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In this work, we study the weak and strong gravitational lensing in the presence of an accelerating black
hole in a universe with a positive cosmological constant A. First of all we derive new perturbative formulas

for the event and cosmological horizons in terms of the Schwarzschild, cosmological and acceleration
scales. In agreement with previous results in the literature, we find that null circular orbits for certain
families of orbital cones originating from a saddle point of the effective potential are allowed and they do

not exhibit any dependence on the cosmological constant. They turn out to be Jacobi unstable. We also
show that it is impossible to distinguish a C-black hole from a C-black hole with A if we limit our probe
only into effects associated to the Sachs optical scalars. This motivates us to analyze the weak and strong

gravitational lensing when both the observer and the light ray belong to the aforementioned family of
invariant cones. In particular, we derive analytical formulas for the deflection angle in the weak and strong

gravitational lensing regimes.
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I. INTRODUCTION

The C-metric with a positive cosmological constant A is
a special case of the Plebanski-Demidnski family of metrics
[1]. It can be obtained from the line element (23) in [2] by
setting the rotation parameter a = 0 and further imposing
that the electric and magnetic charges vanish, that is
e =¢g=0, and it describes two causally disconnected
black holes of mass M each accelerating in opposite
direction due to the presence of a force generated by
conical singularities located along the axes § =0 and
& =z [2]. More precisely, in Boyer-Lindquist coordinates
and in geometric units (¢ = Gy = 1) the line element is
expressed as

ds* = g, dx"dx
dr? r?
= F(r,9) |=fa(r)dt* + —— + ——db?
0 [-auinar + {5

+ rzg(ﬁ)sinzﬁd(pz] , (1)

with
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F(r,9) = (14 arcos9)72,

falr) = <1 —ZTM)(I —a*r?) —%rz,
g(9) = 1 +2aM cos 9, 2)

where 9 € (0,7), ¢ € (—km, kn) and ry < r < r;,. Note
that ry denotes the event horizon, a is the acceleration
parameter, and .. is the cosmological horizon. We present a
detailed analysis of the horizons and their spatial ordering
in terms of the relevant physical parameters in the section.
Here, it suffices to mention that while for the case of a
C-metric the Schwarzschild horizon is smaller than the
acceleration horizon whenever 0 < 2aM < 1, it is not clear
a priori if the same condition ensures that ry < r, in the
case of a C-metric with a positive cosmological constant.
Furthermore, by adapting the tetrad (7) in [2] to the present
case the only nonzero component of the Weyl tensor is

1 9\ 3
¥, — _M<+WCOS> . 3)
r

The above expression confirms that the spacetime with line
element (1) is of algebraic type D and the only curvature
singularity occurs at r = 0. Hence, the horizons ry and r¢
are just coordinate singularities. It is interesting to observe
that for @« — 0 the metric in (1) becomes the metric of a
Schwarzschild—de Sitter black hole while in the case of

© 2021 American Physical Society


https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.104.124029&domain=pdf&date_stamp=2021-12-10
https://doi.org/10.1103/PhysRevD.104.124029
https://doi.org/10.1103/PhysRevD.104.124029
https://doi.org/10.1103/PhysRevD.104.124029
https://doi.org/10.1103/PhysRevD.104.124029

D. BATIC, H. KITTANEH, and M. NOWAKOWSKI

PHYS. REV. D 104, 124029 (2021)

A — 0 but @ # 0 (1) correctly reproduces the line element
associated to the C-metric as given in [3]. This fact means
that any prediction regarding the bending of light in a
manifold described by (1) should reproduce the corre-
sponding results for the Schwarzschild—de Sitter case in the
limit of @ — 0 as well as the gravitational lensing results for
the C-metric obtained in [3] when we let A — 0 with a kept
constant. According to [2], the conical singularity on 8 = 0
can be removed by making the following choice for the
parameter k entering in the range of the angular variable ¢

1

k=——7—, 4

14 2aM )
while the conical singularity with constant deficit angle
along the half-axis 9 = z which is computed by means
of (22) in [2] as

8raM

d=———,
14 2aM

(5)

can be explained in terms of a semi-infinite cosmic string
pulling the black hole and/or of a strut pushing it. Similarly
as for the C-metric, this allows us to think of (1) as of a
Schwarzschild—de Sitter-like black hole experiencing an
acceleration along the § = z direction due to the presence
of a force, i.e., the tension of a cosmic string. Moreover, we
observe that the length of interval for the range of the
coordinate ¢ can be transformed to its standard value 2z
with the help of the rescaling ¢ = k¢ so that ¢ € (—z, x).
Moreover, [4] was able to provide an interpretation of the
string/strut in terms of null dust. In the rest of this paper, we
will work with the line element obtained after the afore-
mentioned rescaling is introduced, namely

ds* = =B (r,8)dt* + A\(r,9)dr* 4 C(r,9)d6?

+ D(r, 8)d¢?, (6)
where
= fA(r)F(r r :F(r,&)
Ba(r,8) = fa(r)F(r,9),  Ax(r.9) IRCR
L F(r.9) B )
C(r,8)=r o9 D(r,9) = k*r’g(8)F(r,8)sin*9,

(7)

with F, f,, and g given in (2).

In the present work we study the geodesic motion of a
massive particle and the light bending in a two black hole
metric with a positive cosmological constant. For this end,
a preliminary study of the behavior of the null geodesics
turns out to be convenient in detecting some features of
strong gravity in the aforementioned spacetime. The ques-
tion of new phenomena arises if we consider a metric which

in some limiting case reduces to the Schwarzschild metric
(for examples see [5]). Here, the fate of the circular orbit,
already appearing in the Schwarzschild metric, and issues
regarding its stability deserve careful attention because
they will give us useful insights on how to construct an
appropriate impact parameter. While the C-metric has been
extensively studied during the last decades, the same cannot
be said for its counterpart with A. The independence of null
geodesics on the cosmological constant was first recog-
nized in a seminal and extremely comprehensive paper
on photon surfaces by [6] where a general class of static
spherically symmetric spacetimes was considered. The case
of nonspherically symmetric manifolds was addressed
by [7]. There, among several physically relevant space-
times, the case of a C-metric with cosmological constant
was studied and the authors discovered that a nonspheri-
cally symmetric photon surface continues to exist even
in that scenario. The conclusion is that, while the
Schwarzschild metric exhibits a photon sphere, the same
cannot be said for the C-metric. More precisely, [7] showed
that instead of a photon sphere there is a photon surface
displaying at least one conical singularity.

Regarding geodesic motion in a C-black hole, radial
timelike geodesics were analyzed by [8] whereas the study
of the circular motion of massive and massless particles
was undertaken by [9]. Moreover, [10,11] offered an
exhaustive treatment of timelike and null geodesics by a
mixture of analytical and numerical methods. Finally, [12]
probed into the motion of spinning particles around the
direction of acceleration of the black hole. Furthermore, [3]
determined the coordinate angle of the so-called photon
cone and performed a Jacobi stability analysis to show that
all circular null geodesic on the photon cone are radially
unstable. The shadow of a C-black hole was studied in
[13,14] while [15] derived inter alia an exact solution of the
lightlike geodesic equation by means of Jacobi elliptic
functions and determined the angular radius of the shadow.
We should also mention that the analysis of the lightlike
geodesics and the black hole shadow for a rotating C-metric
have been addressed in [16]. Moreover, [17] probed into
photon spheres and black hole shadows for dynamically
evolving spacetimes. Finally, we refer to [18,19] for the
analysis of the quasi-normal modes and the stability
properties for a C-black hole.

Regarding a C-black hole in an anti—de Sitter (AdS)
or a de Sitter (dS) background, [20-27] studied in detail
the geometric structure and the related properties of these
spacetimes. The analysis of the circular motion of massive
and massless particles in the C-metric with a negative
cosmological constant was performed by [28] where the
author proved that the circular null geodesics are unstable
whereas [25] completed the study of [28] by considering
some special characteristics associated to the null geodesics
in the aforementioned metric. Recently, Lim in [29]
classified all possible trajectories for photons in the
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AdS/dS C-metric in terms of the particle angular momen-
tum and the energy scaled in units of the Carter constant.
Similarly as in [15], it was possible to construct exact
solutions for null geodesics by means of Jacobi elliptic
functions. However, the stability problem for such trajec-
tories has not been addressed by [29]. We complete the
results of [29] by concentrating on the interplay of different
scales in the potentially observable or physical relevant
case. To make a comparison with known results of the
Schwarzschild—de Sitter metric more accessible, we work
in Boyer-Lindquist coordinates.

Concerning gravitational lensing, detailed studies on
light bending in the weak and strong regimes were
pioneered by the George Ellis lensing group. Some of
their exciting results which have relevance to the present
work are [30-34]. A nice and thorough review article on
this subject has been written by [35]. Finally, [36] exploited
a novel geometrical approach based on the Gauss-Bonnet
theorem applied to the optical metric of the gravitational
lens in order to derive weak lensing formulas for spheri-
cally symmetric metrics generated by certain static, perfect
nonrelativistic fluids. Regarding the gravitational lensing
[15] derived a lens equation and showed that the lens results
of [37] for the rotating C-metric with Newman-Unti-
Tamburino (NUT) parameter does not contain as a special
case the C-metric (where both the acceleration and NUT
parameters are set equal to zero). Moreover, [3] studied the
strong and weak lensing for null rays on the photon cone.
To the best of our knowledge, we could not identify any
paper studying the bending of light and analyzing the (in)
stability problem of null circular orbits for the C-metric
with positive cosmological constant. We hope to fill this
gap with the present work.

The remainder of the paper is structured as follows. In
Sec. II we analyze the horizon structure of the dS C-metric
in terms of certain orderings among the Schwarzschild,
the cosmological and the acceleration scales. In order to
understand which scale orderings are physically relevant,
we consider three typical black hole representatives; ultra-
massive, massive, and light. In Sec. III we derive the
effective potential for massive and massless particles and
we show that the null orbits have the same radius and take
place on the same family of invariant cones as in the
C-metric, i.e., they do not depend on A. (This result is in
agreement with [7].) Moreover, we find that the circular
orbit is due to a saddle point in the effective potential,
which requires an additional effort to probe into the
associated stability problem. This is addressed in
Sec. IV where we perform the Jacobi (in)stability analysis
of the circular orbits. In Sec. V since the Sachs optical
scalars cannot be used to optically distinguish between
C- and a dS C-black holes, we study the gravitational
lensing in the weak and strong regimes. More precisely, the
corresponding deflection angles are analytically computed
when the light propagation occurs on a certain family of

invariant cones, and their dependence on the observer
position is shown. Our formulas correctly reproduce the
corresponding ones in the C-metric case in the limit of
vanishing A and indicate that the deflection angles may
depend on the cosmological constant if the position of the
observer is close to the cosmological horizon.

II. ANALYSIS OF THE HORIZONS

The structure of the horizons for the metric associated to
the line element (1) can be unraveled by analyzing the roots
of the equation f(r) = 0 with f, given as in (2). To this
purpose, it is convenient to introduce the Schwarzschild,
the cosmological and the acceleration length scales defined
as rg = 2M, ry = \/3/A, and r, = 1/a, respectively. The
appearance of several scales in the metric makes a precise
study of the horizons a worthwhile undertaking since
a priori it is not clear what structure of the horizons will
emerge. Apart from that, we recall a curious fact from the
Schwarzschild—de Sitter metric with two horizons, one
dominated by r; and the second one (the cosmological
horizon) by r,. The Boyer-Lindquist coordinates which one
uses to study this metric are valid within these two horizons
where we locate ourselves and the rest of the Universe.
An observer outside r, might even claim that we are living
inside a black hole. It is interesting to reconsider the unique
position for the case of the C-metric as more scales enter the
calculation. In terms of these scales the equation f,(r) =0
gives rise to the following cubic equation,

P(r):;ﬁ—prz—ar-l-’r:(), (8)

with
rer r2r rerirk
p=2+2, 0':2_|_2’ T:2+2' )
s+ rs +r; s+

First of all, we observe that the extrema of the cubic in (8) are
located at

5 neviza, a=3(147) 50
ro = ) — I 5 )
G A

(10)
with 7_ < 0, r, > 0 and moreover,

2
r
P =— A 213411 = AY/2 —
(r—) 27(7‘%"‘7’3)3{ rSrA[( + ) ]

+ 187,27k +45r X rd +27r,5}. (11)
Since P(r) - —o0 as r — —oo, we conclude that r_ is a
maximum. The fact that P(r_) > 0 for any positive value of
the scales, as it can be immediately seen from (11), together
with the observation that P(0) > 0, allows us to conclude
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that the cubic (8) admits always a negative root, here denoted
by r_ while the other two zeros may be positive and distinct,
having algebraic multiplicity 2 or being complex conjugate of
each other. However, the scenario where the two positive roots
coincide, i.e., the discriminant of (8) vanishes, is not physi-
cally relevant because as the discriminant tends to zero, the
region between the two positive roots gets smaller and smaller
and it is impossible to define a static observer in most of the
spacetime. Furthermore, the case of two complex conjugate
roots corresponds to the presence of a naked singularity at
r = 0. Since the cubic (8) depends on the three scales r,, r,,
and r,, it is imperative to understand which orderings among
these scales are physically relevant. To this purpose, we
consider three typical black hole representatives; ultramassive
BHs such as TON618 in Canes Venatici [38] whose
Schwarzschild radius is 32 times the distance from Pluto
to the Sun (see Table I), massive BHs like Sagittarius A* at the
galactic center of the Milky Way [39] whose event horizon is
approximately 18 times the sun radius, and light BHs such as
GW170817 in the shell elliptical galaxy NGC 4993 [40]
with an event horizon diameter of 18 km. From Table I, we
immediately observe that we can always assume r, << 7.
Regarding the acceleration parameter a, it is important to
observe that for C-black holes with cosmological constant the
only constraint we need to impose on « is that @ > 0. The
situation is dramatically different in the case of the C-metric
where the black hole mass and the acceleration parameter
must satisfy the condition 2Ma < 1 which is equivalent to
require that r; < r,. Let us discuss and interpret the roots
of (8) for the following cases:

(1) ry =r, < ry; in this scenario, given M the accel-

eration parameter of the black hole in SI units is

c2

T oGuM

(12)

See Table I for typical values for a,. Note that this
case has no corresponding physical counterpart for a
C-metric because in the limit of A — 0 we would
have a C-BH such that the event and acceleration
horizons coincide. Setting r; = r, in (8) and intro-
ducing the small parameter ¢ = r,/r,, the discrimi-
nant of the reduced cubic is

2

3

€*r8(27¢* 4 32)

D, =——"" 2
LT108(1 + €2)?

(13)

which is clearly positive. This observation together
with the remark below Eq. (11) allows us to
conclude that there is one negative root and two
complex conjugate roots. Hence, this is the case of a
naked singularity at » =0 and the coordinate r
can be extended up to spacelike infinity. In com-
parison a naked singularity is not possible in the
Schwarzschild—de Sitter metric.

ry < r, K ry; if we rewrite (8) as

3P+ (r—rs)<1 —:—§> —0,  (14)

a

we see that A is the small parameter and a straight-
forward application of perturbation methods for
algebraic equations shows that the event horizon
ry and the cosmological horizon 7, are represented
by the following expansions,

rr2 r(3rk —r?)
—r sta s a S)A2 L O(A3 ,
GO T s S s S
(15)
4 T(3r, —5r,
rp=r,— 'a A—f—r“( Ta r“3)A2+(9(A2).

6(}"“—1}) 72(1’61—?‘3)
(16)

From the point of view of the horizon structure
this is an interesting case. Even if A appears in the
corrections, the horizon associated with it disappears
and in its place, we encounter r, which we could
rightly call the acceleration horizon. As a conse-
quence, we locate our position within the acceler-
ation horizon. Note that the same expansion holds
also for r, < ry K ry.

ry K r, = ry;in this regime the acceleration param-
eter is completely determined by the cosmological
constant and is given in SI units as

TABLEL Typical values of the scales and acceleration parameter for different black hole scenarios. Here, My = 1.989 x 103 Kg and
ro = 6.957 x 10% m denote the solar mass and the sun radius, respectively. The value for the cosmological constant is taken to be
A =~ 10752 m as in [42] while the values of the ratios M /M, are as given in [38—40]. The fifth column represents the allowed ranges
for the acceleration parameter «,. in the case the aforementioned black holes are modeled in terms of the C-metric for which it is

necessary to consider the constraint 2Ma, < 1. From the last column where @, = ¢*+/A/3 we see that the case r, < r, = r, can only

be relevant to light black holes such as GW170817.

BH name M/Mg 7, (m) 7/ Ta a, (m/s?) a, (m/s?) 2GyMay /c?
TONG618 6.6 x 100 1.9 x 10 1.1 x 10712 <5.1x10715 51 %1075 10°
Sagittarius A* 4.3 x 100 1.3 x 1010 7.3 x 10717 <7.8x 10710 7.8 x 10710 7
GW170817 2.74 8.1 x10° 4.7 x 1072 <12x 107 1.2x107* 1076
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A
ap = cz\/;z 52x 10719 m/s2. (17)

Since ry < r,, it mustbe 2Ma, < 1. As we can see
from the last column in Table I, such a condition is
violated by ultramassive and massive black holes.
Hence, the present case may be relevant for light
black holes such as GW170817. By means of the
rescaling r = r/r, and the introduction of the same
small parameter € already defined in (1) we can
rewrite (8) as

[\SROY

1
(1—r2)+t<r2—§> =0. (18)
The discriminant of the associated reduced cubic is

et 71 1
Dy=——rt——et———. 19

ST T s T 216 (19)
From Fig. 1 we observe that also in this case the
discriminant may become positive. More precisely,

we have three distinct real roots if 0 <e < ¢y =

\/ 142 — 344/17 /4 while the naked singularity case

occurs when € > ¢,. Applying again perturbation
methods to find expansions for the positive roots
of (18) yields

r? r% rz
m:g+7+4¢+06&, (20)
r I’A

A N
0.03 1
0.02
0.014
0,
0 0.2 0.4 0.6 0.8 1
€
FIG. 1. Plot of the discriminant (19) for 0 <e < 1.

rA Ty 7 r? 1r§

=A_ s 1 s s
T V2 4 16V2ry 213

689 4 o
-————=4+0(= . 21
512v/2 1) Qﬁ) 1)

This case resembles indeed the Schwarzschild-
de Sitter order of horizons.
We conclude this section by observing that in general, Eq. (8)
can be transformed into the reduced third-order polynomial
equation

AGRR AR+
(A +72)?
rorX 274 (972 = 12) + 4515 1 + 2778]
27(r +r2)? ’

Y 4+ pY+q=0, p=

s

q= (22)

by means of the variable transformation Y = r+ p/3.
According to [41] the associated discriminant is

OR -

and we have the following classification:
(1) three distinct real roots for D < 0;
(2) two real roots where one root has algebraic multi-
plicity two whenever D = 0;

(3) one real and two complex conjugate roots for D > 0.
Since the first case is physically relevant, we will stick to
the condition D < 0. Then, if we introduce the additional
parameter R = +/|p|/3 and the auxiliary angle » defined as
cosw = q/(2R?), then the roots are parametrized with the
help of trigonometric functions and their inverses in the
following form,

__P_ @ =_r T_®
n=-3 2Rcos(3>, 1) 3—|—2Rcos(3 3),

r3:—g—)—|—2Rcos <§—I—§> (24)

We observe that in addition to the inequality D < 0, there is
the additional constraint that cosw < 1. These two con-
straints are not satisfied for any value of the scales entering in
our problem as it can be seen in Fig. 2. However, it can be seen
that the condition D < 0 ensures that cos@w < 1.

III. GEODESIC EQUATIONS AND
EFFECTIVE POTENTIAL

When we turn our attention to the study of the geodesic
motion, in addition to r, r,, and r,, a new scale ¢
associated to the angular momentum of the particle enters
the scene. To probe into the interplay of these scales,
the method of the effective potential seems most adequate.
One might expect that the many new scales, as compared to
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10 A

FIG. 2. The yellow region represents the region in the param-
eter space (x,y) with x=r,/ry and y =r;/r, where the
constraints D < 0 and cosw <1 are simultaneously satisfied.
The solid black line is the curve along which cosw = 1.

the Schwarzschild—de Sitter metric, will result in a richer
structure of critical points. It will turn out that this is partly
true, but only if we pay careful attention to the emergence
of saddle points. To study the motion of a particle in the
gravitational field described by (6), we need to analyze the
geodesic equations [43],

d2x" dx* dx* 1
5 ¥ T, — Y, _’17611/ ay‘r_a‘rv
a2 T 59" (Oues + 0o = OcGpu)
(25)
subject to the constraint
dx* dx¥
- = 2
gy~ ¢ (26)

with € = 0 and ¢ =1 for lightlike and timelike particles,
respectively. The system of coupled ordinary differential
equations (ODEs) associated to (25) can be immediately
obtained from Egs. (8)—(11) in [3] by replacing A, B, and f
therein with the functions A, B,, and f» defined in (7) and
noticing that the functions C and D remain the same.
In view of this observation, one can proceed as in [3] and
conclude that the dynamics is governed by the following
coupled system of ODEs

d’r  0,Ap (dr\?* 0sApdrd9 9,C (dI9\?
a2~ T a, <a> TA, didi 24, (m)

& 0,By, ¢* 0.D
2 A\BX T 2 ADY

(27)

P9 9,C <d8>2 _9,Cdrd9 _9;A, (dr>2

d2 - 2c \da C did. ' 2c \di
_E0yBy 209D (28)
2 CB%Y 2 CD*

where £ and Z are the energy per unit mass and the angular
momentum per unit mass of the particle, respectively.
Moreover, the constraint Eq. (26) can be cast into the form

F2[(dr\2  Pf, (d9)>
7{(5) Ty (ﬂ)]“’eﬁ—ﬂ (29)

where E = £2/2 and the effective potential is given by

Uee(r. 9) = % <e + fj) : (30)

At this step, it is gratifying to observe that in the limit of
vanishing o and A Eq. (29) reproduces correctly Egs. (25)
and (26) in [43] for the Schwarzschild case. Moreover, the
functions A,, By, and C are non-negative for rgy < r <y,
and therefore, £ — U,y >0 as in classical mechanics.
Finally, the equality, E = U, corresponds to a circular
orbit and a critical point of the effective potential. Since in
the present work we are interested in the study of the light
bending, we recall that in the case of null geodesics ¢ = 0
and hence, the effective potential simplifies as follows:

/’B
B(r,9) = 2DA. (31)

To study the null circular orbits for the potential (31), we
need to find its critical points. Imposing that 9,88 = 0 =
0B leads to the following equation,

3aMcos?d + cosd —aM = 0.
(32)

M +r—-3M =0,

At this point a comment is in order. First of all, the above
equation does not contain A. This is surprising because
the spacetimes described by (6) and the C-metric are not
conformally related. The same phenomenon occurs when
we study the null circular orbits for the Schwarzschild and
Schwarzschild—de Sitter black holes, i.e., in both cases the
corresponding photon spheres are characterized by a
typical radius which is A independent [6]. Hence, we
can conclude as in [3] that null geodesics admit circular
orbits with radius

6M
T, = ,
1V T 128 M?

only for a certain family of orbital cones with half opening
angle given by

(33)

2aM
0. = arccos( ¢ > (34)

14+ V14 120°M?
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Note that due to the fact that aM € (0,1/2) and 9, is a
monotonically decreasing function in the variable aM, it
follows that 9, cannot take every value from O to z. More
precisely, it can only vary on the interval (9, iy, 7/2) with
8¢ min = arccos (1/3) = 70.52°. To classify the critical
point of our effective potential, we compute the determi-
nant of the Hessian matrix associated with the effective
potential (31) at the critical point (r., 8,.). We find that the
determinant A of the Hessian matrix is

4 (1+7)°
139968M°%* (1 + 7 1 4x2)3

S(x)+ K(d.x)
T(x)
(35)

A(re.9,) =

with x := aM, d = r,/rx, 7 = V1 + 12x°. The functions S
and T are the same as those computed in [3], namely
S(x) = (17287 + 8640)x'* + (10087 — 720)x®

— (4927 + 828)x% + (25 — 357)x*

+ (132 + 19)x* + 1 + 7, (36)
|

T(x) == 32x% + (327 + 176)x® + (487 + 114)x*
+ (147 4+20)x*> + 1 + 1, (37)

while the new contribution due to the cosmological con-
stant is encoded in the function K(d, x) which is given by

K(d.x) = —d® [1944x8 + (12967 + 4860)x°

3375 297
+ <9181 + T)x“ + <Tr + 1892)x2

+24—7(1+ 1)} (38)

Note that in the limit of d - 0 Eq. (35) reproduces
correctly (31) in [3]. From the analysis performed in [3]
we already know that the function T is always positive
for x € (0,1/2). This signalizes that the sign of (35) is
controlled by the term S(x) + K(d, x) which is positive for
x in the interval (0,1/2) and

(97 +45)x* + (97 +15)x*> + 7+ 1

d<f(x),  fx)=2v3(1- 2x)\/

where f is the function representing the dotted boundary of
the yellow region in Fig. 3. Since black holes of astro-
physical interest are characterized by r; < r,, this implies

0.4

0.31

d 0.2

0.1

0% T T T T ‘\
0 0.1 0.2 0.3 0.4 0.5
X

FIG. 3. The yellow region represents those points (x,d) for
which the function S(x) + K(d, x) appearing in the Hessian (35)
is positive.

24x5 + (167 + 58)x* + (107 + 16)x> + 7+ 1

(39)

|
that d < 1. The yellow part in Fig. 3 represents the region
in the space of the parameters x and d, where the function
S(x) + K(d, x) is positive. This is clearly the case for x €
(0,1/2) and d < 1. Hence, we conclude that the critical
point (r.,9d,.) of the effective potential is a saddle point.

A. Geodesic motion for massive particles

We study the motion of test particles for the C-metric
with positive cosmological constant. Since there are three
physical scales involved, we expect that they may combine
in such a way to lead to new results. We recall that the
equation of motion for a massive particle with proper time 7
in the aforementioned metric is given by (29) with 4
replaced by 7z while the effective potential is represented
by (30) with ¢ = 1. In the case £ = 0, the effective potential
reads

1-Z4 58— (L+5)r7
- Ty R (40)

2(1 +Lcos 9)?

Veff(r’ '9) =

By means of the rescaling p = r/rg, x = ry/r and in the
regime r, < r, = rp we can cast (40) into the form

L=1+x%(p—2p%)

Veir(p, 9) =
air(p-9) 2(1 + xpcos9)?

(41)
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Concerning the behavior of the effective potential at the
cosmological horizon, we observe that at the quadratic
order in the small parameter x

Uesi (P, 8) = — K+ 0K, (42)

4(cos 8 +2)

and hence, U is always negative there for any 9 € [0, z].
Regarding the motion of a timelike particle, it follows
from (29) that the particle dynamics is constrained to those
regions where the reality condition

E— Veff >0 (43)
is satisfied. In the case of ry <« r, = r, displayed in Fig. 4,
we see that, depending on the value of the parameter E, the
geodesics can reside in different regions. For example, if
0.1 < E <0.49, the particle neither falls into the event
horizon nor into the cosmological horizon. More precisely,
it stays inside the yellow compact region displayed in the
first two panels of Fig. 4. Such a region becomes smaller
as E increases. When E crosses a critical value E ; €
(0.49,0.497), the particle will fall into the event or
cosmological horizon. Regarding the critical points of
the effective potential (41), the condition OgV. s = 0 is
satisfied whenever 8 = 0 or 9 = 7. In the case £ = 0, it is
not difficult to check that the geodesic Eqs. (27) and (28)
stay finite at the axes 9 = 0 or § = z. This signalizes that
mathematically speaking, we can probe into geodesics
going through the poles. As it was already noticed
by [10], such geodesics are not physically possible because
the particles moving along these trajectories would undergo
a collision with the cosmic string/strut causing the black
hole to accelerate. This problem can be circumvented if we
imagine these timelike geodesics to be arbitrarily close to
the axis 94 =0 or § =z, while keeping the geodesic
equations at 9 = 0 or 9 = x as an approximation. In the

following, we focus on the case r; < r, = r, which has
not been covered by [29].

1. Timelike radial geodesics along 9=0

If we impose that 0,V = 0 along the north pole we end
up with the cubic equation
P+ +x2-x)p?=3xp—1=0. (44)
Descartes’ rule of signs implies that there is only one
positive root, here denoted by p; because the polynomial
(44) exhibits only one sign change due to the fact that

x < 1 ensures that the term 2 — x is positive. On the other
hand,

dZVeff(P’ 0)
dp?

L ey ow

crit

(45)

P=Perit

is negative, and therefore, the equilibrium point pg; is
unstable. This also signalizes that p; is a maximum for the
effective potential. This implies that the associated geodesic
is unstable and under any small perturbation, the particle
will either cross the event horizon of the black hole or
approach the acceleration horizon. The same behavior
occurs in the case of a vanishing cosmological constant.
The latter scenario was studied in [10]. For typical values
of p.ic we refer to Table II. In order to find an analytic
expression for the maximum by applying the perturbative
theory of algebraic equations, it is convenient to use a
different rescaling, namely p = p/r,. Then, p = p/x, and
the polynomial Eq. (44) becomes

(x+4)p>+ (2—-x)p* =3xp—x=0. (46)
Since x is a small parameter and the associated unperturbed
polynomial has roots at p = —1/2, 0, 0 a straightforward

3 3

2 2
0 6

1 1

0 0

300 400 500 600 700 100 200 300

P

100 200

p

300 400 500 600 700

p

400 500 600 700 100 200

FIG. 4. Typical shapes of the region where the inequality E — V. > 0 is satisfied for timelike particles with E = 0.1 (left), E = 0.49
(middle), and E = 0.497 (right) when x = 1073, The event and cosmological horizons are approximately located at py = 1 + O(x?)

and p), = -1+ ﬁx + O(x?) = 706.86.

V2x
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TABLEII. Typical values for the location of the maximum (p;
for 9 = 0 and p;; for 9 = x) in the effective potential (41) when
¢=0andr, < r, =ry. Here,p =r/ryand x = r;/r, while py
and p;, are computed from (20) and (21).

X PH Ph Perit ﬁcrit

1073 1 706.857 22.606 499.875
10~ 1 7070.817 70.959 4999.875
1073 1 70710.428 223.856 49999.875

application of perturbation methods for algebraic equations
[44] shows that (46) has roots at

X X 3\/§ 3 1 x
D = — V=32 2 Dy — — — — — 2
7 \/2+4 2" +0(x?), P, 3 8+(9(x),

X X 3\/5 3
~ XX PVe s 2
P3 \/;—|-4+ " + O(x%). (47)

Moreover, Descartes’ rule of signs implies that there is only
one positive root because the polynomial (46) exhibits only
one sign change due to the fact that x < 1 ensures that the
term 2 — x is positive. Hence, we can conclude that p, 3 are
negative and the only positive critical point is represented
by the root p;. From case 3 in Section II the cosmological
horizon is located at p, = (1/v2) — (x/4) + O(x?). On
the other hand, we find at quadratic order in x that p; < p,,
if x € (0,0.5046) while p; > py for x € (0,0.6774). Since
x < 1, we conclude that the critical point is given by

rara ry 3V2 Ty r?
P L S S O L NG T G T
Ferit 2 T e T (rA (48)

and by the analysis we performed previously, it must be a
maximum for the effective potential.

2. Timelike radial geodesics along 9=rn

In this scenario, the corresponding cubic equation is
4 -x)p* —x(x+2)p* +3xp—-1=0. (49)

If we apply Descartes’ rule of signs, we conclude that there
are always two complex conjugate roots and one positive
real root, here denoted by p,;; because the polynomial (49)
exhibits three sign changes due to the fact that x < 1
making the term 4 — x positive. Moreover,

dzveff (P, ﬂ)

1
dp2 =—5 + X2+ O(X3), (50)

P=Perit pcrit

from which we conclude that p.; is not an equilibrium
point for timelike particles moving along the south pole.
Hence, a small perturbation will cause the particle to be

either swallowed by the event horizon or to approach the
cosmological horizon. For typical values of p.;; we refer to
Table II. Also in this case it possible to obtain an analytical
expression for the maximum of the effective potential.
Proceeding as before, we can rewrite (49) as

(x=4)p+(2-x)p* =3xp—x =0, (51)

which has been obtained from (49) by setting p = p/ry so
that p = p/x. The unperturbed polynomial has roots at 1/2,
0, 0, and if we apply perturbative methods, it can be easily
verified that there are two complex conjugate roots and one
real root given by p.q = (1/2) — (x/8) + O(x?). In par-
ticular, we have p.; < pp, if x < 1.6568 and P > py
for x < 0.4444. Since x < 1, we conclude that py <
Puit < P Finally, we find that

2
e —%-%Ho(i). (52)

3. The case € # 0
For ¢ # 0, the rescaled effective potential in the case
ry L r, = rp reads
(1= D1 = 2p?) - 22
2(1 + xpcos 9)?
L2(1 + x*)(1 + xpcos 9)?
p?(1 + xcos 9)sin’9

ueff(p’ '9) =

I+

. (53)

with L = £/rp, x = ry/ry, and p = r/r,. Concerning the
behavior of the effective potential at the cosmological
horizon, we observe that at the quadratic order in the small
parameter x

114688 sin? &

ueff(phﬂg) = _7)(2

POX) +0(x%), (54

with X = cos & and

P(X) = —65536X* — 131072V/2X3 — 65536X>
+131072v2X + 131072. (55)

At this point a comment is in order. Since the polynomial
in (55) has roots at &1, £+/2, the potential will diverge at
the cosmological horizon along the rays 9 = 0 and 9 = =,
i.e., along the direction of the cosmic string. On the other
hand, for 9 € (0,7x), the polynomial function P(X) is
always positive as it can be seen from Fig. 5 and therefore,
we conclude that for each fixed value of 9 € (0,7) the
effective potential takes on a negative value at the cosmo-
logical horizon. In the following, we perform a numerical
analysis of the critical points of Ug. Imposing 0,Ucy = 0
and Oyl = 0 leads to the following coupled system of
algebraic equations
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FIG. 5. Plot of the polynomial P(X) defined by (55) with
X =cosd.

5

> _A8)p" =0, (56)

n=0

3

sin9(2x%p% = x%p? = p+ 1) B, (9)p" =0. (57
n=0

with

As(9) = —x*cos* 9 + x*(L2x* + L?x* = 5) cos® 9
+ x%(x* — 4) cos® 9 + 5x% cos 9 + 4x2, (58)

A4(9) = =2x2 cos* 9 + x[2L%x*(x* + 1) — 2] cos® 9
+ 3x%[L%x*(x* + 1) + 1] cos* 9
+x(2 = x?) cos 9 — x?, (59)

A3(9) = 3x? cos* 9 — 3x[L2x* (x> + 1) — 1] cos® 8
+ 3x?2L%(x* + 1) — 1] cos* 9
+ 3x[L?x*(x* + 1) — 1] cos 9, (60)

Ay(9) = xcos® 9 + —[9L%x* (x> + 1) — 1] cos? 8
+x[6L2(x*> + 1) = 1]cos 9 + L2x* (x> + 1) — 1,
(61)

A (9) ==9L%x(x*+1)cosd+2L*(x* +1)=3L*(x*+ 1),
Ao(8)==3xL*(x+1)?, (62)

B3(9) = —2x% cos® 9 + x*[BL2x* (x> + 1) — 4] cos’ §
+ 2x[L2x% (x> + 1) + 2x% — 1] cos* 8 (63)

— x?[L2x*(x* + 1) — 8]cos®9 — 2x(x* — 2)cos?9
— 4x% cos 9 — 2x, B;(9) = xcos 9B, (9), (64)

B (8) = 9L?>x*(x*> + 1) cos® 9 + 6L%x(x> 4+ 1) cos> 9
—3L%x*(x* 4+ 1) cos 8, (65)

Bo(8) = 3L%x(x* + 1) cos?> 9 + 2L% (x> + 1) cos 9
— L2x(x* +1). (66)

First of all, we observe that even though § = 0, = are roots
for Eq. (57), they must be disregarded because the effective
potential is singular there. Concerning the roots of the
polynomial p(x) = 2x?p* — x2p?> — p + 1, Descartes’ rule
of signs signalizes the presence of two or zero positive
roots. However, these roots are not relevant to the present
analysis because they coincide with the event and cosmo-
logical horizons. This can be easily seen by rewriting

TABLE III. Typical values for the saddle points and local
minima of the effective potential (41) when Z#0, 107 <x <
1073 and 102 < L < 1.733. Here, “sp” and “Im” stand for saddle
point and local minimum, respectively.

X L Perit '9crit (rad) Type
1073 102 22.591 0.055 sp
10~ ” 70.930 0.041 sp
1073 ” 223.803 0.031 sp
1073 10~ 22.449 0.175 sp
1074 ” 70.666 0.131 sp
1073 ” 223.329 0.098 sp
1073 1 20.764 0.593 sp
1074 ” 67.776 0.428 sp
1073 ” 218.340 0.315 sp
1073 1.731 18.741 0.845 sp
107 ” 64.980 0.584 sp
1073 ” 213.917 0.422 sp
1073 1.7317 2.998 1.561 sp
? ” 3.007 1.561 Im
” ” 18.738 0.845 sp
10~ ” 64.977 0.584 sp
1075 ” 213.912 0.422 sp
1073 1.733 2.892 1.562 sp
” ” 3.122 1.560 Im
” ” 18.734 0.846 sp
1074 ” 2.90377 1.56999 sp
? ” 3.10287 1.56975 Im
” ” 64.972 0.585 sp
1073 ” 2.90390 1.57071 sp
” ” 3.10267 1.57069 Im
” ” 213.904 0.422 sp
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TABLE IV. Typical values for the saddle points and local
minima of the effective potential (41) when # # 0, x = 10~ and
1.8 < L <100. As in the previous table, sp = saddle point and
Im = local minimum.

L Perit Ieyi¢ (rad) Type
1.8 2.358 1.566 sp
” 4.136 1.548 Im
” 18.488 0.871 sp
2.2 1.856 0.157 sp
” 8.115 1.462 Im
” 16.499 1.042 sp
2.4 1.773 1.569 sp
” 11.059 1.356 Im
” 14.406 1.185 sp
2.438 1.761 1.569 sp
” 12.492 1.290 Im
” 13.131 1.257 sp
2.440 1.760 1.569 sp
10 1.511 1.570 Im
102 1.500 1.570 sp

p(x) = 0 as the cubic Eq. (18) and taking into account that
€ = x. These observations tell us that it suffices to consider
the following system

FIG. 6. Typical saddle point configuration for the potential (53)
for L =22 and x = 1073,

In Table III, we classified the critical points of the effective
potential (53) for x in the range 10~ = 103 and L between
1072 and 1.733. We observe that for small values of L
the potential admits only saddle points. However, as L
increases, a local minimum develops even if the values of
the parameter x decreases. In Table IV, we focus on the
dynamics of the local minimum when L increases while x
remains fixed. More precisely, a local minimum exists only
if L varies between some L;, and L,,. In particular for
x = 1073, we find L,;, ~ 1.7317 and L,,,, ~ 2.4380. One
can see from Table IV the prevalence of saddle points. It is
tempting to call the effective potential of the C-metric with
positive cosmological constant the potential of saddle
points. The latter is positive and becomes negative at large
p [see Eq. (42)]. This achieved by a saddle point as we
demonstrate in Fig. 6.

IV. JACOBI STABILITY ANALYSIS OF THE
NULL CIRCULAR ORBITS

Since we do not know a priori which effect A has on the
stability of the null circular orbits found in the previous
section, we need to study once again the salient features of
the associated Jacobi stability problem. To this purpose, we
need first to verify that the critical point of the effective
potential is also a critical point for the geodesic Egs. (27)
and (28). In that regard, it is convenient to rewrite (27)
and (28) with the help of the constraint Eq. (29) and the
definition of the effective potential (31) as follows:

2 2
4 19,10 /AC] <%) + (D Inay)drdd

dr didi
E . B,
—i—ﬁarln?zo, (68)
d>9 d9 drd9
dyIn \/ALC) | — 9,InC)—=—
2 10 InVAs ]<d/1> om0 ZT
2 Ap

For a circular orbit with r = r. and 9 = 9, all derivatives
in the above equations vanish and we are left with the
following system of equations

By Ap
o(2)  —o a(R)| o oo
C /s D /.00
that can be simplified as follows:
d fA(r) d 1
— =0, — | —= =0. (71
dr ( r2 r=r. d19 981n21‘9 19:19('. ( )

Since
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& d (fa(r)
0,8 = — ,
2k%gsin9 dr ( r?

Afnd (1
0yB = — , 72
y 2k%r* d9 <gsin28) (72)

and the derivatives above vanish when evaluated at r = r,
and 9 = 9., we conclude that the equations in (71) are
trivially satisfied. In order to study the Jacobi (in)stability
of the null circular orbits, we will proceed as in [3], that is,
we first recognize that Egs. (68) and (69) are a special case
of the dynamical system

d’x' .

1,2 1 2y

d—/12+gl(x7x’y ’y)_()? (73)

where

g (x' %y y?) = [0 In\/A\CI(y')? + (0, InAp)y'y?

E B
+ﬁ81 ln?, (74)
g (' x%yhy?) = [0,1n vV ANCI(?)? + (91 In C)y'y?
2
Ap
9, In=2
22" (75)

withx! == r, x* := 9, and y' = dx’/dAfori = 1,2 and then,
we apply the Kosambl Cartan-Chern (KCC) theory which
has been widely used in the last decade as a powerful tool to
probe the stability of several dynamical systems appearing
in gravitation and cosmology [45-55]. Let us assume that
g' and ¢* are smooth functions in a neighborhood of the
initial condition (x},x3, yh, v3,4.) = (re,9.,0,0,4.) € R.
The main result we will use is the following theorem: An
integral curve y of (73) is Jacobi stable if and only if the
real parts of the eigenvalues of the second KCC invariant
Pj. are strictly negative everywhere along y, and Jacobi
unstable otherwise. We recall that

pi— Y _ O, NiN' oN;
§= g G Y g NN
. ON: . 109¢
G, =—7T, N. = -, 76
T gyl 120y (76)
where Gi,j is called the Berwald connection [56,57].

Observe that the term ON ; /02 in (76) does not contribute
|

because the system (73) is autonomous in the variable A.
For a proof of the above result we refer to [51,58,59]. In
preparation to the application of this theorem, we introduce
the matrix associated to the second KCC invariant, namely

_ (P P
P::(~2 ~2), (77)
Pl P2

where a tilde means evaluation at x' = r, and x> = 9,. The
associated characteristic equation for the eigenvalues is

Pl—-1 P}
det< L o ) =0. (78)
Py Pi-2

First of all, we observe that y* with i = 1,2 vanishes along
the null circular orbit. This implies that the third term on the
right-hand side of the first equation in (76) does not give
any contribution. By the same token, N ; defined in (76)
depends quadratically on y' and y? and hence, its first order
partial derivatives with respect to y’ are linear combinations
in y’, vanishing once evaluated at x' = r. and x> = ..
Hence, we have

- dg 1 9%
pi = r .
j <6xf 29 oyoy > s,

After a lengthy but straightforward computation we find
that

- 0 C O (B
1_ _p| Y Z[2A
Fr= E{a& <F2BA or ( >>
BENALN
2F* Or 09 9=,

- v

By means of the first equation in (71) we immediately
conclude that P} = 0. This implies that the eigenvalues of
the matrix (77) are given by

A = Pl, 1 = P3. (81)

Let us analyze the sign of ;. We observe that by means
of (71)

L Lg[? CQ&+LQQE)AAC+528 0Ax
b dr \F?B,dr \ C 2F*ar\ Cc ) or 4A2C 09 09 [, s

- rreaa ()

r=re,

Er} 1+ 120°M? + V1 + 120(2M2

falre) 1+ 1202M?

F(re.9.)

(82)
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Since the energy E is positive, ry <r.<r, and f, is
positive on the interval (ry,r,), we conclude that £ (r.) >0
and the eigenvalue 4, is always strictly positive. This implies
that a photon circular orbit with radius r,. on the cone 9 = 9,
is Jacobi unstable.

V. GRAVITATIONAL LENSING

The cosmological constant seems to be an obstacle in
calculating the deflection angle of light in a curved spacetime
as it can be evinced from [60] where a comparison of the
different results in the Schwarschild—de Sitter spacetime has
been provided. It is therefore of some interest to perform the
calculation of light deflection in the C-metric with A. We
recall that distance measures, image distortion, and image
brightness of an astrophysical object hidden by a gravitational
lens require the analysis of the equation of geodesic deviation
and in particular the derivation of the so-called Sachs optical
scalars, allowing us to study the null geodesic congruences
[61-63]. Without further ado we observe that a construction
of a symmetric null tetrad in the spirit of [64] [see Eq. (5.119)
therein] can be performed as in [3] by replacing there the
function f by f, given in (2). However, this procedure leads
to a nonvanishing spin coefficient ¢, thus signalizing that the
null geodesics are not affinely parametrized. The solution to
this problem consists in realizing that the spin coefficient k is
zero also in the case of the metric (6) and therefore, the
construction of an affine parametrization can be achieved in
terms of a rotation of class I1I {see Sec. 7(g) Eq. (347) in [65]}
which preserves the direction of the tetrad basis vector ¢
while keeping x = 0. As a consequence of this approach, the
spin coefficient ¢ will provide access to the Sachs optical
scalar describing the shear effect on the light beam due to the
gravitational field. To this purpose, we consider the normal-
ized null tetrad (#,n, m, m)

o fFF )
fi: _7_7090 ) i = _7__3070 )
(ﬁ V2fa ) ! (ﬁ V2

|F |F
m,-z(0,0,r 2—g,ikrsin8 79>,

and we recall that in the Newmann-Penrose formalism the ten
independent components of the Weyl tensor are replaced by
five scalar fields Wy, ..., ¥, while the ten components of the
Ricci tensor are expressed in terms of the scalar fields @,
with a, b = 0, 1, 2 and the Ricci scalar R is written by means
of the scalar field A = R/24. The spin coefficients for our
problem are computed to be

1 _fA\f
r=aE PV

(34)

(83)

1 g OF
T F\2F 89"

1 AP
2V2F Or
f— 1 as/nginz‘)_i_Z
~ 2V/2rFsind 09 2’
1 O/Fgsind =
= +=. 85
O VarFsing 09 2 (85)

and the only nonvanishing scalar fields ¥;, ®,,, and A for a
two black hole metric with positive cosmological constant are

1 N
P, = 3 [£70,u + n"0,y — m?Og(m + a) + m°0yp

+ (a-p)la-p+ ). (36)

1 —
Q) = B (07 0,y + m*Ogat = m*Ogp + 7> — pp — (a = p)?.
(87)

A=, - @y +mPOga—m*0gpp — pp — (a = B)>. (88)
At this point a remark is in order. First of all, the cosmological
constant enters only in the spin coefficients y and y while the
other spin coefficients are the same as those obtained for the
C-metric in [3]. Moreover, the fact that p is real has a twofold
implication; the congruence of null geodesics is hypersurface
orthogonal and accordingly, the optical scalar @ = Jp must
vanish. In other words, a light beam propagating in the metric
described by (6) does not get twisted or rotated. Furthermore,
if we consider Egs. (310a) and (310b) {see Sec. 8(d) page 46
in [65]} describing how the spin coefficients p and o vary
along the geodesics

Dp = p* + |o]* + @y,

D=9,  (89)

Do =20p + ¥y, (90)
we immediately observe that the second equation is of
no practical use because it is always trivially satisfied
(6 =0 =Y¥). In addition, the vanishing of the spin coef-
ficient o is signalizing that a light beam does not experience
any shear effect, i.e., if the light beam initially has a circular
cross section such a cross section does not change its shape
after the interaction with the black hole took place. Finally, the
optical scalar @ which measures the contraction/expansion of
a light beam traveling through the given gravitational field, is
expressed in terms of the spin coefficient p as

1
r2F
The fact that € is negative implies that the light beam

undergoes a compression process in the presence of a two
black hole metric with positive cosmological constant.

0=—9p=— (91)
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However, as 6 does not depend on A and it coincides with the
corresponding optical scalar computed for the C-metricin [3],
it is impossible to distinguish a C-black hole from the one
described by (6) if we limit us to probe only into effects in the
optical scalar 6. This observation suggests that we need to
study the weak and strong gravitational lensing in order to
detect some distinguishing features among the aforemen-
tioned black hole solutions. We start by observing that in our
situation the weak lensing problem can be tackled by a
method similar to that adopted in [3] due to the fact that the
saddle point (7, 9,.) of the effective potential (31) coincides
with the critical point of the dynamical system (27)—(28). As
in [3], we will assume that the light ray and the observer are
positioned on the cone 9 = 9,.. Then, the angular motion is
controlled by the equations

dp ¢
di  D(r.8,)’

9=49,, (92)

the timelike variable ¢ is linked to the parametrization A
according to

dt &

di~ Ba(r.9.) (93)

while the radial motion is described by the following equation
obtained by combining (29) with (31), namely

(%>2 - AA(:, 9.) {BA((C;?&C) - D(igc)]- (94)

In order to determine the trajectory ¢ = ¢b(r) on the cone
8 =49, a trivial application of the chain rule to d¢/dA
combined with (94) leads to

dp _ F(r9) €10 00 g o]
s 1 LRGN )

where without loss of generality we picked the plus sign
corresponding to a null ray approaching the black hole
along an anticlockwise trajectory. Moreover, like in [66],
the quantity £/ has the interpretation of an impact parameter
b defined as

1 _ & Balr9.) _ 1 falro)
B2 D(r.0,) s

K*g(9.)sin*9, 1}
where ry > ry is the distance of closest approach and ry
denotes the event horizon. In order to check the validity
of (96), let us choose ry = r. with r, denoting the radius
of the circular orbits and recall that the critical impact
parameter in the case of the Schwarzschild—de Sitter metric
is given by [67]

- 3V3M <r5>2 4
b, =—"—"— y=[(=2) =

FMIA(97)

N

where the gravitational lensing can only be studied for
0 <y < 4/27 because as y — 4/27 from the left the event
and cosmological horizons of the Schwarzschild—de Sitter
black hole would shrink and coalesce with the radius of the
photon sphere at r, = 3M. Then, the critical impact param-
eter b, can be obtained from (96) as

b, = ksin 9,1/g(9,) — . (98)
V(o)
Moreover, let us remind the reader that in the case of
vanishing acceleration, i.e., @ — 0, our metric goes over into
the Schwarzschild—de Sitter metric. A Taylor expansion
of (98) around x = 0 with x = aM leads to

b, = b, —2bx+ (b2 +27)x2 4+ O(x*).  (99)

6
Itis gratifying to observe that (99) correctly reproduces the
Schwarzschild—de Sitter critical impact parameter in the
limit x — O while it also agrees for y — 0 with the critical
impact parameter for a C-black hole {see Eq. (93) in [3]).
Having determined the critical impact parameter for
our problem allows to distinguish among the following
scenarios:

(1) if b < b,., the photon is captured by the black hole;

(2) if b > b,., deflection takes place and two further

cases are possible, namely

(a) if b > b, or equivalently ry > r,, the trajectory
is almost a straight line and we are in the regime
of weak gravitational lensing.

(b) If b Z b, or equivalently ry 2 r., strong gravi-
tational lensing occurs with the photon orbiting
several times around the black hole before it
flies off.

If we go back to (95), we observe that the function D(r, 9,.)
can never be negative while the same can not be said for the
other square root. This means that some motion reality
condition should be introduced. This can be easily done by
rescaling the radial variable according to p = r/r,, and
setting X = 2aM and d = (r,/r,)*. Then,

[

falp) =1 —;—xz(/)z—p) — dp? (100)

and by means of (96) and (7) Eq. (95) becomes
b _ Po : (101)

dp kp\/g(9.)sindc \/p*falpo) — P3fa(p)
_ Pov/Po 1

k/pg(9.)sind, \/ po+po—1)p* —pg(p* +p—1)
(102)

where p is the rescaled distance of closest approach. At this
point, it is interesting to observe a couple of facts. First of all,
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there is no dependence on the cosmological constant in the
expression above. This feature is already present in the
Schwarzschild—de Sitter case [67] where A can influence
the trajectories of massive particles while it is absent in the
coordinate orbital equation when photons are considered
[68]. However, the cosmological constant can appear in the
formula for the deflection angle in the weak regime when the
observer is close to the cosmological horizon. In addition to
the previous remark, Eq. (102) coincides with Eq. (98) in [3].
This implies that the analysis of the turning points performed
by [3] for the C-metric will continue to hold also in the present
case. For this reason, we will limit us to recall only those basic
facts that are necessary in order to proceed further with the
analysis of the weak/strong gravitational lensing. First of all,
we remind the reader that under the assumption p, < p, we
have py > 1 and therefore, py > py > 1. Moreover, the
cubic equation in (102) admits three real turning points,
namely pq and p_ where an analytic expression for p_. is given
by (100)in [3]. When integrating (102) is extremely important
to know the spatial ordering of the points py, po, P+, and p;,.
For a proof of the results summarized here below we refer to
Appendix C in [3].

(1) Weak lensing; py > p.. If py>p, >p. with p,
representing the radius of the Schwarzschild photon
sphere, it follows that p, <p,. <p, for any X € (0,1).
This implies that p_ < 0 < p. < py and the cubic in
(102) is positive on the interval (po ph

(2) Strong lensing; p. <py<p, for X €(y/2 py 00)/
po,1). If X is in the aforementioned range, then
p. < poand p, < p.. This ensures that the cubic in
(102) is positive on the interval (pg, pj,).

Let us focus on the weak gravitational lensing. By p, we
denote the position of the observer which must be placed in
the interval (p,, p,). At this point, by means of the angular
transformation ¢ = ¢/k we can integrate (101) and cast the
integral into the form

»(po)

) W w ). i ) 21

(103)

‘We remind the reader that, unlike the Schwarzschild case, the
observer cannot be positioned in an asymptotic region
approximated by the Minkowski metric. To overcome this
problem, we assume that the deflection angle is described by
the formula [67]

Ag(pg) = k1S(po) + K2

1 2 dp
5(/’0) = : / =
9(9.)sind.J1 p\/PPfAlpo)

AP
p_ia
Po

— falpod) ’
(104)

with unknown constants k; and k, to be fixed so that the weak
field approximation of (104) coincides with the weak field
approximation for the Schwarzschild case in the limit of
vanishing cosmological constant and acceleration parameter.
The integral in (104) can be rewritten as

1 P
S(pg) =——— | dpF(pie.p).
(Po) TR [ pF(pse. p)
1 #?

=, = —, 105

€= n=- (105)
X 1
Fpie.p) = —= -

P[P =1 +e(5=p7) +ud*=P)
~2
n=" (106)

For the discussion on why it is possible to apply a perturbative
expansion in the small parameters ¢ and u we refer to [3].
Therefore, let us expand F as follows:

F(pse.u) = fo(p) + f1(P)e + f2(D)e* + f3(P)€’
+ g1(P)u + fa(P)e* + Olep). (107)
with
o1 N PPt
fo(p) P/ fl(p)—zﬁz(ﬂ) ek

3(p* +p+1)°

f2(p) = , (108)
87°(p+ 1)>/p7 — 1
) 150> +p+1)°
fop) =0 EPED
48p*(p+1)°v/p* =1
) 1
a\p)=-— P
20+ DV -1
105(p> +p + 1)*
f4(p) = : (109)
s+ 1) - 1
If we take into account that
! 1+ Olen) (110)
S — €
909,) sin 9, .
and we let the integration over the functions f, ..., f4 and g,

to be followed by an asymptotic expansion in powers of 1 /9,
the deflection angle in (104) becomes

Ap(po) = K1 [Fo + Fi€e + Fae? + Fze® + Gyp

+ Fae* + Olen)] + &, (111)

where
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z 1 1 1 1
Bo=3-5 ) m=1-5000)
) Pb ;?; 1 2py ;?;

1

S ] 12
557175+ O5) )

61 15 5 1

L T AT Y O(;g)

1 1 1 1
=—=+— , 113
o -3 3) )

3465 65 35 1
— - ~). (114
8= 208" 16 1280, O(ﬁi) (114)

In order to fix the unknown constants x; and x, in (111),
we observe that in the limit of A — 0, the cosmological
horizon p,, — oo and therefore, we can let p, — oo in the
above expressions. If in addition a — 0, Eq. (111) must
reproduce the weak deflection angle for a light ray in the
Schwarzschild metric. Thisis the case ifx; = 2 andx, = —x.
Hence, at the first order in 1/p,, we find that the weak
deflection angle can be written as

2 1N1  [15 3\ 1
Agp(p :—T+<2——>—+( -1- A>—
) ==3, Py 16" T4,
61 15 51 1
. 4 1 o ZMZ
+<12 16" 8pb> i ( +ﬁh>a P

(3465 65 35\ 1,
1024”778 " 64p, ) ot

(115)

Taking into account that for a vanishing cosmological
constant, we can let p, — o0, it is straightforward to check
that (115) correctly reproduces the weak deflection angle
formula (115) for the C-metric obtained in [3].

Regarding the strong gravitational lensing for the metric
under consideration, we first observe that it can be analyzed
by the same procedure adopted by [3] because in both cases
the metrics involved admits the same family of null circular
orbits. For this reason, we will not dive into the details
of the derivation and we will limit us to remind the reader
that one first solves the integral (104) in terms of an
incomplete elliptic function of the first kind followed by an
application of an asymptotic formula for the aforemen-
tioned elliptic function obtained by [69] when the sine of
the modular angle and the elliptic modulus both approach
one. The same strategy has been already successfully used
in [67] to derive the Schwarzschild deflection angle in the
strong regime with a higher degree of precision than
the corresponding formulas in [70,71]. Without further
delay, let us recall that it was found in [3] that the
deflection angle in the strong gravitational lensing regime
is given by

Ag(po) =~ + By (ppope) — Balpe) In (ﬂ—— 1)

c

_53(pc)(p0_p5) +O(p0_p6)2 (116)
with
8(3=pc)(pp—pc)
5100p:0c) = I lo2)] 2o (3=pc) + VP 205 — pope)’
(117)
by(p) = Vo
2P B VB =
(o) = Y 02 =) (118)

2(,00 + 3)(3 _pc)3/2 '

A validity check of (116) was already run in [3] where it has
been verified that (116) correctly reproduces the corre-
sponding strong lensing formula in the Schwarzschild case
as given in [67,71] when a — 0. The main difference
between (143) in [3] and (116) revolves around p,, i.e., the
position of the observer, which in the present case is
bounded from above by the cosmological horizon. It is
interesting to observe that, in general, the above formula
does not depend on A. However, a dependence on the
cosmological constant emerges only in the case the
observer is placed very close to the cosmological horizon
as it was already pointed out by [67] in the context of the
Schwarzschild—de Sitter metric.

VI. CONCLUSIONS

In this paper, we have focused on the classical con-
nection between light and gravity, more precisely, the
bending of light in a gravitational field and its lensing.
For the C-metric with positive cosmological constant, we
showed that the effective potential for a massless particle
exhibits a saddle point. If on one hand a local maximum in
the effective potential corresponds to an unstable null
circular orbit, on the other hand, the presence of a saddle
point leads to a more challenging classification problem
which needs a careful scrutiny. By means of a Jacobi
analysis we showed that the lightlike circular geodesics
associated to the aforementioned saddle point are unstable.
Furthermore, we constructed the impact parameter for the
light scattering in the dS C-metric and showed that the
Sachs scalars do not depend on the cosmological constant,
hence they cannot be used to optically discriminate among
C- and C- black holes with A. This obliged us to probe into
the weak and strong gravitational lensing for which we
computed the corresponding deflection angle in terms of
the distance of closest approach and the position of the
observer. Our results reveal that corrections of the cosmo-
logical constant appear only in the case the observer is
located close to the cosmological horizon.

124029-16



RELEVANT SCALES FOR THE C-METRIC WITH A ...

PHYS. REV. D 104, 124029 (2021)

[1] J. Podolskyand J. B. Griffiths, Accelerating Kerr-Newman
black holes in (anti-) de Sitter space-time, Phys. Rev. D 73,
044018 (2006).

[2] J.B. Griffiths and J. Podolsky, A new look at the
PlebanskiDemidnski family of solutions, Int. J. Mod. Phys.
D 15, 335 (20006).

[3] M. A. Alawadi, D. Batic, and M. Nowakowski, Light
bending in a two black hole metric, Classical Quantum
Gravity 38, 045003 (2021).

[4] D. Kofron,, On the nature of cosmic strings in black hole
spacetimes, Gen. Relativ. Gravit. 52, 91 (2020).

[5] A. Balaguera-Antolinez, C.G. Boehmer, and M.
Nowakowski, Scales of the cosmological constant, Classical
Quantum Gravity 23, 485 (2006); P. Barguefio, S. Barvo
Medina, M. Nowakowski, and D. Batic, Quantum mechani-
cal corrections to the Schwarzschild black hole metric,
Europhys. Lett. 117, 60006 (2017).

[6] C.-M. Claudel, K.S. Virbhadra, and G.F.R. Ellis, The
geometry of photon surfaces, J. Math. Phys. (N.Y.) 42, 818
(2001).

[71 G. W. Gibbons and C. M. Warnick, Aspherical photon and
anti-photon surfaces, Phys. Lett. B 763, 169 (2016).

[8] H. Farhoosh and R. L. Zimmermann, Killing horizons and
dragging of the inertial frame about a uniformly accelerating
particle, Phys. Rev. D 21, 317 (1980).

[9] V. Pravda and A. Pravdovd, Co-accelerated particles in the
C-metric, Classical Quantum Gravity 18, 1205 (2001).

[10] Y.-K. Lim, Geodesic motion in the vacuum C metric, Phys.
Rev. D 89, 104016 (2014).

[11] D. Bini, C. Cherubini, A. Geralico, and R.T. Jantzen,
Circular motion in accelerating black hole space-times,
Int. J. Mod. Phys. D 16, 1813 (2007).

[12] D. Bini, C. Cherubini, A. Geralico, and B. Mashhoon,
Spinning particles in the vacuum C metric, Classical
Quantum Gravity 22, 709 (2005).

[13] A. Grenzebach, V. Perlick, and C. Limmerzhal, Photon
regions and shadows of accelerated black holes, Int. J. Mod.
Phys. D 24, 1542024 (2015).

[14] A. Grenzebach, in The Shadow of Black Holes, Springer
Briefs in Physics (Springer, Heidelberg, 2016).

[15] T.C. Frost and V. Perlick, Lightlike geodesics and gravi-
tational lensing in the spacetime of an accelerating black
hole, Classical Quantum Gravity 38, 085016 (2021).

[16] M. Zhang and J. Jiang, Shadows of the accelerating black
holes, Phys. Rev. D 103, 025005 (2021).

[17] A.K. Mishra, S. Chakraborty, and S. Sarkar, Understanding
photon sphere and black hole shadow in dynamically
evolving spacetimes, Phys. Rev. D 99, 104080 (2019).

[18] K. Destounis, R. D. Fontana, and F. C. Mena, Accelerating
black holes: Quasinormal modes and late-time tails, Phys.
Rev. D 102, 044005 (2020).

[19] K. Destounis, R. D. Fontana, and F. C. Mena, Stability of the
cauchy horizon in accelerating black-hole spacetimes, Phys.
Rev. D 102, 104037 (2020).

[20] J. Podolsky and J.B. Griffiths, Uniformly accelerating
black holes in a de Sitter universe, Phys. Rev. D 63,
024006 (2000).

[21] J. Podolsky, Accelerating black holes in anti de Sitter
universe, Czech. J. Phys. 52, 1 (2002).

[22] O.J. Dias and J. P. Lemos, Pair of accelerated black holes in
antide Sitter background: AdS C metric, Phys. Rev. D 67,
064001 (2003).

[23] O.J. Dias and J. P. Lemos, Pair of accelerated black holes in
a de Sitter background: The dS C metric, Phys. Rev. D 67,
084018 (2003).

[24] P. Krtou§ and J. Podolsky, Radiation from accelerated
black holes in de Sitter universe, Phys. Rev. D 68,
024005 (2003).

[25] J. Podolsky, M. Ortaggio, and P. Krtous, Radiation from
accelerated black holes in an anti-de Sitter universe, Phys.
Rev. D 68, 124004 (2003).

[26] P. Krtous, Accelerated black holes in an anti-de Sitter
universe, Phys. Rev. D 72, 124019 (2005).

[27] H. Xu, Minimal surfaces in AdS C-metric, Phys. Lett. B
773, 639 (2017).

[28] A. Chamblin, Capture of bulk geodesics by brane-world
black holes, Classical Quantum Gravity 18, L17 (2001).

[29] Y.-K. Lim, Null geodesics in the C metric with a cosmo-
logical constant, Phys. Rev. D 103, 024007 (2021).

[30] K. S. Virbhadra and G. F. R. Ellis, Schwarzschild black hole
lensing, Phys. Rev. D 62, 084003 (2000).

[31] K. S. Virbhadra and G. F. R. Ellis, Gravitational lensing by
naked singularities, Phys. Rev. D 65, 103004 (2002).

[32] K. S. Virbhadra, D. Narasimha, and S. M. Chitre, Role of the
scalar field in gravitational lensing, Astron. Astrophys. 337,
1 (1998), https://arxiv.org/abs/astro-ph/9801174v2.

[33] K. S. Virbhadra and C.R. Keeton, Time delay and magni-
fication centroid due to gravitational lensing by black holes
and naked singularities, Phys. Rev. D 77, 124014 (2008).

[34] K. S. Virbhadra, Relativistic images of Schwarzschild black
hole lensing, Phys. Rev. D 79, 083004 (2009).

[35] V. Perlick, Gravitational lensing from a spacetime perspec-
tive, Living Rev. Relativity 7, 9 (2004).

[36] G. W. Gibbons and M.C. Werner, Applications of the
Gauss-Bonnet theorem to gravitational lensing, Classical
Quantum Gravity 25, 235009 (2008).

[37] M. Sharif and S. Iftikhar, Equatorial gravitational lensing by
accelerating and rotating black hole with NUT parameter,
Astrophys. Space Sci. 361, 36 (2016).

[38] O. Shemmer, H. Netzer, R. Maiolino, E. Oliva, S. Croom,
E. Corbett, and L. di Fabrizio, Near-infrared spectroscopy
of high-redshift active galactic nuclei: 1. A metallicity-
accretion rate relationship, Astrophys. J. 614, 547 (2004).

[39] S. Gillessen, F. Eisenhauer, S. Trippe, T. Alexander, R.
Genzel, F. Martins, and T. Ott, Monitoring stellar orbits
around the massive black hole in the galactic center,
Astrophys. J. 692, 1075 (2009).

[40] B. P. Abbott et al. (LIGO, Virgo and other Collaborations),
Multi-messenger observations of a binary neutron star
merger, Astrophys. J. 848, L12 (2017).

[41] I N. Bronshtein, K. A. Semendyayev, G. Musiol, and H.
Muehlig, Handbook of Mathematics (Springer Verlag,
Berlin, Heidelberg, 2015).

[42] M. Carmeli and T. Kuzmenko, Value of the cosmological
constant: Theory versus experiment, AIP Conf. Proc. 586,
316 (2001).

[43] T. FlieBbach, Allgemeine Relativitiitstheorie (Elsevier Spek-
trum Akademischer Verlag, Amsterdam, 2000).

124029-17


https://doi.org/10.1103/PhysRevD.73.044018
https://doi.org/10.1103/PhysRevD.73.044018
https://doi.org/10.1142/S0218271806007742
https://doi.org/10.1142/S0218271806007742
https://doi.org/10.1088/1361-6382/abce6c
https://doi.org/10.1088/1361-6382/abce6c
https://doi.org/10.1007/s10714-020-02741-8
https://doi.org/10.1088/0264-9381/23/2/013
https://doi.org/10.1088/0264-9381/23/2/013
https://doi.org/10.1209/0295-5075/117/60006
https://doi.org/10.1063/1.1308507
https://doi.org/10.1063/1.1308507
https://doi.org/10.1016/j.physletb.2016.10.033
https://doi.org/10.1103/PhysRevD.21.317
https://doi.org/10.1088/0264-9381/18/7/305
https://doi.org/10.1103/PhysRevD.89.104016
https://doi.org/10.1103/PhysRevD.89.104016
https://doi.org/10.1142/S0218271807011115
https://doi.org/10.1088/0264-9381/22/4/005
https://doi.org/10.1088/0264-9381/22/4/005
https://doi.org/10.1142/S0218271815420249
https://doi.org/10.1142/S0218271815420249
https://doi.org/10.1088/1361-6382/abe0f5
https://doi.org/10.1103/PhysRevD.103.025005
https://doi.org/10.1103/PhysRevD.99.104080
https://doi.org/10.1103/PhysRevD.102.044005
https://doi.org/10.1103/PhysRevD.102.044005
https://doi.org/10.1103/PhysRevD.102.104037
https://doi.org/10.1103/PhysRevD.102.104037
https://doi.org/10.1103/PhysRevD.63.024006
https://doi.org/10.1103/PhysRevD.63.024006
https://doi.org/10.1023/A:1013961411430
https://doi.org/10.1103/PhysRevD.67.064001
https://doi.org/10.1103/PhysRevD.67.064001
https://doi.org/10.1103/PhysRevD.67.084018
https://doi.org/10.1103/PhysRevD.67.084018
https://doi.org/10.1103/PhysRevD.68.024005
https://doi.org/10.1103/PhysRevD.68.024005
https://doi.org/10.1103/PhysRevD.68.124004
https://doi.org/10.1103/PhysRevD.68.124004
https://doi.org/10.1103/PhysRevD.72.124019
https://doi.org/10.1016/j.physletb.2017.09.033
https://doi.org/10.1016/j.physletb.2017.09.033
https://doi.org/10.1088/0264-9381/18/3/101
https://doi.org/10.1103/PhysRevD.103.024007
https://doi.org/10.1103/PhysRevD.62.084003
https://doi.org/10.1103/PhysRevD.65.103004
https://arxiv.org/abs/astro-ph/9801174v2
https://arxiv.org/abs/astro-ph/9801174v2
https://doi.org/10.1103/PhysRevD.77.124014
https://doi.org/10.1103/PhysRevD.79.083004
https://doi.org/10.12942/lrr-2004-9
https://doi.org/10.1088/0264-9381/25/23/235009
https://doi.org/10.1088/0264-9381/25/23/235009
https://doi.org/10.1007/s10509-015-2623-x
https://doi.org/10.1086/423607
https://doi.org/10.1088/0004-637X/692/2/1075
https://doi.org/10.3847/2041-8213/aa91c9
https://doi.org/10.1063/1.1419571
https://doi.org/10.1063/1.1419571

D. BATIC, H. KITTANEH, and M. NOWAKOWSKI

PHYS. REV. D 104, 124029 (2021)

[44] J. A. Murdock, Perturbations Theory and Methods (John
Wiley & Sons, New York, 1991).

[45] E. Cartan and D. D. Kosambi, Observations sur le mémoir
précédent, Math. Z. 37, 619 (1933).

[46] S.S. Chern, Sur la geometrie d’un systéme d’equations
differentialles du second ordre, Bull. Sci. Math. 63, 206
(1939).

[47] S.S. Chern, Selected Papers, Vol. Il (Springer Verlag,
Berlin, Heidelberg, 1989).

[48] D.D. Kosambi, Parallelism and path space, Math. Z. 37,
608 (1933).

[49] T. Harko, P. Pantaragphong, and S. V. Sabau, KosambiCar-
tanChern (KCC) theory for higher-order dynamical
systems, Int. J. Geom. Methods Mod. Phys. 13, 1650014
(2016).

[50] S. Bahamonde, C. G. Bohmer, S. Carloni, E.J. Copeland,
W. Fang, and N. Tamanini, Dynamical systems applied to
cosmology: Dark energy and modified gravity, Phys. Rep.
775, 1 (2018).

[51] C.G. Bohmer, T. Harko, and S. V. Sabau, Jacobi stability
analysis of dynamical systems: Applications in gravitation
and cosmology, Adv. Theor. Math. Phys. 16, 1145 (2012).

[52] C.G. Bohmer and N. Chen, Dynamical systems in cosmol-
ogy, in Dynamical and Complex Systems, LTCC Advanced
Mathematics Series Vol. 5 (World Scientific, Singapore,
2017), pp. 121-156.

[53] T. Harko, C. Y. Ho, C. S. Leung, and S. Yip, Jacobi stability
analysis of the Lorenz system, Int. J. Geom. Methods Mod.
Phys. 12, 1550081 (2015).

[54] B. Danila, T. Harko, M. K. Mak, P. Pantaragphong, and S. V.
Sabau, Jacobi stability analysis of scalar field models with
minimal coupling to gravity in a cosmological background,
Adv. High Energy Phys. 2016, 7521464 (2016).

[55] M.J. Lake and T. Harko, Dynamical behavior and Jacobi
stability analysis of wound strings, Eur. Phys. J. C 76, 311
(2016).

[56] P.L. Antonelli, On y-Berwald connections and Hutchinsons
ecology of social interactions, Tensor. New Ser. 52, 27
(1993).

[57] R. Miron, D. Hrimiuc, H. Shimada, and V. S. Sabau, The
Geometry of Hamilton and Lagrange Spaces (Kluwer
Academic Publishing, Dordrecht, 2001).

[58] P.L. Antonelli, Equivalence Problem for Systems of Second
Order Ordinary Differential Equations, Encyclopedia of
Math. (Kluwer Academic Publishers, Dordrecht, 2000).

[59] P. L. Antonelli, R. Ingarden, and M. Matsumoto, The Theory
of Sprays and Finsler Spaces with Applications in Physics
and Biology, Fundamental Theories of Physics Vol. 58
(Springer, Dordrecht, Netherlands, 1993).

[60] H. Arakida, Effect of the cosmological constant on light
deflection: Time transfer function approach, Universe 2, 5
(2016).

[61] P. Jordan, J. Ehlers, and R. K. Sachs, Beitrige zur Theorie
der reinen Gravitationsstrahlung, Akademie der Wissen-
schaften und Literatur Mainz, Abhandlungen der Mathe-
matisch-Physikalischen Klasse (Akad. Wiss. Lit., Mainz,
1961).

[62] R.M. Wald, General Relativity (University of Chicago
Press, Chicago, 1984).

[63] S. Seitz, P. Schneider, and J. Ehlers, Light propagation in
arbitrary spacetimes and the gravitational lens approxima-
tion, Classical Quantum Gravity 11, 2345 (1994).

[64] B. Carter, Gravitation in Astrophysics, NATO ASI Series B
Vol. 156 (Plenum Press, New York, 1987).

[65] S. Chandrasekhar, The Mathematical Theory of Black Holes
(Oxford University Press, New York, 1983).

[66] S. Weinberg, Gravitation and Cosmology (John Wiley &
Sons, New York, 1972).

[67] D. Batic, S. Nelson, and M. Nowakowski, Light on curved
backgrounds, Phys. Rev. D 91, 104015 (2015).

[68] N.J. Islam, The cosmological constant and classical tests of
general relativity, Phys. Lett. 97A, 239 (1983).

[69] E.L. Kaplan, Auxiliary table for the incomplete elliptic
integrals, J. Math. Phys. (N.Y.) 27, 11 (1948); W.]. nellis
and B.C. Carlson, Reductiona and evaluation of elliptic
integrals, Math. Comput. 20, 223 (1966); B. C. Carlson,
Special Functions of Applied Mathematics (Academic
Press, New York, 1977).

[70] C. Darwin, The gravity field of a particle. I, Proc. R. Soc. A
249, 180 (1959).

[71] V. Bozza, S. Capoziello, G. Iovane, and G. Scarpetta, Strong
field limit of black hole gravitational lensing, Gen. Relativ.
Gravit. 33, 1535 (2001); V. Bozza, Gravitational lensing in
the strong field limit, Phys. Rev. D 66, 103001 (2002).

124029-18


https://doi.org/10.1007/BF01474603
https://doi.org/10.1007/BF01474602
https://doi.org/10.1007/BF01474602
https://doi.org/10.1142/S0219887816500146
https://doi.org/10.1142/S0219887816500146
https://doi.org/10.1016/j.physrep.2018.09.001
https://doi.org/10.1016/j.physrep.2018.09.001
https://doi.org/10.4310/ATMP.2012.v16.n4.a2
https://doi.org/10.1142/S0219887815500814
https://doi.org/10.1142/S0219887815500814
https://doi.org/10.1155/2016/7521464
https://doi.org/10.1140/epjc/s10052-016-4148-z
https://doi.org/10.1140/epjc/s10052-016-4148-z
https://doi.org/10.3390/universe2010005
https://doi.org/10.3390/universe2010005
https://doi.org/10.1088/0264-9381/11/9/016
https://doi.org/10.1103/PhysRevD.91.104015
https://doi.org/10.1016/0375-9601(83)90756-9
https://doi.org/10.1002/sapm194827111
https://doi.org/10.1090/S0025-5718-1966-0215497-8
https://doi.org/10.1098/rspa.1959.0015
https://doi.org/10.1098/rspa.1959.0015
https://doi.org/10.1023/A:1012292927358
https://doi.org/10.1023/A:1012292927358
https://doi.org/10.1103/PhysRevD.66.103001

