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Making use of both the stochastic approach to the tunneling phenomenon and the threshold statistics, we
offer a simple argument to show that critical bubbles may be correlated in first-order phase transitions and
biased compared to the underlying scalar field spatial distribution. This happens though only if the typical
energy scale of the phase transition is sufficiently high. We briefly discuss possible implications of this
result, e.g., the formation of primordial black holes through bubble collisions.
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I. INTRODUCTION

First-order phase transitions in the early Universe [1]
play a crucial role in cosmology as they may have left
behind detectable relics such as gravitational waves [2], the
baryon asymmetry [3] and the formation of primordial
black holes [4]. These phenomena depend crucially on the
typical mean distance between the bubbles of the broken
phase which end up occupying all the available volume
triggering the end of the transition. For instance, both the
amplitude and the peak frequency of the gravitational
waves generated at phase transitions depend on such mean
distance [2].
Through (1þ 1)-dimensional real-time models at zero

temperature [5], Ref. [6] has recently shown that bubbles
are not only clustered, but that the bubble sites follow the
statistics of maxima of a Gaussian field [7]. Inspired by
such a result, in this short note we provide a simple and
intuitive argument—based on the stochastic approach to
tunneling and threshold statistics—showing why bubbles
may be indeed clustered and biased with respect to the
underlying scalar field spatial distribution. However, we
will argue that bubble correlation is relevant only if the
typical energy scale of the problem is very high (much
larger than the electroweak scale). Clustering is indeed not
an automatic property: one needs to evaluate the clustering
length and assure that the number of bubbles in a volume
of size the clustering length is (much) larger than unity.

This turns out to be the case only for first-order phase
transitions happening either at very high values of the
temperature or Hubble rate. While our results do not have
implications for the predictions of the gravitational wave
spectrum, they may be relevant for other considerations,
e.g., for the generation of primordial black holes.

II. CRITICAL BUBBLE NUCLEATION THROUGH
THE STOCHASTIC APPROACH

Our starting and benchmark model is the one-loop
effective scalar field potential which can be written at
finite temperature T as [8]

Vðϕ; TÞ ¼ m2ðTÞ
2

ϕ2 − ETϕ3 þ λ

4
ϕ4: ð1Þ

We will discuss a benchmark potential at zero temperature
at the end of this section.
In the following, we will adopt the thermal mass para-

metrization as

m2ðTÞ ¼ 2DðT2 − T2
0Þ; ð2Þ

where the reference temperature T0 is defined as the
temperature above which the scalar field does not posses
a metastable minimum at the origin and D is a model
dependent constant.
The most suitable way to directly and intuitively study

the bubble correlation function is to adopt the stochastic
approach to tunneling (see for example [9–12]). The first
step is to characterize the bubbles which are able to expand.
In the limit of small bubble velocity and assuming O(3)
spherical symmetrical bubble solutions, the equation of
motion describing the evolution of the field ϕ at finite
temperature is
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ϕ̈ ¼ d2ϕ=dr2 þ ð2=rÞdϕ=dr − dV=dϕ: ð3Þ

In order to have an energetically favorable process, the field
ϕ inside a critical bubble should be larger than ϕ�, defined
as Vðϕ�; TÞ ¼ Vð0; TÞ. This also automatically implies that
the field will be beyond the barrier where the effective
potential has a negative derivative dV=dϕ < 0. Following
Ref. [11], we neglect the quartic coupling and find
ϕ� ¼ m2=2ET. To be conservative, we will require field
values beyond ϕth ∼ 2ϕ� ¼ m2=ET. The requirement of
having expanding bubble ϕ̈ > 0 translates into

jd2ϕ=dr2 þ ð2=rÞdϕ=drj < −V 0ðϕÞ: ð4Þ

This condition implies that the size of the bubble should
be sufficiently large not to have the gradient terms larger
than the potential-induced drift jV 0ðϕÞj. Following again
Ref. [11], we can make a very rough estimate and write

1

2
r−2 ≲ ϕ−1jV 0ðϕÞj ∼ 2m2; ð5Þ

which in momentum space translates into the require-
ment k≲ kmax ≃ 2mðTÞ.
Starting from the correlation in momentum space

hϕðk⃗1Þϕðk⃗2Þi¼
1

ωk1

�
1

2
þnBðk1Þ

�
ð2πÞ3δDðk⃗1þ k⃗2Þ; ð6Þ

where ωk1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k21 þm2

p
, δDðk⃗Þ is the three-dimensional

Dirac distribution and nB is the Bose-Einstein distribution,
we can compute the dispersion of thermal fluctuations
of the scalar field ϕ, satisfying the expansion condition
(i.e., k≲ kmax), as

σ2≡ hϕ2ik<kmax
≃

1

2π2

Z
kmax

0

k2dkffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2þm2

p h
exp

� ffiffiffiffiffiffiffiffiffiffi
k2þm2

p
T

�
− 1

i ;

≃
C2Tm
π2

: ð7Þ

We have approximated the integral by evaluating the
function close to the dominant domain k ∼ kmax, which
amounts to neglect the mass term in the expressions. Also,
the constant C is an Oð1Þ coefficient introduced to track
the uncertainties in the computation of kmax and the
integral [11]. Assuming Gaussian statistics for the field
thermal fluctuations, the field value distribution goes like

PðϕÞ ∼ exp

�
−

ϕ2

2σ2

�
: ð8Þ

Therefore, as the phase transition is generated by critical
bubbles with field values larger than ϕth, the relevant
nucleation probability can be computed by integrating

the distribution of field values above the threshold,
that is

P1ðϕ > ϕthÞ ¼
Z
ϕth

dϕPðϕÞ ∼ exp ð−ϕ2
th=2σ

2Þ

∼ exp

�
−

m3π2

2C2E2T3

�
; ð9Þ

where we adopted the large threshold limit and neglected
the prefactor. Quite remarkably, this simple approach
recovers the result one obtains by computing the tunneling
probability by evaluating the Euclidean bounce solution
(where S3 is the three-dimensional Euclidean action) [13]

P1 ≃ exp

�
−
S3
T

�
∼ exp

�
−
4.85m3

E2T3

�
; ð10Þ

by settingC2 ¼ 1.02, value which we assume from now on.
Provided that λD − E2 > 0, a second energetically

favored minimum in the potential appears when the
temperature drops below a critical value. This can be found
by evaluating the temperature allowing the second mini-
mum to be degenerate with the false vacuum, which is [11]

T2
c ¼

T2
0

1 − E2=λD
; ð11Þ

such that the corresponding thermal mass is given by

m2ðTcÞ
T2
c

¼ 2E2

λ
: ð12Þ

Finally, we notice that the strength of the phase transition
can be parametrized in terms of the order parameter
ϕðTcÞ=Tc ¼ 2E=λ, which implies that strong phase tran-
sitions are obtained for small values of λ. Furthermore, one
can determine the inverse time duration β and the ratio of
the vacuum to the radiation energy density α as [14]

β

HðTcÞ
≡ T

d
dT

�
S3
T

�����
T¼Tc

¼ 3
ffiffiffi
2

p
π2

ðλD − E2Þ
Eλ3=2

;

α≡ ρvac
ρrad

����
T¼Tc

¼ 60

π2g�

E2ðλD − E2Þ
λ

; ð13Þ

in terms of the Hubble parameter at the transition temper-
ature HðTcÞ, the vacuum energy density associated with
the transition ρvacðTcÞ ¼ ðΔV − TdV=dTÞjT¼Tc

, the radia-
tion energy density ρradðTcÞ ¼ π2g�T4

c=30 and the effective
number of degrees of freedom g�. Notice that the first term
in ρvacðTcÞ vanishes when computed at T ¼ Tc since the
stable and metastable minima are degenerate at the critical
temperature. Small values of λ (consistently with the
previous assumption) implies large ratio between the
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vacuum and radiation energy density and a shorter duration
of the phase transition.
As promised, let us consider as well a benchmark

potential at zero temperature

VðϕÞ ¼ M2

2
ϕ2 −

δ

3
ϕ3 þ λ

4
ϕ4: ð14Þ

We adopt the stochastic tunneling approach to deal with
the fluctuations of quantum nature. Neglecting again
for simplicity the quartic coupling, one can estimate
ϕth ≃ 3M2=δ and

σ2 ¼ 1

2π2

Z
kmax

0

k2dkffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þM2

p ;

¼ M2

4π2

h
C

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ C2

p
− arc sinh C

i
; ð15Þ

where we have parametrized kmax ¼ CM. One can easily
check that the corresponding tunneling rate computed
using the threshold statistics matches the known result,
in terms of the four-dimensional Euclidean action S4, P1 ≃
exp ð−S4Þ ∼ exp ð−205M2=δ2Þ [10] for C ≃ 1.2, again a
remarkable result. The approximate duration of the phase
transition 1=β can be estimated by imposing the fraction
of volume in the true vacuum at the end of the transition
to be order unity, that is Γ=β4 ∼ 1 [15,16]. Given that
the tunneling rate density is Γ ∼M4 · P1, one finds
β=H ∼ ðM=HÞ exp ð−S4=4Þ ∼ ðMpl=MÞð−S4=4Þ.

III. BUBBLE CORRELATION FUNCTION

Inspired by the simple description of the previous
section, in order to describe the bubble two-point correla-
tion function ξbðrÞ as a function of the distance r, we adopt
the threshold statistics routinely used in large-scale struc-
tures. We will make use of threshold statistics instead of
peak theory based on the standard argument in cosmology
and galaxy bias that the two statistics deliver the same
results in the limit of large thresholds.
If normalized with respect to the average number density,

then the spatial number density of discrete bubble nucle-
ation centers at position r⃗i is

δbðr⃗Þ ¼
1

n̄b

X
i

δDðr⃗ − r⃗iÞ − 1; ð16Þ

where n̄b is the mean bubble number density and i indicates
the various initial positions of bubbles. Analogously to the
large-scale structure theory (see for example Ref. [17]), the
corresponding two-point correlation function must take
the general form [18]

hδbðr⃗Þδbð0⃗Þi ¼
1

n̄b

δDðr⃗Þ þ ξbðrÞ: ð17Þ

The first piece is due to the Poisson shot noise while ξbðrÞ is
the (reduced) bubble correlation function. At small scales,
roughly identified with the critical bubble size rcr, the
correlation function must respect the exclusion requirement
arising because distinct bubbles cannot form arbitrarily
close to each other. As a result, the conditional probability
to find a bubble at a distance r from another one, which is
proportional to 1þξbðrÞ, must vanish for r≲rcr. Therefore,
the reduced correlation becomes

ξbðrÞ ≈ −1 for r≲ rcr; ð18Þ

which implies that bubbles are anticorrelated at short
distances.
We now compute the correlation function of critical

bubbles. Using the stochastic approach adopted in the
preceding steps, one can compute the correlation of
nucleation sites by computing the correlation function of
the scalar field values above the threshold ϕth. In other
words, we will be using the same threshold statistics
cosmologists are familiar with when studying the galaxy
correlators: as galaxies (or, better to say, dark matter halos
where galaxies end up) are discrete objects formed when
the dark matter overdensity is above a given threshold value
and the galaxy correlators are biased with respect to the
dark matter ones [19], in the very same way critical bubbles
are formed only when the scalar field is above a given
threshold, and therefore critical bubbles will be biased
compared to the underlying scalar field spatial distribution.
In general, the threshold correlation function is

defined as

1þ ξbðrÞ ¼
P2

P2
1

; ð19Þ

where P1 is probability of one region being above thresh-
old, given by Eq. (9), and P2 is the probability that two
regions separated by r are both above threshold [20]

P2 ¼
Z

∞

ν

dx1dx2
2π

1ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − w2

p exp
�
−
x21 þ x22 − 2wx1x2

2ð1 − w2Þ
	
;

ð20Þ

in terms of the adimensional threshold ν≡ ϕth=σ, field
values xi ≡ ϕðriÞ=σ and rescaled field correlation function
wðrÞ ¼ ξϕðrÞ=σ2. The threshold correlation function takes
the general form

1þ ξbðrÞ ≈ ð1þ wÞ
erfc

� ffiffiffiffiffiffiffi
1−w
1þw

q
ν=

ffiffiffi
2

p �
erfcðν= ffiffiffi

2
p Þ for ν ≫ 1; ð21Þ

while it reduces to the well-known result [20]
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ξbðrÞ≡ b21ξϕðrÞ ≃
�
ϕth

σ2

�
2

ξϕðrÞ ð22Þ

in the limit of w ≪ 1=ν2 ≪ 1. The physical intuition for
strong first-order phase transition leading to clustered
bubbles can be obtained by noticing that the bias factor
is proportional to the order parameter, such that its larger
values result into a stronger bubble correlation. The scale
independent bias factor in the previous expression takes the
form at finite temperature

b21 ¼
π4m2

E2T4
; ð23Þ

which at the temperature Tc takes the value

b21ðTcÞ ∼
2π4

λT2
c
≫

1

T2
c
: ð24Þ

Finally, the scalar field correlation function is

ξϕðrÞ ¼
1

2π2

Z
kmax

0

dkk2
j0ðkrÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2 þm2
p h

exp
� ffiffiffiffiffiffiffiffiffiffi

k2þm2
p

T

�
− 1

i :

ð25Þ

The spherical Bessel function is constant j0ðkrÞ ∼ 1 up to
momentum values kr < 1, and decreases rapidly otherwise.
In the relevant limit when r≳ kmax ≃ 1=2m, one can
neglect the momentum scale with respect to the scalar
field thermal mass and find

ξϕðrÞ ≃
1

2π2

Z
kmax

0

k2dk
m

�
exp

�
m
T

�
− 1

	
−1
j0ðkrÞ;

≃
2Tm
π2

j1ð2mrÞ
mr

: ð26Þ

We do not consider the opposite regime r < 1=kmax as it
would correspond to distances smaller than the minimum
size of an expanding bubble.
One can repeat the same exercise at zero temperature

with the potential (15) and find

b21 ≃
192π4

δ2
;

ξϕðrÞ ≃
M2

2π2
j1ðMrÞ
Mr

: ð27Þ

Notice that small values of δ lead to a strong phase
transitions and large bias.

IV. THE BUBBLE CLUSTERING SCALE

One can estimate the clustering length imposing ξbðrÞ∼1.
This requirement can be understood by considering the

counts of neighbors. The mean count of bubble nucleation
sites hNi in a cell of volume V centered on a bubble is

hNi ¼ n̄bV þ n̄b

Z
V
d3rξbðrÞ: ð28Þ

The mean count hNi significantly deviates from Poisson if
the contribution from the second piece in Eq. (28) rises
above the discreteness noise n̄bV. This can happen at scales
r≲ rcl defined as the characteristic clustering length through
the relation ξbðrclÞ ¼ 1.
Using the large scale limit for the peak correlation

function and neglecting the periodic oscillations induced
by the Bessel function, one has

�
ϕ2
th

σ2

�
ðrclkmaxÞ−2 ∼ 1; ð29Þ

which gives

rcl ¼
π

21=4

�
E1=2

λ3=4

�
1

m
; ð30Þ

at finite temperature and

rcl ¼
6

ffiffiffi
2

p
π

31=4δ
ð31Þ

at zero temperature.

V. WHEN ARE BUBBLES CORRELATED?

One should not claim victory too soon, though. The
existence of a clustering length does not imply automati-
cally that correlation is relevant. Indeed, let us inspect
Eq. (28). The Poisson contribution increases like the
volume centered around a given bubble and therefore scale
like ∼r3. On the other hand, the piece from the correlation
function scales like ∼r, as the correlation function scales
like ∼1=r2. While the two contributions become of the
same order at ∼rcl, one has to also estimate the average
number of bubbles in a volume of size the correlation
length, that is

hNi ∼ n̄br3cl ∼
1

v3
ðβrclÞ3 ¼

1

v3

�
β

H

�
3
�

rcl
H−1

�
3

; ð32Þ

where v is the bubble velocity. At finite temperature, the
mean number reduces to (Mpl being the Planck mass)

hNi ∼ 1

v3
ðλD − E2Þ3
E9=2λ21=4

�
Tc

Mpl

�
3

; ð33Þ

while at zero temperature it becomes
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hNi ∼ 1

v3

�
M
δ

�
6
�
H
δ

�
3

: ð34Þ

From these expressions one immediately recognizes that
the average number of bubbles is larger than unity at the
cluster scale only if we are dealing with high-energy phase
transitions. In the finite temperature case, for v ∼ 0.1,
D ∼ E ∼ λ ∼ 10−2, corresponding to ðβ=HÞ ∼ 102, we get

Tc ≳ 10−5
�
102

β=H

�
Mpl ≃

�
102

β=H

�
1013 GeV; ð35Þ

while for the zero temperature case one finds, for v ∼ 1
and δ ∼ ϵM (with ϵ a coefficient smaller than unity),
H ∼M2=Mpl ≳ ϵ3M, or

M ≳ ϵ3Mpl: ð36Þ
These tight requirements for bubble clustering are essen-
tially due to the fact that the average number density of
bubbles tends to be small in a volume with size the cluster
length, the typical bubble distance being still a sizeable
fraction of the Hubble radius and therefore much larger
than the cluster length. A useful analogy may be drawn
with the clustering of primordial black holes at formation:
being the appearance of primordial black holes a rare event,
i.e., their average number density is very small, their
average number in a volume of size the cluster length is
smaller than unity. Primordial black holes are therefore not
clustered at the formation, being rare phenomena [21], and
critical expanding bubbles are subject to the same reason-
ing. Notice also that the effect of bubble clustering is more
relevant for strong phase transitions whose duration is
short, in agreement with the findings of Ref. [6].

VI. POSSIBLE IMPLICATIONS AND
CONCLUSIONS

One can envisage several applications of our findings.
The most immediate one regards the production of gravi-
tational waves during phase transitions, see for instance
Refs. [2,6]. Gravitational waves may be produced by
several mechanisms like bubble collisions, turbulence
and sound waves in the vicinity of the bubble walls. All
of them are sensitive to the mean bubble distance both in
the amplitude and in the peak frequency. If bubbles are
strongly correlated at nucleation in peculiar sites, then they
will collide with a typical mean distance rb, which is
smaller than the Poisson case Rb. From Eq. (28) we find

rb ∼
1

ðn̄bξbÞ1=3
≪

1

n̄1=3b

∼ Rb: ð37Þ

Subsequently the few bubbles resulting from the collision of
the clustered ones will collide at a larger distanceRb ∼ n̄−1=3b ,
see Fig. 1 for a pictorial representation. Even though these
considerations are probably oversimplified, we expect that

the gravitational wave spectrum has two peaks at fGW∼1=rb
and ∼1=Rb, separated by an amount ∼ξ1=3b , with the
amplitude of the gravitational wave at fGW ∼ 1=rb smaller
than the one at fGW ∼ 1=Rb, being the amplitude directly
proportional to powers of the bubble mean distance for all
mechanisms. However, plugging numbers in, our results
indicate that for clustering to be important onewould need to
go to very high gravitational wave frequencies, i.e., in the
GHz range where detecting gravitational waves is rather
challenging [22].1

On a more positive side, bubble clustering may help the
formation of primordial black holes by bubble collisions
[4,23,24] in supercooled phase transitions. Primordial
black holes may form if a large enough energy is deposited
in bubble walls and such an energy is concentrated within
its corresponding Schwarzschild radius. This requires the
collision of a large enough number of bubbles for which
clustering may help. Following Ref. [4], the condition to
form a primordial black hole in a volume of size the
clustering length is

hNi≳ 4

rclH
; ð38Þ

which implies

M ≲ H

ϵ5=2
or M ≳ ϵ5=2Mpl; ð39Þ

which, as expected, is a condition parametrically more
stringent than the one in Eq. (36). Such primordial black

FIG. 1. Pictorial representation of bubble clustering with the
different characteristic length scales of the problem.

1The typical frequency of the gravitational wave scales
proportionally to ðβ=HÞTc [2] and therefore does not change
modifying (β=H) when the condition (35) is imposed.
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holes would have however a typical mass of the order of
∼Mpl=ϵ6hNi and therefore quickly evaporate.
A large bubble correlation may also induce a change in

the dynamics of the bubble collisions in the scenario of
eternal inflation, potentially affecting their observational
signatures in the cosmic microwave background [25].
Finally, we mention the possibility of inducing the phase

transition by accumulating bubbles with radii below the
critical values. We expect such an induction to be favored
by a strong bubble clustering.
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