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Model-independent features of gravitational waves from bubble collisions
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We study the gravitational radiation produced by the collisions of bubble walls or thin fluid shells in
cosmological phase transitions. Using the so-called envelope approximation, we obtain analytically the
asymptotic behavior of the gravitational wave spectrum at low and high frequencies for any phase transition
model. The complete spectrum can thus be approximated by a simple interpolation between these
asymptotes. We verify this approximation with specific examples. We use these results to discuss the
dependence of the spectrum on the time and size scales of the source.
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I. INTRODUCTION

In a phase transition of the Universe, the disturbance
produced in the hot plasma is a source of interesting
phenomena such as baryogenesis [1,2] or the formation
of gravitational waves (GWs) [3]. In particular, a phase
transition at the TeV scale gives naturally a GW spectrum
that may be observable by the space-based interferometer
LISA [4]. This fact has motivated the investigation of GW
production in the electroweak phase transition, which may
be strong enough in several extensions of the Standard
Model [5-39]. Gravitational waves generated in other
phase transitions have also been studied, as well as their
detectability prospects [40-59]. In general, a cosmological
phase transition can be modeled with a scalar order-
parameter field ¢(x,¢) which couples to a plasma com-
posed of several species of relativistic particles. In the
electroweak phase transition, this classical field represents
the expectation value of the Higgs field. The value ¢ = 0
corresponds to the symmetric, metastable phase, while a
nonvanishing value corresponds to the stable, broken-
symmetry phase.

In the case of a first-order phase transition, bubbles of the
stable phase nucleate and expand into the supercooled
metastable phase. A bubble is essentially a configuration in
which the scalar field takes the stable-phase value in a
certain region and vanishes outside. The expansion of
bubbles is driven by the pressure difference between the
two phases. In most cases the bubble walls reach a terminal
velocity due to the friction with the plasma [60-75] and to
hydrodynamic obstruction [76-86]. However, there are
scenarios in which the wall undergoes a continuous
acceleration or runaway behavior [87-89], especially when
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there is significant supercooling (see, e.g., [90-95]). In any
case, the variation of temperature due to the adiabatic
cooling or to reheating generally causes variations of the
nucleation rate I'(7) and the wall velocity v(#) as functions
of time ¢ (see, e.g., [96]).

A few different processes can produce GWs in a phase
transition. The bubble collision mechanism is directly
related to the propagation of the bubble walls [97]. On
the other hand, the walls cause bulk fluid motions which
may lead to gravitational radiation via turbulence [98—106]
or sound waves [107-113], (see [114] for a review of these
mechanisms). If the wall reaches a terminal velocity, most
of the energy released in the transition will go to reheating
and bulk fluid motions (see, e.g., [84,115]). In such
scenarios the GW signal is dominated by the fluid mech-
anisms. On the other hand, in cases of continuous wall
acceleration, an important fraction of the energy accumu-
lates in the bubble walls (see, e.g., [84,86]) and the bubble
collisions become important.

The envelope approximation for the bubble collision
mechanism consists in modeling the bubble walls as
infinitely thin spherical surfaces and considering only
the uncollided parts of them as sources of GWs. The
original calculation [116] was based on a simulation in
which bubbles were nucleated at arbitrary points in space
and with a distribution in time corresponding to a nucle-
ation rate I'(#)  €”', and their radii grew with a constant
velocity ». This numerical computation was repeated in
Refs. [117,118] with technical improvements such as
considering more bubbles in the simulation. The resulting
GW power spectrum has the form of a broken power law in
frequency. Specifically, the spectrum rises as a power »?
for low frequencies and falls as ™ for high frequencies,
where a is close to 3 and b is close to 1. The peak frequency
is of the order of the timescale #~!. Lattice simulations for
the evolution of the scalar field have also been used to
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compute the GW spectrum from bubble collisions
[118-121]. The precise value of the peak of the spectrum
is found to be slightly shifted to lower frequencies with
respect to the envelope approximation, and the exponent
of the high-frequency power law varies from b~ 1.5 to
b ~2.3, depending on the wall width.

The envelope approximation has also been used to
compute the gravitational radiation from bulk fluid
motions, assuming that the fluid is concentrated in thin
shells next to the walls [98,117]. In Ref. [118], such a
computation was compared with a lattice simulation of the
coupled system of scalar field and fluid. It was shown that,
for GWs generated by the fluid during bubble collisions,
the form of the spectrum is different for thick walls.'
A more recent semianalytic calculation [122] for an
exponentially growing nucleation rate and a constant wall
velocity confirmed the broken power law, with a = 3 and
b =1. In this approach, only two integrals must be
computed numerically, thus allowing us to reach a wider
frequency range. A modification of the envelope approxi-
mation, the so-called bulk flow model, consists in consid-
ering thin fluid shells which persist after the walls collide.
This model was investigated either with semianalytical
calculations [123] and by simulating the formation and
expansion of the thin fluid shells [124]. Recently, we
discussed a more general semianalytic approach [125],
which can be applied to the envelope or bulk-flow
approximations, as well as to more general wall kinematics.

The relative simplicity of the envelope approximation is
useful to study the dependence of the GW spectrum on the
phase transition model. In the simulations of Ref. [118], a
simultaneous nucleation as well as an exponentially grow-
ing nucleation rate were considered. In Ref. [126], the
semianalytical method of [122] was applied to a nucleation
model of the form ¢#~7** In this case, the exponential and
simultaneous nucleations are obtained in the limits of very
low and very high y, respectively. On the other hand, in the
lattice simulations of Ref. [120], a constant nucleation rate
was considered as well as the exponential and simultaneous
cases. The different spectra obtained in these works are
qualitatively similar, suggesting that the power laws at low
and high frequencies do not depend on the nucleation rate.
This also seems to indicate that the GW signal does not
have a strong dependence on the distribution of bubble
sizes, which is quite different for different nucleation rates.

It is worth mentioning that, for such a comparison
between nucleation rates, the energy of the gravitational
radiation is usually divided by the released vacuum energy,
and the frequency  is divided by some characteristic
parameter @, which has the same meaning in the different
scenarios. For instance, using the average final bubble

'Moreover, after bubble collisions, the acoustic and turbulent
behaviors of the fluid cannot be modeled by the envelope
approximation [111].

separation d;, as a unit of frequency, w, = d;l (see, e.g.,
[120]), the models under comparison have the same value
of d,,. The parameter S of the exponential rate can also be
used as a unit. Although this quantity is rather artificial
for other models, it can be defined, e.g., by inverting
the relation which holds for the exponential case, d), =
(87)'/3v/p (this was used, e.g., in Ref. [114] to put the
results of Ref. [109] in terms of f). For comparing only the
shape of the spectrum, the peak frequency w,, can be used
[126]. The precise choice of w, in terms of some length or
time associated to the phase transition kinematics will
determine the relative position of the peak between differ-
ent models.

In the present paper we use the envelope approximation to
investigate the dependence of the GW spectrum on specific
features of the phase transition, such as the nucleation rate
and the wall velocity, and, more generally, on length and
timescales of the source. The bubble collision mechanism is
particularly suitable for that aim since it is the one that links
more directly the kinematics of bubble nucleation and
expansion to the GW spectrum. We also discuss a technique
for finding the asymptotic behavior of the spectrum at high
frequency. We obtain analytically the power laws @’ and
w™~! for the envelope approximation independently of I'(z)
and v(¢). For the case of a constant wall velocity, we obtain
analytically the dependence on the parameter v.

The plan of the paper is the following. In the next section
we review the development of a first-order phase transition
and we discuss the general definition of a characteristic
timescale for general forms of I'(¢) and v(¢). In Sec. Il we
discuss the definition of a dimensionless GW spectrum
which is suitable for model comparison and we write down
the expressions we shall use for the envelope approxima-
tion. In Sec. IV we investigate the form of the spectrum at
low and high frequencies. In Sec. V we consider several
specific cases, corresponding to a constant wall velocity
and different nucleation rates (namely, an exponential, a
delta function, a Gaussian, and a constant rate). In Sec. VI
we use the results to discuss the dependence of the GW
spectrum on the characteristics of the phase transition. We
conclude with a discussion on the bubble collision mecha-
nism in Sec. VII. More details on the calculations and on
the numerical results, as well as analytic formulas and
comparisons with previous approaches are given in the
Appendices.

II. GENERAL PARAMETRIZATION
OF BUBBLE KINEMATICS

In the envelope approximation, one considers bubble
walls which are spherical surfaces (as bubbles overlap, the
walls are assumed to disappear in the overlapping regions).
In this picture, there is a homogeneous wall velocity v(t).
Thus, for a bubble nucleated at a certain time 7, the radius
at time 7 is given by
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Rty 1) = /, ara (1)

where we have ignored for simplicity the scale factor
(which is a good approximation if the transition is short
enough), and we have assumed that the initial bubble size
can be neglected (which is often the case). Assuming as
well a homogeneous nucleation rate I'(¢) per unit time per
unit volume, and taking into account bubble overlapping,
the average fraction of volume remaining in the high-
temperature phase at time ¢ is given by f. () = e~/(),
with [127-129]

(1) = /_ " arr() %ﬂR(t”, 1), (2)

[Se]

The nucleation rate actually vanishes for ¢ < ¢, where ¢, is
the time corresponding to the critical temperature, so the
lower limit of integration in Eq. (2) can be replaced by ¢,.
However, doing so is somewhat misleading, since in most
cases I'(¢) is actually negligible still at later times ¢ > ¢, SO
the quantity /(¢) does not really depend on the value of ..

The general form of the nucleation rate as a function of
the temperature 7 is

I = Aexp[-S(T)]. 3)

where § is the instanton action. For a vacuum transition
[130,131], S is a constant and the factor A is of order M*,
where M is the energy scale of the model. For a thermal
transition, we have A ~ T*. In this case [132,133], S has a
strong dependence on the temperature, the dynamics of
nucleation is dominated by the exponential, and the specific
form of the prefactor is not too relevant. The adiabatic
cooling of the Universe causes in principle a rapid growth
of I with time. However, depending on the global dynam-
ics of the phase transition, I" may begin to decrease at a
certain point, as quickly as it previously grew. Two possible
scenarios for such a decrease are the system getting stuck in
the false vacuum (in the case of a very strong phase
transition), or a reheating of the plasma, which occurs when
the phase transition is mediated by slow deflagration
bubbles (see Refs. [90,134] for recent discussions).

In practice, bubble nucleation becomes noticeable at a
certain time ¢,, after I" becomes of order H*, where H is the
Hubble rate. Then, in general, bubbles fill all the space in a
short time #,, < H~!'. The kinematics of bubble nucleation
and growth may involve different characteristic times. For
instance, I'(#) may turn off in a relatively short time due to
reheating, after which bubble expansion may continue for a
longer time [134]. We shall denote by #r- the time associated
to bubble nucleation. Without loss of generality, we can
always define a dimensionless function f(z) such that we
can write

t—t,

I() =T.f Cowith fO)=1 ()
()

Ir

so that I', = I'(z,) for a certain reference time z,. Since in
general I'(¢) has a very rapid variation, the prefactor I, is
rather meaningless unless the time ¢, is inside, or very close
to, the time interval in which the phase transition effectively
occurs (i.e., where most bubbles nucleate and the fraction
of volume f, has a significant variation). The number
density of bubbles,

ny = / R OTROY (5)

defines a characteristic length scale d;, = ngl/ 3, which is an
estimate of the average distance between nucleation cen-
ters. For cases in which the nucleation rate reaches a
maximum at a time ¢,, within the relevant time interval (we
consider specific examples below), a convenient choice for
the parameter ¢, is 7, = t,,. If I" does not have a maximum
but grows indefinitely, the time 7, can be associated, e.g., to
the maximum of the effective nucleation rate I'(¢)e~'"). In
any case, by definition of #+ we have n;, ~ I, f, and we can
write

1 r—1
It)=—=g(——). ith 0) ~1. 6
0= o(5E) Wi s0~1 )

The relation between the time parameter f and the
distance parameter d;, depends on the global dynamics of
the phase transition. In particular, these parameters may not
be directly related through the velocity of bubble expan-
sion. As already mentioned, the duration of the phase
transition #, may differ from the nucleation time #-. The
time ¢, is more directly related to the average bubble size d,,
through the average bubble wall velocity. We thus define a
velocity parameter v, = d,,/t,. If the two timescales are
different, it is convenient to define the parameter a = 1,/
and the function T'(7) = ag(azr). Thus, we may write
Eq. (6) in terms of ¢, and v,

I'(t) =

1f<"’*), with T(0) ~1,/10.  (7)

3.4
’Ubtb th

In the simplest cases, we have a single timescale, #;, ~ tr, SO
['(0) ~ 1. The different parametrizations we have discussed
are useful for different purposes, and in the rest of this
paper we shall use the form (7).

*We could actually define the parameters 7, and - such that we
have exactly I',#r = ny, so that we would just have g(z) = f(7) in
Eq. (6). However, we want to have the freedom to choose the
parameters conveniently for the simplicity of the expression for
['(¢). Therefore, we relax the condition f(0) =1 to g(0) ~ 1.
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Let us consider a few simple examples which span the
different possibilities for the relation between 7, and fr.

A. Constant nucleation rate

As mentioned above, for a vacuum phase transition the
nucleation rate is a constant. In a physical particle-physics
model, this scenario could arise in the case of extreme
supercooling, i.e., if the system is stuck in the metastable
phase even when the temperature is much smaller than the
critical temperature. In such a case the energy density is
dominated by vacuum energy and the Universe undergoes
inflation (see, e.g., [90]), unless the phase transition occurs
in a hidden sector, such that the visible sector dominates
the energy density (see, e.g., [54]). In the latter case, the
nucleation of bubbles will effectively occur when the
condition T'~ H* is satisfied, where the evolution of
the Hubble rate H(¢) is determined by the temperature
of the visible sector. Hence, the dynamics of such a phase
transition departs from the more common scenario in which
the variation of H is neglected.

For a thermal phase transition, a constant nucleation rate
will hardly be a good approximation since the instanton
action S(7) is very sensitive to temperature variations.
A scenario in which the temperature remains approximately
constant arises when bubbles expand as slow deflagrations,
where the temperature outside the bubbles is heated up by
shock fronts which carry away the released latent heat
(see, e.g., [134]). In this case there is a reheated stage in
which the temperature is approximately constant and
homogeneous. However, this temperature is higher than
in the previous pre-reheating stage, so this constant rate is
vanishingly small in comparison. Hence, the bubble nucle-
ation effectively occurs in a small time interval at the
beginning of bubble expansion, and a better approximation
for I'(¢) is a Gaussian or a delta function.

In spite of this, the approximation of a constant nucleation
rate is often used in time-consuming computations such as
lattice simulations, so we shall discuss it here. In the
parametrization (7), this case corresponds to the limit of
fr > t,, while the opposite case f < 1, corresponds to a
delta-function rate (considered below). This model requires
also assuming that the bubble nucleation turns on at a certain
time f,. Thus, we have I' = [,0(¢ — 7). For a constant
velocity v, a trivial calculation gives I(r) = 203y (1 — 10)*,
so the fraction of volume in the old phase is given by
[ = e7lt=0)/nl* wyith 1, = (20°T)~"/*. The parameter #,
is associated to the duration of the phase transition, and we
may use a parametrization of the form (7),

() = — 3@(“”’), (8)

v 1

with 7, = 7y and ['(z) = 20(t). The parameter d,, defined
from the bubble number density is not exactly given by vz,

A simple calculation gives n, = [*®T(t)e”!Vdt =
(3/m)T(5/4)v=31;> (where the last I' symbol represents
the Euler gamma function). Therefore, we have d; ~
0.98vt;, (i.e., the velocity parameter defined by v, =
dy,/t, does not coincide exactly with the velocity v).

B. Exponential nucleation rate

The exponential nucleation rate I'(¢) =T, ef=") is
obtained by linearizing the instanton action S(7'(¢)) at
the time 7. For a constant velocity, this rate gives (1) =
8703 (¢)/p*, and the fraction of volume varies from the
asymptotic value f, =1 for t - —o0 to f, =0 for
t — oo. Nevertheless, most of the variation occurs in a
time interval of order !, If ¢, is not close enough to this
interval, then the parameter I', will not give even the order
of magnitude of I'(7) at the relevant times. Whatever the
values of the original parameters ¢, and I',, we may write
(1) = I',e’"="), where the new and old parameters are
related by I', = I",¢#(“~"). A convenient choice for 7, is the
time 7, for which I(z,) = 1, i.e., when f has decreased to
e~!. Indeed, at t = ¢, the average nucleation rate I'(¢)f, (¢),
as well as the total uncollided wall area (S,(t)), take their
maximum [135]. By definition of ¢, we have I(z) = /(")
SO we may write

,64
(1) = 8o Pli=t.) (9)

Taking into account the well known relation d, =
(87)'3v/pB, we have T'(1) = fpd;3e"=") which is of the
form (6) with - = p~!. If we define t, = tr = f~', Eq. (9)
is also of the form (7) and we have I'(z) = ¢"/8z. Here,
we have [(0) = 1/87 #1,/tr, since a different time
parameter 7, > #~! would actually be more representative
of the duration of the phase transition (see, e.g., [135]).
Nevertheless, we shall use the form (9) since f is the
standard parameter.

C. Gaussian nucleation rate

As already mentioned, there are at least two different
scenarios in which the nucleation rate may reach a
maximum and turn off during the phase transition:

(A) Strong supercooling: S(7') has a minimum.

(B) Reheating: T'(¢) has a minimum.

Case A occurs when a barrier between the minima of the
effective potential persists at low temperatures [90]. In such
a case, the nucleation rate initially grows as the temperature
descends from the critical temperature 7, and the minima
become nondegenerate. However, at low enough temper-
ature the barrier between phases cannot be surpassed and
the nucleation rate begins to decrease with decreasing
temperature. Correspondingly, the instanton action S(7')
has a minimum at a certain temperature 7,,. Since T
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decreases as a function of time, this minimum will be
reached at a certain time ¢,, (unless the phase transition is
completed before that time). Expanding S(z) around its
minimum, we obtain a Gaussian approximation for the
nucleation rate,

[(t) =T, exp[—y2(t — t,,)*]. (10)

Case B occurs when a phase transition is mediated by slow
deflagrations [134]. In the general scenario there is little
supercooling, since the barrier between minima disappears
at a temperature which is close to the critical one, and in this
range S(7') is a monotonous function. However, for walls
which propagate as deflagrations, the plasma outside the
bubbles is reheated during the phase transition. As a result,
the temperature initially decreases due to the adiabatic
expansion of the Universe, but at some point it begins to
increase due to reheating. As a consequence, the temper-
ature 7'(7) has a minimum at a certain time 7,,, and so does
the function S(7'(¢)), so the nucleation rate can be approxi-
mated again by Eq. (10).

In case B, the maximum of the nucleation rate is always
reached during the phase transition, since the very existence
of a minimum of 7'(¢) is due to the reheating during bubble
expansion. In contrast, in case A the function I'(T) has a
maximum at a temperature 7,, which may not be reached
during the phase transition. This will happen if ', is very
large compared to H*. In such a case, the phase transition
will complete at an earlier time ¢, such that I'(z,) ~ H(z,)*.
If this is the case, it is not a good approximation to expand
S(T) at T,,. Expanding at a higher temperature 7, will
give a linear term, while the quadratic term is a second
order correction. Hence an exponential nucleation rate will
not be a bad approximation. This case was considered in
Ref. [126], and we discuss it in some detail in Appendix B.
On the other hand, in cases for which the maximum of I'(¢)
is reached during the phase '[1ransition,3 we have a “true
Gaussian rate”, i.e., it cannot be approximated by an
exponential rate.

The nucleation rate (10) is of the form (4), with ¢, = ¢,,,
I, =T,, and tr = y~'. An interesting difference from the
previous cases is that, since the nucleation rate turns off,
there is a bound on the number of nucleated bubbles,
namely,

- / “L(0)dt = /ar/r. (11)

(5]

The actual number density (5) contains a factor f, (¢), which
implies n; < ng,c. This bound defines a minimal bubble

-1/3

separation, d;, = Pmax - Unless the phase transition

*It is worth commenting that, in case A, if T, is too low in
comparison with the expansion parameter H*, the phase tran-
sition will never complete (see [90] for details).

finishes before the maximum of the Gaussian is reached,
the value n,,,, will be a good approximation for n;, and we
have d;, ~ d,;;, (see Appendix B for more details). In terms
of this parameter, Eq. (10) becomes

0(1) = (v/Vadyy,) exp[=r*(1 = 1,,)*], (12)

which is of the form (6) with g(z) = e~ /\/z. The time
t, = d,/ v, may be different from the nucleation time - (in
particular, the phase transition may go on after the nucleation
rate turns off). In order to write Eq. (12) in the form (7), we
shall use the analytic parameter f,,;, = dpin/ v, instead of ,,
which must be obtained numerically. We have

r() :%f(t_t’") (13)

3
Vpmin Tmin

where I'(7) = ytming(Ytmin?). Since we have two different
timescales, the dimensionless nucleation rate depends on the
parameter & = ylin = fmin/ I

D. Delta-function nucleation rate

If the time during which nucleation occurs is much
shorter than the total duration of the phase transition, the
nucleation rate can be approximated by a delta function
I'(t) = n,6(t —t.), where n, is the number density of
bubbles. This can be regarded as a limit of the Gaussian
rate, and is a good approximation for some models of type B
(in the classification of the previous subsection). In particu-
lar, when a sudden reheating of the plasma causes the
nucleation rate to quickly turn off [ 134]. Since the nucleation
in this case is simultaneous, the fundamental parameter is the
distance scale d, = n;l/ . Using the well-known scaling
property of the delta distribution, we may write

(1) ! 5(“’*) (14)

Chdy \ 1

for any parameter #,. The convenient time parameter here is
the typical time of bubble growth. Given a characteristic
(average) velocity v, we have t, = d,/v,,. Hence, Eq. (14)
is of the form (7) with T'(z) = 6(z). This can also be
obtained as the limit for ¢ — oo of the Gaussian case
['(7) = ag(az).

ITII. GRAVITATIONAL WAVES

The gravitational wave power spectrum is often repre-
sented by the quantity

1 dpgw
- , 15
/)totdlna) ( )

GW

i.e., the energy density in gravitational radiation per
logarithmic frequency, divided by the total energy density
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of the Universe, p,.. Before proceeding to the calculation of
this quantity, we shall discuss the definition of a dimen-
sionless quantity which is useful for expressing general
results and for model comparison.

A. Dimensionless GW spectrum

The quantity (15) is sometimes written in the form (see,
e.g., [117,122])

0w = (5) (505 ) 2w a6)

where £ is the parameter of the exponential nucleation rate,
ar is the ratio of the energy released at the phase transition
to the radiation energy, @y = pPyac/Prad» K 18 an efficiency
factor [98] quantifying the fraction of the released energy
which goes into the source of GWs, and the dimensionless
function A is defined as

34 dpcw
871G (Kpyae)* dInw

Alw/f) = (@. (7

In these expressions, the quantities k%, p2,., and > are
introduced just by multiplying and dividing them in
Eq. (15). The other quantities are introduced by using
the relation H> = 87Gp,.,/3, assuming that the total energy
density can be decomposed into vacuum and radiation
energy densities, Py = Pyac + Prad> and assuming that the
vacuum energy density coincides with the latent heat
released at the phase transition. These approximations
can be improved (see [136,137] for recent discussions),
but are useful to focus on the calculation of the dimension-
less quantity A for a simplified phase transition kinematics
and then applying Eq. (16) to specific realistic models (see,
e.g., [93,114]).

Under suitable approximations, the quantity (kpy,c)? is a
constant which will appear explicitly in the expression for
dpgw/dInw and cancel out in Eq. (17), as well as the
numerical constants. On the other hand, using the param-
eter / makes sense only for the exponential nucleation rate,
since for other cases the expression for dpgw/dInw will
depend on a different quantity. Nevertheless, we may
generalize the definition of A in terms of a more general
reference frequency w,,

3w dpgw
A = . 18
(@/w.) 871G (kpyee)* dInw (@) (18)

For a given mechanism of GW generation, the parameter
, can be conveniently associated to a relevant time or
length scale.* Thus, for bubble collisions, it is convenient to

“It is worth noticing that this characteristic frequency deter-
mines the peak of the spectrum at the time of GW generation. The
frequency, as well as the energy density, are subject to redshifting.

use the frequency w;,, = t;l associated to the time param-
eter which appears explicitly in the parametrization (7) and
depends on the specific phase transition model. However,
for comparing two different models a single frequency unit
must be used. The relation between the dimensionless
spectrum for two different reference frequencies

is Ay (w/wy) = (0y/ @)A1 ((w2/ ;) (@] 7).

B. GWs from bubble walls

We shall use the approach of Ref. [125], which we
summarize very briefly. For a large volume V, the GW
power spectrum is written in the form

4- 3 &) (e
fffﬁlz Gﬂw /_ _di / dt' cos[w(1=1)[1(1.1 \w).  (19)
where

1 AN /T AN T A\ *
I(t.7, w) EVAij,kl<”)<Tij(t’ wh) Ty (', oh)"), (20

Ajj s the transverse-traceless projection tensor for the
direction of observation 7, T,- ; is the spatial Fourier trans-
form of the stress-energy tensor T';; of the source, and ()
indicates ensemble average. If T';; is decomposed as a sum
over bubbles, Il naturally separates as IT = ) + 11(@),
where T1¢*) contains correlations between different points
on a single bubble and I1'¥) contains correlations between
two different bubbles (such a separation also arises in the
treatment of Ref. [122]). For gravitational waves from
bubble walls, T;; is approximated by a surface delta
function which eliminates some of the spatial integrals
in the Fourier transforms T,»j, T, In the case of the
envelope approximation we have, for each bubble,

T;; = 66(r — R)#;7;15(F), (21)
where o is the surface energy density, r is the distance
from the bubble center, R is the bubble radius, R7 is the
position of a point on the bubble surface, and 1y is the
indicator function for the uncollided wall. To take into
account the energy which accumulates in the wall, the usual
replacement ¢ = (kp,,./3)R is made, where the efficiency
factor x accounts for the fraction of energy which goes
either to the wall (in a vacuum phase transition we have
k= 1) or to bulk fluid motions (which are assumed
to occur in thin shells next to the walls) (see, e.g.,
[6,16,84,86,92,115,138—141] for the calculation of this
factor). Finally, the sum over bubbles and the statistical
average are related to the nucleation rate I'(7), and several
of the remaining angular integrals can be performed
analytically.

The result depends on the probability that two points at
angular positions 7, 7 on the bubble surfaces at times ¢ and
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' are both uncollided. This probability was studied in
Ref. [135]. It is proportional to e~/(Ve~()¢/n where the
last factor takes into account the fact that the probabilities
for the two points are not independent.” We have

t
In(1.s) = / dIT(Wat1ts). (22)
where s is the distance between the points and

3(r—17')?
s

V
n=15(

X O(r+r —s). (23)

e —s)? {S—l—Z(r—i-r’)—

Here, © is the Heaviside step function, and we have used
the notation r = R(¢",1), ¥ = R(¢",¢') (for more details
and interpretation, see [135] or [125]). The final expres-
sions from Ref. [125] (see [123] for similar expressions) are

e (s, 7, w 7 [t Ry ds
(72):1/_ dtNl"(tN)A TZPi(RJr,R_,s)

(vaac/3) S
Ji(ws) L (1.1 5) (24)
(ws) ’
N9t w) = [ ‘
e T an (e diyI (1)
i~ 1 LT [ e
8 /R+—R(ZN-’§V> ﬁe_lml(t'tl's) Jja(ws)
R 54 (0)3)2
x Q. (s,R,R_)O_(s,R',R_), (25)

where I = I(t) + I(7)
Bessel functions,

—1(t,7,s), the j; are spherical

. sin x . sinx — xcos x
Jo(x) =—, ) =—F—",
X x
, (3 — x?)sinx — 3xcosx
Ja(x) = i , (26)

and the P; and Q. are polynomials in R and R’, which have
simgler expressions in terms of the variables R, = R’ + R
and = R(t,7),

Po(R..R_.s) = (s> = R2(s* = RY)%. (27)

’If the points belong to the surfaces of two different bubbles,
the probability includes also Heaviside functions which vanish if
the bubbles are so close that one of the points has been captured
by the other bubble.

®Notice that R_ = [* v,,(¢")d?" is given by R’ — R only for the
single-bubble case (for the two bubble case the latter difference
depends on the nucleation times #y, fy).

Pi(R.,R_,s)=2(s>—R%)(s> - R%)

x [3s* + s2(R2 + R%) —5R2R2], (28)

Py(R.,R_,s)=3s*+2s%(R: +R2)
+3s*(R* +4R2R? +R*)

—30s°R2R% (R2+R%)+35R*RY  (29)
and

= (" = B[R + R_)* = &
R_(2R+R_)]. (30)

O.(s.,R,R.)
X [s% —
(s* = R2)[2R' = R_)* — §?

x [s>+R_(2R' = R_)]. (31)

Q_(s.R.R_) =

Now, we insert these results in the GW energy density
(19) and then in the dimensionless spectrum (18). We
obtain A = A®) + A9, with

) =2 w*/ dt+/ dt_cos(wt_ / diyT(ty)
2 .

X/ —Im[ 1r,s) -]l
R i=0 (

a9 = T2 a)*/ dt+/ dt_ cos(wt_
“ / diyT(ty) / dt, T (1)

R ~IR(1y.f}) ,
o / N dS ) Jz(wsz)
R_ S (ws)

x O_(s,R',R_). (33)

Pi(R,,R_,s), (32)

Q. (s,R,R_)

where we have changed the variables ¢, ¢/ to ¢, = ¢ + 1.

IV. ASYMPTOTIC BEHAVIOR

Before considering specific examples, we shall study the
general behavior of the GW spectrum for low and high
frequencies.

A. Low frequency

A general argument based on causality shows that for a
transient stochastic source the low frequency tail of the GW
spectrum Qg is proportional to @* (see [142] and the more
recent review [143]). It is worth remarking that this is
the expected behavior in the far infrared (i.e., beyond
causality), and is not necessarily the power law closer to
the peak of the spectrum. As an example, for the bulk flow
model with long-lasting fluid shells, the GW spectrum
behaves as « @' below the peak frequency, and then
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becomes « w? for smaller w [123]. In the limit in which the
fluid shells last forever, the low frequency limit is o '
since the bubbles keep expanding and, hence, producing
GWs in the infrared [124]. This was shown analytically in
Ref. [123], and below we use similar considerations for the
envelope approximation. In this case, the source of GWs
turns off as soon as the phase transition ends since the
bubble walls disappear. As already mentioned, the power
law @’ has been verified numerically for the bubble
collision mechanism in the envelope approximation.

In Eqgs. (32)—(33), the time variables 7. have an effective
range of order ¢, around the time 7,, since the exponential
e~lo, like e~/ becomes negligible at later times. As a
consequence, the spatial variable s is bounded by ~w,z,.
Hence, for o <« t;', the oscillating functions in the
integrand can be expanded in powers of w. The zeroth
order corresponds to the replacements

cos(wt_) — 1 Jo(ws) = 1,

Jilws) 1 Jolws) 1
) 2 34
ws 3 (ws)? 15 (34)

and the quantity A becomes, at low frequencies,
NG (d) _ p(s) (d)\ 3
App=App+ App = (BY + B9, (35)

7
where

w;
B :4_8/_ +/ / diyI(ty)
~ds
X[e & [P 3 +_§} e (36)

”w*/ dt+/ dt/ diyT tN/ dr\yI'(ty)

Ry —|R(ty,
x/ ety sQ+Q_ e, (37)
R 15S

and

B. High frequency

For @ > 1;;!, all the quantities appearing in Egs. (32) and
(33) have a slow variation in comparison with the oscillat-
ing functions cos(wz_) and j;(ws). We change to variables
x =wms and y = wt_ in order to eliminate the frequency
from the latter, and then we define € = 1/w and expand the
quantities in powers of e. In the first place, we have
t=t,/2-¢€y/2,

=t /2+ey/2, s=xe. (38)

"We remark that the general definition of R_ is R_ = R(z,7'),
and the expression R_ = R’ — R is valid only for the single-
bubble case.

For the bubble radius (1), we obtain
R =R-evy/2+ O(e?),
R =R +evy/2 + O(e?), (39)

where R = R(ty,7), R =R(ty,1), v =v(i),and T =1, /2
(R and R’ are equal for the single-bubble case). Hence, we
have® R_ = ety + O(e3), R, = 2R + O(¢?). From Eq. (2)
we obtain

(1) + 1(¢) = 21(7) + O(e?) (40)

and, from Eqgs. (22) and (23),

x> 4 v*y?
X

In(t.0.5) = I(T) —en L(D) +0(), (41)

where we have used the notation

t
I,(1) = / di'T(¢"R(1", 1)" (42)
(the function /5 is proportional to 7). We thus have

x+v

=l — 1(7) 1 - ’i
e e” [ erl,(7) .

i 0(&)] . (43)

Let us consider first the single-bubble contribution,

4.2 roo o —ey/2
A(S)ezz)*/ d?/ dycosy/ ’ diyT(ty)

2R/e+0(e) Zj
X
[

y+O(e i=0
2 =2.2
y [l _e,ﬂz(aww(ez)] (44)
X

The first term inside the brackets gives a vanishing
contribution upon integrating the variable x.” Therefore,
the bracket gives a factor of €. Besides, it is easy to see that
the polynomials P;, Eqs. (27)—(29), are of order €*,

16¢*R*

Pi(R,, ey, ex) = pi(x, vy) (45)

with

For any smooth function f(r), we have f(¢)— f(1) =
f'(Dey +O(€)) and f(1) +£() =2f(7) +f"()e’y?/4+ O(e?).
We use these identities a couple of times below.

“Indeed, we have [ %432 Melp, =0 (o all order
in €), which is a consequence of the fact that
[dr [ dV e SNy #i## 7 = 0. The reason is that the approxi-
mation I, = I(7) restores the spherical symmetry, since only the
dependence of I, on the variable s carries the information on the
correlation between different points on the walls.
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=002 pr= =200 = %) (a2 - 57,

2y? 4 3504 y*, (46)

po = (¥
Py = 3x* = 30x%D

Therefore, we have A®) ~ ¢ = @™!. To this lowest order,
we take the zeroth order in the limits of the integrals in
Eq. (44). In this limit, the integration over the nucleation
time only affects the factor R*, and gives a factor 1,(7).
Interchanging the order of the integrals with respect to x
and y, we obtain

Al — _2_”0,20,—1

/d_e DL (1)14(7)
0o dx ] X x/v _ _
X/ —32 = / dycosy(x> + 2y?) p;(x, 7y)

o X =5 X Jo

+0(0?). (47)

The integrations on x and y can be done analytically, and
we obtain

2 oo _
A = o 5 [T L@ S04 @48)

(where the notation H F indicates the high frequency limit),
with

3— 1192 +697* —457°

v

(1-2)2(1-23*—157%)
+3 -

AL)(D) =2

log (11 :L Z) . (49)

For the two-bubble contribution, the first term in Eq. (43)
will not vanish (except for 7 = 1; see below), so we keep
only this term. To lowest order in ¢, we have

Ag}_ﬂe w*/ J/ diyT tN)/ de\y'(ty)
o d
x/ dycosy/ —fe‘U]Zz
0 oy X X

x Q. (s,R,R_)Q_(s,R',R_), (50)
with
0, = =83 R3vy(x* — v1y?),
0_ = 8*RPuy(x? — 11y?), (51)

which give again an overall factor of ¢ = w~!. The integrals
with respect to ¢y and ¢}, affect only the factors R*, R, and
give factors I3(7). The integrations with respect to x and y
can be done analytically again (it is convenient to inter-
change them), and we obtain

Al = —1”‘”* / die~ 5O (124 (3),  (52)

23 + 472 — 157*
D

—3(1+52+3D4_5@6)log<1+@>]. (53)

72 1-7o

Notice that this contribution vanishes for 7 = 1. Therefore,
in the ultrarelativistic limit, the two-bubble contribution
falls like @2, as observed in the computations of
Ref. [122].

This approximation for high frequencies is useful since
in this limit the integrals in (32)—(33) become difficult to
compute numerically due to the highly oscillatory inte-
grand. We have found only the leading term, but higher
orders can be obtained in the same way. To calculate the
integrals ;(7) and the final integral with respect to 7 in
Egs. (48) and (52), we need to know the nucleation rate
I'(¢) as well as the wall velocity v(?).

C. Constant velocity

In the case of a constant wall velocity we have R =
v(t—ty), R'=v(l'—1ty), R_.=vt_, R, = v(t, —ty —1y),
and the expressions simplify significantly. For a nucleation
rate of the form (7), it is convenient to use w, = w, = t;l
as the reference frequency, and to use the dimensionless
variables 7 = (1 —t,)/1,, T = (¢ — t,)/t,. Thus, we shall
make the change of variables

1_ I, = 21‘* Iy —t,
T_ =, TJ,— - ) TN -
Iy Iy Iy
th—t s
T;V = X . ’ Ty = (54)
th ’Uth

in the integrals of Egs. (36)—(37), and 7 = 7/t,, in Egs. (48)
and (52).

1. Low frequency

In the single-bubble case, the polynomials P; given by
Egs. (27)—(29) are homogeneous functions of degree 8, so
we have

PR, R_,s5) = (v1)*Pi(z, = 2ty,7_,7,).  (55)

Changing the order of integration with respect to 7, and 7,
we obtain
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t T4 Ty
() =7 b/ d7+/ dr_ / adl _I‘“‘/ © deyl(zy)

{PO—F 3 + 15} (56)

with P; evaluated at the dimensionless variables as in the
right-hand side of Eq. (55). For the two-bubble case, the
polynomials Q. , Egs. (30)-(31), are homogeneous func-
tions of degree 6. Changing the order of integration, we

obtain
t3 d =l
o / dr, / dr. / T, e

x / " anf(ee, [ T anfE)e. (57

(e8] —00

where the quantities QO are now given by

Q. (ts,t—1y,7_) = (22 = 2)[(r; — 21y)* — 77

x [ —7_(zy = 2zy)], (58)
O_ (70,7 =7y, 7-) = (75 = 22)[(74 = 27y)° = 73]

X [22 +1_(7, = 27))]. (59)

Finally, for the dimensionless quantities appearing in [
we have

dr

1= Y dr”f(f")(f —7")? (60)
and
n T+;TS N (A /" 2
In:ﬁ i di'T (") (z, = 27" —z,)
2
x [TS 42ty —27") - ii] . (61)

Thus, Egs. (35)-(37) give
Arp =Dv’e’/w;, (62)

with a numerical coefficient D = (D) + zD(?)) /48, where
D) and D@ are given by the integrals in Egs. (56) and
(57), respectively. By definition, the dimensionless func-
tion T'(z) does not depend on #, or v, so the parametric
dependence is A, p « v’ 0’

2. High frequency
For constant velocity, we have 7(7) = v, and the func-
tions A®) () and A (v) do not depend on the integration
variable 7 in Eqgs. (48) and (52). Using again the dimen-
sionless form of the nucleation rate, Eq. (42) becomes

L@ = ) [* 4@ E-o)
= (01,1, (7 (63)
Thus, we have
By = A(v)wy/ o, (64)
with
A(v) = COAL) (v) + CDAW (), (65)

where the two numerical coefficients C® and C@ are
given by

cl) = 7”2 dze 0T, (1), (7),
et =5 [ ” dre L @) (66)

and we remark that the functions A®)(v) and A (v) are
given analytically by Eqgs. (49) and (53), respectively. For
most of the nucleation rates considered below, the coef-
ficients C*) and C9) can also be calculated analytically.

3. Interpolation

Although we cannot give an analytic fit for the spectrum
for an arbitrary nucleation rate, we note that, from the two
asymptotes (62) and (64), we may obtain a rough approxi-
mation for the whole spectrum. The intersection of the
curves of A;r and Ayp occurs at w = @y, A = A, with
/oy = [AW)/DR]Y, A= [DRPAWPIA. (67)
We shall check with specific examples below that these
values give the approximate position of the peak frequency
w, as well as an order-of-magnitude estimate of the
amplitude A(w,,). The actual value of the latter is below
the intersection point, and a better approximation to A(w)
is given by the simple interpolation

Ai(@) = (A + A5~ (68)
The maximum of Eq. (68) is at V3w, and the value of A

at this frequency is given by 33/2A, /16. For small velocity
we have

w Cl) 4+ 4CE)\
X O 2 ,
(—7;—)+<m

Ccd) L 4c)\ 3
A, — 64D <%>4v3 LOMS).  (69)
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Therefore, the peak frequency is approximately fixed for
most of the velocity range, while the amplitude is roughly
proportional to v3. Near v =1 the intersection point

departs from Eq. (69). We have

20)
@ 2(0
@yp

)
Ay = 8DV*(2CW)3/* 1 O(1 — ). (70)

>1/4 +O(1 =),

V. SPECIFIC EXAMPLES

We shall now calculate the GW spectrum for a few
specific cases. We begin by writing down the expressions
for the case of a constant wall velocity. Notice that the
expressions for the complete spectrum A, Egs. (32) and
(33), are very similar to those for the low-frequency limit,
Egs. (36) and (37). For a constant wall velocity it will be
useful to do the same change of variables we used in the
previous section, Eq. (54), and we obtain expressions for
A®) and A@ which are similar to those for B®) and B,
Egs. (56) and (57), but including the factor @® and the
oscillating functions shown in Eq. (34). Defining
@ = w/wy, we have

Ve cos(@r_)

Fi(ty,t_,ty)eto,  (71)
where

Fi= /T diyD(zy)Pi(ry =2y, 7-.75).  (72)

[Se]

with the polynomials P; defined in Eqgs. (27)-(29), and

_ﬂva)/ dr+/ dr_cos(wr_)

dz, ,
x / 2 RVOT) G et (73)

¥ (var,)?

where

Gu(ry,7.7)) _/TdTNF(TN)Q:I: (Tm%—ﬁvﬂ_) .

(74)
The expressions for the quantities Q. in terms of these

variables are given in Egs. (58) and (59). The quantity 7, is
given by Eqgs. (60) and (61) as a function of 7, , 7_, and z;.

A. Exponential nucleation rate

The case of an exponential nucleation rate (and a
constant wall velocity) was studied numerically in
Refs. [116-118] and analytically in Ref. [122]. We shall
now see that Eqs. (71)—(74) give for this case the analytic
result of Ref. [122]. We use the parametrization (9) for the
nucleation rate, which is of the form (7) with T'(z) = é e’,
t, = ', and v, = v. In this case, we have w;, = f3, and the
dimensionless spectrum (18) (with @, = w,) coincides
with the expression (17). Since I" is an exponential and
P;, Q. are polynomials, the integrals (72) and (74) are
straightforward. We obtain

2 -
Fi = —€T+/2€_75/2Fi(7_, TS),
n
1 ~ ~
G,G_= Feue_T"G(T_,TS)G(—T_,TS), (75)
V3
with
Foy=2(z% + 67, + 12) (2 = 72)?, (76)

Fy=2(22 =22)[(2 + 422 + 127, + 24)72
— (3 4+ 1222 + 607, + 120)72], (77)

1
5 (¢} + 473 + 2072 + 727, + 144)7}

+ (4 42073 + 18022 + 840z, + 1680)*
— (224 + 2473 + 16872 + 720z, + 1440)2272],  (78)

F2:

G=@-)B+2c2—1_(2 +6t,+12)].  (79)
On the other hand, we have (1) = e7 = e("+~7-)/2 1( ) =
e" = e and I, =1len/2e/ 2z +4 -7 /1))
Summing these contributions, we obtain

Lo =e™/?[2cosh(t_/2) —e"/?(z, /44172 J4z,)]. (80)
Notice that, in all these expressions, the variable 7, appears
only in exponentials e™/?, e™+, and the integration with

respect to this variable can be readily done using the
substitution u# = e+/2. We obtain

)3 oo © dr
A(s) — (U(U) / d - ~ -~ / s
2r J, 7_cos(@7_) 5

FOJO(U&)T ) + F Ji(vaz,) + F jz(vwrxz)
VT (v(m's)
(81)

2cosh($)e? — 1 — (12 —72) 4z,
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< 100§

10 10
0/ 0,

FIG. 1. The GW spectrum for the exponential nucleation rate,
with @, = f (solid lines). The dashed lines indicate the asymp-
totes, and the dotted lines correspond to the interpolation (68).
The dash-dot lines indicate the peak values (w,,A,) for the
spectrum, and dash-dot-dot lines those for the interpolation.

D)3 [oo © dr
A<d) _ (Uw) / d ~ / K
%1/, T_cos(@r_) =

Glr_,7,)G(—1_ 13)%
(T (82)
[20081’1( )ez —1—(7 — 72 )/47’_]

in agreement with Ref. [122].

In Fig. 1 we plot the spectrum for several wall velocities,
as well as the low-frequency and high-frequency approx-
imations Ay, Ayp given by Eqgs. (62) and (64), respec-
tively. The coefficients for these approxirnations are'
D ~0.3820, C¥ = (967)~', and C¥ = (327)"'. We
see that the asymptotic curves give an order—of—magnitude
approximation in the whole range. The figure also shows
the simple interpolation (68). Its maximum gives a good
approximation for the peak frequency, w, ~ V3w,. The
error is less than 10% for all the curves. On the other hand,
the maximum value of A for the interpolation gives a rough
approximation for the peak amplitude, A, ~3%2A, /16,
although for some of the curves this value departs more
than 50% from the actual value.

B. Simultaneous nucleation

We now calculate the GW spectrum for a delta-function
nucleation rate. This case was considered in Ref. [126] as a
limit of a Gaussian nucleation rate. In that work, the general
expressions (B.22) and (B.28) have the same form of our
Egs. (71)—(73). However, their specific expressions for the
integrands, Eqs. (B.30)-(B.36), are somewhat cumbersome
for a direct comparison. On the other hand, we shall

The functions 7”(1’) defined in Eq. (63) are given by

72 4”6 13—4 e and 14 38

FIG. 2. Like Fig. 1 but for the delta-function rate, with
W, = v/d,.

perform the integral with respect to z_ analytically, which
greatly simplifies the remaining numerical integrations
and will allow us to consider a much wider frequency
range. The particular case v = 1 was considered also in
Ref. [118]. In Appendix C we compare the different
numerical results.

We use the parametrization (14) of the nucleation rate,
for which the dimensionless rate is I'(z) = §(z) and the
timescale is deﬁned as t, = d,/v. The associated fre-
quency is w, = ;' = v/d,,, and we shall use this as the
reference frequency w, for the dimensionless spectrum A.
Due to the delta function, the integrals (72) and (74) are
trivial, and we obtain

Fi ES Pi(T+,T_, TS)®(T+ - Ts)a
G_G, = Q(T+,T_7Ts>®(7+ - Ts)v (83)

where P; are the polynomials defined in Eqs. (27)—(29),
and

0 = (13 —12)* (22 — 2)*(z§ — 21%). (84)

Hence, Eqgs. (71) and (73) become

df+ " dr_cos(@r.)

7 drt, Ji(vary) J
, ot 85
/_ Z P e (69

_m)a)/ dr+/ dr_cos(wr_)

X/ dz MQ( Ty, T_ Ts>e_1‘°‘, (86)

5 (varry)?

The integrals for 7, are also trivial, and we obtain
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2
28 — 2 4 327,) LEEetT)

Ly = l
tot 4 7,

7
— 87

2 (87)
Since the exponent (87) is quadratic in 7_, the integrals with
respect to this variable can be calculated analytically. We

must first interchange the integrals with respect to 7_ and 7,
using [y dr_ [* dey = [§" dr, [;* de_. We obtain

AG) — (va) / / de —£(20) 114322 7,)
ji Udn—s) p ( ~) (88)
P, 1, @),
— (var,) -

with

~ et o

T
Pi(T+,Tx,67)):/XdT_COS(CT)T_)Pl-(T+,T_,T_Y)e_“ o,
0

(89)

and
_ / /T+ dT (203 —r3+3c% 7, )jz(’l)d)’l's)
48 (varz,)?
x O(t,,1,, @), (90)

with

~ ~ T _ _7[(7++T.\>2,L_2
Oty 75, @) = / dr_cos(wt_)Q(t,,7_,75)e + = .
0

(1)

The analytic expressions for the functions P; and Q are
given in Appendix A.

In Appendix A we plot separately the single-bubble and
the two-bubble contributions to the GW spectrum. In Fig. 2
we plot the complete spectrum together with the asympotic
curves and the interpolation. The coefficient of the low
frequency approximation is D ~ 8.066 x 107>, while those
of the high-frequency approximation are given by11

w __L/3)
128743623

cd) = 7“7/3)
327436%/3

~6.123 x 1074,
~2.449 x 1073, (92)

We see that, at the maximum, the interpolations are not as
good approximations as in the previous case. The peak
frequency departs more than 50% and the amplitude
departs by a factor of 2 in some cases.

""The functions T .(7) which appear in the expressions for C*)
and C¥ are given by I, = 7".

C. Gaussian nucleation rate

We shall now consider a nucleation rate of the form
2 2 . . . .
e 7 (=1x)° " A Gaussian nucleation rate was considered in

Ref. [126] with a different parametrization, namely,
eP=1)=r*(=1.)* " This parametrization is useful when the
phase transition occurs away from the maximum of the
Gaussian (in particular, it allows to consider the case
y = 0), while we are more interested in the case in which
the phase transition occurs around this maximum. For a
given physical model, the two exponents correspond to the
expansion of S(7) around two different times 7, f,.
Therefore, the value of y is different in each case. We
compare the two approaches in more detail in Appendix B.
We shall use the parametrization (13), which is of the
form (7), with t, replaced by the parameter ¢,;, for
simplicity of the expressions. The dimensionless rate is
['(z) = (a//7)e @ where a = yt;,. The timescale of
the nucleation rate is tr ~ y~!, but the duration of the phase
transition, f;, depends mainly on the value of 7,,;,. We shall
use the reference frequency w, = 1!, so the dimensionless
spectrum is given by Egs. (71)—(74), with @ = w/1,}.
The integrals (72) and (74) can be done analytically. The
expressions for F; and G, contain polynomials, the
Gaussian function, and the error function. These expres-
sions are rather cumbersome, and we write them down in
Appendix B. The function /; also contains error functions
which depend on the variables ¢_, ¢, , t,, so the remaining
integrals in Eqgs. (71) and (73) cannot be done analytically.
The multiple integration is difficult to do numerically, and
in Ref. [126] a limited frequency range around the peak of
the spectrum was considered. In particular, the high
frequency behavior cannot be seen in those results.
Therefore, this case provides an example of the usefulness
of our asymptotic approximations. In Fig. 3 we show the
spectrum, the asymptotes, and the interpolation for the case
a = 1 and for several values of the wall velocity. We give

T
107 F
107 E
10—6 L
< .
108,
10710 |
10—12 2\ A - I Hum\o L uuu\l L uuu\z L uuu\} m .
107 10~ 10 10 10 10 10
w0/,
FIG. 3. Like Fig. 1 but for a Gaussian nucleation rate with

— 1
a = 1. Here, o, = 1.
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FIG. 4. The spectrum (solid lines) and the interpolation
approximation (dotted lines) for the Gaussian nucleation rate
for v = 1, with w, = ;). The dashed line corresponds to the
delta-function rate.

n*

the details of the calculation in Appendix B. We have
computed the exact GW spectrum only in the range
0.1 <w/w, <10. For higher frequencies, the multiple
integration becomes very difficult due to the highly
oscillating integrand. Nevertheless, we see that in this case
the high-frequency asymptote or the interpolation become
good approximations. For lower frequencies, the numerical
integration does not present critical difficulties. In any case,
we see that for @/, ~ 107! the low-frequency asymptote
is already a very good approximation.

In Fig. 4 we show the GW spectrum for a few values of
the parameter a. The dashed red curve actually corresponds
to the simultaneous nucleation considered in the previous
subsection. Indeed, in the limit of large @ we have
Ir < tmin, and the Gaussian becomes a delta function.
The opposite limit, « — 0, corresponds to #,;, < tr, but in
this case t.,;, does not represent the duration of the phase
transition, i.e., we have #, > t,,;,- We discuss the depend-
ence with the timescales in the next section. Notice also that
the limit ¢ — 0 can be interpreted as y — 0. However,
this limit does not coincide with what is usually called a
constant nucleation rate. The latter is actually a Heaviside
function since it turns on at a given time #,. We consider
this case next.

D. Constant nucleation rate

Although a constant nucleation rate I'\®(7 — #,) is not
well motivated physically, we shall discuss it here since it is
often used as an approximation (for its application to the
computation of GWs, see [120]). We use the parametriza-
tion (8) for the nucleation rate, so we have I'(r) = 30(z),
and we compute the dimensionless spectrum (18) with
w, = w, = t;', which is given by Eqgs. (71)~(74). In this
case, the integrands in Eqgs. (72) and (74) are polynomials,

and we obtain, omitting a Heaviside ©(z, —7,) in the

expressions,

1
Fozm(nr 7,3 (22 —22)%(37% + 97,7, +872),  (93)
F, = ! — (22 = 2)[157, 22 (7% — 72)?
Sn )
+ 727, (4578 — 102222 — 37%) — 327]],  (94)
Fy, = Ton (15747 (774 — 102272 + 37%)
+ 3072727, (v + 27722 — 37%) (95)
+7ir, (974 + 1073 72 + 457)) — 6477, (96)
! 20,2 _ 2
G:= :FQ(T-F _Ts) (Ts _T—>
X [37—(T+ + Ts)z + 4T§(T+ + 275)]' (97)
On the other hand, we have [=71% [ ,=
11_6 (T+ - Ts)3(7+ 17— 273/1})7 and
! 4 4
Lot 16 [(zy =7 )"+ (rp +7)

- (T+ - Ts)3<f+ + 75— 27%/73)} (98)

The remaining integrals with respect to 7, 7_, and 7, in
Egs. (71) and (73) cannot be done analytically.

In Fig. 5 we show the spectrum, the asymptotes, and the
interpolation, for several values of the wall velocity. The
coefficient of the low-frequency approximation (62) is
given by

10°° F 7
<
T 4
10—10 L E
10—12 > \ \_1 { m\o \] u\z m\3 m .
10 10 10 10 10 10 10
/o,
FIG. 5. Like Fig. 1 but for a constant nucleation rate, with
w, =1,
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1 ) ) 7 dr.
D=— dr+/ d’r_/ +%e"lm
48 —0 0 o T

o |F +E+Q+EG+G_
T3 15T 15¢,
~2.046 x 1074, (99)

For the high-frequency approximation (64)—(65), the
coefficients are given by12

r'(9/4)

() =17 7. —4
C 20 7513 x 1077,
1(9/4)
(d) =1 7 9 -3
C 128 2.818 x 10 (100)

The case v =1 can be compared with the lattice simu-
lations of Ref. [120]. We find that the peak for envelope
approximation is slightly to the left with respect to that
computation. We discuss the differences between these
approaches in Sec. VIL

VI. TIME AND SIZE SCALES

It has been discussed in the literature whether the GWs
should inherit the characteristic frequency or the character-
istic length of the source (see, e.g., [98-100,144]). This
issue was specifically analyzed in Ref. [145]. For a spatially
homogeneous and short lived source, the GWs are expected
to inherit the characteristic length. However, for the bubble
collision mechanism, it turns out that the characteristic
frequency is of the order of the timescale ¢, rather than the
length scale d;, = vt;,. This was observed numerically for
the exponential rate in Refs. [117,122], and can be seen in
all the plots of the previous section, where the peak
frequency w, is around the value w, ~ 1;'. Below we
discuss this issue in more detail.

A. The bubble size distribution

Some of the cases considered above correspond to very
different bubble size distributions. For instance, for an
exponential nucleation, smaller bubbles, which nucleate
later, have exponentially higher number densities than
larger bubbles, which nucleate earlier. Besides, newer
bubbles only nucleate in the increasingly smaller regions
remaining in the false vacuum, so the space distribution
also depends on the bubble size. In contrast, for a
simultaneous nucleation, all the bubbles have the same
size at any time during the phase transition. However, the
shape of the spectrum is very similar for the two nucleation
rates. This can be seen more clearly in Fig. 12 in
Appendix C. Therefore, the presence of different size
scales does not seem to be relevant for GW production.

3 =n+l

In this case we have 1,(7) = mine?

As argued in Ref. [117], the result w, ~ t;l may be
explained by the fact that, for v <« 1, the duration of the
phase transition is not actually short in comparison to the
scale d,, = vt,. Hence, the GWs do not inherit the distance
scale. This explains also why the size distribution is not a
decisive factor.

Notice, indeed, that the relevant bubble radius is at most
of order v, This is quite clear for a simultaneous
nucleation, since the bubble radius is limited by the bubble
separation d;, and the time of bubble expansion is ~d,,/v. In
the exponential case, the average radius at any time is
approximately given by v4~!, and the width of the radius
distribution is of the same order. Since the released energy
is proportional to the bubble volume, it is sometimes
assumed that the volume distribution of bubbles is the
relevant quantity [116]. This quantity also has its peak at a
radius of order v3~!.

One could argue that, since the walls of different bubbles
join to form larger domains, in the evolution of this system
of walls, there will be length scales which are larger than
vt, (at percolation, there will be domains of size H™!).
However, the spatial correlation within these domains falls
rapidly beyond a distance of the order of the typical bubble
radius [135], so we do not expect a relevant length scale
beyond this distance. Moreover, for the single-bubble
contribution, any length scale involved is of order vt;, or
smaller, so the timescale is the relevant quantity. Indeed,
this contribution alone has a peak at @ ~ ;! rather than at
w ~d;" (see Fig. 10 in Appendix A for the simultaneous
case or Ref. [122] for the exponential case).

B. Model comparison

Since two different nucleation rates depend on
different kinds of parameters, for a sensible comparison
it is necessary to fix some physical quantity. For the
exponential and delta-function cases, the final average
bubble separation d;, = ngl/ 3 has often been used for such
a purpose (see, e.g., [118,120]). For the simultaneous
nucleation, this is just a parameter of the nucleation rate,
while for the exponential nucleation it is given by

dy = (87)v/p. (101)
If we fix a different physical quantity, the comparison will
be quantitatively different. For instance, we may compare
an exponential nucleation and a simultaneous nucleation
for which the phase transition has the same duration. We
may take, as an estimation, the time At = t, — #; between
the moment #; at which f, = 0.99 and ¢, at which f, =
0.01 [135]. We have I(t;)=—10g(0.99)=1, and
I(t,) = —10g(0.01) = I,. For the exponential nucleation
rate this quantity is given by

At = (logl, —logI,)p~' ~6.13571, (102)
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while for the simultaneous nucleation it is given by

At = (3/4n)'3(1) = 1Y) (dy /)

~0.898(d,/v). (103)
For the same At, the relation between the parameters of
these models is

4z\3logl, —logl, v
o (f2) st
3 nP-n? B
instead of (101).

In Fig. 6 we compare the two models fixing either d;, or
At. We need to use the same unit of frequency for all the
curves, and we chose o, = f. The dimensionless spectrum
A is also normalized using @, = f in Eq. (18), which thus
coincides with Eq. (17). We consider an exponential
nucleation rate (solid lines), a simultaneous nucleation
with d,, given by Eq. (101) (dashed lines), and a simulta-
neous nucleation with d;, given by Eq. (104) (dotted lines),
for three different values of the wall velocity. The fact that
there is not a unique way of comparing two different
nucleation rates implies that the position of the peak for the
simultaneous case can be either to the left or to the right
of the peak for the exponential case, depending on the
quantity which is fixed in the comparison. Similarly, the
peak amplitude can be higher or lower.

For a given wall velocity, we see that the GW spectrum
for an exponential nucleation is quite closer to that for a
simultaneous nucleation with the same value of At than to
one with the same value of d,,. This seems to be another
indication of the fact that, for the bubble collision mecha-
nism, the timescale is more relevant than the length scale.
Furthermore, we verify that the peak frequency w), is within

1012 AR T R
0.01 0.1 1 10 100 1000

10000
FIG. 6. The GW spectrum for an exponential nucleation rate
(solid lines), a delta-function nucleation rate with parameter d,

given by Eq. (101) (dashed lines), and a delta-function rate with
d, given by Eq. (104) (dotted lines).

the range (1 —3)p for all the curves in Fig. 6, while
d, ~vp~" varies by two orders of magnitude for the
velocity range considered in the figure. On the other hand,
the amplitude A, does vary with the distance scale.
According to Fig. 6, we have, roughly, A, ~ d;.

This behavior can be seen analytically for an arbitrary
nucleation rate from the approximation ,, =~ \/ga)x, where
w, is proportional to @, = t;'. According to Egs. (69) and
(70), as a function of the velocity, the ratio w,/w,, varies
between two O(1) values (below we discuss the Gaussian
case, where the dimensionless coefficients in these equa-
tions depend on the ratio between two timescales). Hence,
the behavior w, ~ w, ~ 1! is quite model independent.
For the peak amplitude, we have A, ~A,, which is
roughly o °.

C. Two timescales

The Gaussian nucleation rate I' = I',,e™""(=»)* provides
a model with two different timescales, since the time during
which bubble nucleation is active does not necessarily
coincide with the duration of the phase transition. We have
defined two time parameters, namely, the width of the
Gaussian, f = y~!, and the time associated to the minimal
bubble separation ., = dnin/v. The latter is obtained
from I'(¢) alone, i.e., omitting the suppression factor £ in
Eq. (5), and is given by d,y, = (v/7l,,/y)~"/3. We remark
that the use of the parameters fr, t,,;, is convenient due to
their simple analytical relations with the parameters y and
I',,. As we discuss in Appendix B, in the cases in which the
phase transition actually occurs around the maximum of the
Gaussian, #r is directly related to the duration of bubble
nucleation and ¢, is related to the total duration of the
phase transition. Otherwise, the nucleation rate can be
approximated by an exponential and there is a single
timescale which is not simply related to these parameters.

In Sec. VC we used w, = ;] as the unit of frequency
and we considered different values of the ratio a = 1.,/ tr.
This means that the different curves in Figs. 3 and 4
correspond to different phase transitions with the same
value of t,,;,. In the left panel of Fig. 7 we consider again
the curves of Fig. 4. Here we use the interpolation
approximation, so that it is easier to reach wider ranges
for w and a. The central panel shows the same spectra with
tr! as the unit of frequency. Therefore, in these curves this
timescale is fixed while the parameter 7,,;, varies. We see
that the order of the curves is inverted with respect to those
in the left panel. Like in Fig. 6, this shows that, when we
compare different models (in this case, different values of
a), the result depends on which physical quantity we fix in
the comparison. In the third panel of Fig. 7 we fix the
parameter f, = d,,/v, where d,, is the real bubble separa-
tion, i.e., taking into account the factor f, in Eq. (5).
Therefore, t, is related to the actual duration of the phase
transition. We see that the peak frequency changes very
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The spectrum (using the interpolation approximation) for the Gaussian nucleation rate, for v = 1. In the left panel we fix the

parameter f;,, in the central panel we fix the parameter f, and in the right panel we fix the parameter 7,.

little in this case (we have 4 < w), /w, < 6 for the whole
range of @), indicating that w, is mostly determined by this
timescale.

As already mentioned, in the limit & — oo the width of
the Gaussian becomes very small in comparison with the
duration of the phase transition (fr < f,,;, < 1), and we
have a simultaneous nucleation. Also, we have ?,;, — 7, in
this limit. The convergence to the simultaneous case can be
seen in the left and right panels of Fig. 7, but not in the
central panel, where we normalize the frequency and
amplitude using #='. On the other hand, in the right panel
we also observe a limiting curve for @ — 0. In this limit we
have 1,,;, < fr, but in this case none of these parameters
correspond to a physical time in the evolution of the phase
transition. This limit is obtained for y - 0 or I',, = .
Since the nucleation rate acts from t = —oo, this means that
in this case the phase transition will be completed about a
time ¢, much earlier than t,,. Around the time ¢, the usual
exponential approximation can be used, and the limiting
curve corresponds to an exponential nucleation rate (see
App. B for more details). Since the value of d,, is fixed in
the right panel of Fig. 7, the parameter of the exponential is
given by g = (8z)'/3v/d,.

In Fig. 8 we indicate this limiting curve with a dashed
line, and the limit for & — oo with a dotted line. We also
consider different values of the wall velocity, and we
observe again that the peak frequency is always determined
by the timescale #,, while the peak amplitude depends on
the length scale d;,, = vt,. For a given wall velocity » and a
given average separation d,, the spectrum has larger
amplitudes and smaller frequencies in the limit of an
exponential nucleation, while it shifts to smaller amplitudes
and higher frequencies as we approach the limit of a
simultaneous nucleation. Since larger bubbles contribute
more than smaller ones to the GW spectrum, this behavior
may be due to the differences in the bubble size distribution
for the different nucleation rates. Indeed, in the simulta-
neous case all bubbles have similar sizes, while in the
exponential case there are bubbles with sizes much larger

than the average. The same behavior can be expected for
other mechanisms, such as sound waves. Hence, the
differences observed in this figure may be regarded as a
quantitative estimate of the degree of error in the spectrum
when different nucleation rates are adopted for simplicity in
a simulation.

D. Relation with the surface area

Since the characteristic frequency of the gravitational
waves is determined by the timescale of the source, it is
useful to consider the time evolution of the latter. For the
envelope approximation it is clear that the source of GWs is
the motion of thin walls. More generally, for any mecha-
nism associated to the bubble walls, the GW production
will be weighted by the amount of bubble wall which is
present at a given time (as can be seen from the general
expressions derived in Ref. [125]). One may wonder

| L
10" 10
o/t

FIG. 8. The spectrum (using the interpolation approximation)
for the Gaussian nucleation rate, for different values of @ and v.
The reference frequency is w, = #;!. The three groups of curves
correspond to velocities » = 1, 0.1, and 0.01 from top to bottom.
The dotted lines indicate the limit @ — oo (simultaneous nucle-
ation), and the dashed lines indicate the limit @ — 0 (exponential
nucleation).
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whether the relevant quantity here is the average uncollided
wall area, (S) ~ R2f, ~ R?e=*"R’/3_or the surface energy
6(S) ~ R3e¢*K*/3 (since o R due to the release of latent
heat), or some other quantity. In the envelope approxima-
tion, the energy-momentum tensor is given by Eq. (21),
T;; = 08(r — R)};#;15(?). Since (1g) = (S)/4zR?, this
seems to indicate that the “effective” surface energy density
6(S)/R* ~ Re~*®*/3 is the relevant quantity. Let us con-
sider for simplicity the case of simultaneous nucleation, for
which the above expressions are exact since all the bubbles
have the same radius. For instance, the average uncollided
wall area of a bubble is just given by

(S) = 4zR2e~ 5K

t—1,\2 Az (t—1,\3
:4ﬂd127( Iy *> P [_?ﬂ( l‘bt*) }’ (105)

and the total uncollided wall area per unit volume is given
by n,(S) =d;>(S). We observe a qualitative relation
between this quantity and the GW spectrum, namely, that
the time variation is determined by ¢,, while the amplitude
is determined by the characteristic d,,. Notice, however, that
the GW spectrum involves the correlator (T;;T},’). For a
given bubble, any of the quantities discussed above is of the
form R"S, and we should expect that the result depends on
R"R™(SS’), i.e., that the relevant quantity is the surface
correlation rather than (S).

In the expression for 7';;, the time independent factor 7;7;
characterizes the spatial dependence of the source (the
spherical wall), while the time dependence is contained
essentially in the variation of the bubble radius R and the
uncollided surface S. If we omit the factor A;; 4, 7777, in
Eq. (20), and consider for simplicity only the single-bubble
contribution, we obtain the rough estimation

(2,7, w) ~ nyoo’ (S(1)S(7'))

~ np(Kpyae)*RR'(S(1)S(1')). (106)
In Ref. [135] it was argued that an estimation for the GW
spectrum can be obtained by assuming that the quantity
I(7,7,w) is proportional to the surface correlator
(S()S(#)). This is equivalent to the further approximation
R ~ R’ ~ d, in Eq. (106). For the simultaneous case and the
single bubble contribution we have [135]

/

(S()S(£)) = S72RR’ / o

'—R

L (t.1'.5)

dsse (107)

(notice that this quantity contains information about
the correlation between points on the bubble surface).
Proceeding as before, for the approximation (106) we
obtain

;({,' Exact
7 IToc RR(SS") ————

3 IT o (§8°) ===--- E

3 o< RRY(ASAS") ———~ E
o (ASAS™y -------

—10 | | | | | L
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/o,

FIG.9. The GW spectrum and some rough approximations, for
a simultaneous nucleation and v = 1 (w, = v/d}).

NUw/ dr+/ drr/ dr_cos(ar_)(t3 —12)?

(108)

X e =l (74,77

The integrand does not depend on the velocity, so we have
an amplitude proportional to v* and a shape which depends
on @ = wt;,. The computation of Eq. (108) is much simpler
than the complete expression (88) (see Appendix A). We
show the result in Fig. 9 for v = 1 (dashed black line). The
approximation gives the correct power-law form."”> The
peak intensity, though, is a few orders of magnitude higher
than the exact result (solid line). This is the effect of
ignoring the spatial dependence of the source, since the
spherical shape of the bubbles causes a suppression. In
particular, in the envelope approximation the sphericity is
lost at the expense of decreasing the surface area of the
walls which produce the gravitational radiation.

If we replace RR’ by d,z, in Eq. (106), we obtain a single
factor of (73 — 72) in Eq. (108). This result is plotted with a
dotted black line in Fig. 9. We see that the spectrum
does not change significantly, indicating that the relevant
quantity which determines its shape is (SS’). In [135]
we argued that it would be more realistic to relate
the GW spectrum to the quantity (AS()AS(¢')), with
AS =S —(S), rather than to (S(z)S(¢)), in order to
take into account the fact that the result should vanish if
the surfaces at ¢ and # were uncorrelated. Indeed, the
separation  (S(#)S(7)) = (S(2))(S(¢')) corresponds to
assuming that any two points on the bubble surface are
not correlated, i.e., to approximating the probability e~fot =
e 1=l pln(t15) by =11 =I(") Replacing S with AS in

“The additional approximation (S(z)S(#')) ~ (S(2))(S(7'))
simplifies significantly the expressions, but does not give the
correct behavior at high frequencies. It is a smoother function of
time, and therefore its Fourier transform falls more rapidly at
high w.
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Eq. (106) we obtain the red lines in Fig. 9 (with and without
taking into account the extra factor of RR’). Only the low-
frequency part of the spectrum changes with respect to the
previous approximations. The shape of the spectrum is
more realistic, but it is quantitatively very similar.

VII. CONCLUSIONS AND DISCUSSION

We have studied the general features of gravitational
waves from bubble collisions in the envelope approxima-
tion. For that aim we have applied the approach of
Ref. [125] to this particular mechanism of GW generation.
In the first place, we have computed the GW spectrum for
several phase transition models. Our results for these
specific models are in agreement with previous works,
whereas our analytic expressions allowed us to consider
wider frequency ranges as well as greater variations of
parameters.

In second place, we have studied the asymptotic limits of
the spectrum for arbitrary nucleation rate I'(¢) and wall
velocity v(#). We have thus confirmed analytically that the
GW spectrum for the envelope approximation always rises
as @ for low frequencies and falls as @~! for high
frequencies, independently of the specific evolution of
the phase transition. Therefore, in the two ends of the
spectrum, it is only necessary to compute numerically the
constant coefficients of these power laws. For constant
velocity, the calculation of these coefficients simplifies
significantly, and we obtained analytically the dependence
on v. Furthermore, we provided a simple interpolation
between the asymptotes, which can be used as an estimate
of the whole spectrum, thus avoiding difficult numerical
computations. These analytic approximations are useful for
studying the dependence of the spectrum on the parameters
of the model. Although in this work we have focused on the
envelope approximation, we expect that our determination
of the asymptotes can be generalized to other mechanisms
such as the bulk flow model [123,124], where it is
particularly difficult to compute the spectrum at high
frequencies.

Finally, we have used our results to study the dependence
of the GW spectrum on the characteristic time and distance
scales of the phase transition. We have confirmed that the
peak frequency w,, is generally determined by the timescale
rather than the length scale. More precisely, we have
), ~ 1!, where 1, is the total duration of the phase
transition. We have checked this fact, both numerically
and analytically, by varying the bubble size d;, = vt;, as
well as the time 1 < ¢#;, during which bubble nucleation is
active. The amplitude of the spectrum does depend on the
size scale d;, (the dimensionless spectrum A goes roughly
as v°). We have related these features to the time correlation
of the uncollided wall surface area, which is essentially the
source of GWs in the envelope approximation. Moreover,
the rough approximation IT o (S(#)S(#')), which corre-
sponds essentially to neglecting the spatial dependence

of the source, gives the correct position of the peak as well
as the correct behavior at low and high frequencies,
although the amplitude is a few orders of magnitude
too high.

Lattice simulations of vacuum bubbles generally give a
different form of the spectrum. In the first place, in
Ref. [119], it was found that GWs are produced after
bubble percolation. However, in Ref. [120] this effect was
identified with oscillations of the scalar field, which
produce GWs with a frequency of the order of the scalar
mass in the broken phase. Thus, with a realistic separation
of scales (not achievable in the simulation), this signal will
be actually at a much higher frequency, and will have a
much smaller amplitude.

In Ref. [118] it was found that the GW spectrum sourced
by the scalar field agrees in shape and intensity with the
envelope approximation, at least in the frequency range
delimited by the inverses of the box size L of the simulation
and the wall width [,,. At higher frequencies the decrease
becomes steeper. In the more recent simulation [120], it
was found that the peak of the spectrum from bubble
collisions is slightly shifted toward the infrared with respect
to the envelope approximation. Besides, the power law on
the high frequency side of this peak seems to be given by
b ~1.5, in contrast to the value » =1 for the envelope
approximation. In the subsequent work [121], the wall
thickness was varied (by changing a parameter in the
effective potential), and it was found that for thicker walls
the ultraviolet power law has even larger values, up to
b ~23. The more recent work [146] supports the con-
clusion that the high-frequency power law becomes steeper
for thick-walled bubbles.

However, we remark that the bubble radius and the wall
width, which in general differ by several orders of magni-
tude, in the lattice simulations are separated by, at most, a
couple of orders of magnitude. For instance, in [120], the
power law b ~ 1.5 fits the curve in a frequency range of one
order of magnitude between the peak frequency w, and
 ~ 10w,,. A little beyond this range is the ultraviolet bump
due to the field oscillations. This second peak is associated
to the scalar mass scale, which is of the same order of the
wall width /,, so this part of the curve is also influenced by
this parameter. Therefore, it is possible that the differences
with the envelope approximation at high frequency are due
to an insufficient separation of these scales.

In order to avoid this problem, in Refs. [147,148] a two-
bubble collision is first studied by lattice simulations to
determine how the surface energy density scales with the
bubble radius in the collided regions, and then the GW
spectrum is computed in many-bubble thin-wall simula-
tions like those of Ref. [124] for the bulk flow model. The
power law exponents obtained with this approach are also
different from the envelope approximation and depend on
the nature of the scalar field, i.e., they are different for a real
scalar field, a complex scalar field which breaks a U(1)
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global symmetry, and the case of a gauge U(1) symmetry.
As already mentioned, the part of this calculation which is
equivalent to the bulk flow model can be approached
semianalytically, but the numerical integrals become very
difficult for frequencies higher than the peak [123].
Therefore, the high-frequency approximations we used
to obtain the asymptotic behavior for the envelope case
will be useful to address this kind of calculation.
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APPENDIX A: DETAILS FOR THE
SIMULTANEOUS CASE

In this Appendix we present some analytic and numeri-
cal results for the delta-function nucleation rate.

1. Gaussian integrals
The integrals

T e +s)? o

Q(T-Q-’Ts’ﬁ)) = / | de_ COS((I)T—)Q(T+’T—’TS)€_TL

0
(A1)

and

lretey)? o

Pi(T+,Ts,5)):/T: dr_cos(wt_)Pi(t ,7_,15)e * & -,
0
(A2)

where Q and P; are the polynomials defined in Egs. (84)
and (27)—(29), are straightforward, since the polynomials
are of the form A + Bz + Ct* + D7% (with D = 0 for the
P;) and the cosine can be written as a combination of
exponentials. We obtain
0 = (2 =210 — 24 (2 + 2¢2)1?)
+ 22(27% + 7)) I® — 2210)],

Py = (72 —22)(zHO) - 22212)  [4)),

Py =2(c4 = 3)[~(% +3¢0)21)
+2(37% +22)22? + (22 = 5¢2)1W),
(37% + 27322 + 374) 7¢O
+2(¢ + 62222 — 15¢4)721%)

+ (37¢ = 307222 + 35¢4 )1,

where the quantities 7" are the integrals

2

1 = /TY dr_t" cos(@wr_)e "
0

— Re {A"‘ df_ﬂe—ml—ian]’ (A4)
with @ = % (z, + 7,)?/7,. These are given by
10) = \/%exp <— Z)—;) Re {erf (ﬁrs + %)] . (A5)
1 = é [(2a— @)1 + 5 - (], (A6)
S :@[(@4 — 12aé@* + 122%)10)
—(@* -4’2 —10a)S + (&* — 4’12 —62)C], (A7)

1
1© T [(=@° +30a@* —180a”@” +120a3) 1)
104

+(@* -4’2 @0* —28a@* + 160t} + 720’12 4+ 132a%) S
—(@* —4a*72@* —24a@* + 160t} +400° 72 4 60a?) C],
(A8)

where

S = e™ @ sin(@r,), C = 2ar,e™ cos(@r,), (A9)
and Relerf(z)] is the real part of the error function.

On the other hand, for the approximation (108), we have
to calculate the integral

n<1++73‘)2

P= /T’X dr_cos(@r_)(z2 —2)2e T % . (Al0)
0

which has the same form of Eq. (A2), but for the function

P =14 — 27572 + 7% instead of P;. We obtain in this case

P =710 —272 1) 4 4 and Eq. (108) is given by

© T -
A~ v3a? / dr, / U dr gt PeB2n-ni 3t (A11)
0 0

If RR' is replaced by dﬁ in Eq. (106), then we have a single
factor of (72+ —172) in Eq. (108), so we have to calculate
the integral (A10) with P = T%_ — 72, and we obtain in this
case P =721 — 1@ 1f (AS(£)AS(#')) is used instead of
(S(1)S(7')) in Eq. (106), then, in the integrand of Eq. (A11),
we have to subtract, to the quantity Pe /v, the same
quantity evaluated at 7, = 7.

2. Contributions to the spectrum

It is of interest to show separately the single-bubble and
the two-bubble contributions. In Fig. 10 we consider the
case of simultaneous nucleation for a few velocities (the
exponential case was already considered in Ref. [122]).
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FIG. 10. The different contributions to the spectrum for the case
of simultaneous nucleation, for a few values of the wall velocity
v (0, = v/dp).

We see that the two contributions are in general of the same
order, except for the case v = 1, where the intensity falls as
w™? for w/wy, > 1, as shown analytically in Sec. III.

APPENDIX B: DETAILS FOR THE
GAUSSIAN CASE

In Sec. V C we have considered as a reference time the
parameter #,,;, and as a reference frequency w, = 1! .
Thus, in Egs. (71)—(74), we have @ = w/w, = wty;,, and
the dimensionless times are given by Eq. (54) with ¢, =
t,, and t, = 1. For instance, we have 7 = (¢ — 1,,) / tnin-
The dimensionless rate is given by ['(z) = (a//7)e~(@?)
and the integrals in Eqgs. (72) and (74) can be done
analytically, as well as those in Eqs. (2) and (22).
To simplify a little the expressions, in this Appendix
we shall consider the parameter # as the reference
time, and the corresponding reference frequency
w, = t5' =y. To avoid confusion, we shall denote the
dimensionless spectrum (18) as A, and we shall denote
® = w/w, = wtp. The relation with @ and the corre-
sponding spectrum is @ = @/a, A(®) = a*A(ad). We
also denote the corresponding dimensionless times by

=(t—t,)/tr, xy = (ty —t,)/tr, etc., which corre-
sponds to the change of variables x = ar, xy = ary,
etc. in Egs. (71)—(74).

1. Formulas for the spectrum and the asymptotes

We obtain

dx+

48a

L0k
T / dx+/ dx_ cos(@x_ )/ (v,

where the functions F;, G, and [, are given by

(3 — X3 + xhxg

F, = (x?—x%){(3x(’+x

—dxt = 122202 — 122222 + 60x2x2 — 1252 + 6022 )[erf(w

= (3x) + 3xxf + X323 + X2 x3 -

+6x3 + 10x+x% —30x2x, — 50x3x+) % e‘i(’”_mz},

2 -
_ X)) {(x? +xt —4x? = 23302 + 1242 + 12) [erf(mr 5 xs) + 1]

dx Ji(vaxy)
Y d s NTIREOYS) g, Bl
x_ cos(@x_ / ,Z (var) (B1)

d
Xs ]2(Ua)xs) G+G e—]ml (Bz)
2 2 —xy—x,)?

—x, x5 +10x, + 6x5)\/—7_re S (B3)

—2x%xg — xixd 4+ 5x2xd — 6x2xd g

)+
5x2x%xg — Sx2xd + 3 a2 + x2x x?

(B4)
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= (3% + 242 x8 +2x x84 4x® + 3x%xt + 3x x4 4 24x%xd + 1252 x+x4 + 36x
+ 36x% — 60x% x2 — 30x2x% x2 — 360x2x2 — 30x*x%x? — 360x2x% x2 + 420x%

1 —
+35x%x? +420x4x%) 5 {erf (“2x> + 1}

+ (5x] + 5x+xY —18x2x3 + 3x% %) + 18x) + 3x3x§ — 18x2x x¥ + 30x, x} + 5xx
— 180x2x3 — 30x2 x+xY 30x2 x+x + 5x%x x2 — 300x% x, x2 + 210x% x,

L.
+35x% x% x, + 35x% 3+ 350x%x ) 7 el =),
r

G, = g{[x‘s‘ —x3x? = 2x2 £x_(x3 +6x, —x x2)] [erf( 5 xS) + 1}

1
=2[x3 + x x F x_(xypx, + 43 +4)] 76‘%(“‘"&)2 }
T
and I = I((xy. —x_)/2,a) + I((x; +x_)/2,a) + I, with
I, a) = = d (202 4 3)ferf(x) + 1] + (2 + 1) = e~
3a® NG

and

7[(1_3

24x,

2
I, = {(3x3xs +2x3x; — x3 — x,x2 + 8x, — 3x%x,) \/—Ee‘i(“‘f"fy

+ (x = 3x2x2 = 3x2x2 — 6x2 + 2x3 x, + 6x2x x, + 122, x, — 632 — 3x2x2) {erf <x+

The coefficient of the low-frequency asymptote (62) is given by (D = a’D)

- o dxg Fy F, 7G,G_
D — d d F —_ _Ilol'
/ x+/ - / [ o3 +15+15a3x5}e

The coefficients of the high-frequency asymptote (64)—(65) are given by (C**) = aC())

~ /2 ~ b2 (B3 (o
0 = [T dze OL LM, 00 = [ de O,
with
- 2 1 X )
12:(1 { x4+ [erf(x)—i—l]—!—%e‘" },
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1 f 1 *
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2. Different parametrizations

The parametrization (10) for the nucleation rate,

[(t) = T,e7 (=), (B14)
is centered at the maximum of the Gaussian. We have
conveniently defined the time parameters 7 = y~! and
tmin = dmin/v = v™'(y//aT,,)"3 in order to obtain the
simple expression (13) where the dimensionless rate I’
depends only on the parameter a = t,,;,/fr. In terms of the
basic parameters of the Gaussian, we have

4
=" (B15)

Vvl

In Fig. 11 we consider the evolution of the phase
transition for different values of a. We see that, for
a 2 1, the development of the phase transition takes place
around the time t,, or later. Hence, in these cases the
number density of nucleated bubbles is maximal (i.e., it is

given by the integral of the Gaussian), and we have d;, ~

doin = n,}!ﬁ/f and the duration of the phase transition is
given by 1, ~ t:,. Besides, we see that the parameter #
gives an estimate of the duration of bubble nucleation. In
the limit @ — oo, the time # becomes infinitely smaller
than 7,, and the nucleation rate becomes a delta function.

In contrast, for small « (left panel in Fig. 11) the phase
transition is completed before t = ¢,,, and neither ¢, nor #-
give a correct estimate for its duration. The limit @ — 0
corresponds either toy — Q ortoI',, — oo. Since the phase
transition takes place away from the maximum of the
Gaussian, we expect that the usual exponential approxi-
mation should be valid in this limit. To investigate this, we
notice that, for any 7,, we may write t —t,, =t —t, + 1, —
t,, in Eq. (B14), and we obtain

(notice that f depends on the time t,). Let us consider the
time 7, at which I =1 (f, = e™!). The corresponding
dimensionless variable x, = (¢, — 1,,)/fr- is given by the
equation I(x,, 1) = a*, where I(x, @) is given by Eq. (B7).
For 1, =1, we have f =2y|x,| and I, = I',,e™. The
function I(x, 1) grows monotonically from /(—oo0,1) = 0.
This can be seen more clearly from the definition of I(¢),
Eq. (2). Hence, for a — 0 we have x, - —oo. This implies,
in the first place, that ¢, — t,, > —oo, and, in the second
place, that y/f o« |x,|~! = 0, so Eq. (B16) becomes indeed
an exponential rate in this limit. For large and negative x we
have I(x, 1) = y/me™" /2x*, so the equation for x, becomes
Ve ™ /2x4 ~ o, and using the relation (B15), we obtain
I, ~2y*x¢/nv3 = p*/8xv3. Hence, in this limit Eq. (B16)
coincides with our parametrization (9),

,64
I(t) = —— et (B18)
8rv

In Ref. [126], the GW spectrum was calculated for a
nucleation rate of the form
[(1) = HAefl=1)-r (=1 (B19)
As we discussed in Sec. II, this model is motivated by an
expansion of the instanton action S in powers of ¢ — z,. For
many physical models we have y <« . Indeed, the usual
approximation is to neglect y, which leads to the expo-
nential nucleation rate. Notice that, in this parametrization,
t, is the time at which I' = H?, while the phase transition
takes place at a later time, which is roughly given by I' ~ g*
(in general, S is a few orders of magnitude higher than H.,).
Therefore, a new parametrization is used in [126],

[(1) = pef -0-r -2, (B20)

Here, 7, is the time at which " = ", and for y = 0 we have

_ 22—t \2
[(t) = T,ePlt)-r (=) (B16) g = . On the other hand, for y # 0 the nucleation rate
(B20) is a Gaussian and can be written in the form (B14).
where The parametrizations (B20) and (B14) are related by [126]
T, =T,e () p=27(tn—1.)  (BI7) T, =pe/* fo=t1,-p/27 (B21)
-------------------- -0t
\
a=02 0.8 \‘ a=20
o6f
1
o4ff
\
o2t %
kN It
T s 5T A R

FIG. 11.
for v = 1.

The nucleation rate I'/T",, (solid lines) and the fraction of volume remaining in the high-temperature phase f, (dashed lines)
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The results of Ref. [126] depend on the ratio y/#" and the
velocity v. The relation with our dimensionless parameter
a =yt is

VER (i) = (r/p ) e P11,

We remark that, for y <« f, the phase transition com-
pletes in a time of order ! well before the time t,, is
reached. Therefore, in the relevant time interval we may

(B22)

expand the exponential e’ (=1.)" and obtain a perturbative
expansion in powers of y/f, where each term of the
expansion is computed using the exponential rate. Thus,
we obtain the lowest correction to the exponential case by
writing Eq. (B16) as
[(6) =Tl =2 (e — 1) (B23)
Taking t, = t,, where now ¢, is the time corresponding to
f+ =1 for the exponential rate, the first factors in (B23)
are of the form (B18). The dimensionless nucleation rate is
in this case
[(z) = (e7/8m)[1 = (v/B)*7]
(with = = ft). Hence, the correction to the exponential case
is given by Egs. (71)—(74), with the polynomials P;
replaced by —(y/f)?t%P; in Eq. (72), and the same for
Q. in Eq. (74). The integrals in these equations can be done
analytically, and the functions F; and G, are of the form
(75), where F; and G are polynomials which are now more
cumbersome than Eqgs. (76)—(79). In any case, computing
this correction to the exponential case may be more useful
than considering a Gaussian rate. We shall investigate this
kind of approximation elsewhere.

In the opposite case, in which the phase transition occurs
around the time £,,,, the parametrization (B20) in terms of #’ is
no longer useful. In particular, according to Egs. (B21), we
have ¢, — t,, only for f/ — 0 ory — co. In practice, we may
have #/ > y and the bubble nucleation still occurin a time y~!
around ¢,,, while the reference time 7, may fall outside the

(B24)

100 F

exponential rate E
delta—function rate E

10 100 1000
a)/wp

10000

FIG. 12.

The spectral shape for the exponential and the delta-function rates, for v = 1 (left) and v

relevant range. Therefore, if the value of y is calculated by
expanding S around the corresponding temperature 77,
the error may be large. Let us consider some specific
examples from physically motivated models. In the case
of strong supercooling considered in Ref. [90] we have
typical values y/H,~10,T,,/H* ~1000. This gives,
according to Eq. (B21), a ratio #//y in the range 2-3 and
ty — 1~ —1. On the other hand, in the case of reheating, for
the physical model considered in Ref. [134] we have
I,,/H ~10"7-10"% andy/H, ~ 10°~10* This gives ' /y ~
9-10 and t,,— ¢, ~5y~".

APPENDIX C: THE SHAPE OF THE SPECTRUM

The GW spectrum for both the exponential nucleation
and the simultaneous nucleation were computed in
Ref. [118] for » =1, and Fig. 3 of that work can be
directly compared with our solid and dashed curves for
v = 1 in Fig. 6. The results are in qualitative agreement for
the shapes of the curves as well as for the relative positions
of the peak for the two models. Quantitatively, though, our
results have order 1 differences with those simulations.
Nevertheless, for the exponential case, our results are in
agreement with more recent simulations [124] as well as
with the semianalytic treatment of Ref. [122].

The numerical results of Ref. [126] for the Gaussian case
were presented with the frequency and amplitude of the
GW spectrum A normalized with their peak values @,,, A ,.
In this way, the maximum of the spectra for different model
parameters coincide. The information on the values of w,,
and A, is lost, but the shape of the spectra can be directly
compared. We consider a similar plot in Fig. 12 for the
two limiting cases of the Gaussian nucleation rate, namely,
a — 0 (exponential rate) and a — oo (delta-function rate).
The curves for different values of « fall between these two
cases. Only the range 0.1 < w/w, <3 was considered in
Ref. [126], due to numerical difficulties of their multidi-
mensional integration. The inset in Fig. 12 shows this range
for a better comparison. It can be appreciated that these
curves are in agreement with those of [126].

100 E

exponential rate E
delta—function rate E

sl
1000

10000

0.1 1 10
w/a)p

= 0.3 (right).
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