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Accurate waveform models are crucial for gravitational-wave data analysis, and since spin has a
significant effect on the binary dynamics, it is important to improve the spin description in these models.
In this paper, we derive the spin-orbit (SO) coupling at the fifth-and-a-half post-Newtonian (5.5PN) order.
The method we use splits the conservative dynamics into local and nonlocal-in-time parts, and then relates
the local-in-time part to gravitational self-force results by exploiting the simple mass-ratio dependence
of the post-Minkowskian expansion of the scattering angle. We calculate the nonlocal contribution to the
5.5PN SO dynamics to eighth order in the small-eccentricity expansion for bound orbits, and to leading
order in the large-eccentricity expansion for unbound orbits. For the local contribution, we obtain all of the
5.5PN SO coefficients from first-order self-force results for the redshift and spin-precession invariants,
except for one unknown that could be fixed in the future by second-order self-force results. However, by
incorporating our 5.5PN results in the effective-one-body formalism and comparing its binding energy to
numerical relativity, we find that the remaining unknown has a small effect on the SO dynamics,
demonstrating an improvement in accuracy at that order.

DOI: 10.1103/PhysRevD.104.124015

I. INTRODUCTION

Gravitational-wave (GW) observations [1–3] have
improved our understanding of compact binary systems,
their properties, and their formation channels [4,5]. A
crucial component in searching for GW signals and
inferring their parameters is accurate analytical waveform
models, in which spin is an important ingredient given its
significant effect on the orbital dynamics.
Three main analytical approximation methods exist

for describing the dynamics during the inspiral phase:
the post-Newtonian (PN), the post-Minkowskian (PM),
and the small-mass-ratio [gravitational self-force (GSF)]
approximations.
The PN approximation is valid for small velocities and

weak gravitational potential v2=c2 ∼GM=rc2 ≪ 1, and is
most applicable for comparable-mass binaries in bound
orbits. Many studies have contributed to improving
the description of the conservative PN dynamics, for

nonspinning binaries [6–20], at the spin-orbit (SO) level
[21–35], spin-spin [36–44], and higher orders in spin
[45–50]. For reviews, see Refs. [51–56].
The PM approximation is valid for arbitrary velocities

in the weak field GM=rc2 ≪ 1, and is most applicable
for scattering motion since relativistic velocities can be
achieved. It was pioneered by the classic results of
Westpfahl [57,58], with rapid progress using classical
methods [59–65], scattering amplitudes [66–75], effective
field theory [76–80], and worldline quantum field theory
[81,82]. Spin effects were included in PM expansions using
all of these approaches in Refs. [83–96], and radiative
contributions in Refs. [97–101].
The small-mass-ratio approximationm1=m2 ≪ 1 is based

on GSF theory, and is most applicable for extreme-mass-
ratio inspirals (see, e.g., Refs. [102–122] and the reviews
[123–126].) Analytic GSF calculations to high PN orders
were performed at first order in the mass ratio for the gauge-
invariant redshift [127–135] and the spin-precession fre-
quency [136–141]. There has also been recent important
work on numerically calculating the binding energy and
energy flux at second order in the mass ratio [142,143].
The effective-one-body (EOB) formalism [144,145]

combines information from different analytical approxi-
mations with numerical relativity (NR) results, while
recovering the strong-field test-body limit, thereby extend-
ing each approximation’s domain of validity and improving
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the inspiral-merger-ringdown waveforms. EOB models
have been constructed for nonspinning [10,146–150],
spinning [151–166], and eccentric binaries [167–170].
In addition, information from the post-Minkowskian
[62,63,171,172] and small mass-ratio approximations
[173–176] have been incorporated in EOB models.
Recently, a method [177] (sometimes dubbed the “Tutti

Frutti” method [98]) that combines all of these formalisms
has been used to derive PN results valid for arbitrary mass
ratios from GSF results at first order in the mass ratio. The
method relies on the simple mass-ratio dependence of the
PM-expanded scattering angle [64] (see also Ref. [86]),
making it possible to relate the local-in-time part of the
Hamiltonian, or radial action, to GSF invariants, such as the
redshift and precession frequency. The nonlocal-in-time
part of the conservative dynamics, due to backscattered
radiation emitted at earlier times, is derived separately,
since it is calculated in an eccentricity expansion that differs
between bound and unbound orbits. This approach has
been used to derive the 5PN conservative dynamics for
nonspinning binaries except for two coefficients [177,178],
the 6PN dynamics except for four coefficients [179,180],
and the full 4.5PN SO and 5PN aligned spin1-spin2
dynamics [181,182].
In this paper, we determine the 5.5PN SO coupling for

the two-body dynamics, which is the fourth-subleading PN
order, except for one coefficient at second order in the mass
ratio. Throughout, we perform all calculations for spins
aligned, or antialigned, with the direction of the orbital
angular momentum. However, the results are valid for
precessing spins [181], since at the SO level the spin vector
only couples to the angular momentum vector.
The results of this paper and the procedure used can be

summarized as follows:
(1) In Sec. II, we calculate the nonlocal contribution to

the 5.5PN SO Hamiltonian for bound orbits, in a
small-eccentricity expansion up to eighth order in
eccentricity. We do this for a harmonic-coordinates
Hamiltonian, and then incorporate those results
into the gyro-gravitomagnetic factors in an EOB
Hamiltonian.

(2) In Sec. III, we determine the local contribution by
relating the coefficients of the local Hamiltonian to
those of the PM-expanded scattering angle. We then
calculate the redshift and spin-precession invariants
from the total Hamiltonian, and match their small-
mass-ratio expansion to first-order self-force (1SF)
results. This allows us to recover all of the coef-
ficients of the local part except for one unknown.
However, by computing the EOB binding energy
and comparing it to NR, we show that the effect of
the remaining unknown on the dynamics is small.

(3) In Sec. IV, we complement our results for unbound
orbits by calculating the nonlocal part of the gauge-
invariant scattering angle, to leading order in the
large-eccentricity expansion.

(4) In Sec. V, we provide two gauge-invariant quantities
that characterize bound orbits: the radial action
as a function of energy and angular momentum,
and the circular-orbit binding energy as a function of
frequency.

We conclude in Sec. VI with a discussion of the results, and
in the Appendix we provide a summary of the quasi-
Keplerian parametrization at leading SO order. The main
results of this paper are provided in the Supplemental
Material as a Mathematica file [183].

A. Notation

We use the metric signature ð−;þ;þ;þÞ, and units in
which G ¼ c ¼ 1, but sometimes write them explicitly in
PM and PN expansions for clarity.
For a binary with masses m1 and m2, with m2 ≥ m1, and

spins S1 and S2, we define the following combinations of
the masses:

M ¼ m1 þm2; μ ¼ m1m2

M
; ν ¼ μ

M
;

q ¼ m1

m2

; δ ¼ m2 −m1

M
: ð1:1Þ

We define the mass-rescaled spins

a1 ¼
S1

m1

; a2 ¼
S2

m2

; ð1:2Þ

the dimensionless spin magnitudes

χ1 ¼
jS1j
m2

1

; χ2 ¼
jS2j
m2

2

; ð1:3Þ

and the spin combinations

S ¼ S1 þ S2; S� ¼ m2

m1

S1 þ
m1

m2

S2;

χS ¼
1

2
ðχ1 þ χ2Þ; χA ¼ 1

2
ðχ2 − χ1Þ: ð1:4Þ

We use several variables related to the total energy E of
the binary system: the binding energy Ē ¼ E −Mc2, the
mass-rescaled energy Γ ¼ E=M, and the effective energy
Eeff defined by the energy map

E ¼ M

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2ν

�
Eeff

μ
− 1

�s
: ð1:5Þ

We also define the asymptotic relative velocity v and
Lorentz factor γ via

γ ¼ Eeff

μ
; v ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

p
γ

; ↔ γ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2

p ; ð1:6Þ
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and define the dimensionless energy variable

ε ¼ γ2 − 1 ¼ γ2v2; ð1:7Þ

(note that ε used here is denoted as p2
∞ in Ref. [178]).

The magnitude of the orbital angular momentum is
denoted by L, and is related to the relative position r,
radial momentum pr, and total linear momentum p via

p2 ¼ p2
r þ

L2

r2
: ð1:8Þ

We often use dimensionless rescaled quantities, such as

r ¼ rphys

M
; L ¼ Lphys

Mμ
; pr ¼

pphys
r

μ
;

E ¼ Ephys

μ
; H ¼ Hphys

μ
; ð1:9Þ

and similarly for related variables, e.g., Ē ¼ Ēphys=μ, etc. It
should be clear from the context whether physical or
rescaled quantities are being used.

II. NONLOCAL 5.5PN SO HAMILTONIAN
FOR BOUND ORBITS

The total conservative action at a given PN order can be
split into local and nonlocal-in-time parts, such that

SnPNtot ¼ SnPNloc þ SnPNnonloc; ð2:1Þ

where the nonlocal part is due to tail effects projected
on the conservative dynamics [9,184,185], i.e., radiation
emitted at earlier times and backscattered onto the binary.
The nonlocal contribution starts at 4PN order, and has
been derived for nonspinning binaries up to 6PN order
[10,178,179]. In this section, we derive the leading-order
spin contribution to the nonlocal part, which is at
5.5PN order.
The nonlocal part of the action can be calculated via the

following integral:

SLOnonloc ¼
GM
c3

Z
dt Pf2s=c

Z
dt0

jt − t0jF
split
LO ðt; t0Þ; ð2:2Þ

where the label “LO” here means that we include the
leading-order nonspinning and SO contributions, and
where the Hadamard partie finie (Pf) operation is used
since the integral is logarithmically divergent at t0 ¼ t. The
time-split (or time-symmetric) GW energy flux F split

LO ðt; t0Þ
is written in terms of the source multipole moments as [9]

F split
LO ðt; t0Þ ¼ G

c5

�
1

5
Ið3Þij ðtÞIð3Þij ðt0Þ þ

16

45c2
Jð3Þij ðtÞJð3Þij ðt0Þ

�
:

ð2:3Þ

The mass quadrupole Iij and the current quadrupole Jij (in
harmonic coordinates and using the Newton-Wigner spin-
supplementary condition [186,187]) are given by [188,189]

Iij ¼ m1x
hi
1 x

ji
1 þ 3

c3
xhi1 ðv1 × S1Þji

−
4

3c3
d
dt

xhi1 ðx1 × S1Þji þ 1 ↔ 2;

Jij ¼ m1x
hi
1 ðx1 × v1Þji þ

3

2c
xhi1 S

ji
1 þ 1 ↔ 2; ð2:4Þ

where the indices in angle brackets denote a symmetric
trace-free part.
As was shown in Refs. [9,10], the nonlocal part of the

action can be written in terms of τ≡ t0 − t as

SLOnonloc ¼ −
Z

dt δHLO
nonlocðtÞ;

δHLO
nonlocðtÞ ¼ −

GM
c3

Pf2s=c

Z
dτ
jτjF

split
LO ðt; tþ τÞ

þ 2
GM
c3

F split
LO ðt; tÞ ln

�
r
s

�
: ð2:5Þ

Following Ref. [178], we choose the arbitrary length scale s
entering the partie finie operation to be the radial distance r
between the two bodies in harmonic coordinates. This has
the advantage of simplifying the local part by removing its
dependence on ln r.

A. Computation of the nonlocal Hamiltonian
in a small-eccentricity expansion

The integral for the nonlocal Hamiltonian in Eq. (2.5)
can be performed in a small-eccentricity expansion using
the quasi-Keplerian parametrization [190], which can be
expressed, up to 1.5PN order, by the following equations:

r ¼ arð1 − er cos uÞ; ð2:6Þ

l ¼ nt ¼ u − et sin u; ð2:7Þ

ϕ ¼ 2K arctan

" ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ eϕ
1 − eϕ

s
tan

u
2

#
; ð2:8Þ

where ar is the semimajor axis, u is the eccentric anomaly,
l is the mean anomaly, n is the mean motion (radial angular
frequency), K is the periastron advance, and (er; et; eϕ) are
the radial, time, and phase eccentricities.
The quasi-Keplerian parametrization was generalized

to 3PN order in Ref. [191], and including SO and spin-
spin contributions in Refs. [192,193]. In Appendix A 1 we
summarize the relations between the quantities used in
the quasi-Keplerian parametrization and the energy and
angular momentum at leading SO order. Using the
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quasi-Keplerian parametrization, we express the source
multipole moments in terms of the variables (ar; et; t), and
expand the moments in eccentricity.
In the center-of-mass frame, the position vectors of the

two bodies, x1 and x2, are related to x≡ x1 − x2 via [194]

xi1 ¼
m2

M
xi −

ν

2c3δM
ϵijkvjðSk − S�kÞ;

xi2 ¼ −
m1

M
xi −

ν

2c3δM
ϵijkvjðSk − S�kÞ; ð2:9Þ

where v≡ v1 − v2, and hence the source moments from
Eq. (2.4) can be written as

Iij¼Mνxhixji þ 1

3c3

�
m2

2

M2
ð4vhiðS1×xÞji

−5xhiðS1×vÞjiÞþ1↔ 2

�
;

Jij¼Mδνxhiðv×xÞji þ 3

2c

�
m2

M
xhiSji1 −

m1

M
xhiSji2

�
: ð2:10Þ

In polar coordinates,

x ¼ rðcosϕ; sinϕÞ;
v ¼ _rðcosϕ; sinϕÞ þ r _ϕð− sinϕ; cosϕÞ; ð2:11Þ

with r and ϕ given by Eqs. (2.6) and (2.8), er and eϕ related

to et via Eqs. (A12) and (A13), and _r and _ϕ are given by

_r ¼ et sin uffiffiffiffiffi
ar

p ð1 − et cos uÞ
;

_ϕ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ar − are2t

p
a2rð1 − et cos uÞ2

; ð2:12Þ

which are only needed at leading order. We then write the
eccentric anomaly u in terms of time t using Kepler’s
equation (2.7), which has a solution in terms of a Fourier-
Bessel series expansion,

u ¼ ntþ
X∞
k¼1

2

k
JkðketÞ sinðkntÞ

≃ ntþ et sinðntÞ þ
1

2
e2t sinð2ntÞ þ… ð2:13Þ

We perform the eccentricity expansion for the nonlocal
part up to Oðe8t Þ since it corresponds to an expansion to
Oðp8

rÞ, which is the highest power of pr in the 5.5PN SO
local part. However, to simplify the presentation, we write
the intermediate steps only expanded to OðetÞ.
Plugging the expressions for ðr;ϕ; _r; _ϕÞ in terms of

ðar; et; tÞ into the source moments used in the time-split
energy flux (2.3) and expanding in eccentricity yields

F split
LO ðt; tþ τÞ ¼ ν2a4rn6

�
32

5
cosð2nτÞ þ 12

5
et½9 cosðntþ 3nτÞ þ 9 cosðnt − 2nτÞ − cosðnt − nτÞ − cosðntþ 2nτÞ�

�

þ 8ν2

15
n6a5=2r

�
48nτ sinð2nτÞð2δχA − νχS þ 2χSÞ − 32 cosð2nτÞð9δχA − 5νχS þ 9χSÞ

− cosðnτÞðδχA − 4νχS þ χSÞ þ et cos

�
ntþ nτ

2

��
cos

�
3nτ
2

�
ð352δχA þ 352χS − 157νχSÞ

− 27 cos

�
5nτ
2

�
ð84δχA − 47νχS þ 84χSÞ − 36nτ

�
sin

�
3nτ
2

�
− 9 sin

�
5nτ
2

��
ð2δχA − νχS þ 2χSÞ

��
þOðe2t Þ; ð2:14Þ

the orbit average of which is given by

hF split
LO ðt; tþ τÞi ¼ n

2π

Z
2π=n

0

F split
LO ðt; tþ τÞdt

¼ 32

5
ν2n6a4r cosð2nτÞ þ

8

15
ν2n6a5=2r

�
48nτ sinð2nτÞð2δχA − νχS þ 2χSÞ − cosðnτÞðδχA − 4νχS þ χSÞ

− 32 cosð2nτÞð9δχA − 5νχS þ 9χSÞ
�
þOðe2t Þ: ð2:15Þ

In the limit τ ¼ 0, this equation agrees with the eccentricity expansion of the energy flux from Eq. (64) of Ref. [193].
Then, we perform the partie finie operation with time scale 2s=c using Eq. (4.2) of Ref. [9], which reads

PfT

Z
∞

0

dv
v
gðvÞ ¼

Z
T

0

dv
v
½gðvÞ − gð0Þ� þ

Z
∞

T

dv
v
gðvÞ: ð2:16Þ
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The first line of Eq. (2.5) yields

− Pf2s=c

Z
dτ
jτj hF

split
LO ðt; tþ τÞi

¼ 64

5
ν2n6a4r ½lnð4nsÞ þ γE� −

16

15
ν2n6a5=2r

�
½289δχA þ ð289 − 164νÞχS� lnðnsÞ

þ ½289γE þ 48þ 577 ln 2�δχA þ ½γEð289 − 164νÞ − 12νð2þ 27 ln 2Þ þ 48þ 577 ln 2�χS
�
þOðe2t Þ; ð2:17Þ

while the second line yields

2hF split
LO ðt; tÞi ln

�
r
s

�
¼ 64

5
ν2n6a4r ln

�
ar
s

�
−
16

15
ν2n6a5=2r ln

�
ar
s

�
½289δχA þ ð289 − 164νÞχS� þOðe2t Þ: ð2:18Þ

Adding the two expressions removes the dependence on s.
When performing the calculation to Oðe8t Þ, we obtain the following Delaunay-averaged nonlocal Hamiltonian:

hδHLO
nonloci ¼

ν2

a5r
½A4PNðetÞ þ B4PNðetÞ ln ar� þ

ν2δχA

a13=2r

�
584

15
ln ar −

64

5
−
464

3
ln 2 −

1168

15
γE

þ e2t

�
2908

5
ln ar −

5816

5
γE þ 2172

5
−
3304

15
ln 2 −

10206

5
ln 3

�

þ e4t

�
43843

15
ln ar −

87686

15
γE þ 114991

30
−
201362

5
ln 2þ 48843

4
ln 3

�

þ e6t

�
55313

6
ln ar −

55313

3
γE þ 961807

60
þ 6896921

45
ln 2 −

3236031

160
ln 3 −

24296875

288
ln 5

�

þ e8t

�
134921

6
ln ar −

134921

3
γE þ 135264629

2880
−
94244416

135
ln 2þ 12145234375

27648
ln 5 −

1684497627

5120
ln 3

��

þ ν2χS

a13=2r

�
−
64

5
þ 32ν

5
þ
�
896ν

15
−
1168

15

�
γE þ

�
576ν

5
−
464

3

�
ln 2þ

�
584

15
−
448ν

15

�
ln ar

þ e2t

�
2172

5
−
4412ν

15
þ
�
4216ν

5
−
5816

5

�
γE þ

�
5192ν

15
−
3304

15

�
ln 2þ

�
6561ν

5
−
10206

5

�
ln 3

þ
�
2908

5
−
2108ν

5

�
ln ar

�
þ e4t

�
114991

30
−
38702ν

15
þ
�
62134ν

15
−
87686

15

�
γE

þ
�
386414ν

15
−
201362

5

�
ln 2þ

�
48843

4
−
28431ν

4

�
ln 3þ

�
43843

15
−
31067ν

15

�
ln ar

�

þ e6t

�
961807

60
−
215703ν

20
þ
�
193718ν

15
−
55313

3

�
γE þ

�
6896921

45
−
12343118ν

135

�
ln 2

þ
�
3768201ν

320
−
3236031

160

�
ln 3þ

�
92421875ν

1728
−
24296875

288

�
ln 5þ

�
55313

6
−
96859ν

15

�
ln ar

�

þ e8t

�
135264629

2880
−
45491177ν

1440
þ
�
93850ν

3
−
134921

3

�
γE þ

�
118966123ν

270
−
94244416

135

�
ln 2

þ
�
537837489ν

2560
−
1684497627

5120

�
ln 3þ

�
12145234375

27648
−
3790703125ν

13824

�
ln 5

þ
�
134921

6
−
46925ν

3

�
ln ar

��
þOðe10t Þ; ð2:19Þ

where the functions A4PNðetÞ and B4PNðetÞ in the 4PN part are given in Table I of Ref. [178].
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B. Nonlocal part of the EOB Hamiltonian

The (dimensionless) EOB Hamiltonian is given by the
energy map

HEOB ¼ 1

ν

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2νðHeff − 1Þ

p
; ð2:20Þ

where the effective Hamiltonian is

Heff ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
AðrÞ½1þ p2 þ ðAðrÞD̄ðrÞ − 1Þp2

r þQðr; prÞ�
q
þ 1

c3r3
L · ½gSðr; prÞSþ gS� ðr; prÞS��: ð2:21Þ

The nonspinning potentials A; D̄, and Q were obtained
at 4PN order in Ref. [10]. The 4.5PN gyro-gravitomagnetic
factors, gS and gS� , are given by Eq. (5.6) of Ref. [182], and
are in a gauge such that they are independent of the angular
momentum. Note that the gyro-gravitomagnetic factors are
the same for both aligned and precessing spins, since the spin
vector only couples to the angular momentum vector at the
SO level. Hence, even though the calculations are specialized
to aligned spins, the final result for the gyro-gravitomagnetic
factors is valid for precessing spins.
Splitting the potentials A; D̄; Q into a local and a non-

local piece, and writing the gyro-gravitomagnetic factors as

gS ¼ 2þ � � � þ 1

c8
ðg5.5PN;locS þ g5.5PN;nonlocS Þ;

gS� ¼
3

2
þ � � � þ 1

c8
ðg5.5PN;locS� þ g5.5PN;nonlocS� Þ ð2:22Þ

yields the following LO nonlocal part of the PN-expanded
effective Hamiltonian:

Heff ¼ Hloc
eff þ

1

c8
Hnonloc

eff þOð5PN; 6.5PNSOÞ;

Hnonloc
eff ¼ 1

2
ðAnonloc þ D̄nonlocp2

r þQnonlocÞ

þ νL
c3r3

· ½Sg5.5PN;nonlocS þ S�g5.5PN;nonlocS� �: ð2:23Þ

Then, we write the nonlocal piece of the potentials and
gyro-gravitomagnetic factors in terms of unknown coeffi-
cients, calculate the Delaunay average ofHnonloc

eff in terms of
the EOB coordinates ðar; etÞ, and match it to the harmonic-
coordinates Hamiltonian from Eq. (2.19). Since harmonic
and EOB coordinates agree at leading SOorder, no canonical
transformation is needed between the two at that order.
This yields the results in Table IV of Ref. [178] for the

4PN nonspinning part, and the following SO part expanded
to Oðp8

rÞ:

g5.5PN;nonlocS

¼ 2ν

��
292

15
ln r −

32

5
−
584

15
γE −

232

3
ln 2

�
1

r4
þ
�
12782

15
− 104γE þ 32744

15
ln 2 −

11664

5
ln 3þ 52 ln r

�
p2
r

r3

þ
�
12503

15
−
635456

9
ln 2þ 218943

5
ln 3

�
p4
r

r2
þ
�
38246

25
þ 176799232

225
ln 2 −

2517237

10
ln 3 −

3015625

18
ln 5

�
p6
r

r

þ
�
503099

350
−
898982848

189
ln 2þ 6352671875

3024
ln 5 −

31129029

400
ln 3

�
p8
r þOðp10

r Þ
�
;

g5.5PN;nonlocS�

¼ 3

2
ν

��
16 ln r −

32

5
− 32γE −

2912

45
ln 2

�
1

r4
þ
�
35024

45
−
1024γE
15

þ 93952

45
ln 2 −

10692

5
ln 3þ 512

15
ln r

�
p2
r

r3

þ
�
9232

15
−
2978624

45
ln 2þ 206064

5
ln 3

�
p4
r

r2
þ
�
33048

25
þ 1497436672

2025
ln 2 −

1199934

5
ln 3 −

12593750

81
ln 5

�
p6
r

r

þ
�
651176

525
−
9076395968

2025
ln 2þ 2226734375

1134
ln 5 −

697653

14
ln 3

�
p8
r þOðp10

r Þ
�
: ð2:24Þ

III. LOCAL 5.5PN SO HAMILTONIAN AND
SCATTERING ANGLE

In this section, we determine the local part of the
Hamiltonian and scattering angle from 1SF results by
making use of the simple mass dependence of the PM-
expanded scattering angle.

A. Mass dependence of the scattering angle

Based on the structure of the PM expansion, Poincaré
symmetry, and dimensional analysis, Ref. [64] (see also
Ref. [86]) showed that the magnitude of the impulse (net
change in momentum), for nonspinning systems in the
center-of-mass frame, has the following dependence on the
masses:
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Q ¼ ðΔp1μΔp1μÞ1=2

¼ 2Gm1m2

b

�
Q1PM þG

b
ðm1Q2PM

m1
þm2Q2PM

m2
Þ

þG2

b2
ðm2

1Q
3PM
m2

1

þm1m2Q3PM
m1m2

þm2
2Q

3PM
m2

2

Þ þ � � �
�
;

ð3:1Þ

where each PM order is a homogeneous polynomial in the
two masses. For nonspinning bodies, the Q’s on the right-
hand side are functions only of energy (or velocity v).
This mass dependence has been extended in Ref. [182] to
include spin, such that

QnPM
mi

1
mj

2

¼ QnPM
mi

1
mj

2

�
v;
a1
b
;
a2
b

�

¼ QnPM
mi

1
mj

2
a0
ðvÞ þ a1

b
QnPM

mi
1
mj

2
a1
ðvÞ

þ a2
b
QnPM

mi
1
mj

2
a2
ðvÞ þOða2i Þ; ð3:2Þ

where b is the covariant impact parameter defined as
the orthogonal distance between the incoming world-
lines when using the covariant (Tulczyjew-Dixon) spin-
supplementary condition [195,196] piμS

μν
i ¼ 0. (See

Refs. [85,86,182,197] for more details.)
The scattering angle χ by which the two bodies

are deflected in the center-of-mass frame is related to Q
via [64]

sin
χ

2
¼ Q

2Pc:m:
; ð3:3Þ

where Pc:m: is the magnitude of the total linear momentum
in the center-of-mass frame and is given by

Pc:m: ¼
m1m2

E

ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

q
; ð3:4Þ

where we recall that

E2 ¼ m2
1 þm2

2 þ 2m1m2γ

¼ M2½1þ 2νðγ − 1Þ�;

γ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2

p : ð3:5Þ

Therefore, the scattering angle scaled by E=m1m2 has the
same mass dependence as Q. (Equivalently, χ=Γ has the
same mass dependence as Q=μ, where Γ≡ E=M.)
For nonspinning binaries, and because of the sym-

metry under the exchange of the two bodies’ labels, the
mass dependence of χ=Γ can be written as a polynomial
in the symmetric mass ratio ν. This is because any

homogeneous polynomial in the masses ðm1; m2Þ of
degree n can be written as polynomial in ν of degree
bn=2c. For example,

c1m3
1 þ c2m2

1m2 þ c2m1m2
2 þ c1m3

2

¼ M3½c1 þ ðc2 − 3c1Þν�; ð3:6Þ

for some mass-independent factors ci. Hence, at each
nPM order, χ=Γ is a polynomial in ν of degree
bðn − 1Þ=2c.
When including spin, we also obtain a dependence on

the antisymmetric mass ratio δ≡ ðm2 −m1Þ=M, since

a1ðc1m3
1 þ c2m2

1m2 þ c3m1m2
2 þ c4m3

2Þ
¼ M3a1ðα1 þ α2δþ α3νþ α4νδÞ; ð3:7Þ

where αi are some linear combinations of ci.
Thus, we find that the scattering angle, up to 5PM

order and to linear order in spin, has the following mass
dependence:

χ ¼ χa0 þ χa þOða2Þ; ð3:8Þ

χa0

Γ
¼ GM

b
X0
1 þ

�
GM
b

�
2

X0
2 þ

�
GM
b

�
3

½X0
3 þ νX0;ν

3 �

þ
�
GM
b

�
4

½X0
4 þ νX0;ν

4 �

þ
�
GM
b

�
5

½X0
5 þ νX0;ν

5 þ ν2X0;ν2
5 � þ…; ð3:9Þ

χa
Γ

¼ a1
b

�
GM
b

X1 þ
�
GM
b

�
2

½X2 þ δXδ
2�

þ
�
GM
b

�
3

½X3 þ δXδ
3 þ νXν

3�

þ
�
GM
b

�
4

½X4 þ δXδ
4 þ νXν

4 þ νδXνδ
4 �

þ
�
GM
b

�
5

½X5 þ δXδ
5 þ νXν

5 þ νδXνδ
5 þ ν2Xν2

5 �

þ…

�
þ 1 ↔ 2; ð3:10Þ

where the X…
i are functions only of energy/velocity.

Since ν and νδ are of order q when expanded in the
mass ratio, their coefficients can be recovered from 1SF
results.
This mass-ratio dependence holds for the total (localþ

nonlocal) scattering angle. However, by choosing the split
between the local and nonlocal parts as we did in Sec. II,
i.e., by choosing the arbitrary length scale s to be the radial
distance r, we get the same mass-ratio dependence for the
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local part of the 5.5PN SO scattering angle. This is con-
firmed by the independent calculation of the nonlocal part
of the scattering angle in Eq. (4.23) below, which is linear
in ν. (In Ref. [178], the authors introduced a “flexibility”
factor in the relation between s and r to ensure that this
mass-ratio dependence continues to hold at 5PN order for
both the local and nonlocal contributions separately.)

Terms independent of ν in the scattering angle can be
determined from the scattering angle of a spinning test
particle in a Kerr background, which was calculated in
Ref. [198]. For a test body with spin s in a Kerr background
with spin a, the 5PM test-body scattering angle to all PN
orders and to linear order in spins can be obtained by
integrating Eq. (65) of Ref. [198], leading to

χtest ¼
GM
b

�
2v2 þ 2

v2
−
4ðaþ sÞ

bv

�
þ π

�
GM
b

�
2
�
3ðv2 þ 4Þ

4v2
−
ð3v2 þ 2Þð4aþ 3sÞ

2bv3

�

þ
�
GM
b

�
3
�
2ð5v6 þ 45v4 þ 15v2 − 1Þ

3v6
−
4ð5v4 þ 10v2 þ 1Þð3aþ 2sÞ

bv5

�
þ π

�
GM
b

�
4
�
105ðv4 þ 16v2 þ 16Þ

64v4

−
21ð5v4 þ 20v2 þ 8Þð8aþ 5sÞ

16bv5

�
þ
�
GM
b

�
5
�
2ð21v10 þ 525v8 þ 1050v6 þ 210v4 − 15v2 þ 1Þ

5v10

−
4ð63v8 þ 420v6 þ 378v4 þ 36v2 − 1Þð5aþ 3sÞ

3bv9

�
þOðG6Þ þOða2; as; s2Þ: ð3:11Þ

Plugging this into Eq. (3.9) determines all of the XiðvÞ and Xδ
i ðvÞ functions. Hence, we can write the 5PM SO part of the

local scattering angle, expanded to 5.5PN order, as follows:

χloca

Γ
¼ a1

b

��
GM
v2b

�
ð−4vÞ þ π

�
GM
v2b

�
2
��

δ

2
−
7

2

�
vþ

�
3δ

4
−
21

4

�
v3
�

þ
�
GM
v2b

�
3

½ð2δ − 10þ Xν
31νÞvþ ð20δ − 100þ Xν

33νÞv3 þ ð10δ − 50þ Xν
35νÞv5 þ Xν

37νv
7 þ Xν

39νv
9�

þ π

�
GM
v2b

�
4
�
ðXδν

41δνþ Xν
41νÞvþ

�
63

4
δ −

273

4
þ Xδν

43δνþ Xν
43ν

�
v3 þ

�
315

8
δ −

1365

8
þ Xδν

45δνþ Xν
45ν

�
v5

þ
�
315δ

32
−
1365

32
þ Xδν

47δνþ Xν
47ν

�
v7 þ ðXδν

49δνþ Xν
49νÞv9

�

þ
�
GM
v2b

�
5
��

−
4δ

3
þ 16

3
þ Xδν

51δνþ Xν
51νþ Xν2

51ν
2

�
vþ ð48δ − 192þ Xδν

53δνþ Xν
53νþ Xν2

53ν
2Þv3

þ ð504δ − 2016þ Xδν
55δνþ Xν

55νþ Xν2
55ν

2Þv5 þ ð560δ − 2240þ Xδν
57δνþ Xν

57νþ Xν2
57ν

2Þv7

þ ð84δ − 336þ Xδν
59δνþ Xν

59νþ Xν2
59ν

2Þv9
��

þ 1 ↔ 2; ð3:12Þ

where the Xν
ij and Xδν

ij coefficients are independent of the
masses, and can be determined (as explained below) from
1SF results. The coefficient Xν2

59 could be determined from
future second-order self-force results.

B. Relating the local Hamiltonian
to the scattering angle

The scattering angle can be calculated from the
Hamiltonian by inverting the Hamiltonian and solving
for prðE; L; rÞ, and then evaluating the integral

χ ¼ −2
Z

∞

r0

∂prðE;L; rÞ
∂L dr − π; ð3:13Þ

where r0 is the turning point, obtained from the largest
root of prðE;L; rÞ ¼ 0. E and L represent the physical
center-of-mass energy and canonical angular momentum,
respectively.
As noted above, we express the scattering angle in terms

of the covariant impact parameter b, but use the canonical
angular momentum L in the Hamiltonian (corresponding to
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the Newton-Wigner spin-supplementary condition). The
two are related via [85,86]

L ¼ Lcov þ ΔL;

Lcov ¼ Pc:m:b ¼ μ

Γ
γvb;

ΔL ¼ M
Γ − 1

2

�
a1 þ a2 −

δ

Γ
ða2 − a1Þ

�
; ð3:14Þ

which can be used to replace L with b in the scattering
angle. We can also replace E with v using Eq. (3.5).
Starting from the 4.5PN SO Hamiltonian, as given by

Eq. (5.6) of Ref. [182], determines all of the unknown
coefficients in the scattering angle in Eq. (3.12) up to that

order. Writing an ansatz for the local 5.5PN part in terms of
unknown coefficients, such as

g5.5PN;locS ¼ g04
r4

þ g23
p2
r

r3
þ g42

p4
r

r2
þ g61

p6
r

r
þ g80p8

r ;

g5.5PN;locS� ¼ g�04
r4

þ g�23
p2
r

r3
þ g�42

p4
r

r2
þ g�61

p6
r

r
þ g�80p

8
r ;

ð3:15Þ

calculating the scattering angle, and matching to Eq. (3.12)
allows us to relate the ten unknowns in that ansatz to
the six unknowns in the scattering angle at that order. This
leads to

g5.5PN;locS ¼ 2

�
1

r4

�
ν

�
3Xδν

59

32
− 2Xδν

49 −
35Xν

39

16
þ 2Xν

49 −
3Xν

59

32
þ 309077

1152
−
35449π2

3072

�
þ ν2

�
235111

2304
−
3Xν2

59

32
−
583π2

192

�

−
ν4

64
−
413ν3

512

�
þ p2

r

r3

�
3ν4

8
−
8259ν3

128
þ
�
198133

384
−
1087π2

128

�
ν2 þ ν

�
2Xδν

49 þ
35Xν

39

8
− 2Xν

49 þ
1125

16

��

þ p4
r

r2

�
−
107ν4

64
−
73547ν3

512
þ 31913ν2

256
þ ν

�
8597

128
−
35Xν

39

24

��

þ p6
r

r

�
1577ν4

320
−
11397ν3

512
−
2553ν2

256
−
893ν

256

�
þ p8

r

�
189ν4

64
þ 945ν3

512
þ 99ν2

256
−
27ν

128

��
;

g5.5PN;locS� ¼ 3

2

�
1

r4

�
−
15ν4

512
−
111ν3

128
þ ν

�
2Xδν

49 −
3Xδν

59

32
−
35Xν

39

16
þ 2Xν

49 −
3Xν

59

32
þ 131519

576
−
90149π2

12288

�
−
1701

512

þ ν2
�
−
3Xν2

59

32
−
123π2

64
þ 29081

512

��
þ p2

r

r3

�
171ν4

256
−
489ν3

8
þ
�
77201

256
−
123π2

16

�
ν2 −

27

64

þ ν

�
−2Xδν

49 þ
35Xν

39

8
− 2Xν

49 þ
86897

768
−
27697π2

2048

��
þ p4

r

r2

�
−
1377ν4

512
−
13905ν3

128
þ 12135ν2

512
þ 2525

512

þ ν

�
10569

256
−
35Xν

39

24

��
þ p6

r

r

�
16077ν4

2560
−
2391ν3

640
−
879ν2

512
þ 77ν

32
þ 3555

512

�

þ p8
r

�
945ν4

512
þ 315ν3

128
þ 1053ν2

512
þ 189ν

128
þ 693

512

��
; ð3:16Þ

where we switched to dimensionless variables. We see that
the five unknowns (Xν

39;X
ν
49;X

δν
49;X

ν
59;X

δν
59) from the scat-

tering angle only appear in the linear-in-ν coefficients of
the gyro-gravitomagnetic factors up to order p4

r, while the
unknown Xν2

59 only appears in the quadratic-in-ν coeffi-
cients of the circular-orbit (1=r4) part. All other coefficients
have been determined, due to the structure of the PM-
expanded scattering angle, and from lower-order and test-
body results.

C. Redshift and precession frequency

To determine the linear-in-ν coefficients in the local
Hamiltonian from 1SF results, we calculate the redshift and

spin-precession invariants from the total (localþ nonlocal)
Hamiltonian, since GSF calculations do not differentiate
between the two, and then match their small-mass-ratio
expansion to 1SF expressions known in the literature.
An important step in this calculation is the first law

of binary mechanics, which was derived for nonspinning
particles in circular orbits in Ref. [199], generalized to
spinning particles in circular orbits in Ref. [200], to non-
spinning particles in eccentric orbits in Refs. [201,202],
and to spinning particles in eccentric orbits in Ref. [182].
It reads

dE ¼ ΩrdIr þ ΩϕdLþ
X
i

ðzidmi þΩSi dSiÞ; ð3:17Þ
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where Ωr and Ωϕ are the radial and azimuthal frequencies,
Ir is the radial action, zi is the redshift, and ΩSi is the spin-
precession frequency.
The orbit-averaged redshift is a gauge-invariant quantity

that can be calculated from the Hamiltonian using

z1 ¼
	 ∂H
∂m1



¼ 1

Tr

I ∂H
∂m1

dt; ð3:18Þ

where Tr is the radial period. The spin-precession fre-
quency ΩS1 and spin-precession invariant ψ1 are given by

ΩS1 ¼
	∂H
∂S1



¼ 1

Tr

I ∂H
∂S1 dt;

ψ1 ≡ΩS1

Ωϕ
: ð3:19Þ

In evaluating these integrals, we follow Refs. [134,141] in
using the Keplerian parametrization for the radial variable

r ¼ 1

upð1þ e cos ξÞ ; ð3:20Þ

where up is the inverse of the semilatus rectum, e is the
eccentricity, and ξ is the relativistic anomaly. The radial and
azimuthal periods are calculated from the Hamiltonian
using

Tr ≡
I

dt ¼ 2

Z
π

0

�∂H
∂pr

�
−1 dr

dξ
dξ; ð3:21Þ

Tϕ ≡
I

dϕ ¼ 2

Z
π

0

∂H
∂L

�∂H
∂pr

�
−1 dr

dξ
dξ: ð3:22Þ

Performing the above steps yields the redshift and spin-
precession invariants in terms of the gauge-dependent up
and e, i.e., z1ðup; eÞ and ψ1ðup; eÞ. We then express them
in terms of the gauge-independent variables

x≡ ðMΩϕÞ2=3; ι≡ 3x
k
; ð3:23Þ

where k≡ Tϕ=ð2πÞ − 1 is the fractional periastron
advance. The expressions we obtain for z1ðx; ιÞ and
ψðx; ιÞ agree up to 3.5PN order with those in Eq. (50)
of Ref. [134] and Eq. (83) of Ref. [141], respectively.
Note that the denominator of ι in Eq. (3.23) is of order

1PN, which effectively scales down the PN ordering such
that, to obtain the spin-precession invariant at fourth-
subleading PN order, we need to include the 5PN non-
spinning part of the Hamiltonian, which is given in
Refs. [177,178].

D. Comparison with self-force results

Next, we expand the redshift z1ðx; ιÞ and spin-precession
invariant ψ1ðx; ιÞ to first order in the mass ratio q, first order
in the massive body’s spin a2 ≡ a, and zeroth order in the
spin of the smaller companion a1. In doing so, we make use
of another set of variables (y, λ), defined by

y≡ ðm2ΩϕÞ2=3 ¼
x

ð1þ qÞ2=3 ;

λ≡ 3y
Tϕ=ð2πÞ − 1

¼ ι

ð1þ qÞ2=3 ; ð3:24Þ

where the mass ratio q ¼ m1=m2.
Schematically, those expansions have the following

dependence on the scattering-angle unknowns:

z1ðy; λÞ ¼ � � � þ q½� � � þ afXν
39;X

ν
49 − Xδν

49;X
ν
59 − Xδν

59g�;
ψ1ðy; λÞ ¼ � � � þ qfXν

39;X
ν
49 þ Xδν

49;X
ν
59 þ Xδν

59g; ð3:25Þ

which can be seen from the structure of the scattering angle
in Eq. (3.12). In those expressions, the OðaÞ part of the
redshift depends on the unknown Xν

39 and the difference of
the two pairs of unknowns ðXν

49;X
δν
49Þ and ðXν

59;X
δν
59Þ, while

the spin-precession invariant depends on Xν
39 and the sum

of the two pairs of unknowns. This means that solving for
Xν
39 requires the 1SF result for either z1 or ψ1, while solving

for the other unknowns requires both.
Hence, to solve for all five unknowns, we need at least

three (or two) orders in eccentricity in the redshift, at
first order in the Kerr spin, and two (or three) orders in
eccentricity in the spin-precession invariant, at zeroth
order in both spins. Equivalently, instead of the spin-
precession invariant, one could use the redshift at linear
order in the spin of the smaller body a1, but that is known
from 1SF results for circular orbits only [133]. Incidentally,
the available 1SF results are just enough to solve for
the five unknowns, since the redshift is known to Oðe4Þ
[132,134,203] and the spin-precession invariant to
Oðe2Þ [139].
The last unknown Xν2

59 in the 5.5PN scattering angle
appears in both the redshift and spin-precession invariants
at second order in the mass ratio, thus requiring second-
order self-force results for circular orbits.
To compare z1ðy; λÞ and ψ1ðy; λÞ with GSF results, we

write them in terms of the Kerr background values of the
variables (y, λ) expressed in terms of ðup; eÞ. The relations
between the two sets of variables are explained in detail in
Appendix B of Ref. [182], and we just need to append to
Eqs. (B16)–(B20) there the following PN terms:
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yðup; eÞ ¼ y0ðup; eÞ þ ayaðup; eÞ þOða2Þ;
λðup; eÞ ¼ λ0ðup; eÞ þ aλaðup; eÞ þOða2Þ;

yaðup; eÞ ¼ � � � þ
�
4829e4

12
− 4984e2

�
u13=2p ;

λaðup; eÞ ¼ � � � þ
�
4671

8
þ 13959e2

8
−
19657e4

12

�
u11=2p : ð3:26Þ

We obtain the following 1SF part of the inverse redshift U1 ≡ 1=z1 and spin-precession invariant ψ1:

U1 ¼ Uð0Þ
1a0 þ aUð0Þ

1a þ qðU1SF
1a0 þ aU1SF

1a Þ þOðq2; a2Þ;
ψ1 ¼ ψ ð0Þ

1a0
þ qψ1SF

1a0
þOðq2; aÞ; ð3:27Þ

U1SF
1a ¼

�
3 −

7e2

2
−
e4

8

�
u5=2p þ

�
18 − 4e2 −

117e4

4

�
u7=2p þ

�
87þ 287e2

2
−
6277e4

16

�
u9=2p

þ
�
3890

9
−
241π2

96
þ
�
5876

3
−
569π2

64

�
e2 þ

�
2025π2

128
− 3547

�
e4
�
u11=2p

þ
�
8Xδν

49 −
3Xδν

59

8
þ 35Xν

39

4
− 8Xν

49 þ
3Xν

59

8
þ 17917π2

768
þ 2027413

2880
þ 2336γE

15
þ 928 ln 2

3
þ 1168 ln up

15

þ e2
�
4832 ln up

15
þ 24Xδν

49 −
21Xδν

59

16
þ 175Xν

39

8
− 24Xν

49 þ
21Xν

59

16
þ 182411π2

1536
þ 31389241

2880
þ 9664γE

15

− 1728 ln 2þ 2916 ln 3

�
þ e4

�
−
1248 ln up

5
− 42Xδν

49 þ
63Xδν

59

32
−
175Xν

39

4
þ 42Xν

49 −
63Xν

59

32
−
2496γE

5

−
200393π2

1024
−
137249131

7680
þ 782912 ln 2

15
−
328779 ln 3

10

��
u13=2p ; ð3:28Þ

ψ1SF
1a0

¼ −up þ
�
9

4
þ e2

�
u2p þ

�
739

16
−
123π2

64
þ
�
341

16
−
123π2

256

�
e2
�
u3p

þ
�
628 ln up

15
þ 31697π2

6144
−
587831

2880
þ 1256γE

15
þ 296

15
ln 2þ 729 ln 3

5

þ e2
�
268 ln up

5
−
164123

480
−
23729π2

4096
þ 536γE

5
þ 11720 ln 2

3
−
10206 ln 3

5

��
u4p

þ
�
4Xδν

49 −
3Xδν

59

16
−
35Xν

39

8
þ 4Xν

49 −
3Xν

59

16
þ 6793111π2

24576
−
22306γE

35
−
115984853

57600
þ 22058 ln 2

105
−
31347 ln 3

28

−
11153

35
ln up þ e2

�
4248047

4800
þ 18Xδν

49 −
15Xδν

59

16
−
35Xν

39

2
þ 18Xν

49 −
15Xν

59

16
þ 4895607π2

16384
−
22682γE

15

þ 4430133 ln 3
320

þ 9765625 ln 5
1344

−
4836254 ln 2

105
−
11341 ln up

15

��
u5p: ð3:29Þ

These results can be directly compared with those derived in GSF literature. In particular, for the redshift, we match to
Eq. (4.1) of Ref. [132], Eq. (23) of Ref. [203], and Eq. (20) of Ref. [134], while for the precession frequency, we match to
Eq. (3.33) of Ref. [139].1 The matching to 1SF results leads to the following solution for the unknown coefficients in the
scattering angle:

1Note that the Oðe2u5pÞ term in Eq. (3.33) of Ref. [139] has a typo, but the correct expression is provided in the Black Hole
Perturbation Toolkit [204].
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Xν
39 ¼

26571

1120
;

Xδν
49 ¼

533669

4800
−
97585π2

8192
;

Xν
49 ¼ −

403129

4800
þ 80823π2

8192
;

Xδν
59 ¼

285673

240
−
2477π2

16
;

Xν
59 ¼

402799

270
−
4135π2

144
: ð3:30Þ

Note that all of the logarithms and Euler constants, which are purely nonlocal, cancel between GSF results and those in
Eqs. (3.28) and (3.29), thus providing a good check for our calculations.
Another check would be possible once 1SF results are computed at higher orders in eccentricity, since one could directly

compare them to our results for the redshift and spin-precession invariants that are provided in the Supplemental Material
[183] expanded to Oðe8Þ.

E. Local scattering angle and Hamiltonian

Inserting the solution from Eq. (3.30) into the scattering angle in Eq. (3.12) yields

χloca

Γ
¼ a1

b

��
GM
v2b

�
ð−4vÞ þ π

�
GM
v2b

�
2
��

δ

2
−
7

2

�
vþ

�
3δ

4
−
21

4

�
v3
�

þ
�
GM
v2b

�
3
�
ð2δ − 10Þvþ ð20δ − 100þ 10νÞv3 þ

�
10δ − 50þ 77

2
ν

�
v5 þ 177

4
νv7 þ 26571

1120
νv9

�

þ π

�
GM
v2b

�
4
��

63

4
δ −

273

4
−
3

4
δνþ 39

4
ν

�
v3 þ

�
315

8
δ −

1365

8
−
45

8
δνþ 777

8
ν

�
v5

þ
�
315δ

32
−
1365

32
þ
�
−
257

96
−
251π2

256

�
δνþ

�
23717

96
−
733π2

256

�
ν

�
v7

þ
��

533669

4800
−
97585π2

8192

�
δνþ

�
80823π2

8192
−
403129

4800

�
ν

�
v9
�

þ
�
GM
v2b

�
5
��

−
4δ

3
þ 16

3

�
vþ ð48δ − 192 − 4δνþ 32νÞv3 þ ð504δ − 2016 − 109δνþ 1032ν − 16ν2Þv5

þ
�
560δ − 2240þ

�
−
21995

54
−
80π2

9

�
δνþ

�
150220

27
−
2755π2

36

�
ν − 168ν2

�
v7

þ
�
84δ − 336þ

�
285673

240
−
2477π2

16

�
δνþ

�
402799

270
−
4135π2

144

�
νþ Xν2

59ν
2

�
v9
��

þ 1 ↔ 2: ð3:31Þ

For the gyro-gravitomagnetic factors, which are one of the main results of this paper, substituting the solution (3.30) into
Eq. (3.16) yields the following local part:

g5.5PN;locS ¼ 2

��
−
ν4

64
−
413ν3

512
þ ν2

�
−
3Xν2

59

32
−
583π2

192
þ 235111

2304

�
þ
�
62041π2

3072
−
11646877

57600

�
ν

�
1

r4

þ
�
3ν4

8
−
8259ν3

128
þ
�
198133

384
−
1087π2

128

�
ν2 þ

�
3612403

6400
−
22301π2

512

�
ν

�
p2
r

r3

þ
�
−
107ν4

64
−
73547ν3

512
þ 31913ν2

256
þ 8337ν

256

�
p4
r

r2
þ
�
1577ν4

320
−
11397ν3

512
−
2553ν2

256
−
893ν

256

�
p6
r

r

þ
�
189ν4

64
þ 945ν3

512
þ 99ν2

256
−
27ν

128

�
p8
r

�
; ð3:32Þ
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g5.5PN;locS� ¼ 3

2

��
−
5ν4

128
−
37ν3

32
þ ν2

�
−
Xν2
59

8
−
41π2

16
þ 29081

384

�
þ
�
23663π2

3072
−
55

2

�
ν −

567

128

�
1

r4

þ
�
57ν4

64
−
163ν3

2
þ
�
77201

192
−
41π2

4

�
ν2 þ

�
34677

160
−
4829π2

384

�
ν −

9

16

�
p2
r

r3

þ
�
−
459ν4

128
−
4635ν3

32
þ 4045ν2

128
þ 107ν

12
þ 2525

384

�
p4
r

r2
þ
�
5359ν4

640
−
797ν3

160
−
293ν2

128
þ 77ν

24
þ 1185

128

�
p6
r

r

þ
�
315ν4

128
þ 105ν3

32
þ 351ν2

128
þ 63ν

32
þ 231

128

�
p8
r

�
: ð3:33Þ

F. Comparison with numerical relativity

To quantify the effect of the 5.5PN SO part on the
dynamics, and that of the remaining unknown coefficient
Xν2
59, we compare the binding energy calculated from the

EOB Hamiltonian to NR. The binding energy provides a
good diagnostic for the conservative dynamics of the binary
system [174,205,206], and can be calculated from accurate
NR simulations by subtracting the radiated energy Erad
from the Arnowitt-Deser-Misner (ADM) energy EADM at
the beginning of the simulation [207], i.e.,

ĒNR ¼ EADM − Erad −M: ð3:34Þ

To isolate the SO contribution ĒSO to the binding energy,
we combine configurations with different spin orientations
(parallel or antiparallel to the orbital angular momentum),
as explained in Refs. [208,209]. One possibility is to use

ĒSOðν; χ; χÞ ≃ 1

2
½Ēðν; χ; χÞ − Ēðν;−χ;−χÞ�; ð3:35Þ

where χ here is the magnitude of the dimensionless spin.
This relation subtracts the nonspinning and spin-spin parts,
with corrections remaining at order χ3, which provides a
good approximation since the spin-cubed contribution to
the binding energy is about an order of magnitude smaller
than the SO contribution, as was shown in Ref. [209].
We calculate the binding energy for circular orbits from

the EOB Hamiltonian using ĒEOB ¼ HEOB −M while
neglecting radiation reaction effects, which implies that
ĒEOB is not expected to agree well with ĒNR near the end of
the inspiral. We set pr ¼ 0 in the Hamiltonian and numeri-
cally solve _pr ¼ 0 ¼ −∂H=∂r for the angular momentum
L at different orbital separations. Then, we plot Ē versus the
dimensionless parameter

vΩ ≡ ðMΩÞ1=3; ð3:36Þ

where the orbital frequency Ω ¼ ∂H=∂L. Finally, we
compare the EOB binding energy to NR data for the
binding energy that were extracted in Ref. [209] from the
Simulating eXtreme Spacetimes (SXS) catalog [210,211].

In particular, we use the simulations with SXS ID 0228 and
0215 for q ¼ 1, and 0291 and 0264 for q ¼ 1=3, all with
spin magnitudes χ ¼ 0.6 aligned and antialigned. The
numerical error in these simulations is significantly smaller
than the SO contribution to the binding energy.
In Fig. 1, we plot the relative difference in the SO

contribution ĒSO between EOB and NR for two mass
ratios, q ¼ 1 and q ¼ 1=3, as a function of vΩ up to
vΩ ¼ 0.38, which corresponds to about an orbit before
merger. We see that the inclusion of the 5.5PN SO part
(with the remaining unknown Xν2

59 ¼ 0) provides an
improvement over 4.5PN, but the difference is smaller
than that between 3.5PN and 4.5PN. In addition, since the
remaining unknown Xν2

59 is expected to be about Oð102Þ,
based on the other coefficients in the scattering angle, we

plot the energy for Xν2
59 ¼ 500 and Xν2

59 ¼ −500,

FIG. 1. Relative difference in the SO contribution to the binding
energy between EOB and NR, plotted versus the frequency
parameter vΩ. The 5.5PN curve corresponds to Xν2

59 ¼ 0, while the
upper and lower edges of the shaded region around it correspond
to Xν2

59 ¼ −500 and Xν2
59 ¼ 500, respectively.
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demonstrating that the effect of that unknown is less than
the difference between 4.5PN and 5.5PN, with a decreasing
effect for small mass ratios.

IV. NONLOCAL 5.5PN SO SCATTERING ANGLE

The local part of the Hamiltonian and scattering angle
calculated in the previous section is valid for both bound
and unbound orbits. However, the nonlocal part of the
Hamiltonian from Sec. II is only valid for bound orbits
since it was calculated in a small-eccentricity expansion. In
this section, we complement these results by calculating the
nonlocal part for unbound orbits in a large-eccentricity (or
large-angular-momentum) expansion.
The nonlocal part of the 4PN scattering angle was first

computed in Ref. [212], in both the time and fre-
quency domains, at leading order in the large-eccentricity
expansion. This was extended in Ref. [178] at 5PN at
leading order in eccentricity, and in Ref. [179] at 6PN to
next-to-next-to-leading order in eccentricity. In addition,
Refs. [213,214] recovered analytical expressions for the
nonlocal scattering angle by using high-precision arith-
metic methods.
It was shown in Ref. [212] that the nonlocal contribution

to the scattering angle is given by

χnonloc ¼
1

ν

∂
∂LWnonlocðE;LÞ; ð4:1Þ

Wnonloc ¼
Z

dt δHnonloc; ð4:2Þ

with δHnonloc given by Eq. (2.5), leading to

Wnonloc ¼ Wflux split þWflux; ð4:3Þ

Wflux split ¼ −
GM
c3

Z
dt Pf2s=c

Z
dτ
jτjF

split
LO ðt; tþ τÞ; ð4:4Þ

Wflux ¼ 2GM
c3

Z
dtFLOðt; tÞ ln

�
r
s

�
: ð4:5Þ

To evaluate the integral in the large-eccentricity limit, we
follow the steps used in Refs. [178,212]. We use the quasi-
Keplerian parametrization for hyperbolic motion [190,215]

r ¼ ārðer cosh ū − 1Þ; ð4:6Þ

n̄t ¼ et sinh ū − ū; ð4:7Þ

ϕ ¼ 2K arctan

" ffiffiffiffiffiffiffiffiffiffiffiffiffi
eϕ þ 1

eϕ − 1

s
tanh

ū
2

#
; ð4:8Þ

which is the analytic continuation of the parametrization for
elliptic orbits in Eqs. (2.6)–(2.8). In Appendix. A 2, we

summarize the relations for these quantities in terms of the
energy and angular momentum.
We begin by expressing the variables ðr; _ϕ; _rÞ, which

enter the multipole moments, in terms of ðϕ; L; etÞ, such
that

r ¼ L2

1þ et cosϕ
þ 2δχA þ ð2− νÞχS

Lðet cosϕþ 1Þ2
× ð2ϕet sinϕþ 4et cosϕþ e2t þ 3Þ;

_ϕ ¼ ðet cosϕþ 1Þ2
L3

þ ðet cosϕþ 1Þð2δχA þ ð2− νÞχSÞ
2L6

× ð−8ϕet sinϕþ e2t cosð2ϕÞ− 12et cosϕ− 3e2t − 10Þ;

_r ¼ et sinϕ
L

þ etð2δχA þ ð2− νÞχSÞ
2L4

× ðet sinð2ϕÞ− 2 sinϕþ 4ϕ cosϕÞ: ð4:9Þ

We then use these relations to obtain an exact expression
for the flux-split function F split

LO ðϕ;ϕ0Þ, with no eccentricity
expansion, which takes the form

F split
LO ðϕ;ϕ0Þ ¼ 4ν2

15L10
ð1þ et cosϕÞ2ð1þ et cosϕ0Þ2

× ðF0 þ F1et þ F2e2t Þ

þ ν2

L13
ð1þ et cosϕÞð1þ et cosϕ0Þ

× ðFs
0 þ Fs

1et þ � � � þ Fs
6e

6
t Þ; ð4:10Þ

where the functions Fiðϕ;ϕ0Þ are given by Eq. (92) of
Ref. [83], but the functions Fs

i ðϕ;ϕ0Þ in the SO part are too

lengthy to write here. Instead, we expand F split
LO ðϕ;ϕ0Þ to

leading order in a large-eccentricity expansion (in powers
of 1=et). To do that, we define the rescaled mean motion
ñ≡ n̄=et, write Eq. (4.7) as

ñt ¼ sinh ū −
ū
et
; ð4:11Þ

and solve for ū in a 1=et expansion,

ū ¼ sinh−1 ðtñÞ þ sinh−1 ðtñÞ
et

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ t2ñ2

p þOðe−2t Þ: ð4:12Þ

Substituting this into Eq. (4.8) and expanding yields

ϕðtÞ ¼ tan−1 ðtñÞ þOðe−1t Þ

−
tñet½2δχA þ ð2 − νÞχS�

L3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2ñ2 þ 1

p þOðe0t Þ: ð4:13Þ

Defining t̃≡ ñt and τ̃≡ ñτ, and then substituting into
Eq. (4.10) and expanding yields
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F splitðt; tþ τÞ ¼ 4ν2e6t
15L10

f6ðt̃; τ̃Þ
ðt̃2 þ 1Þ5=2ð2τ̃ t̃þt̃2 þ τ̃2 þ 1Þ5=2 þOðe5t Þ

þ 4ν2e8t
15L13

χSfS8ðt̃; τ̃Þ þ δχAfA8 ðt̃; τ̃Þ
ðt̃2 þ 1Þ7=2ð2τ̃ t̃þt̃2 þ τ̃2 þ 1Þ7=2 þOðe7t Þ; ð4:14Þ

with

f6ðt̃; τ̃Þ ¼ 2t̃6 þ 6τ̃t̃5 þ ð6τ̃2 þ 28Þt̃4 þ 2τ̃ðτ̃2 þ 28Þt̃3 þ ð39τ̃2 þ 50Þt̃2 þ τ̃ð11τ̃2 þ 50Þt̃ − 12ðτ̃2 − 2Þ;
fS8ðt̃; τ̃Þ ¼ 4ð9ν − 5Þt̃8 þ 16ð9ν − 5Þτ̃t̃7 þ 2t̃6½18νð6τ̃2 þ 5Þ − 63τ̃2 − 67� þ 2τ̃t̃5½18νð4τ̃2 þ 15Þ − 49τ̃2 − 201�

þ t̃4½18νð2τ̃4 þ 35τ̃2 þ 18Þ − 2ð19τ̃4 þ 206τ̃2 þ 141Þ� − 2τ̃t̃3½−36νð5τ̃2 þ 9Þ þ 3τ̃4 þ 77τ̃2 þ 282�
þ t̃2½3νð35τ̃4 þ 130τ̃2 þ 84Þ − 2ð8τ̃4 þ 169τ̃2 þ 121Þ� þ τ̃ t̃ ½3νð5τ̃4 þ 22τ̃2 þ 84Þ − 2ð3τ̃4 þ 28τ̃2 þ 121Þ�
þ 22τ̃4 − 52τ̃2 − 74 − 12νð3τ̃4 þ 2τ̃2 − 6Þ;

fA8 ðt̃; τ̃Þ ¼ −2ðt̃2 þ 1Þ½40τ̃t̃5 þ ð63τ̃2 þ 57Þt̃4 þ 7τ̃ð7τ̃2 þ 23Þt̃3 þ ð19τ̃4 þ 143τ̃2 þ 84Þt̃2 þ τ̃ð3τ̃4 þ 28τ̃2 þ 121Þt̃
þ 10t̃6 − 11τ̃4 þ 26τ̃2 þ 37�: ð4:15Þ

Then, we evaluate the partie finie integral in Eq. (4.4), after writing it in terms of T̃ ≡ 2ñs=c, to obtain

− PfT̃

Z
dτ̃
jτ̃jF

split
LO ðt; tþ τÞ

¼ 8ν2e6t
15L10ðt̃2 þ 1Þ3

�
36þ 7t̃2 þ 2ðt̃2 þ 12Þ ln

�
T̃

2t̃2 þ 2

��

þ 16ν2e8t
15L13ðt̃2 þ 1Þ4

�
χS

�
ð3ν − 5Þt̃4 þ ð36νþ 5Þt̃2 − ð2ð5 − 9νÞt̃2 − 36νþ 37Þ ln

�
T̃

2t̃2 þ 2

�
þ 60ν − 53

�

− δχA

�
ð10t̃2 þ 37Þ ln

�
T̃

2t̃2 þ 2

�
þ 5t̃4 − 5t̃2 þ 53

��
: ð4:16Þ

Integrating over t, we obtain the flux-split potential

Wflux split ¼ 2πν2

15e3t a
7=2
r

�
100þ 37 ln

�
s

4eta
3=2
r

��
þ πν2

30e4t a5r

�
31δχA

�
−137 − 46 ln

�
s

4a3=2r et

��

þ χS

�
2774ν − 4247 − 2ð713 − 457νÞ ln

�
s

4a3=2r et

���
: ð4:17Þ

The second contribution Wflux in Eq. (4.5) can be easily integrated to yield

Wflux ¼ 2πν2

15e3t a
7=2
r

�
−
85

4
− 37 ln

�
s

2aret

��
þ πν2

60e4t a5r

�
δχA

�
2255þ 2852 ln

�
s

2aret

��

þ χS

�
2255 − 1365νþ ð2852 − 1828νÞ ln

�
s

2aret

���
; ð4:18Þ

where we used

rðtÞ ¼ L2
ffiffiffiffiffiffiffiffiffiffiffiffi
t̃2 þ 1

p

et
þ 1

L
½2δχA þ ð2 − νÞχS�: ð4:19Þ
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Adding the two contributions leads to

Wnonloc ¼ −
πν2

30e3t a
7=2
r

½74 lnð4arÞ − 315�

þ πν2

60e4t a5r
fχS½4183ν − 6239

þ 2ð713 − 457νÞ lnð4arÞ�
þ δχA½−6239þ 1426 lnð4arÞ�g; ð4:20Þ

where we see that s cancels. In terms of the energy and
angular momentum, and expanding in 1=L to leading order,

Wnonloc ¼ 2πν2Ē2

15L3

�
315þ 74 ln

�
Ē
2

��

þ 2πν2Ē3

15L4

�
ð4183ν − 6239ÞχS − 6239δχA

− 2½713δχA þ ð713 − 457νÞχS� ln
�
E
2

��
;

ð4:21Þ
and the nonlocal part of the scattering angle

χnonloc ¼ −
2πνĒ2

5L4

�
315þ 74 ln

�
Ē
2

��

−
8πνĒ3

15L5

�
ð4183ν − 6239ÞχS − 6239δχA

− 2½713δχA þ ð713 − 457νÞχS� ln
�
E
2

��
: ð4:22Þ

In terms of b and v, using Eqs. (3.14) and (3.5),

χnonloc ¼ −
πν

10b4

�
148 ln

�
v
2

�
þ 315

�

−
πνv
15b5

�
4 ln

�
v
2

�
½ð679ν − 824ÞχS − 824δχA�

þ ð6073ν − 7184ÞχS − 7184δχA

�
: ð4:23Þ

V. GAUGE-INVARIANT QUANTITIES FOR
BOUND ORBITS

In this section, we obtain two gauge-invariant quantities
that characterize bound orbits: the radial action as a func-
tion of the energy and angular momentum, and the binding
energy for circular orbits as a function of the orbital
frequency.

A. Radial action

The radial action function contains the same gauge-
invariant information as the Hamiltonian, and from it

several other functions can be derived that describe bound
orbits, such as the periastron advance, which can be directly
related to the scattering angle via analytic continuation
[77,88]. This means that the entire calculation in Sec. III
could be performed using the radial action instead of the
Hamiltonian, as was done in Ref. [182].
The radial action is defined by the integral

Ir ¼
1

2π

I
prdr; ð5:1Þ

and we split it into a local contribution and a nonlocal one,
such that

Ir ¼ Ilocr þ Inonlocr : ð5:2Þ

We calculate the local part from the local EOB
Hamiltonian, i.e., Eq. (2.20) with the nonlocal parts of
the potentials and gyro-gravitomagnetic factors set to zero.
We invert the local Hamiltonian iteratively to obtain
prðε; L; rÞ in a PN expansion, where we recall that

HEOB ¼ 1

ν

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2νðγ − 1Þ

p
;

ε≡ γ2 − 1; ð5:3Þ

with ε < 0, γ < 1 for bound orbits. Then, we integrate

Ir ¼
1

π

Z
rþ

r−

prðε; L; rÞdr; ð5:4Þ

where r� are the zeros of the Newtonian-order

pð0Þ
r ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
εþ 2=r − L2=r2

p
, which are given by

r� ¼ 1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ L2ε

p

−ε
: ð5:5Þ

It is convenient to express the radial action in terms of the
covariant angular momentum Lcov ¼ L − ΔL, with ΔL
given by Eq. (3.14), since it can then be directly related to
the coefficients of the scattering angle, as discussed in
Ref. [182], and leads to slightly simpler coefficients for the
SO part.
We obtain for the local part

Ilocr ¼ −Lþ I0 þ
I1

ΓLcov
þ Is2
ðΓLcovÞ2

þ I3
ðΓLcovÞ3

þ Is4
ðΓLcovÞ4

þ I5
ðΓLcovÞ5

þ Is6
ðΓLcovÞ6

þ I7
ðΓLcovÞ7

þ Is8
ðΓLcovÞ8

þ I9
ðΓLcovÞ9

þ Is10
ðΓLcovÞ10

;

ð5:6Þ
where each term starts at a given PN order, with 0.5PN
order corresponding to each power in 1=L. Also, as noted
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in Ref. [178], when the radial action is written in this form,

in terms of Γ, the coefficients IðsÞ2nþ1 become simple
polynomials in ν of degree bnc.
The coefficients In for the nonspinning local radial

action up to 5PN order are given by Eq. (13.20) of
Ref. [178]. The SO coefficients Isn were derived in
Ref. [182] to the 4.5PN order, but we list them here for
completeness. The coefficients I0; I1; Is2 are exact, and are
given by

I0 ¼
1þ 2εffiffiffiffiffiffi

−ε
p ;

I1 ¼
3

4
ð4þ 5εÞ;

Is2 ¼ −
1

4
γð5εþ 2Þð4ab þ 3atÞ; ð5:7Þ

where ab ≡ S=M, at ≡ S�=M. The other SO coefficients,
up to 5.5PN, read

Is4 ¼ −
21

64
γð33ε2 þ 36εþ 8Þð8ab þ 5atÞ þ γν

�
21ab
8

þ 9at
4

þ ε

�
495ab
16

þ 219at
8

�
þ ε2

��
17423

192
−
241π2

512

�
ab

þ
�
2759

32
−
123π2

128

�
at

�
− ε3

��
156133

3200
−
22301π2

4096

�
ab þ

�
8381π2

16384
−
6527

960

�
at

�
þOðε4Þ

�
;

Is6 ¼
�
−
25ν2

8
þ 1755ν

16
−
495

2

�
ab þ

�
−
45ν2

16
þ 165ν

2
−
1155

8

�
at

− ε

��
645ν2

8
þ
�
3665π2

256
−
39715

24

�
νþ 3465

2

�
ab þ

�
1185ν2

16
þ
�
1845π2

128
−
10305

8

�
νþ 8085

8

�
at

�

þ ε2
�
ab

��
10640477

1920
−
176785π2

2048

�
νþ ν2

�
45Xν2

59

128
þ 2755π2

512
−
176815

384

�
−
121275

32

�

þ at

��
433715

96
−
1748755π2

16384

�
νþ ν2

�
45Xν2

59

128
þ 5535π2

1024
−
26175

64

�
−
282975

128

��
þOðε3Þ;

Is8 ¼
�
455ν3

128
−
10185ν2

32
þ
�
3755465

1152
−
42875π2

1536

�
ν −

25025

8

�
ab

þ
�
105ν3

32
−
16485ν2

64
þ
�
437605

192
−
1435π2

64

�
ν −

225225

128

�
at

þ ε

�
ab

�
4935ν3

32
þ
�
8263591

180
−
9948785π2

12288

�
νþ ν2

�
105Xν2

59

64
−
1583995

192
þ 27895π2

256

�
−
225225

8

�

þ at

�
1155ν3

8
þ
�
4594121

144
−
29957165π2

49152

�
νþ ν2

�
105Xν2

59

64
−
209195

32
þ 47355π2

512

�
−
2027025

128

��
þOðε2Þ;

Is10 ¼ ab

�
−
63ν4

16
þ 90405ν3

128
þ
�
88995311

1280
−
545853π2

512

�
νþ ν2

�
189Xν2

59

128
þ 109515π2

512
−
1119461

64

�
−
1322685

32

�

þ at

�
−
945ν4

256
þ 38115ν3

64
þ
�
14456349

320
−
11632089π2

16384

�
νþ ν2

�
189Xν2

59

128
þ 167895π2

1024
−
3292149

256

�
−
2909907

128

�
þOðεÞ: ð5:8Þ

The nonlocal part can be calculated similarly by starting
from the total Hamiltonian, expanding Eq. (5.1) in eccen-
tricity, and then subtracting the local part. Alternatively, it
can be calculated directly from the nonlocal Hamiltonian
via [179]

Inonlocr ¼ −
Hnonloc

Ωr
; ð5:9Þ

whereΩr ¼ 2π=Tr is the radial frequency given byEq. (A8).

The nonlocal Hamiltonian Hnonloc in Eq. (2.19) is
expressed in terms of ðet; arÞ, but we can use Eqs. (A6)
and (A12) to obtain Inonlocr ðE;LÞ, i.e., as a function of
energy and angular momentum. Then, we replace E with
ðet; LÞ using Eq. (A10), expand in eccentricity to Oðe8t Þ,
and revert back to ðE; LÞ. This way, we obtain an
expression for Inonlocr in powers of 1=L that is valid to
eighth order in eccentricity, and in which each εn contrib-
utes up to order e2n.

GRAVITATIONAL SPIN-ORBIT DYNAMICS AT THE FIFTH- … PHYS. REV. D 104, 124015 (2021)

124015-17



The result for the 4PN and 5.5PN SO contributions reads

Inonlocr

ν
¼ 1

L7
cov

�
170 lnLcov

3
−
170γE
3

þ 18299

96
−
4777903

90
ln 2þ 13671875 ln 5

512
−
15081309 ln 3

2560

�

þ ε

L5
cov

�
244 lnLcov

5
−
244γE
5

þ 157823

360
−
10040414

45
ln 2þ 126953125 ln 5

1152
−
13542147 ln 3

640

�

þ ε2

L3
cov

�
74 lnLcov

15
−
74γE
15

þ 89881

240
−
5292281

15
ln 2þ 130859375 ln 5

768
−
35029179 ln 3

1280

�

þ ε3

Lcov

�
6187

40
−
11186786

45
ln 2þ 44921875 ln 5

384
−
1878147 ln 3

128

�

þ ε4Lcov

�
40253

1440
−
1185023

18
ln 2þ 138671875 ln 5

4608
−
6591861 ln 3

2560

�

þ ab

�
1

L10
cov

�
−
12579 lnLcov

5
−
24068101

2880
þ 12579γE

5
þ 398742736 ln 2

135
þ 281496303 ln 3

1024
−
40131484375 ln 5

27648

�

þ ε

L8
cov

�
−2499 lnLcov −

13345921

720
þ 2499γE þ 1548980449 ln 2

135
þ 1132984827 ln 3

1280
−
38230234375 ln 5

6912

�

þ ε2

L6
cov

�
−537 lnLcov −

7268749

480
þ 537γE þ 149780983 ln 2

9
þ 2572548417 ln 3

2560
−
36141484375 ln 5

4608

�

þ ε3

L4
cov

�
−13 lnLcov −

4143337

720
þ 13γE þ 1439288647 ln 2

135
þ 116812287 ln 3

256
−
33865234375 ln 5

6912

�

þ ε4

L2
cov

�
−
2608213

2880
þ 342877711 ln 2

135
þ 318592683 ln 3

5120
−
31401484375 ln 5

27648

��

þ at

�
1

L10
cov

�
−
8673 lnLcov

5
−
16708517

2880
þ 8673γE

5
þ 582216271 ln 2

270
þ 980901819 ln 3

5120
−
29135234375 ln 5

27648

�

þ ε

L8
cov

�
−
5593 lnLcov

3
−
1921829

144
þ 5593γE

3
þ 231474971 ln 2

27
þ 806618331 ln 3

1280
−
28420234375 ln 5

6912

�

þ ε2

L6
cov

�
−455 lnLcov −

5444717

480
þ 455γE þ 191532524 ln 2

15
þ 1877210721 ln 3

2560
−
9203828125 ln 5

1536

�

þ ε3

L4
cov

�
−
69 lnLcov

5
−
3226241

720
þ 69γE

5
þ 227762869 ln 2

27
þ 87726159 ln 3

256
−
26708984375 ln 5

6912

�

þ ε4

L2
cov

�
−
2112181

2880
þ 562665401 ln 2

270
þ 49433247 ln 3

1024
−
25712734375 ln 5

27648

��
: ð5:10Þ

B. Circular-orbit binding energy

Here, we calculate the gauge-invariant binding energy Ē analytically in a PN expansion, as opposed to the numerical
calculation in Sec. III F for the EOB binding energy.
For circular orbits and aligned spins, Ē can be calculated from the Hamiltonian (2.20) by setting pr ¼ 0 and

perturbatively solving _pr ¼ 0 ¼ −∂H=∂r for the angular momentum LðrÞ. Then, solving Ω ¼ ∂H=∂L for rðΩÞ, and
substituting into the Hamiltonian yields Ē as a function of the orbital frequency. It is convenient to express Ē in terms of the
dimensionless frequency parameter vΩ ≡ ðMΩϕÞ1=3.
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The nonspinning 4PN binding energy is given by Eq. (5.5) of Ref. [9], and the 4.5PN SO part is given by Eq. (5.11) of
Ref. [182]. We obtain for the 5.5PN SO part

Ē5.5PN;SO ¼ νv13Ω

�
S

�
−
4725

32
þ ν

�
1411663

640
−
10325π2

64
þ 352γE

3
þ 2080 ln 2

9

�
þ 352

3
ν ln vΩ þ 310795ν3

5184
þ 35ν4

1458

þ ν2
�
5Xν2

59

8
þ 2425π2

864
−
1975415

5184

��
þ S�

�
−
2835

128
þ ν

�
126715

144
−
102355π2

1536
þ 160γE

3
þ 992 ln 2

9

�

þ 160

3
ν ln vΩ þ ν2

�
5Xν2

59

8
−
205π2

576
−
275245

3456

�
þ 46765ν3

864
þ 875ν4

31104

��
: ð5:11Þ

VI. CONCLUSIONS

Improving the spin description in waveform models is
crucial for GWobservations with the continually increasing
sensitivities of the Advanced LIGO, Virgo, and KAGRA
detectors [216], and for future GW detectors, such as the
Laser Interferometer Space Antenna [217], the Einstein
Telescope [218], the DECi-hertz Interferometer Gravi-
tational wave Observatory [219], and Cosmic Explorer
[220]. More accurate waveform models can lead to better
estimates for the spins of binary systems, and for the
orthogonal component of spin in precessing systems, which
helps in identifying their formation channels [4,5]. For this
purpose, in this paper we extended the SO coupling to the
5.5PN level.
We employed an approach [177,182] that com-

bines several analytical approximation methods to obtain
arbitrary-mass-ratio PN results from first-order self-force
results. We computed the nonlocal-in-time contribution to
the dynamics for bound orbits in a small-eccentricity
expansion [Eq. (2.24)] and for unbound motion in a
large-eccentricity expansion [Eq. (4.23)]. To our knowl-
edge, this is the first time that nonlocal contributions to the
conservative dynamics have been computed in the spin
sector. For the local-in-time contribution, we exploited the
simple mass-ratio dependence of the PM-expanded scatter-
ing angle and related the Hamiltonian coefficients to those
of the scattering angle. This allowed us to determine all of
the unknowns at that order from first-order self-force
results, except for one unknown at second order in the
mass ratio; see Eqs. (3.31)–(3.33). We also provided the
radial action (in Sec. VA) and the circular-orbit binding
energy [in Eq. (5.11)] as two important gauge-invariant
quantities for bound orbits. We stress again that, although
all calculations in this paper were performed for aligned
spins, the SO coupling is applicable for generic precess-
ing spins.
The local part of the 5.5PN SO coupling still has an

unknown coefficient, but as we showed in Fig. 1, its effect
on the dynamics is smaller than the difference between the
4.5 and 5.5PN orders. Determining that unknown could be
done through targeted PN calculations, as was illustrated in

Ref. [98], in which the authors related the two missing
coefficients at 5PN order to coefficients that can be
calculated from an effective field theory approach.
Alternatively, one could use analytical second-order self-
force results, which might become available in the near
future, given the recent work on numerically computing the
binding energy and energy flux [142,143]. Until then, one
could still use the partial 5.5PN SO results in EOB
waveform models complemented by NR calibration.
Such an implementation would be straightforward, since
we obtained the gyro-gravitomagnetic factors that enter
directly into the SEOBNR [162–164] and TEOBResumS

[150,166,169] waveform models, and less directly into
the IMRPhenom models [221–224], which are used in GW
analyses.
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APPENDIX: QUASI-KEPLERIAN
PARAMETRIZATION

1. Elliptic orbits

For a binary in a bound orbit in the orbital plane, and
using polar coordinates ðr;ϕÞ, the quasi-Keplerian para-
metrization [190], up to 1.5PN, reads

r ¼ arð1 − er cos uÞ; ðA1Þ

l≡ nt ¼ u − et sin u; ðA2Þ

ϕ ¼ 2K arctan

" ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ eϕ
1 − eϕ

s
tan

u
2

#
; ðA3Þ

where ar is the semimajor axis, u is the eccentric anomaly,
l is the mean anomaly, n is the mean motion (radial angular
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frequency), K is the periastron advance, and (er; et; eϕ) are
the radial, time, and phase eccentricities. Spin was included
in the quasi-Keplerian parametrization in Refs. [192,193].
(See Fig. 2 of Ref. [193] for a geometric picture for some of
these quantities.)
The (dimensionless) harmonic-coordinates Hamiltonian

with LO SO reads

H ¼ c2

ν
þ p2

2
−
1

r
þ L
c3r3

½2δχA − ðν − 2ÞχS�: ðA4Þ

By inserting r ¼ arð1 − er cos uÞ into the Hamiltonian at
periastron (u ¼ 0) and apastron (u ¼ π), one can solve for
the energy and angular momentum (with pr ¼ 0) as a
function of ar and er, i.e.,

Ē ¼ −1
2ar

þ ðν − 2ÞχS − 2δχA

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a5rð1 − e2rÞ

p ;

L ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
arð1 − e2rÞ

q
þ ðe2r þ 3Þ½2δχA þ ð2 − νÞχS�

2arðe2r − 1Þ ; ðA5Þ

where Ē≡ E − 1=ν < 0 is the dimensionless binding
energy, which is negative for bound orbits, and we only
include the LO nonspinning and SO terms. These expan-
sions can be inverted to obtain erðĒ; LÞ and arðĒ; LÞ,
leading to

er ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2ĒL2

p
þ 4Eð1þ ĒL2Þ½2δχA þ ð2 − νÞχS�

L
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2ĒL2

p ;

ar ¼
−1
2Ē

þ 2δχA þ ð2 − νÞχS
L

: ðA6Þ

The radial period Tr and periastron advance K can be
calculated from the integrals

Tr ¼
I

dr
_r
¼ 2

Z
ra

rp

dr
∂H=∂pr

;

K ¼ 1

2π

I
dr

_ϕ

_r
¼ 2

Z
ra

rp

dr
∂H=∂L
∂H=∂pr

; ðA7Þ

where rp and ra are the periastron and apastron separations
calculated from the solution of pr ¼ 0, which yields the PN
expansion

n ¼ 2π

Tr
¼ 2

ffiffiffi
2

p
ð−ĒÞ3=2

¼ 1

a3=2r

þ 3½2δχA þ ð2 − νÞχS�
2a3r

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − e2t

p ; ðA8Þ

K ¼ 1þ 2ðν − 2ÞχS − 4δχA
L3

¼ 1 −
4δχA þ 2ð2 − νÞχS
a3=2r ð1 − e2t Þ3=2

: ðA9Þ

The three eccentricities (er; et; eϕ) agree at LO, and can
be related to each other, and to the energy and angular
momentum, via

et ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2ĒL2

p
þ 2Ē½2δχA þ ð2 − νÞχS�

L
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2ĒL2

p ; ðA10Þ

eϕ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2ĒL2

p
þ 4Ēð1þ ĒL2Þ½2δχA þ ð2 − νÞχS�

L
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2ĒL2

p ;

ðA11Þ
er
et

¼ 1þ 2Ē
L

½2δχA þ ð2 − νÞχS�; ðA12Þ

eϕ
et

¼ 1þ 2Ē
L

½2δχA þ ð2 − νÞχS�: ðA13Þ

2. Hyperbolic motion

The quasi-Keplerian parametrization for hyperbolic
motion [190,215] can be summarized, up to 1.5PN, by
the following equations:

r ¼ ārðer cosh ū − 1Þ; ðA14Þ

n̄t ¼ et sinh ū − ū; ðA15Þ

ϕ ¼ 2K arctan

" ffiffiffiffiffiffiffiffiffiffiffiffiffi
eϕ þ 1

eϕ − 1

s
tanh

ū
2

#
: ðA16Þ

The equations for hyperbolic motion are related to
the elliptic-orbit equations via analytic continuation from
Ē < 0 to Ē > 0, and u → iū [190]. In particular, the energy
and angular momentum are given by

Ē ¼ 1

2ār
þ ðν − 2ÞχS − 2δχA

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ā5rðe2r − 1Þ

p ;

L ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ārðe2r − 1Þ

q
−
ðe2r þ 3Þ½2δχA þ ð2 − νÞχS�

2ārðe2r − 1Þ : ðA17Þ

Inverting these expansions, we obtain

ār ¼
1

2Ē
−
2δχA þ ð2 − νÞχS

L
; ðA18Þ

and erðĒ; LÞ is the same as in Eq. (A6).
The mean motion n̄ and periastron advance K are

given by

n̄ ¼ 2π

Tr
¼ 2

ffiffiffi
2

p
Ē3=2

¼ 1

ā3=2r

−
3½2δχA þ ð2 − νÞχS�

2ā3r
ffiffiffiffiffiffiffiffiffiffiffiffiffi
e2t − 1

p ; ðA19Þ
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K ¼ 1þ 2ðν − 2ÞχS − 4δχA
L3

¼ 1 −
4δχA þ 2ð2 − νÞχS
ā3=2r ðe2t − 1Þ3=2

: ðA20Þ

The eccentricities et and eϕ are given in terms of energy and angular momentum by Eqs. (A10) and (A11), respectively.
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