean the

reconstruction of the model by keeping only the “largest”
coefficients βi ¼ α⋆ · eðiÞ. This is akin to the procedure of
cleaning a time series from noise by performing a Fourier
transform, and then keeping only the Fourier terms with
coefficients significantly different from zero.
More precisely, we prescribe the selection criterion [57]

jβij ≥ Nthσ
ðiÞ; ð14Þ

whereby we only retain the coefficients βi that are incon-
sistent with zero at Nthth sigma level, with Nth ≈ 1–3.
The final estimate of the parameters is then given by

αPCA ≡ X
jβij≥Nthσ

ðiÞ
ðβi � σðiÞÞeðiÞ: ð15Þ

Explicitly, the reconstructed metric and emissivity are then
given by

gPCAtt ðrÞ≡ gð0Þtt ðrÞ þ
X

jβij≥Nthσ
ðiÞ
ðβi � σðiÞÞηðiÞ;ðttÞðrÞ; ð16Þ

jPCAðrÞ≡ jð0ÞðrÞ þ
X

jβij≥Nthσ
ðiÞ
ðβi � σðiÞÞηðiÞ;ðJÞðrÞ; ð17Þ

where

ηðiÞ;ðttÞðrÞ≡X
k

eðiÞ;ðttÞk δgðkÞtt ðrÞ; ð18Þ

ηðiÞ;ðJÞðrÞ≡X
k

eðiÞ;ðJÞk δjðkÞðrÞ; ð19Þ

are the corresponding eigenfunctions. Here we have sep-

arated the eigenvectors eðiÞ ¼ ðeðiÞ;ðttÞl ; eðiÞ;ðJÞm Þ according to
their corresponding metric and emissivity indices. Note that
because the coefficients βi are uncorrelated Gaussian
variables, the errors on the reconstructed metric and
emissivity at a given location can be computed by propa-
gating the errors σðiÞ in quadrature. These errors will be
reported in Sec. IV.

D. Priors

The use of priors in the reconstruction can enhance it by
mitigating some of the degeneracies that may be present.
First, the linear system needed to solve for α⋆, and thus to
obtain αPCA, is in general degenerate. One way to tame this
issue is by conditioning the Fisher matrix Flm, i.e., by

replacing Flm → Flm þ ϵδlm, where δlm is the Kronecker
delta and ϵ is suitably small [57]. From the Bayesian
perspective, this can be interpreted as prescribing loose
Gaussian priors for α centered at zero. At least in the case of
the metric, this is in line with the theoretical expectation

that the parameters αðttÞi , which describe the deviations from
GR, should be small.
Proper priors on the coefficients of neighboring basis

functions can also be used to enforce continuity [58]. More
importantly, from a physical point of view, priors can be
used to enforce the expectation that the metric deviations
are well constrained at large distances, where the
Newtonian limit of GR (but not necessarily its 1PN
dynamics [28]) should be recovered. For the Gaussian
basis functions uniformly distributed in radius that we will
use below, we therefore include a prior of the form

pðαÞ ∝ exp

�
−
�

rðiÞ
MBH

�
nX

i

αðttÞ2i

2σ2r

�
; ð20Þ

with n ¼ 4, constant σr and rðiÞ the location of the Gaussian
basis function associated to αðttÞi . Equivalently, this corre-
sponds to the expectation that the deviations from GR enter
at 1PN order or higher [28]. This prior has also the
advantage that it stabilizes the reconstruction against
fluctuations from different noise realizations. Finally, the

choice of the reference functions gð0Þtt ðrÞ and jð0ÞðrÞ con-
stitutes an additional “theoretical prior.”

IV. APPLICATIONS AND RESULTS

We apply our framework to the following cases. First, in
Sec. IVAwe assume that the spacetime geometry is known
and only the accretion flow, described by the emissivity,
needs to be reconstructed. Second, in Sec. IV B we
consider the opposite case in which the emissivity is
assumed to be known, but the spacetime geometry needs
to be reconstructed. Finally, in Sec. IV C we let both the
spacetime geometry and the accretion flow model unde-
termined at the same time. In order to directly compare the
results obtained in these three ways, we show the corre-
sponding reconstructions in the same figures at the end of
this Section. Since we do not realistically model the details
of the noise in the simulated observations, in the following
we will focus on injections in the noiseless approximation.
This for instance standard when designing gravitational
wave data analysis pipelines [59]. However, we have
checked that the results are similar for explicit realizations
of the Gaussian noise.
In the following, we also introduce the scales j� and I�,

with units ½j�� ¼ ½energy�½length�−3 and ½I�� ¼ ½length�½j��,
as a normalizing scales for the emissivity and observed
intensity.
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A. Reconstructing the accretion flow

We fix the reference metric function to be that of the
Schwarzschild geometry, gð0Þtt ðrÞ ¼ −ð1 − 2 MBH=rÞ, with-
out allowing for any deviations from it—i.e., only the

astrophysical parameters αðJÞi are allowed to vary. As for the
reference emissivity, we choose it to be jð0ÞðrÞ ¼ 0 (i.e., we
assume no prior knowledge of the emissivity). We produce
the injection (i.e., the data) ID from

gtt;DðrÞ ¼ gð0Þtt ðrÞ; jDðrÞ ¼ 2j�
MBH

r
: ð21Þ

We assume an optimistic resolution of 0.15 MBH (poten-
tially achievable with future space-based interferometers
[60]). More precisely, we generate N ¼ 100 data points
uniformly distributed in the interval of impact parameters
½0; 15 MBH�, and assume an (uncorrelated) measurement
error of σ ¼ 0.1I�. The basis is composed of 161 (unnor-
malized) Gaussians uniformly distributed in the interval of
radii ½0; 100 MBH�, with root mean square (RMS) width of
1 MBH. We condition the Fisher matrix with ϵ ¼ 1, which
can also be interpreted as a Gaussian prior, as discussed in
Sec. III D.
In the upper panel of Fig. 1, in blue, we show the

intensity profile for the injection Eq. (21), as a function of
the impact parameter. One can clearly observe the effect of
the photon sphere at b ≈ 5.2 MBH. In Fig. 2, with blue
contours, we show the 2σ bands of the reconstructed
emissivity profile for a PCA criterion parameter Nth ¼ 1.
We observe good agreement with the injection (gray dashed
lines) for most radii. The reconstruction, however, does not
accurately reproduce the emissivity profile near the BH
horizon at r ¼ 2 MBH. This disagreement is most likely
due to the effect of gravitational redshift, which suppresses
the intensity of the near-horizon Gaussian components. The
widening of the reconstruction bands at r ≈ 14 MBH occurs
instead because the image data were provided in a finite
interval—i.e., it is an “edge effect.”

B. Reconstructing the geometry

In the following, we present the results of our framework
when the accretion flow is assumed to be known and only
the background metric is reconstructed—i.e., when only
the parameters αðttÞi are allowed to vary.
For this example, the injection includes a deviation from

GR in the metric, which is given by

gtt;DðrÞ ¼ gð0Þtt ðrÞ − 0.02 exp

�
−
ðr − 7 MBHÞ2

M2
BH

�

− 0.8

�
MBH

r

�
3

;

jDðrÞ ¼ jð0ÞðrÞ ¼ 2j�
MBH

r
; ð22Þ

FIG. 1. Upper panel: computed intensity profiles IðbÞ used as
“observations”, as a function of the impact parameter b for the
Schwarzschild metric (blue) and the deformed Schwarzschild
metric (gray), with corresponding “measurement” error bars of
�0.1 I�. The scale I� is used to normalize the intensity profile,
and its units are given in the main text. The Schwarzschild
intensity profile is used as input data for the example of Sec. IVA,
while the deformed Schwarzschild one is used in the examples of
Secs. IV B and IV C. Lower panel: relative difference RI ¼
ðISch − Idef-SchÞ=ISch of the images in the upper panel.

FIG. 2. Individual reconstruction of the emissivity when the
metric is fixed (blue), and joint reconstruction (orange) when it is
constrained to be a power law, corresponding respectively to the
examples of Sec. IVA and IV C. The scale j� is used to normalize
the emissivity and its units are given in the main text.
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where gð0Þtt ðrÞ ¼ −ð1 − 2 MBH=rÞ. For the sake of sim-
plicity, we also set the reference function for the emis-
sivity to be the same as the injection—although we could
have chosen a slightly different profile without strongly
affecting our results. The resolution and measurement
errors are the same as in the previous example. We choose
a basis of 161 Gaussians uniformly distributed in the
interval ½0; 25 MBH� and with RMS width of 0.5 MBH,
supplemented by additional power law components r−n,
with n ¼ 1; 2;…; 15. To improve the conditioning of the
Fisher matrix, we also rescale the coefficients α so that the
different entries in that matrix are roughly of the same
order of magnitude. The r−1 power law accounts
for the uncertainty in our knowledge of the mass, for
which we assume a small prior measurement error of
σMBH

¼ 0.01 MBH. Finally, we take ϵ ¼ 10−3 for the
conditioning of the Fisher matrix, and σ2r ¼ 105 for the
large distance prior of Eq. (20).
The intensity profile used as data and produced from

Eq. (22) is shown in the upper panel of Fig. 1, in gray. Here,
one can observe the breakdown of the linear approximation
to the full geodesics equation at b ≈ 5.2 MBH, where the
linear approximation fails to reproduce the shift in the
photon sphere projection away from the Schwarzschild
solution, shown in blue. We will not worry about this
spurious effect for the moment (as it concerns only few data
points) and postpone a more thorough discussion of it to
Sec. VA.
Let us also briefly comment about the features of the

resulting image. In the lower panel of Fig. 1, we show the
relative difference between the images of the upper panel of
Fig. 1. Since the injected metric deformation [Eq. (22)] has
a local minimum around r ≈ 7 MBH, one could naively
expect that the absolute value of the relative difference
should also have a local maximum there. However, a more
involved structure is evident. The appearance of a hill and
a trough in the intensity is mostly due to the derivatives of
the metric deviation from Schwarzschild becoming larger
and dominant at the location of the bump—indeed, this
pattern resembles the shape of the derivative of a Gaussian
function.
In Fig. 3, in blue, we show the 2σ reconstruction

contours for the deviation of the metric from
Schwarzschild. As before, we observe generally good
agreement with the injection (gray dashed lines) for the
Nth ¼ 1 PCA criterion. The reconstructed bump is clearly
distinguishable from the power law component. The
narrower error bands near the photon sphere at r ≈
3 MBH indicate greater sensitivity of the method to features
in that region. As in the previous example, the goodness of
the reconstruction deteriorates near the BH horizon
(r ≈ 2 MBH) presumably due to the effect of gravitational
redshift. Finally, we observe a slight oscillatory behavior
around r ≈ 11 MBH. This happens because many of the
eigenvectors (and consequently the eigenfunctions) of the

Fisher matrix present oscillatory features. By including
more components (i.e., lower Nth or smaller measurement
error), these oscillatory components interfere and cancel
out to give a better overall reconstruction.

C. Reconstructing astrophysics and geometry

Finally, we will now present the most interesting results
of our framework. These correspond to cases in which
both the spacetime and accretion flow are reconstructed at
the same time—i.e., all of the parameters α are allowed
to vary. Since both aspects play an important role in the
details of BH images, one might argue that it is not
possible to constrain deviations in the metric when the
exact details of the astrophysical model are not known—
see for example Gralla [27]. In this section, we will show
that if our “theoretical priors” are strong enough, it is in
principle possible to disentangle the two types of con-
tributions. Such strong priors can be achieved by suffi-
cient understanding of the underlying astrophysics and
by reasonable constraints on the long distance behavior of
the metric.
For this example, the injection and reference functions

are the same as in Sec. IV B. In this case, as expected, we
find that there are degeneracies between the metric and the
emissivity, when one considers a Gaussian basis for both
functions. Indeed, one generically obtains degenerate
reconstructions—i.e., profiles for the metric and emissivity
that reproduce the data but do not correspond to the
injection. Since these are “failed” reconstructions, we do
not present them here.
In order to tighten our priors and mitigate this degen-

eracy, we assume that the radial distribution of the
emissivity is well described by a power law (as in RIAF

FIG. 3. Individual reconstruction of the metric deviation from
Schwarzschild, δgttðrÞ ¼ gttðrÞ − gð0Þtt ðrÞ, when the emissivity is
fixed (blue) and joint reconstruction (orange), corresponding
respectively to the examples of Sec. IVA and IV C.
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models), and thus allow only the amplitude and exponent to
vary. Moreover, we linearize the emissivity in the deviation
of the exponent away from the default reference value
[which is set as in Eq. (22) for this example], so as to reduce
to Eq. (7). We take the metric basis and priors to be the
same as in the previous example, and perform the
reconstruction with a PCA criterion Nth ¼ 1 as before.
In Fig. 2, we show the 2σ reconstruction contours of the

emissivity in orange. Because of the tight “theoretical
priors” that we assumed on the functional form of the
emissivity, the reconstruction is much better than the
“agnostic” one. However, upon closer inspection, as can
be seen from the inset, a slight bias is noticeable in the
reconstruction. Part of it is due to the missing information
weeded out by the PCA criterion. We have verified this by
comparing reconstructions with different values of Nth.
In Fig. 3, one can observe that the reconstruction of the

metric deviation (in orange) recovers the injection as in the
previous example. It also exhibits the narrower contour
bands near r ≈ 3 MBH, and the slightly inaccurate
reconstruction near the BH horizon at r ≈ 2 MBH, like
before.
This example illustrates that a good, but not necessarily

complete, understanding of the astrophysics may be suffi-
cient to extract possible deviations from GR from the BH
image. Although constraining the emissivity to follow a
particular parametrization—here a power law—may seem
rather restrictive, this is not necessarily the only way to
mitigate the degeneracy. Alternative possibilities may
include judiciously prescribing the priors of the astrophysi-
cal parameters—in the spirit of the metric prior of
Eq. (20)—or reducing the number of parameters in the
metric by employing a particular ansatz—e.g., the
Rezzolla-Zhidenko parametrization [51]. This second pos-
sibility, however, comes at the cost of being less general,
however. We leave these possibilities to future extensions
of this work.

V. DISCUSSION

In this section, we briefly comment about the relation
between our framework and other existing approaches
(Sec. VA). Some limitations and possible extensions of
this work are discussed in Sec. V B. Finally, possible
connections to the inverse problem in gravitational wave
astronomy are mentioned in Sec. V C.

A. Comparison to other approaches

Many previous works on modified gravity constraints
using the EHT measurements utilize only the size of the
critical curve corresponding to the projection at infinity of
the photon sphere [12–25]. This is justified, because it has
been argued that the size of the bright ring is a robust
feature in the BH image [26,29,36]. However, whether the
approach is to constrain the charges and coupling constants

of particular solutions in modified theories of gravity (e.g.,
“exotic” Reissner-Nordström solutions [61,62]), or to
constrain the parameters in phenomenological parametri-
zations of the metric (e.g., the Rezzolla-Zhidenko para-
metrization [51]), the bounds that are obtained are
generically degenerate and loose when many parameters
are at play [28]. This is not surprising since the shadow size
amounts to the measurement of a single number. Indeed, if
our PCA framework is applied to the shadow size alone
(see Appendix), the only combination of parameters that
can be constrained [cf., Eq. (11) of Ref. [28] ] is

XM
i¼1

αiδg
ðiÞ
tt ð3 MBHÞ: ð23Þ

In this work, we have on the one hand exploited the
whole intensity profile of the EHT BH image (although in a
toy model and with mock data). On the other hand, to allow
for generic deviations away from GR BHs, we have
parametrized the metric in terms of a completely general
superposition of basis functions. We have then performed a
PCA analysis to obtain a smooth metric reconstruction,
filtering out the components that cannot be significantly
constrained. This technique has been applied before to
describe the shape of the shadow of spinning BHs in non-
Kerr metrics in Ref. [24]. However, unlike in previous
applications, here it is used to reconstruct the spacetime
geometry and the disk’s emissivity using the whole
intensity profile of the BH image.

B. Limitations and possible extensions

Although astrophysical BHs are believed to be simple
(i.e., describable only by their mass and angular momentum
[8–10,63]), the modelling of their environments is fairly
complex. In this work, we have made a large number of
simplifications (no spin, static and spherical accretion
flow, etc.). Nevertheless, the inclusion of many of these
environmental aspects is conceptually straightforward,
although it would lead to computationally more intensive
analyses.
We have made further simplifications regarding the

observational data. In particular, we have assumed that
the intensity profile is measured directly and that the
associated errors are Gaussian and uncorrelated. The
inclusion of visibilities—the observables that the EHT
actually measures and which correspond to the Fourier
transform coefficients of the image—is also possible in
future extensions of this work. However, one would have to
deal with additional errors due to the incomplete observa-
tional coverage of the visibility parameter space—see e.g.,
Fig. 2 of Ref. [6].
Regarding the actual calculation of the BH image, we

have linearized the radiative transfer and geodesic equa-
tions [Eqs. (5) and (3)]. This step was essential in order to
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make the likelihood a Gaussian function and to allow us to
apply the PCA technique (which relies on the Fisher matrix
being constant). For the case of the metric, this is justified
by the expectation that deviations from the GR solution are
small. Similarly, the linearization is reasonable for the
accretion parameters, provided that one has good prior
knowledge of the astrophysical model.
Even in this case, however, some non-perturbative

effects may be important. In particular, the linearization
does not capture the shift in the position of the photon
sphere or the BH horizon. Future work in this direction may
include integration of the full nonlinear equations and
reconstruction with Markov Chain Monte Carlo (MCMC)
techniques, along the line of Refs. [40,64].
Finally, we also recall that we have considered a metric

ansatz [Eq. (1)] satisfying gttðrÞgrrðrÞ ¼ −1. It is well
known that this condition does not hold in general [65].
Moreover, it is expected that BHs have spin—e.g., to power
the jet seen in M87� [36,45]. Therefore, a more rigorous
analysis should necessarily include more than one inde-
pendent metric function, leading to further degeneracy
between them. A first step in this direction would be to
consider the slowly rotating case, by assuming a fixed form
of the mixed terms in the metric, i.e., gtϕðrÞ ¼ gϕtðrÞ ¼
−M2

BHa=r, and linearizing Eqs. (3) and (5) in the dimen-
sionless spin parameter a. In this case (even if the accretion
flow is spherical) the radial symmetry of the BH image is
broken and we expect that the angle of observation will
become important in our ability to extract a with our PCA
approach. In the most general case, once rotation and
realistic accretion are considered, we expect that a good
modeling of the astrophysical component, as well as
appropriate priors that reflect our knowledge in the weak
gravity regime, will continue to be key in allowing to
extract possible deviations of the spacetime geometry.
Moreover, although more information in the BH image
could potentially be extracted, additional strategies may be
needed handle degeneracy in the parameter space. We leave
this more challenging setup for future work.

C. Possible connections to gravitational waves

It is well known in the literature that BH quasinormal
modes in the eikonal approximation are closely related to
the impact parameter of the BH shadow [66,67]. An
interesting question is therefore whether there is a gravita-
tionalwave analog to theBH image.Unlike the image,which
depends strongly on the surrounding matter, gravitational
waves couple only very weakly to the environment, which
would allow for a much cleaner test of BH geometries.
One possibility would be to use the full, infinite set of

BH quasinormal modes [68–70]. However, the eikonal
approximation only probes the spacetime near the maxi-
mum of the potential. Moreover, in general one cannot
expect that the inverse spectrum problem is uniquely
solvable, e.g., in GR axial and polar perturbations are

isospectral, but the underlying Regge-Wheeler and Zerilli
potentials are not the same (and other isospectral, and thus
equivalent, potentials can be built with suitable trans-
formations [71,72]). While degeneracies remain, however,
it is possible to put some constraints on the BH metric or
the potential for quasinormal modes, given a finite set of
quasi-normal mode measurements (see, e.g., [73,74]).
Closely related to the quasinormal mode spectrum are

the transmission and reflection coefficients, which describe
the frequency dependent wave propagation in the space-
time. These coefficients are computed over the whole
exterior BH spacetime. In the Wentzel-Kramers-Brillouin
(WKB) approximation [75] this can be done via integral
equations, which one can attempt to invert to constrain the
properties of the potentials [76–78]. This can also be
connected to Hawking radiation [79]. Like for the quasi-
normal modes, however, the problem is not uniquely
invertible.

VI. CONCLUSIONS

In this work, we have demonstrated that BH spacetimes
and simple accretion models can be constrained at the same
time from BH images. The general inverse problem of BH
imaging involves the reconstruction of the astrophysical
properties of the accretion disk, as well as possible
deviations of the spacetime geometry from GR. Our
analysis is a proof of principle, because it is only valid
(strictly speaking) for spherically symmetric spacetimes
and it makes considerable simplifications for the accretion
model and for the mock data. It is clear that realistic
modeling of astrophysical processes, as well as of the EHT
data analysis pipeline, exceed what can be described by our
simple current framework. However, the detailed study of a
simplified toy models is still of great value and interest,
since it allows one to understand the fundamental aspects of
the problem. This is also well demonstrated by the ongoing
discussion about the interpretation of the bright emission
ring observed by the EHT collaboration, and namely about
whether that can be robustly identified with the impact
parameter of the photon orbit, and thus be used to test the
Kerr hypothesis [26–30].
In summary, our framework addresses the fundamental

question of whether astrophysical uncertainties and degen-
eracies jeopardize tests of the Kerr hypothesis with EHT
BH images. By deriving a linear model that describes the
BH geometry in terms of a general superposition of basis
functions (Gaussians and power laws), we have demon-
strated that a PCA technique allows for reconstructing the
spacetime geometry and the accretion model simultane-
ously, provided that sufficient theoretical priors are avail-
able on the latter.
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APPENDIX: BLACK HOLE SHADOW WITH PCA

In this appendix we apply the PCA framework to the
shadow size of a nonrotating BH and conclude that only
one combination of parameters can be meaningfully con-
strained. We will ignore the effect of spin as in Ref. [29].
The impact parameter bph and radial location rph of

the photon sphere are obtained by solving the system
Vðrph; bphÞ ¼ ∂Vðrph; bphÞ=∂r ¼ 0, where Vðr; bÞ is the
effective potential of null rays in spherical symmetry.
Remarkably, VðrÞ is only sensitive to the gttðrÞ metric
function, and therefore, no constraints can be placed on
an independent function grrðrÞ. Explicitly, this system
becomes [28]

rph ¼
2gttðrphÞ
g0ttðrphÞ

; b2ph ¼ −
4gttðrphÞ
½g0ttðrphÞ�2

: ðA1Þ

For the Schwarzschild metric, these equations can be easily
solved to obtain rSchph ¼ 3 MBH and bSchph ¼ 3

ffiffiffi
3

p
MBH.

A deformed Schwarzschild metric introduces deviations
on the photon sphere radius δrph and impact parameter
δbph. By linearizing Eqs. (A1), they are found to be

δrph ¼ −
3

8
½3r2sδg0ttðrSchph Þ − 4rsδgttðrSchph Þ�;

δbph ¼
9

4

ffiffiffi
3

p
rsδgttðrSchph Þ; ðA2Þ

where rs ¼ 2 MBH and where we can describe δgttðrÞ as a
sum ofM basis terms with parameters αi as in Eq. (6) in the
main text. Our model for the impact parameter—the only
observable—will then be bMðαÞ ¼ bSchph þ δbphðαÞ.
We compare with a measurement bSchph � σ, with error

σ ≈ 0.17bSchph [26], by writing the likelihood

logpðαjbSchph Þ ¼ −
ðbMðαÞ − bSchph Þ2

2σ2
: ðA3Þ

For flat priors, the Fisher matrix (13) becomes

Fij ∝ δgðiÞtt ðrSchph ÞδgðjÞtt ðrSchph Þ; ðA4Þ

which has only one nonzero eigenvalue, corresponding to
the eigenvector

eð1Þ ∝ ðδgð1Þtt ;…; δgðMÞ
tt ÞjrSchph

: ðA5Þ

Then, the only combination [cf., Eq. (11) of Ref. [28] ] we
can constrain with the EHT measurement is

����
XM
i¼1

αiδg
ðiÞ
tt ðrSchph Þ

����≲ 0.17: ðA6Þ
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