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The formation of primordial black hole (PBH) dark matter and the generation of scalar induced
secondary gravitational waves (SIGWs) have been studied in the generic no-scale supergravity inflationary
models. By adding an exponential term to the Kéhler potential, the inflaton experiences a period of
ultraslow-roll and the amplitude of primordial power spectrum at small scales is enhanced to O(1072). The
enhanced power spectra of primordial curvature perturbations can have both sharp and broad peaks. A wide
mass range of PBHs can be produced in our model, and the frequencies of the accompanied SIGWs are
ranged form nanohertz to kilohertz. We show four benchmark points where the generated PBH masses are
around O(107!¢ M), O(10712 M), O(102 M) and O(10*> M). The PBHs with masses around
O(107'® M) and O(10~'2 M) can make up almost all the dark matter, and the accompanied SIGWs can
be probed by the upcoming space-based gravitational wave observatory. Also, the SIGWs accompanied
with the formation of stellar mass PBHs can be used to interpret the stochastic GW background in the
nanohertz band, detected by the North American Nanohertz Observatory for Gravitational Waves, and can

be tested by future interferometric gravitational wave observatory.
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I. INTRODUCTION

Since the direct detections of gravitational wave
(GW) by the Laser Interferometer Gravitational-Wave
Observatory (LIGO) Scientific Collaboration and the
Virgo Collaboration [1-13], the idea that primordial black
hole (PBH) can be considered as dark matter (DM)
candidate [14-22] has again attracted the attention of
physicists and astronomers [23-32]. The DM fraction in
the form of PBHs is tightly constrained by current
observations [28,33,34], but there is no observational
constraint in the mass windows around the masses
1072 M and 107'® M, so PBHs with masses around
10712 M and 107'® M, can account for the total amount
of DM.

PBHs are formed during radiation domination through
gravitational collapse in overdense regions, where the
density contrast of small-scale overdense regions at horizon
reentry is greater than the threshold value [35,36]. To
produce PBHs during the radiation era, the primordial
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scalar power spectrum at small scales should be enhanced
to 0(0.01) [37,38]. However, the amplitude of the scalar
power spectrum at k, = 0.05 Mpc~! is constrained to be
Pg(k*) =2.10 x 107 [39,40]. Thus, how to enlarge the
primordial curvature perturbation at small scales becomes
the key to progress. One mechanism to realize the enhance-
ment of the power spectrum is the ultraslow-roll inflation
with an inflection point [41-56]. The other mechanisms
rely on a peak function either in the nonminimal coupling
or in noncanonical kinetic term [57-67]. The location of the
inflection point or the peak in the primordial scalar power
spectrum 1is crucial for the calculation of the mass and
abundance of PBHs. Near the inflection point, the inflaton
potential V(¢) has an extreme flat plateau where the slow-
roll parameter ¢; becomes very small and the power
spectrum amplifies. However, the slow-roll approximation
le;| << 1 is not satisfied around the point. To describe the
precise evolution of the power spectrum, the Mukhanov-
Sasaki equation should be numerically solved for each
mode k [68].

Since the scalar perturbations and tensor perturbations
are coupled at the nonlinear level, the large primordial
curvature perturbations at small scales will induce
second-order tensor perturbations after the horizon reentry.

© 2021 American Physical Society
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The scalar induced secondary GWs (SIGWs) accompanied
with the formation of PBH have been extensively
studied [69-91]. The large curvature perturbations are
the sources of both SIGWs and PBHs, and hence GW
observations will place limit on the abundance of PBHs.
The stochastic GW background detected by pulsar timing
arrays (PTA) from North American Nanohertz Observatory
(NANOGrav) [92] can be explained by SIGWs accompa-
nied with the formation of solar mass PBHs [22,93,94].
The SIGWs accompanied by PBHs with masses around
O(107'? M) can be testable with the space-based GW
observatory like Laser Interferometer Space Antenna
(LISA) [95], Taiji [96], and TianQin [97].

Inflationary models and PBHs [98-105] have been
studied before in the simple no-scale supergravity (one
modulus model) [106,107], which can be realized via the
Calabi-Yau compactification with standard embedding of
the weakly coupled heterotic Eg x Eg theory [108] and
M-theory on S'/Z, [109]. Moreover, one of us (TL) has
studied various orbifold compactifications of M-theory on
T/ Z5, T®/Z¢, T/ Z,,, as well as the compactification by
keeping singlets under SU(2) x U(1) symmetry, and then
the compactification on S'/Z, [110], which provide the
general frameworks for no-scale inflation. In this paper,
with the general no-scale supergravity theories inspired by
the above T°/Z,, orbifold compactification (three moduli
model) and compactification by keeping singlets under
SU(2) x U(1) symmetry (two moduli model) [110], we
propose the generic inflationary models in which the PBH
and SIGWs can be generated. We first discuss the simple
and general no-scale supergravity theories, and show that
the inflaton potential in three moduli models is similar to
the global supersymmetry with canonical Kihler potential
in Sec. II, but in fact they are completely different due to the
Kihler potential differences. Then we study the corre-
sponding inflationary models in Sec. III. In particular, we
find that the tensor-to-scalar ratios in the two and three
moduli models [110] are much smaller than that in the
simple no-scale model or one modulus model [108,109],
and thus, the two and three moduli models might
provide better frameworks to satisfy the swampland
conjecture criteria [111,112]. The detailed studies will be
given elsewhere. In Sec. IV, we add an exponential term to
the Kéhler potential and show the enhancement of the
scalar power spectrum by numerically solving the
Mukhanov-Sasaki equation. Then we discuss the produc-
tion of PBHs and SIGWs. The conclusions are drawn in
Section V. In the following, we set the reduced Planck
mass My, = 872G = 1.

II. THE SIMPLE AND GENERAL NO-SCALE
SUPERGRAVITY THEORIES

The N = 1 supergravity Lagrangian can be written in
the form

1 S
L= 3R+ K[09'0"p;- V. (1)

where the Kihler metric is K{ = 9°K/(9¢'0p;). The
effective scalar potential is

o[96
O¢'
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where the Kihler function is G = K + In|W|?, and (K ‘1)§

is the inverse of the Kihler metric. Introducing the Kihler
covariant derivative

DW=W,+ KW, (3)
the scalar potential can be rewritten as

V = eK[D;W(K-1)iDIW - 3|W[2). )

A. The simple no-scale supergravity:
One modulus model

The Kihler potential is
K ==3In(T, + T, — |o]?). (5)

The Kihler metric and the inverse of the Kihler metric are

K — 3 1 —¢
X \-p x, )
I

(k1 :5()“ ¢), (6)

3\ 1
WithX:T1+T1—|(/)|2 andXi:Ti~|—T,- (l:l, 2, 3)

We consider the superpotential with a single chiral
superfield as

W:_¢2__(P3v (7)

which reduces to the Wess-Zumino model with the poten-
tial V = A¢?(v — ¢)*> when the imaginary part of the scalar
component of ¢ vanishes [100]. In this case, Wy, = 0' and

DiW:W<_; ;¢+VVVV¢>. (8)

"The n-problem is avoided since no large mass term is
generated [113,114].
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Then, the scalar potential becomes

_ W,

V=" 9)

B. The SU(2) x U(1) symmetry: Two moduli model

We consider the compactification of M-theory by keep-
ing singlets under SU(2) x U(1) symmetry, and then the
compactification on S'/Z, [110], which has two moduli.
The Kéhler potential is

K = -2log(T, + T\ = |p[*) = log(T, +T3), ~ (10)
where for simplicity we neglect the irrelevant scalar fields.
The Kéhler metric is

] 5 X3 0 —Xi
X3¢ 0 XX3

Using the superpotential (7), the covariant derivative
becomes

with Wy = 0. Then the scalar potential becomes

LA
2XX,

C. The T%/Z,, orbifold compactification:
Three moduli model
In this subsection, we consider the T®/Z, orbifold
compactification of M-theory, and then the compactifica-
tion on S'/Z, [110], which has three moduli. The Kihler
potential is

K =—log(T, + T = |pf) = Y log(T,, + T,).
m=273

(14)

where for simplicity we neglect the irrelevant scalar fields
as well. The Kihler metric is

X3X3 0 0 -XiX%o
5 1 0 X’x3 0 0
Ki ~ y2yv2yv2 2v2
X"X3X3 0 0 X’X3 0
-X3X3p O 0 X,X3X3
(15)

Using the superpotential (7), the covariant derivative
becomes

11 1 1. W
DW=W(-= —— —— —p+-2], (16
’ < X X, X X(”+W> (16)

with Wy = 0. Then the scalar potential becomes

W,
X,X;3

% (17)

Thus, after we fix T, and T3, we obtain the inflationary
model similar to that with the global supersymmetry.

D. General parametrization

To study inflation, PBHs, and SIGWs, we parametrize
the generic Kéhler potential as follows

K = —Nylog(T, + T| — |p|*) — Nylog(T, + T>)

— Nlog(Ts + T;), (18)
where Ny + Ny + N, = 3. In particular, the discussions
for inflation, PBHs and SIGWs for the 7°/Z,, orbifold
compactification are similar to the scenario with Ny = 2,
Ny =1, and N, = 0. Using the superpotential (7), the
covariant derivative becomes

N; Nxp W
-z ﬂ+_‘ﬂ . (19)
X X, X5 X W

Thus, the general scalar potential can be written as

W,|*
V= . 20
Ny XNt x 2 x 2 (20)

ITII. THE INFLATIONARY MODELS

We assume that all the real components of the complex
fields which do not drive inflation have been stabilized,
whereas the inflaton field remains dynamical. Here we fix
the modulus 7'; with the vacuum expectation value (VEV)
2(Re(T;)) = ¢; and (Im(T;)) =0 [104], and choose the
inflationary trajectory along with ¢ = ¢. For the simple no-
scale supergravity, the scalar potential in Eq. (9) becomes

_ MP*(1 - dy)’
a 3(cy = (P2)2 ’
where d = /M. One notes that the kinetic term in Eq. (1)

is noncanonical, so we need to define a new canonical field
> which satisfies

v, (21)

%8#;(8”)( = K,,0,00" . (22)

123544-3



LINA WU, YUNGUI GONG, and TIANJUN LI

PHYS. REV. D 104, 123544 (2021)

By integrating the above equation, we get the field trans-
formation ¢ = /¢y tanh(y/ \/6). The Starobinsky model is
realized by choosing the specific parameter A = v/3M and
¢, = 1/4/3 with the potential

Alz

1 (1- e_\@’()

v, g (23)

Similarly, the scalar potentials in the two and three
moduli models are

_ MPe*(1 —dg)?

V, = , 24
: 202(01—(02) ( )

_ M?¢*(1 — dp)?
CyrC3 ’

V3 (25)

Using the field transformation ¢ = /¢y tanh(y/\/2Ny),
they can be rewritten as

v ~ MPe (1 =) (1 + et + Jerd(1 — e?))? (26)
T 8cy(1+ €*)? '

y._ M- VUV (1 4 eV - Jerd(1 — eV))?
’ cres(1 +e\/§1)4 .

(27)
The Hubble slow-roll parameters are defined as
H é;

+1
H*’ ! He;’

€ = i=1.23, (28

where a dot denotes the derivative with respect to time .
The spectral index n; and the tensor-to-scalar ratio r in
terms of slow-roll parameters are

ng =14 2e, — 4ey, r = 16¢,. (29)
Under the slow-roll condition, we calculate the observables
ny and r with N = [50,60] and the results are shown in
Fig. 1. The tensor-to-scalar ratio r in these models is much
smaller than the Planck 2018 constraint rygp < 0.056
(95% CL) [39] and the BICEP/Keck constraint rgo5 <
0.036 (95% CL) [115]. Thus, the tensor-to-scalar ratio in
the models added by an exponential term in the Kihler
potential will be tested by the coming GW observatories.
In particular, we find that the tensor-to-scalar ratios in the
two and three moduli models [110] are much smaller than
that in the simple no-scale model or one modulus model
[108,109], so the two and three moduli models might
provide better frameworks to satisfy the swampland con-
jecture criteria [111,112]. The detailed study will be given
elsewhere.

T T T T T
4| ——N=20
1077 ——nN=50 ]
—— N=60
107 - __ R
~10° 0 = - - STleeals T T T
10"+
10 __=-- ST
T T
0.900 0.905 0.960 0.965 0.970 0.975 0.980
nS
FIG. 1. Observables n; and r along with constraints from

Planck 2018 [39,115]. The solid, dashed, and dotted line
corresponds to the model with one [Eq. (23)], two [Eq. (26)],
and three [Eq. (27)] moduli, respectively.

In the next section, we will discuss the enhancement of
the primordial power spectrum at small scales by intro-
ducing an inflection point in the inflaton potential. Around
the inflection point, the potential has an extremely flat
plateau, the slow-roll parameter €; becomes very small, and
the slow-roll parameter |e,| becomes large, so the friction
force becomes a driving force and the primordial power
spectrum is enhanced, at the same time the number of
e-folds also increases dramatically. To solve the problems
of standard big bang cosmology, inflation has to last 50-60
e-folds. For the convenience of discussion, we divide the
total number of e-folds into two parts: the slow-roll regime
ON and the ultraslow-roll regime AN. The width of the
enhanced power spectrum is related to the value of AN or
ON. If we want to get an enhanced power spectrum with a
broad power spectrum, the ultraslow-roll regime AN should
be bigger and the slow-roll regime 6N should be less than 30
e-folds. Less slow-roll inflation will make it harder for the
model satisfying the constraints from the cosmic microwave
background (CMB) observations. In Fig. 1, we show the
results for n; and r with 6N = 20. As seen from Fig. 1,
either the scalar spectral n, or the tensor-to-scalar ratio r for
the models with one and three moduli model is inconsistent
with the observational constraints if SN = 20. Since the
ultraslow-roll AN could have a wide range in the model with
two moduli which makes the model easily to realize an
enhanced power spectrum without violating the CMB
constraints, thus we discuss PBHs and SIGWs produced
in the model with two moduli only.

IV. PBH AND SIGWS FROM THE MODIFIED
KAHLER POTENTIAL

In this section, we show the enhancement of primordial
scalar power spectrum at small scales, by adding an
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(a) The potential V(y) of the canonical scalar field y for the model I with the model parameters as shown in Table 1. (b) The

upward step near the inflection point y;,; = 0.8032Mp;. The power spectrum enhances from y,, = 0.8303Mp, and peaks at

){p = 07781MP1

exponential term to the K&hler potential. In this way, an
inflection point will be brought into the scalar potential.
Inflaton will go through a period of ultraslow-roll inflation
and the amplitude of the primordial power spectrum is
enhanced to O(1072). The Kihler potential in Eq. (18) is
modified as

K = =21og[T, + T — |p|* + ae @) (¢f + @F)]

- IOg[TQ + Tz], (30)
where a, b and a, f# are real numbers. For simplification, we
set a = 2, § = 2. The parameters (a, ) can also take other
integer numbers, like (1,2), and (2,2). The corresponding
equations are similar to the model with a = 2, f = 2, so we
do not display them. The added exponential term differs
from that in Refs. [102,105] since the parameter a is a
negative real number of O(0.1) and b is a positive real
number of O(10). The correction will not change the whole
theory except introducing an inflection point in the effec-
tive potential.

The inflationary direction is set as @ = ¢, and
T,=T;=c;/2. In order to study the scalar effective
potential, we need to define a new canonical scalar field
x with the transformation dy/dg = /2K ,,. Therefore, the
scalar potential of the inflaton ¢ becomes

TABLE L

e’ (dp —1)?
(ezb(/lz _ 8ab¢2(b§02 _ 1))(2614)2 + ethﬂ(c _ §02))
(31)

V:VO

’

with ¢ = ¢, Vo = M?/(2c,) and d = /M. By integrating
Eq. (22), we can get a generalized relation ¢(y) and the
potential V(y) numerically as shown in Fig. 2. One notes
that an inflection point exists in the scalar potential with the
addition of the extra exponential term in the Kihler
potential. When the pivotal scale k, = 0.05 Mpc~' leaves

the horizon, y, ~ 2.5Mp; or ¢, ~ 0.32Mp,, so e=%" is small
if b ~40 and the effect of the exponential terms can be
neglected. In this limit, the potential (31) reduces to the
unmodified potential (24). In other word, the contribution
from the extra exponential term can be ignored in the slow-
roll regime.

We show four benchmark points in Table I, where the
e-folding numbers are restricted to be N ~50-60. The
parameters ¢ and d affect the total e-folding number. It is
interesting to note that the e-folding number spent around
the inflection point is about AN ~ 15-40, this is the reason
why we can keep the remaining e-folding number before
the end of inflation to be N ~ 50-60. For the model I, we
plot the potential for the inflaton field y in Fig. 2. There is
an inflection point at y;,; = 0.8032Mp;, where the slow-roll

The model parameters with ¢ = 0.14 and the predicted observables n; and r. y, and y, correspond to the value of the

inflaton at the horizon exit and the end of inflation. y, corresponds to value of the inflaton at which the power spectrum reaches the peak

value.

Model a b d/A X (MPI) Xp (MPI) Xe (MP]) ng r N
I —0.480 46.79179 1.0032 2.463 0.7781 0.3936 0.9603 1.1x10™* 50.9
1T —0.480 46.7649 1.0031 2.466 0.7782 0.3935 0.9652 1.8 x 107 47.5
I -0.470 43.62443 1.0020 2.485 0.8272 0.4043 0.9627 2.1 x 1073 48.9
v —0.467 42.3915 1.0 2.50 0.8481 0.4087 0.9772 6.9 x 1073 57.6
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inflation ends at &;(y) = 1.

conditions are no longer satisfied. The evolutions of the
inflaton y and the slow-roll parameters €; and ¢, in terms of
the number of e-folds N are shown in Fig. 3. The inflation
ends at €; =1 where the value of inflaton is y,
0.3936Mp, for the model I. Near the inflection point at
Xint = 0.8032Myp,, there is a plateau in the evolution of
inflaton as a function of the number of e-folds N, the slow-
roll parameters are ¢; ~ 1077 and €, ~ 3, and the inflation
lasts almost 15 e-folds. This is important for the enhance-
ment of the scalar power spectrum, since the power
spectrum under the slow-roll approximation is given by

1 V(x)
Pelk) = 1222 ¢
By varying the parameter b, we can get an enhanced P, and
then proper PBH abundance. However, this approximation
in Eq. (32) fails to give us the accurate power spectrum near
the inflection point. Thus, it is necessary to solve the
Mukahanov-Sasaki equation numerically to obtain the
accurate power spectrum.

The numerical results for n; and r at the pivotal scale
k, = 0.05 Mpc~' are shown in Table I, and they are
consistent with the CMB constraints n; = 0.9649 +
0.0042 (68% CL) and rqos5 < 0.036 (95% CL) [39,115].
The mass and abundance of PBHs are sensitive to the
parameters a and b. For a fixed ¢, a smaller |a| will give
a more broad peak for P, and then produce PBHs with
a larger peak mass. When d is slightly bigger than
A =/27/32¢c, the e-folding number increases rapidly
and r decreases to 107*. The parameter V,, is fixed by
the amplitude of the power spectrum at the horizon cross-
ing. The constraint on the amplitude of the power spectrum
from Planck data is P,(k,) = 2.10 x 107 [39,40].

From Fig. 3, we see that the number of e-folds near the
inflection is about AN =~ 15 for the model I and II, whereas
the number of e-folds is about AN ~ 31 for the model III
and AN ~ 40 for the model IV. When the inflaton climbs an
upward step in the potential from its minimum y,, to the

: (32)

60

The evolution of the inflaton y (a) and the Hubble slow-roll parameters &, and |e,| (b) for the models shown in Table I. The

maximum y ,, the slow-roll parameter €, decreases and the
power spectrum is enhanced. The climbing step is shown in
the right panel of Fig. 2. Near the inflection point, the
inflaton first decelerates and then accelerates when it rolls
over the maximum point y, of the potential that gives the
peak of the power spectrum. After the upward climbing,
inflaton goes into the acceleration phase which decreases
the power spectrum by the ratio 1/¢; [116]. As seen from
Fig. 3, if €| increases more slowly after y ,, then the inflaton
stays near the inflection longer, and we get broader power
spectrum. On the other hand, as shown in the right panel of
Fig. 3, the minimum value of €; in the model 1V is bigger,
so its peak value of the power spectrum is expected to be
smaller.

A. Primordial curvature perturbations

Near the inflection point, the inflaton experiences a
period of ultraslow-roll inflation and the amplitude of the
primordial scalar power spectrum is enhanced. In order to
obtain the power spectrum

k3 2

L U
272

P; (33)

Z

for the primordial curvature perturbation R, we numeri-
cally solve the Mukhanov-Sasaki equation [117,118]

"
ujl + <k2 —%)uk =0,

for the scalar mode u; = —zR, where the prime means
derivative with respect to the conformal time 7, z = y'/H
and z”/z can be expressed in terms of the Hubble slow-roll
parameters as

(34)

Z 2 2 4

7’ 3 1 1
_:H2|:2—€1 +—€2——€1€2+—€%+2

l€2€3j| . (35)
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FIG. 4. The scalar power spectrum and PBH abundances. The black, blue, red, and green dashed lines correspond to the models I, II,
I, IV, respectively. (a) The shaded constraints are from CMB observations [39], u-distortion of CMB [119], and the effect on the ratio
between neutron and proton during the big bang nucleosynthesis (BBN) [79], respectively. (b) The shaded constraints are from the
extragalactic gamma rays from PBH evaporation (EGy) [120], galactic center 511 keV gamma-ray line (INTEGRAL), white dwarf
explosion (WD) [121], microlensing events with Subaru HSC [86,122], the Kepler satellite [123], EROS/MACHO [124], stochastic
gravitational wave background by LIGO [125], LIGO merger rate [126], and accretion constraints from CMB [127,128]. The PBH
abundance of Model IV is not shown in the figure since the peak abundance is only 10733, It was argued that the constraint from WD

explosion is not robust and the constraint can be removed [129].

with H = aH. In the limit kK — oo, the mode function u;
takes the solution

1
U, - ——=e

V2k

We plot the numerical results for the power spectrum in
Fig. 4 and show the peak values of the power spectrum in
Table II. The black, red, blue, and green dashed lines
correspond to the model I, 11, III, and IV, respectively. Near
the peak point y,, the power spectrum is enhanced to
0(0.01). The power spectrum in the models I and II has a
sharp peak whereas the power spectrum in the models III
and IV has a broad peak. The peak point y,, in the model III
and model IV are further away from the endpoint y, of
inflaton than the other two models and the plateau in the
potential of the inflaton y in the models III and IV are more
broader than the other two models.

—ikt

(36)

B. PBH formation

The enhanced primordial curvature perturbations cause
gravitational collapse in the overdense region at the horizon

TABLE II. The peak values of the power spectrum, the mass
and abundance of PBHs, and the frequency of SIGWs.

Model kpey(Mpe™) P Mpgu(Mo) Yegu  fow(Hz)
I 1.05 x 10" 0.023 3.31 x 1071 0.67 2.09

| 440 x 102 0.024 1.29x 10713 0.14 558 x 1072
I 5.85x10° 0.036 0.11 0.018 7.08 x 1078
v 1.56 x 10°  0.004 152 1078 1.51 x 107°

reentry during the radiation dominated era [28,33,62]. If the
density fluctuation is larger than a centain threshold 6., the
gravity can overcome the pressure and hence PBH forms.
The critical threshold 6. for PBH formation has a wide
range, from 0.07 to 0.7 [130-135]. In this paper, we take
0, = 0.4 [136-139]. Assuming the primordial perturba-
tions obey Gaussian statistics, the fractional energy density
of PBHs at their formation time is given by the Press-
Schechter formalism [140]

pony = PV (L)

Prot T He 2PC

where p, = 96,/2v/2. The fractional energy density of
PBHSs with the mass M to DM is [28,33]

(M) r "2 9. V4
Yoru(M) = — 220 (2 9
ven(M) 3.94 x 1072 \0.2 3.36
0.12

M\ -1/2
X -~ .1 o b
(QDMh2> (Mo>

where Mg = 1.99 x 10* kg is the solar mass, y = 0.2
[141], Qpyh* = 0.12 [40]. The effective degrees of free-
dom g, at the time of PBH formation is g, = 106.75 in the
radiation dominated era. The mass of PBHs is

() () )

Using the power spectrum obtained in Fig. 4, we
calculate the mass and abundance of PBHs and display
the results in Fig. 4 and Table II. A wide mass range of PBH

(38)
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is realized in our model, and we show four benchmark
points where the PBH masses are around O(107'¢ M),
01072 M), O(1072 M) and O(10> M). The PBHs
with masses around O(107!¢ M) and O(107!2 M) can
make up almost all DM and the peak abundances are
Yppy =~ 1. The PBH with the mass around O(1072 M)
only explains part of dark matter with Ypgy ~ 1072,
However, from Table II, we see that the PBH with the
mass around O(10° M) is hard to explain DM because of
the significantly small value of Ypgy.

C. Scalar induced gravitational wave

Since the scalar perturbations and tensor perturbations
are coupled at the second order, the large primordial
curvature perturbation at small scales will induce second-
order tensor perturbations. On CMB scale, the amplitude
of tensor perturbation is much smaller than that of the
scalar perturbation. The tensor-to-scalar ratio is con-
strained as ryps < 0.036 (95% CL) [115]. Therefore,
the second-order tensor perturbations induced by the
enhanced scalar perturbations may be larger than pri-
mordial GWs. The perturbed metric in the Newtonian
gauge is given by

1 oo
dS2 = (12 |:—(1 +2q))d‘['2 —|— <(1 —2‘11)51] +§hlj> dx’dx]:| R
(40)

In the following calculation, we will neglect the aniso-
tropic stress, so ® = W¥. The equation of motion for the
tensor mode, hy(z), sourced by the scalar perturbation
(I)k(T), is

K+ 2HR) + K2hy = 45 (41)

where the source term is given by

&k cit
S = We,-j(k)kk 20Dy _1

"3

4 / /

,~(+Hd>k_,;)}, (42)

w = p/p, e;;(k) is the polarization tensor. In the radiation
domination, the Bardeen potential @y (7) = ®(k7)¢p, and
the transfer function is

X

9 [sin (x/v/3) )

D(x) == [ —L" _cos (x/V3) ), 43
0 =5 (D o).
where x = k7, 1/ V/3 is the sound speed of the radiation
background. The fluctuation ¢, is related to the primor-
dial curvature perturbation as

27> (3 + 3w

(brpi) = 8 (k +k) =5 513w

3 ) 2774. (44)

The power spectrum of the tensor perturbation is
defined as

(i (D)h(2)) = & (k + k) =5 Py(k.7). (45

After solving Eq. (41) with Green’s function method, the
power spectrum can be written as [71,72,84]

00 1+v 4 2 _ 1 2 .2 \2\ 2
’Ph(k,r)—4/ dv/ du(v (+v M)>
0 [1-v| duv

X I (1, v, x) Py (kv) Py (ku), (46)

and the fractional energy density of the induced GWs is

| [ S

(7. &) Pale k), (47)

PGW
Q k) ="""——=——
Gw(7.k) Prot(7) 24H?

where the overline denotes the oscillation average, u =

|k —k|/k and v = k/k. During the radiation era, the kernel
function is [37,71,72,84,85]

Igp(tt,v,x = ) =3

1 (3(u*+0v*-3)?
4udv?x

2
) (L+1).  (48)

\ \
NN\T‘:\\.

\\\ ‘\

\ \ L ! \ \ \\. N

10" 10 10°° 10* 102 10° 102

fgwl Hz

FIG. 5. The energy densities of SIGWs. The black, blue, red,
and green dashed lines correspond to the models I, 11, III, and IV,
respectively. The shaded regions indicate sensitivity of GWs
observatories, such as Square Kilometer Array (SKA) [144],
European PTA (EPTA) [145-148], North American Nanohertz
Observatory for GWs (NANOGrav) [92], Taiji [96], TianQin
[97], Laser Interferometer Space Antenna (LISA) [95], and
Advanced Laser Interferometer Gravitational Wave Observatory
(aLIGO) [149,150].
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where I, = 720(u + v — /3) and I. = (log | 2:&:; |-
4uv )2

N Y
Converting the wave number to frequency with

fow = 9.71586 x 10~k Hz/Mpc~!, the energy density
of SIWGs against its frequency is plotted in Fig. 5.
From Fig. 5, we see that the energy density of SIGWs
illustrates some universal dependencies on the frequency
[55,142,143]. The peak frequencies of these SIWGs
are shown in Table II. The SIWGs generated in the
models III and IV have a wide peak. This broad band
with frequencies fagw ~ [107'°,10%] Hz, comes from the
broad enhanced power spectrum with the wavenumber
k ~[10%,10%°] Mpc~!. The produced PBH with the stellar
mass can constitute part of DM in our universe. The SIWGs
in the nanohertz band can be interpreted as the stochastic
GW background observed by the recent 12.5-yr PTA data
released by the NANOGrav [22,93]. The broad band
SIGWs can be tested by multiband GW observations.
The SIWGs generated in the model II have a peak at the
frequency fgw ~ O(1072) Hz, which will be tested by the
space-based GW detector, such as LISA, Taiji and TianQin.
The SIWGs generated in the model I have a peak around
the frequency fgw ~ 10 Hz which will be tested by the
future ground-based GW observatory.

V. CONCLUSION

We have investigated the formation of PBHs and SIGWs
from the general no-scale supergravity inflationary model,
inspired by the string model building. An inflection point is
added by introducing an exponential term into Kihler

potential. Thus, the amplitude of the primordial power
spectrum is enhanced. To achieve the enhancement by the
inflection point, the model parameters need to be fine-tuned
by five decimal digits at most. The enhanced power spectra
of primordial curvature perturbations can have both sharp
and broad peaks. A wide mass range of PBH is realized in
our model, and the frequencies of SIGWs are ranged form
nanohertz to kilohertz. We have shown four benchmark
points where the PBH masses are around O(107'¢ M),
0(10712 M) and O(1072 M) and O(10*> My). The
SIGWs accompanied with the formation of stellar mass
PBH can interpret the stochastic GW background
detected by NANOGrav. The PBHs with masses around
O(107'® M) and O(107'? M) can make up almost all
DM and the accompanied SIGWs will be testable by the
upcoming space-based GW observatories. The observations
of both PBHs and SIGWs can test our model and infla-
tionary physics. The broad band SIGWs generated in this
model can be tested by multiband GW observations.
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