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Sugawara-Sommerfield construction including canonical spin currents
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We set up the Sugawara-Sommerfield (SS) construction and generalize it by the inclusion of canonical
spin current. Using the techniques of current algebra, we infer that the canonical spin current are linear in
the vector-axial vector currents. From a geometric perspective, the underlying manifold has a vanishing
Lorentz curvature and a nonvanishing torsion. This leads to teleparallelism, and the canonical spin current
(connection) assumes a pure gauge form. Moreover, this model provides a possibility to unify gravity with
strong interactions by expressing the gravitational gauge connections in terms of the Yang-Mills gauge

connections.
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I. INTRODUCTION

In the year 1968, both H. Sugawara [1] and C.M.
Sommerfield [2] independently developed a theory which
was purely based on currents as dynamical quantities along
with its associated commutation rules. This model is equiv-
alent to a “formal limit” of a massive Yang-Mills theory,
where the bare mass m and bare coupling g both tend to zero
and their ratio to a constant [3]. The commutation rules come
from “‘current algebra”1 which are nothing but equal time
commutation relations (ETCRs) between the currents. This
was first put forth by M. Gell-Mann in 1962, in order to
describe the strong interaction between hadrons [4] and was
later developed into a complete set of commutation rules in
[5] using a massive Yang-Mills theory. The complete set of
hadronic currents are the vector currents J4;(x) and the axial
vector currents Js5*;(x), entailing the approximate SU(3) ¥
flavor symmetry of strong interactions. These (Lie-algebra
valued) 8u(3)—currents are closed under ETCRs and
satisfy the SU(3) ® SU(3) algebra. A very important
result of the Sugawara-Sommerfield (SS) construction was
that the “Hilbert symmetric energy-momentum (current)
tensor ©;;(x) which is the current coupled to the metric
field g;;(x) turned out to be a bilinear expression in
Ji(x),Jsi(x)”. This was the first time that the energy-
momentum tensor featuring in Einstein’s general relativity
(GR) theory, which is based on external spacetime sym-
metries (for, e.g., diffeomorphism invariance [6], Lorentz
invariance), could be solely expressed in terms hadronic
currents based on internal flavor and gauge symmetries.

*sandeep.cranganore@tuwien.ac.at

In mathematics, especially for 2-dimensional systems, current
algebra led to the birth of affine Kac-Moody algebra. Hence we
shall sometimes use this term interchangeably in our paper.
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It is very well known that GR is far from explaining the
nature of gravitational fields in the quantum mechanical
regime. One such viable theory and a more complete
description of gravity is the Einstein-Cartan (EC) theory.
In EC gravity it is not only the mass but also the spin of a
quantum particle that distorts spacetime. It takes place in a
manifold called the Riemann-Cartan (RC) spacetime.
This theory ideally serves as a precursor to a quantum
theory of gravity since it is built on the idea of the Wigner
classification in quantum mechanics. The Wigner’s classi-
fication states that quantum particles are irreducible unitary
representations of the Poincaré group and are uniquely
labeled by their mass (inertia) and their intrinsic angular
momentum (spin) which are related to the two invariants of
the Lie algebra of the Poincaré group. Mass is linked to the
4-dimensional translational group 74 and the spin is linked
to the 6-dimensional Lorentz group SO(1,3).

The Poincaré group P(1,3) =T4xSO0(1,3) is their
semidirect product and is a 10-dimensional noncompact
Lie group [7]. The EC theory is obtained by gauging the
Poincaré group, hence, it is a gauge theory of gravity. The
sources of gravity (geometry) in the EC theory are the
canonical Noether currents namely the canonical energy-
momentum tensor (current) linked to the translational
group and the canonical spin tensor (current) linked to
the Lorentz group. The canonical energy-momentum cur-
rent ¥,(x) are coupled to the translational gauge con-
nection (coframe field) 9%(x) and are the sources of
curvature while the canonical spin current &,4(x) are
coupled to the spin (Lorentz) connection I'*(x) and are
the sources of nonpropagating torsion. For a particle of
mass m and a reduced Compton wavelength A, := -, the

mc’

effects of torsion becomes dominant at the critical length,
rec ~ (Acol3)s (Ip = Planck length) and also in the very
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early Universe [6,7]. Hence these two currents are the
sources of the gravitational field in the microphysical realm.
For a consistent quantization of the gravitational field, a
gauge description is often overlooked. Moreover, fermionic
matter being spin—% fields, massive spin-1 gauge bosons like
the W*, Z° have nonvanishing spin tensor and has a feature
of spin-spin contact interaction. In fact, the tensor, vector
and axial vector parts of the spin current act as sources of
massive spin-2 and spin-1 massive neutral mesons respec-
tively along with the helicity-2 gravitons sourced by the
metric field. Hence, they also provide viable candidates for
an extended standard model. Due to the aforementioned
reasons it is of primary importance to comprehensively
study the gravitational currents/sources-(¥, &) which
encode the underlying Poincaré gauge symmetry. Hence,
a complete description of a theory of hadrons actually
requires (J;(x), J5;(x), T/ (x), @ijk(x))‘

Motivated by the fact that the currents of EC theory are
the two actual sources of gravity, based on (i) a gauge
principle and (ii) closer to a quantum description of gravity,
we should seriously consider extending the SS construction
for these two currents. In the XV Advanced Research
Workshop on High Energy Spin Physics, Dubna, 2013 [8],
F. W. Hehl posed the following problem “Schwinger (1963)
studied, for example, the equal time commutators of the
components of the Hilbert energy-momentum tensor [36].
Should one try to include also the spin tensor components
and turn to the canonical tensors? In the Sugawara model
(1968), “a field theory of currents” was proposed with 8
vector and 8 axial vector currents for strong interaction and
a symmetric energy-momentum current for gravity that was
expressed bilinearly in terms of the axial and the vector
currents. Now, when we have good arguments that the
gravitational currents are ¥, and &4, one may want to
develop a corresponding current algebra by determining the
equal time commutator of these currents....”

A. Plan of the paper

In this paper, we first derive the current algebra (Kac-
Moody algebra) for the gravitational currents, namely the
canonical spin current and canonical energy-momentum
current. Later, using the set of current commutation rules in
[1], we make the SS ansatz for the canonical spin current. It
follows from the Belinfante-Rosenfeld symmetrization that
the canonical spin current is a linear polynomial in the
hadronic vector and axial vector flavor currents. Since a
current-gauge potential relation exists in this model, we
find an expression for the affine spin connection in terms of
the massive Yang-Mills gauge connection. This further
deepens the analogy between spin and charge or flavor,
which are borne out by gauge principles. This leads to an
inference that, the SS construction provides a method for
unifying gravitational gauge theories and the strong and
weak interactions. Thus, it is possible to represent the
sources or gauge potentials associated to external spacetime

symmetry by sources or gauge potentials associated to
internal symmetries. We later try to cast the spin current
ansatz as a unitary singlet in terms of the internal-vierbeins
EA(x) and set up its canonical quantization.

Interestingly, we find that the SS construction for spin
current leads to nonintuitive implications to the underlying
geometry of the manifold, namely ‘“teleparallelism.”
Teleparallelism or absolute parallelism is a feature of a
manifold with vanishing Lorentz curvature but nonvanish-
ing torsion. The underlying arena is called a “Weitzenbdck
spacetime.” We thrown some light on its surprising emer-
gence in our case.

Then, we discuss a very interesting analogy which exists
between our extended model and the nonlinear ¢ model with
Wess-Zumino-Witten (WZW) interactions. we make a
comparison between our 4-dimensional spacetime construc-
tion and this 2-dimensional theory, where it was shown that
the renormalization group structure of models with Wess-
Zumino terms allowed for an elegant geometrical interpre-
tation by incorporating torsion into the manifold [9]. It was
further shown in [10] that by including the Wess-Zumino
interactions in the nonlinear ¢ model, the renormalization
flow leads to a deformation of the geometry of the field
manifold, wherein the rate of change of metric is also
proportional to the asymmetric Ricci tensor which contains
contributions from the torsion tensor. The manifold was
shown to be “parallelizable” (vanishing Lorentz curvature
and nonvanishing torsion) at special values of the coupling
A= 24x/N for N € Z. These are the infrared fixed points
of the theory. In the pure bosonic model these coincide with
the zeros of the f function. The nontrivial infrared fixed
points occur as a consequence of teleparallelism for the
renormalized geometry and is known as “geometrostasis.”

Lastly, we discuss very briefly, where the SS construc-
tion for spin can be applied and similar features that exists
between this model and in condensed matter systems.

II. CURRENT COMMUTATORS FOR
CONSTRUCTING THE MODEL

A. The complete set of current commutators

N

In order to make a construction a la Sugawara-
Sommerfield for the spin current, we need a set of
commutators for the 8u(2)-valued 4-currents (hadronic
currents). The time-time ETCRs,

40(x), 0 (x)] =g = i€ancd “o(x)& (x =x'),  (1a)
[40(x), I5P0(¥)]yy—x, = i€apcd5C0(x)8 (x = x),  (Ib)
[J5%0(x), JSBO(X/HXO:X;J = ieapcd Co(x)8 (x = X'). (Ic)

Note that we shall only concentrate on 811(2) and not the
current octet related to 31(3). The time-space ETCRs for
the currents were set up from the algebra of fields [5],
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= i€ABCJCa (x)63 (x—x')

+iC580,8%(x — x'), (2a)

[40(x0). I8 4 (5) ]y

/
0

[Js20(x), I8 (X)) v = i€apcd € a(x)8° (x = ')

0
+iC5'80,8% (x — X'), (2b)

40(0). I5P (3] =y = T€ancIs u ()8 (x = x'),  (2¢)

[I5%0(x). I2a(X)],— = ieapcdsCa(x)8 (x = x'). (2d)

Here A,B,C=1,2,3,C = m is a c-number with length
dimension d- = —2 [5]. The space-space commutators are
all identically equal to zero. The derivatives of the delta
function correspond to the Schwinger terms which are
proportional to #2. Mathematically, this corresponds to an
SU(2) ® SU(2) current algebra.

B. The Sugawara-Sommerfield model

Originally, in the Sugawara model the octet of vector
currents J4;(x) and the octet of axial vector currents J2,(x)
entail the underlying symmetry and play the role of
dynamical variables. In our further discussions we will
work with current triplet and not octet. This means that the
currents (J4, Js4) play the role of coordinates labeling the
hadrons. This model is a “formal” limit of a massive Yang-
Mills theory described by the Lagrangian density [3],

1 - 2 :
(A4 x) = = L P ()P () + - A% (A% (x), (3)
where the components of the field strength 2-forms are,
FijA(x) = Za[iAj]A(x) - geABC{AiB(x)’AjC(x)}'

Here, {, } is the anticommutator. We define the currents
J (also applicable to Js) by performing a scale trans-
formation on the spin-1 massive gauge fields A;4(x) [3],

Letting the bare mass m — 0, bare coupling g — 0 and
their ratio ’;‘—22 — C, the canonically conjugate momenta

become,

lim FOI-A (X) =0.

m—>0,g—>0,#=€
2

This means F vanishes, like m?, in this limit. Hence, this
does not reduce it to the vector meson theory [1].

By the same argument, the spatial components of the
field strengths F,,4(x) also vanish in the prescribed limit.
Thus, the canonically conjugate momenta completely
vanish, leaving us with only the currents. This boils down
to a noncanoncial formalism. Let us stress that the
conjugate momenta vanish only in this limit and exist
for all other values of m,g.

C. The SS construction for the symmetric
energy-momentum current revisited

One can construct the symmetric (Hilbert) energy-
momentum current ®(x) in terms of the hadronic currents
by using the following conditions:

(i) The ETCRs (Schwinger commutators) for the en-

ergy density, which fixes the polynomial order of the
currents [11],

6% (x), 0% (x')]
= —i(0%(x) +©%(x'))3,8(x — x'). (4)

(ii) ©(x) should be a unitary singlet, i.e., it should be
invariant under the internal (approximate) SU(3),
SU(2); symmetry transformations.

(iii) The conservation of the energy-momentum ten-
sor, 0;0Y(x) = 0.

(iv) Poincaré invariance.

It follows from the above conditions and Eqs. (A1), (A2)

that the symmetric energy-momentum current are restricted
to be bilinear in the hadronic currents,

0,(x) = =5l (x). 7%, (30} = gy (447 ()
A= I)) ©

This is an interesting construction for the symmetric
energy-momentum current for the theory of strong inter-
actions as it interlocks internal symmetry SU(3) ® SU(3)
Lie-algebra, Poincaré invariance and Schwinger terms [3].

In the case of spinor fields, the currents J;(x) =y (x)y;y(x)
are quadratic in the fields y(x) and @ (x). This results in the
energy-momentum tensor being quartic in the fields, which
suffers severely from short distance singularities [12].

One can also arrive at Eq. (5) and the equations of
motion described below Egs. (6), (7) by setting up the
Yang-Mills equations of motion and the symmetric energy
momentum tensor using Eq. (3) and then applying the
limit [3].

D. Heisenberg equations of motion for the currents

For the theory to be quantum mechanical, the currents
should satisfy the Heisenberg equations of motion [1],
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[pthj(x)] = _iaijAj(x)‘

Here, p; = [ d’x®;(x) is the 4-momentum.
The currents satisfy the Lorenz gauge condition (current
conservation),

9% (x) =0 9,J5";(x) = 0. (6)

As a result of a vanishing field strength, as mentioned
in [3], the derivatives boil down to algebraic (bilinear)
expressions [1],

0, (x) = 0)04(x) = 5 eancld? (<))
+JC5(x) ()
) (72)

aiJSAj(x) - ajJSAi(x) = %GABC({JBi(x)vJSCj(x)}
+{J5%1(x), J(x) 1) (7b)

If the axial vectors do not play a role in the theory, Eq. (7a)
can be expressed as a covariant derivative, with the currents
themselves acting as the gauge connection (potential),

F,-jA(x) = D,-ABJBj(x) - DjABJB,-<x) = O

Here D AP = 580, — 5=€,cpJ € (x) is the Yang-Mills like
covariant derivative. The field equation of the Sugawara
model is,

8,F A (x) = 0.

This model applies to SU(2), SU(3), chiral SU(2), ®
SU(2)g, chiral SU(3), ® SU(3)x (i.e., only to compact
Lie groups) [12].

Corresponding to every Sugawara model is an associated
Lagrangian field theory (Bardacki-Halpern construction)
and vice-versa [12]. The action is quadratic in the currents.

5= (1/20) / Fx(y=G PN, + (I, > T, (8)

The Hilbert definition of the symmetric energy-momentum
current, i.e., ©;;(x) := —\/%_gﬁg‘sj—s(x) yields Eq. (5).

E. Schwinger commutators revisited

It was shown by Schwinger that the symmetric energy-
momentum components obey a certain set of local equal-
time commutation relations. We shall record some of
the commutation relations for the symmetric energy-
momentum tensor [11,13],

[©%(x), 0% (x')] = —i(@% (x) + 8%(x')) 0,8 (x — x')

_ %00,00 (x’ x/) , (93)

(©%(x), % (x')] = —i(@b(x) + OO(x')5"8)2, (x - x')
— 70004 (x x7), (9b)

[©0%(x), 8% (x')] = —i(®%(x)d 4 ©%(x)")8 (x — ')

— 79406 (x, x/). (9¢)

Here, the operators 7 are model dependent Schwinger
terms and are constrained to have certain integrals and
moments to vanish [14], although, they may be nonvanish-
ing for several cases. We first set up the Schwinger
commutators for the canonical spin and energy-momentum
current.

III. EINSTEIN-CARTAN (EC) THEORY,
CURRENTS, NOETHER IDENTITIES AND
SCIAMA-KIBBLE EQUATIONS

The introduction of a Riemann-Cartan geometry leads to
a gauge theory of gravitation. The gauge potentials of the
RC spacetime are the coframe fields 9% = e;*dx’, which are
4 linearly independent 1-forms having (4 x 4) components,
acting as the translational gauge potential. The Lorentz
connection 'Y = I";%dx’ = —T'P* consists of 4 linearly
independent 1-forms having (4 x 6) components, acts as
the rotational gauge potentials [7].

The translational field strength associated to 9* is the
torsion 2-form (4 x 6 = 24 components) defined as,

[
T%:=D§" = d§" + 1% A =T, A8, (10)

where D is the covariant exterior derivative with compo-
nents obtained by taking interior product e, , D = D,.
The rotational field strength associated to I'”” is the
Lorentz curvature 2-form (having 6 x 6 = 36 components)
defined as,

1 ) )
Raﬁ = dl’*a/}’ —Tar A Fyﬁ — ERijaﬁ'gl A Y. (1 1)

The introduction of the gauge potentials and the corre-
sponding field strengths leads to the generalization of the
Lie-algebra of the Poincaré group [15],

[2(1/37 Dy] = gy(zD/} - g}’/}D(/U (123)
1

[Da Dg] =5 Rayf Xy = T’ Dy. (120)

[Za/h Zyé] = i(n/iyzaﬁ - nayzﬂé + naézﬂy - nﬁézay)' (12(:)

s i s T
Here, Raﬁy = elae//;RijV and Ta/}y = e’ae-’ﬂT,-/.
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A. Noether currents (sources) of the EC theory

Matter current 3-forms are obtained via the Lagrange-
Noether machinery by requiring invariance under local
Poincaré transformations (with the matter equation % =0
satisfied) [15]. The currents of EC theory coincide with the
Noether currents associated to external local spacetime
transformations [16]. The Noether current associated to the
translational gauge connection is the canonical energy-

momentum current,

0% 08

= e 0D w)

T, == Doy — e, L.

(13a)

The current associated to the rotational gauge connection
are the canonical spin current,

(13b)

The components of the spin current are Lie-algebra
(Lorentz) valued 3-forms.

It is very important to note that for a consistent definition
of global charges (spin and charge/flavor charges), we
require that the Noether currents satisfy an on-shell con-
servation law. This means that are currents are localized and
vanish over the hypersurface bounding them.

1. The spin angular momentum algebra

Like charge is the spatial integral over the time compo-
nent of the 4-current density, spin angular momentum is
the integral over the time component of the spin current
density, i.e.,

1
Sa = ieabc/@bco(x)d’jx' (14)

It is easy to show that S, satisfy the spin angular
momentum algebra of quantum mechanics,

[Sa»Sb] = ie(leSC’ (15)

B. Conservation laws and Noether identities

The invariance of the Lagrangian under local diffeo-
morphisms yields us the first Noether identity for the
canonical energy-momentum current [15],

. | .
Disal = T{liﬂsﬂl + ERaiy(g@y&l' (16)

The above identity for the canonical energy-momentum
implies that the field strengths act upon the corresponding
sources.

Invariance under infinitesimal Lorentz transformations
yields the Noether identity for the canonical spin current,

Di@aﬁi = ZS[Gﬂ] (17)

The above identities in the special relativistic setting are
the standard conservation laws. The Noether identities
would be central in deriving the commutation relations
for the canonical energy-momentum and the spin current in
this paper.

C. Field equations of EC theory

The field equations of EC theory can be derived
from an action principle. The Lagrangian consists of the
field Lagrangian and the matter Lagrangian. The EC
Lagrangian density is linear in the Lorentz curvature
(invariant). The matter Lagrangian density is a scalar-
valued 4-form (top-form) [16],

1
Spc= / d*x <2_“’aﬁ ARy+2, (w,dwﬂa’raﬁ)) - 8
K

Variation with respect to I'* yields an algebraic equation,
with spin as the source of torsion,

1
5 Papr

AT = kS (19)
Similarly, variation with respect to 9% yields the very
familiar equation for curvature,

1
Ea)aﬁ}, VAN Rﬂ}/ = Kga. (20)

It is the canonical energy-momentum current which acts as
a source of curvature in EC theory, instead of the symmetric
(Hilbert) energy-momentum current.

IV. CONSTRUCTION OF ETCR FOR SPIN AND
CANONICAL ENERGY-MOMENTUM CURRENT

A. Schwinger quantum action principle

The second important tool required to construct the
Sugawara-Sommerfield ansatz for the canonical currents of
spin are their ETCRs.

We start with the transition amplitude which is equiv-
alent to the sum over all possible histories of fields from the
instant o to the instant o, [17],

Wy 00|, 0,) = NEH: exp{%IH(Q)}.

Where H corresponds to the history of evolution of an
initial state (field) ¥, (x) corresponding to some value on o,
to a state W,(x) taking values on o, and the other values
between them N is the normalization factor assuring,

Z|<‘P2§02|l}'1§01>|2 =1L
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The Schwinger quantum action principle states that an
infinitesimal variation of the transition amplitude is equiv-
alent to the matrix element of the variation of action by the
infinitesimal parameters [17],

5<T2;62|T1;61>

= <‘P2;02|%/02 52(\11, D\P)d4x|‘P1;61>. (21)

0]

The ETCRs for the spin current can be derived using the
Schwinger quantum action principle. Performing a delta
variation with respect to the affine spin (Lorentz) con-
nection on the matrix elements of the second Noether
identity—Eq. (17), the canonical spin current Lie algebra
then reads,

{ ( ) (x/)]x():x()
= 2i(n [@ﬂ] /(x) = 15a@p,7 (x))8° (x = ')
. 5@05/3( ) oz ~lap x)
) -

The second bracket in Eq. (22) represents the model
dependent Schwinger terms.

B. Canonical energy-momentum
current commutators

The set of local ETCRs for the canonical energy-
momentum current can be obtained using the same machi-
nery by varying the matrix elements of the first Noether
identity—Eq. (16) with respect to the coframe field. Putting
all this together we get the ETCR for the canonical energy-
momentum current,

Hj (x/)]xozx(’J
1 .
— (22008,01 4 3 R (1230 )5 )

- (0= 1) TR - LRt S ),

(23)

The terms in the big bracket of the right-hand side (rhs) of
Eq. (23) are the model dependent Schwinger terms. In the
limit e/, =&, I'; =0 (Equivalence principle for EC
theory), it follows that the time-time components (energy
density) commutators close on the momentum density,

= —i(Zo"(x) + Ty ()08 (x = x)
- foooo(x,x/)- (24)

—
=X,

*The spin current Lie-algebra corresponds to 80(1,3) ® 80(1,3).

The Eq. (24) is analogous to Eq. (9a). Although it is
important to note that in the EC theory the canonical
energy-momentum encapsulates, apart from the distribu-
tion energy-matter distribution, an antisymmetric piece
which is contributed by the spin of the particle. Hence,
a correct formulation of the energy-momentum tensor for
the strong and weak interactions describing particles
carrying an intrinsic angular momentum should be in terms
of the asymmetric T(x). Since the canonical energy-
momentum current is the current coupled to the translation
group T4, we call it the t; ® t, algebra. Note that the group
of translations is not compact, although we use a similar
notation for its algebra like current algebra.

V. ANALOGY BETWEEN SPIN CURRENT
ALGEBRA AND VECTOR—AXIAL VECTOR
CURRENT ALGEBRA

The spin current Lie-algebrais very similar to the algebra of
representation of the Lorentz group Eq. (12c), asitis expected.
The role of the SU(2) matrices T4 in the current algebra is
played by SO(1,3) generators X,5. The Schwinger terms
integrated should vanish, but in general are nonzero. For the
sake of brevity, we record the different components of Eq. (22)
in order to highlight the similarity with the 31t(2)—currents.

The time-time components exhibit a similar algebra
(ETCRs) to the charge density algebra—Eq. (A1),

[@abo(x)’ @cdo (x/)} = 2i(nc[a@h]do(x)

~ 140 @p)° ()8 (x = X)

- Wab.cdo'o ()C, )C/). (253)
[@0°(x), @co” ()] = 2i[a@3)o" (x = X')

- Wab.c()o’o (X, x/)7 (25b)
[@aoo(x)’@hoo(xl)] = i@aho(x) (x =)

— Wa0,0°0 (3, X'). (25¢)

Similarly, the time-space commutators are of a similar
form as in Eq. (A2),

[@abo(x)’ @cde(x/>] = Zi(’/lc[a@b]de(x)
- ”d[a@b]ce(x) 53( x')

- Wab cdo “ (x7 xl) ’ (263)
[@aoo(x)’@boe(xl)] =i©,,°(x) 3(x x')

- Wao,bo “(x, 1), (26b)
[@abo<x)’ @coe(x/)] = 2i’1c[a@b]oe53 (x = x')

- Wab.cOO'e (x’ xl)’ <26C)
[@a()o(x>’ @hce (X/)] = 2i’1a[b@c]0853 ()C - .X/)

- Wab.c()o’e (X, xl)' (26d)
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Here W are the model dependent Schwinger terms. The
space-space components identically vanish like in this
case too.

Since the Sugawara-Sommerfield construction is built
over the algebra of fields, the currents can be identified with
its corresponding gauge fields [5]. This allows us to express
the canonical spin current (dynamical variables for gravity)
in terms of the Lorentz connection,3

©aﬂi (x) = Criaﬁ(x)’ (27)

where C = ’;‘—22. Hence, the spin current algebra pertaining to
the Sugawara-Sommerfield model is

[@aﬂo (X), @yﬁj (X/)]
= 2i(1,1.@p5; (x) = 15 (X)) (x — x')
+ 2iC77a[7175]/;8j53 (x—x'). (28)

The coefficients of the Schwinger terms are the SO(1, 3)
Cartan-metric 21,755 (compare Egs. (Al), (A2) having
the SU(2) metric 8 as coefficients of the Schwinger
terms.)

A. The analogy between the Lorentz algebra
and vector-axial vector currents

The canonical spin tensor corresponding to the rotations
(spatial) Lorentz indices &,,' will be denoted as &,.
Similarly, &, corresponding to boosts (temporal-spatial)
components will be denoted as ©;,. Comparing the local
equal-time commutation relations for the spin tensor—
Eqgs. (25), (26) and the hadronic currents—Eqgs. (A1), (A2)
we find that,

©,,6,] xS, [J,J] < J,
[grvgb}a@b U’JS]CXJS’
[©,. @] x©&,  [Js.Js5] o J, (29)

The closure of the algebras indicate that ©, « J alone
while ©, « Js. Thus the canonical Noether current asso-
ciated with Lorentz symmetry are interlocked with Noether
current associated with internal symmetry.

VI. SUGAWARA-SOMMERFIELD
CONSTRUCTION FOR SPIN CURRENT

In order to achieve this, the syin current ansatz should
satisfy the following conditions:
(i) It should be a unitary singlet under the SU(2),
transformation.

The model dependent terms W are obtained by substituting
Eq. (27) into the spin current algebra.
*Such a construction is equally applicable for SU (3); group.

(i) The ansatz should satisfy the spin current Lie

algebra—Eq. (28) and the hadronic current algebra.

The Belinfante-Rosenfeld formula in the framework of

EC theory expresses the auxiliary symmetric energy-

momentum tensor in terms of the canonical energy-
momentum tensor and the gradients of spin tensor,

G)ai(x> = sai(x) - EDk(@aik<x) - ©ika(x> + @iak(x>)'

(30)

Here, D, = Dy + T}, is the modified covariant derivative.
Considering only the partial derivative part we infer from
Egs. (7a), (7b) and (30) that the components of the
canonical spin current can be at most linear in the hadronic
currents (cf. Appendix A for a current algebra argument).

Our inference from Egs. (29) that @, is solely related to
J and &, to Js, a linear polynomial in hadronic currents
and the singlet condition put together yields separate
equations for the rotation and boost components of the
spin current,

& 4pi(x) :)(abA(x)JAi(x) = TfSU(z)()(ab(x)Ji(x))- (31a)
S0 (%) =20 (X)JsAi(x) =Trsy(p) (xeo(x)Jsi(x)).  (31b)
Where y;;*(x) = —y;*(x) are components of a skew-

symmetric 2-form. It is straightforward to work with
Eq. (31a) and fix the form of the spatial parts, namely,
Za™.” Tt is obtained by substituting Eq. (31a) into Eq. (28)
in order to exactly reproduce its right-hand side. Thus, y
takes the form,

Y () = 5 eanc(ELP(ESC(2) - E,P(E, ()

= eABCE[uBEh]C(x)' (32)
Here we define 8u(2)-valued 1-forms (coframe with
anholonomic flavor indices),

9 (x) = EA(x)dx!. (33)
The components E;*(x) could be called “internal-
vierbeins.” Such vierbeins appear in [18,19]. It is also
important to note that these coframes are related to SU(2),
(flavor) and not to SO(1, 3) freedom like the conventional

coframes. Also, one cannot convert from space-time to
internal indices using these quantities.

(34)

>The form of Xco in Eq. (31b) is complicated due to being
related to Js;, which, is related to vierbiens corresponding to the
identity generator of the extended U(2) flavor group (cf. [18]).
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These vierbeins are orthogonal matrices that satisfy the
following contraction properties,

EAX)EA(x) = Nijs

' EA(x)E®(x) = 55

Thus, the Sugawara-Sommerfield constuction for the rota-
tion components of the canonical spin current reads

S pi(x) = €ABCE[aA (X)Eb]B(x)Jci(x)~ (35)

A. Pure gauge form
The vector currents of the Sugawara-Sommerfield model
have a solution in the form of [18,20]
1
JA,-(X) = 5 CGABCEBZ()C)aiECl(X). (36)

Substituting Eq. (36) into Eq. (35), we get a singlet in the
internal-dreibeins,

@abi<x) = CEA[aaiEb]A(x)' (37)

This is of the form E~'dE. Hence, the spin tensor assumes a
pure gauge form in this model. It follows that the four-
divergence of the spin current is not zero but rather yields
the antisymmetric part of the canonical energy-momentum
current,

ai@abi(x) = CEA[aDEb]A = 22[@]. (38)

Here [ = 9,0' is the D’ Alembert operator.

B. Internal dreibein quantization

Due to the pure gauge form it is easy to see that the
internal-vierbiens satisfy a set of canonical commutation
relations. Substituting Eq. (37) into Eq. (28) leads to the
following canonical commutation rules a la Yang-Mills-
Ashtekar for the internal dreibeins:

[EaA(x)’ EbB('x/)]xO:xa =0, (398')
(B4 (x). o (X)) = = =008 (x = X), (39b)
Mo (x), Moy () ;s = O, (39¢)
Ml (3). T (), = 281,05 = ). (390

Where I1y,*(x) = 0yE,*(x) are the canonically conjugate
momenta and T1,,%(x) = 0,E,*(x). This leads to a con-
sistent spin current Lie algebra (see Appendix B for
calculations).

C. Gauge potentials interlink

Using Eq. (27) it follows for the purely spatial compo-
nents that,

Ciap(x) = €ABcE[aA (X)Eh]B(X)AiC(x)- (40)

We infer a new feature from this model, namely that the
gravitational gauge potential T'(x) is related to the non-
Abelian Yang-Mills gauge potential A(x).

The curvature of the affine spin connection—Eq. (40),
vanishes identically. Similar results were obtained in [21].
(see, also Appendix C for calculations),’

Rabij<x) =0. (41)

This is an interesting result since we find a vanishing
Lorentz curvature tensor and a nonvanishing torsion tensor.
Therefore, in the m = 0, g = 0 limit we find the emergence
of a teleparallelism’ in the local geometry of strong
interactions. Hence, as we approach this “formal” limit,
the current algebra leads to the evolution of local geometry
from a Riemann-Cartan (RC) spacetime to a Weitzenbdck
spacetime and the connection is a Weitzenbock connection.

Surprisingly, a similar feature arises while studying two
dimensional systems, namely the nonlinear ¢ model with
WZW interactions. In this case torsion is naturally incor-
porated to the geometry along with curvature. On a
renormalization flow of the geometry of the manifold,
there arises nontrivial infrared fixed points A = +47/N for
N € Z. At these special values of the coupling 4, the
manifold is “parallelizable” and the geometry evolves from
RC to Weitzenbock. This concept was first introduced in
[9,10] and is called “geometrostasis.” It would be very
interesting to see the connection between the SS construc-
tion for spin current in 4-dimensions and the 2-dimensional
model studied in [10].

D. An extended ansatz

Apart from Eq. (39), we calculate the ETCRs for the
time-time and time-space components.
—eancEyC(x)8 (x=x'), (420)
kC2

[Eo" (x). Eo® ()]

—
Xo=2x,,

i
o=x) = @echaC(x)(S3 (x—x')

i5AB
2kC?

[Eo* (x). £, (x')]

+

0,0 (x = X'). (42b)

®Even though cumbersome, it should be possible to show that
the Lorentz curvature with temporal-space indices also vanish,
hence leading to a completely vanishing curvature term.

Einstein had tried setting up a unified theory of gravity and
electromagnetism based on “Fernparallelismus/ teleparallelism.”
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These commutators are similar to Egs. (Al), (2) apart
from a factor of C? in the denominator which ensures
correct length dimensions. Even though, an explicit proof is
missing, one expects these commutators to hold since it is
based on current algebra again.®

With these commutation rules, it is easy to show that the
spin tensor admits a unique cubic term in E,*(x) and the
complete ansatz reads,

©abi(x) = EA[aa[Eb]A(x)
2 A .

+ 3 €ABCE[aA (X)Eb]B(x)Eic(x)-

(43)
Where E4(x) := CZE*(x) are a rescaled set of vierbeins
and C: has an inverse length dimension, i.e., dc% =-1.

VII. DISCUSSION AND CONCLUSION

We showed that the canonical spin current (gravitational
currents associated to Lorentz symmetry) can be con-
structed out of the hadronic flavor currents (internal
symmetry). Rather, one learns by comparing the
SO(1,3) current algebra and the SU(2), current/charge
algebra that the Lorentz boosts can be interlinked to the
flavor chiral (axial) charges %, := K, «x Qs and &, are
related to axial vector currents. On the other hand,
Lorentz rotations are interlinked to the flavor charges S, :=
%eachbc x Q and &, are related to vector currents.

As a consequence of the currents being scaled gauge
fields, the spin construction in terms of the currents has
surprisingly led to an equation interlinking the spin
(Lorentz) connection and the Yang-Mills gauge connection.

An interesting result is the pure gauge form of the spin
current/connection ', (x) = E A[u(?,-Eh]A(x) (Weitzenbock
type) which has a vanishing Lorentz curvature but non-
vanishing torsion tensor (teleparallelism). This changes the
local geometry from a Riemann-Cartan spacetime to a
Weitzenbock spacetime. If we switch from a 4-dimensional
to a 2-dimensional case, our construction seems to be
related to the works in [10], where teleparellism occurs at
special values of the couplings A = +4z/N for N € Z
These are the nontrivial infrared fixed points of their model.
A further investigation is needed to verify the equivalence
of this extended SS construction to the nonlinear 6 model
with WZW interactions.

It follows from the spin current ansatz that the internal-
vierbeins satisfy a set of canonical commutation rules a la
Yang-Mills—Eqs. (39), indicating that the Sugawara-
Sommerfield model is indeed a canonical formalism in
terms of these internal-vierbeins. Lastly, we realise that
the vanishing Lorentz curvature, R,,”(x)=0 is a

*It would be important to see if the above commutators can be
derived from the Lagrangian formulation.

consequence of a vanishing Yang-Mills field strength
lim,, o 4o F*(x)=0. This means that the limit m,g— 0
has a major role in the manifold being “parallelized.”

A. Some potential applications of our construction

Even though, the original SS construction had not found
direct experimental evidences in the high-energy physics
regime, it has found some very useful applications in 2-d
conformal field theories (CFT). Since, we are dealing with
spin-charge-flavor currents, it is indicative that one can
apply our construction for spin currents in CFT (for, e.g.,
the “spin quantum Hall effect” or the “Kondo model”).

Also, there has been a recent interesting work [22],
where the Abelian U(1) electromagnetic vector potential
A;(x) serves as the spin connection for the Bogoliubov
fermionic quasiparticles in the chiral superconductors.
This could be seen as an Abelian counterpart of our work,
namely, the rotational gauge potential-Yang-Mills gauge
potential identification (although, this has nothing to do
with the SS construction). This motivates us to also look
into condensed matter systems for further experimental
investigations.
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APPENDIX A: SPIN TENSOR AS A LINEAR
POLYNOMIAL

We begin with the Lagrangian density for a massive
Yang-Mills theory (spin-1 massive gauge fields) in a RC
spacetime,

1 -
R(A,0A,T,x) = —ZFUA(x)Fl./A(x)

m? )
+ 2 ANDANR), (AD)
where,
Fl'jA (x) = ZD[IA]]A
1
= 2a[iAj]A(x) - EQGABC{AI'B(X)’AJ'C(X)}
20 () (2,54, (). (A2)
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Where (%,,) ;7 s the vector representation of the Lorentz
group. Consider the ETCRs for the gauge fields [5]. For
simplicity we avoid the contribution of the last term in

Eq. (A2),

A5 (), 40° ()] = -5 eancAo ()8 (x = ). (A3a)
A (), AP ()] = 5 A ()5 (x = )
+ # 5480,6%(x — x'), (A3b)

[00A (x) = DiAg" (x). A7 (x')]

= iqij6A353 (x—x)+ %eABCAiC(x)3j53 (x —x')

+ O(A%)& (x — x'). (A3c)

The canonical spin tensor for a spin-1 massive gauge
field is,

G, (x) = 2F A (x)A ) (x). (A4)
It is clear that the spin tensor contains a cubic term in the

gauge fields. As prescribed in [3], currents can be defined
by scaling the gauge fields (operators),

) =" A )
g

the corresponding scaled field strength is,

The Sugawara model can be revived from the massive
Yang-Mills theory by [3],

lim Fol'A (x) =0.

m—>0,g—>0,’;—2:C

[@abo (x) ’ @cde (x/)]x():x

/
0

The corresponding change in the algebra of fields is the
current commutators Eq. (2),

40(x), 20 (x)] =, = i€ancd So(x)& (x —=x'),  (ASa)
40 (x), JBi(x/)]x0=x6 = ieapcd <i(x)8 (x = x')
+iC580,8%(x — '), (A5b)
[007%1(x) = 0% (x). TP ;(x')]
= iespcdCi(x)0;6% (x —x') + O(J2)5 (x —x').  (A5c)

Where 0gJ*;(x) —0;J%0(x) =5g€ac{J0(x).J;(x)}. The
difference between the quantization of Egs. (A3c)
and (AS5c) is evident, since the latter is devoid of
in;;6"88%(x —x’). Let us assume that the spin current
ansatz was a cubic polynomial like Eq. (A4) for, e.g.,

ik (x) = (9 i(x) = 0o (x))J Ak (x)

- %eABC{JBO(X)’ JE ) A ().

On substituting the above expression into Eq. (22) and
using Eq. (A5c), we either end up with fifth order terms as
the coefficients of delta function or fourth-order terms as
coefficients of derivatives of delta function. This surely
does not satisfy the spin current algebra. Hence, it can
admit at most a linear polynomial in the hadronic currents.

APPENDIX B: VERIFYING THE ANSATZ USING
INTERNAL-DREIBEIN COMMUTATION RULES

First, we show that the spin current completely expressed
in terms of the 8u(2) vierbeins satisfy the spin current
Lie-algebra. Our calculations are only restricted to &,.

&,,°(x) = CEA,"EL (x),
S (x) = CEB[CaeEd]B(x’).

Substituting in ETCR for spin we get,

= C*[E*,0"Ep (x). EB|.O°Eg P (X))
= C*E,*O"Ep* (x) — E*,0"E B (x), E .0°E 2 (x') — EB J0°E P (x')]

- Cz([EAaaoEbA(x)’ EBcaeEdB(x,)] - [EAaaoEbA(x)’ EBdaeEcB(xl)]
- [EAbaoEaB(x)’ EBcaeEdB(xl } + [EAbaoEaB(x)’EBdaeEcB<xl)])'

Using the commutation rules—Eq. (39), we get our desired result,

= i(’?ac@bd(;(x) - ”ad@bce(x) + nbd@ace(x) — r]bc@ade(x))53 (x — x/)
+ 1C(Nacba = Nadlbe )08 (x = X').
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APPENDIX C: VANISHING LORENTZ CURVATURE

The Lorentz curvature is defined as,

R

ij

We start with Eq. (40), [,% (x) = 2E,190,E", (x).

ab ._ 8irjab _ ajriab + T4 .t — FjacFiCb

iclj

(9,~Fj“b - 8jriab — ZaiEA[‘laij]A - 28jEA[”(9iEb]A.

The product of the connections is,

[ TP =T T = 5oy (Ex“O;EP g — ExPO,E ) (E°0,E" g — Eg"0;E )
—Hep (EAaajEAp - EpAaanA>(EBCaiEbB - EBbaiECB)
= E)“Ep 0;E “0;E®y — E\Eb0,Ex 0E g — O;E“4O0;E® s + E AE”g0,E“40;E
— E\Ep°OE p\OEPy + E4“Ep"0;E 2 O,E" g + O;E*\O,E? s — E5 E?0,E“4O0,Ep
= —20,El90,E") 4 + 20,E,190,E",.

]

There is a nice cancellation among the terms due to the
skew-symmetry of the spin (Lorentz) connection. Hence we
get R,p;j = 0 (vanishing Lorentz curvature).

APPENDIX D: NOTATIONS

Our basic notation and conventions are as follows:
spacetime coordinates will be labeled with Latin indices
i,j,k...=0,1,2,3. Spatial coordinates will be denoted by
a, b,....= 1, 2, 3. The frame (tetrad) fields e, with a,
p,...=0, 1, 2, 3 (Lorentz indices) with components ei,,,
coframe field 9 with components (vierbeins) e’.
Wy = ¥y, W = %8, N 8p), @y, = *(8, A O N Y,),
e:=det(e) = /=g, ¢ =1. Parentheses around the
indices denote symmetrization (ij) == 4 (ij + ji) and anti-
symmetrization [ij] :=1(ij — ji). The covariant exterior

|
derivative components are D, = ¢e',D; with D; =
0; + T} %,5, where I'* is the Lorentz (spin) connection
and X, are the representations of the Lorentz generators.
The metric field will be denoted as g,;;(x) and the
Minkowski metric as #7;;, while the three-metric reads
hgy(x). Internal symmetry (flavor) indices are labeled as
A,B,C,...,.TA are the generators of internal symmetry
groups (for, e.g., SU(2), or SU(3), flavor groups). espc
are the completely antisymmetric Levi-Civita symbol. A =
A4, (x)T 4dx' are the Yang-Mills gauge connection 1-forms.
Coframe field with internal symmetry indices is denoted as
94(x) and their components as E;A(x). (JA;, = Js*))
corresponds to similarly for the axial currents. J corre-
sponds to either vector or axial vector currents.
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