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We construct Barrow holographic dark energy in the case of nonflat universe. In particular, considering
closed and open spatial geometry we extract the differential equations that determine the evolution of the
dark-energy density parameter, and we provide the analytical expression for the corresponding dark energy
equation-of-state parameter. We show that the scenario can describe the thermal history of the universe,
with the sequence of matter and dark energy epochs. Comparing to the flat case, where the phantom regime
is obtained for relative large Barrow exponents, the incorporation of positive curvature leads the universe
into the phantom regime for significantly smaller values. Additionally, in the case of negative curvature we
find a reversed behavior, namely for increased Barrow exponent we acquire algebraically higher dark-
energy equation-of-state parameters. Furthermore, we confront the scenario with Hubble parameter
measurements and supernova type Ia data. Hence, the incorporation of slightly non-flat spatial geometry to
Barrow holographic dark energy improves the phenomenology while keeping the new Barrow exponent to
smaller values.
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I. INTRODUCTION

According to the general consensus of modern cosmol-
ogy, supported by a huge amount of cosmological obser-
vations, the Universe experienced accelerated expansion at
both early and late times. In order to provide an explanation
one has two main directions to follow. The first path is to
introduce new forms of matter, such as the inflaton [1,2] or
the dark energy concept [3,4], while maintaining general
relativity as the gravitational theory. The second path, is to
construct extended and modified gravitational theories,
which in general give rise to the extra degree(s) of freedom
capable of triggering acceleration, but still possess general
relativity as a particular limit [5–7].
Nevertheless, holographic dark energy [8,9] and holo-

graphic inflation [10] is an interesting alternative for the
quantitative description of acceleration, that strictly speak-
ing does not fall in the above two solution ways. It arises
from the cosmological application of the holographic

principle [11–13], and the induced connection between
the Ultraviolet cutoff of a quantum field theory with the
largest length [14], which finally results to a vacuum energy
of holographic origin. Holographic dark energy leads to
interesting cosmological phenomenology [8,9,15–22], it is
in agreement with observations [23–32], and it has been
extended to various versions [33–59].
We should comment here that holographic dark energy

modelsmay face the causality problem [60]. In particular, the
present accelerated expansion requires the future event
horizon to be the universe boundary [8], which in turn
depends on the future evolution of the scale factor and thus it
might violate causality [36]. Nevertheless, a number of
possibilities have been explored to address this problem. It
has been shown that suitable modifications of the gravita-
tional sector in the scalar-tensor theories of gravity [61] or
various modified holographic models such as Agegraphic
dark energy [36], Ricci dark energy [26,62] etc, can alleviate
the problem through suitable alternative choices of the
universe horizon. Additionally, there have been other
approaches in which the causality problem can been
resolved, by separating out the “future-dependent” part from
the evolution equation [60], since this part carries the
information of the causality violation which can be fixed
by properly choosing the initial conditions.

*Corresponding author
sudipta.das@visva-bharati.ac.in

†priyankaadhikary35@gmail.com
‡svasil@academyofathens.gr
§msaridak@noa.gr

PHYSICAL REVIEW D 104, 123519 (2021)

2470-0010=2021=104(12)=123519(10) 123519-1 © 2021 American Physical Society

https://orcid.org/0000-0002-0841-4393
https://orcid.org/0000-0002-0578-1710
https://orcid.org/0000-0001-5066-0259
https://orcid.org/0000-0003-1500-0874
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.104.123519&domain=pdf&date_stamp=2021-12-06
https://doi.org/10.1103/PhysRevD.104.123519
https://doi.org/10.1103/PhysRevD.104.123519
https://doi.org/10.1103/PhysRevD.104.123519
https://doi.org/10.1103/PhysRevD.104.123519


In order to apply the holographic principle and construct
holographic dark energy one uses the black hole entropy
expression, and thus one can obtain various versions of the
theory through the use of different entropies. Recently
Barrow proposed a new black hole entropy relation that
arises from the incorporation of quantum-gravitational
effects which may introduce intricate, fractal features on
the black-hole area, namely [63]

SB ¼
�
A
A0

�
1þΔ

2

; ð1Þ

with A the standard horizon area (A0 is the Planck area). The
new exponent Δ lies in the range 0 ≤ Δ ≤ 1, with Δ ¼ 0
corresponding to the standard smooth structure (in which
case Barrow entropy gives back the standard Bekenstein-
Hawking ones), and with Δ ¼ 1 corresponding to the most
intricate structure. Hence, application of this extended
entropy relation as the basis of holographic dark energy
gives rise to Barrow holographic dark energy [64] which is
able to offer improved phenomenology comparing to the
standard scenarios of holographic dark energy [64–80].1
On the other hand, recently there is a reheated debate on

whether the spatial curvature of the universe is zero or not. In
particular, there are arguments that if one considers the
combined analysis of cosmicmicrowave background (CMB)
anisotropy power spectra of the Planck Collaboration with
the luminosity distance data, then a nonflat universe is
favored at 99% confidence level [83]. Additionally the
enhanced lensing amplitude in the CMB power spectrum
seems to suggest that the curvature index k may be
positive [84].
Having these in mind, in the present work we are

interested in constructing and investigating Barrow holo-
graphic dark energy in a non-flat universe. The paper is
organized as follows: In Sec. II we present the basic
equations for Barrow holographic dark energy in both
closed and open Friedmann-Robertson-Walker (FRW)
metric. In Sec. III we proceed to a detailed investigation
of the cosmological behavior, focusing on the dark energy
density and equation-of-state parameters. In Sec. IV we
present the observational constraints on various parameters
of the model and finally, we summarize our results
in Sec. V.

II. BARROW HOLOGRAPHIC DARK ENERGY
IN NONFLAT GEOMETRY

In this section we desire to construct holographic dark
energy in the case of nonzero spatial curvature. In particu-
lar, we consider a non-flat FRW line element of the form

ds2 ¼ −dt2 þ a2ðtÞ
�

dr2

1 − kr2
þ r2dΩ2

�
; ð2Þ

where aðtÞ is the scale factor and k ¼ þ1; 0;−1 corre-
sponds to closed, flat and open spatial curvature
respectively.
In general, by applying Barrow entropy (1) in the

holographic framework, one obtains a holographic dark
energy density of the form [64]

ρDE ¼ CLΔ−2; ð3Þ

with L the holographic horizon length and C a parameter
with dimensions ½L�−2−Δ. Note that in the case where
Barrow entropy becomes the usual Bekenstein-Hawking
one, namely for Δ ¼ 0, expression (3) gives the standard
holographic dark energy ρDE ¼ CL−2 with C ¼ 3c2Mp

2,
where c2 is the standard parameter of order one that is
present in all holographic dark energy models [8,9] andMp

the Planck mass.
We consider that the universe is filled with the above

holographic dark energy, as well as the matter sector. The
Friedmann equations are written as

3H2 þ 3
k
a2

¼ ρm þ ρDE ð4Þ

2 _H þ 3H2 þ k
a2

¼ −pDE; ð5Þ

with H ≡ _a=a the Hubble parameter, and where ρm is the
energy density corresponding to the matter perfect fluid
assumed to be dust, while pDE represents the pressure of the
Barrow holographic dark energy. The two components are
separately conserved, namely they obey

_ρm þ 3Hρm ¼ 0 ð6Þ

_ρDE þ 3Hð1þ wDEÞρDE ¼ 0; ð7Þ

where we have introduced the dark-energy effective equa-
tion-of-state parameter as wDE ≡ pDE

ρDE
. Finally, it proves

convenient to introduce the density parameters through
Ωm ≡ ρm

3M2
pH2, ΩDE ≡ ρDE

3M2
pH2 and Ωk ≡ k

a2H2.

The last step that we need to perform is to suitably define
the largest length L of the theory, namely the holographic
horizon that enters in the definition of holographic dark
energy. Although there are many possible choices, in the

1Let us mention that the form of the black-hole entropy [81] is
obtained from the first law of black-hole thermodynamics,
however this has been done under two main assumptions, namely
that the calculations are classical and that the theory of gravity is
general relativity. Hence, in the literature one can find two main
ways of extracting modified entropy relations. The first is to
consider quantum corrections on top of classical general relativity
(see e.g., [82]), while the second is to consider modified theories
of gravity, which typically lead to modified entropy relations [6].
In all cases the first law of thermodynamics is valid, nevertheless
it is the quantities that enter in it that change.
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case of flat spatial geometry the most common one is to use
the future event horizon [8], namely

Rh ≡ a
Z

∞

t

dt
a
¼ a

Z
∞

a

da
Ha2

ð8Þ

However, if one desires to extend holographic dark energy
in a nonflat universe, the above length should be suitably
extended [85,86]. Hence, in the case of Barrow holographic
dark energy this recipe should be followed too (note that in
[87] it was tried to apply Barrow holographic dark energy
in a non-flat universe but with L being the Hubble horizon,
a choice that is known to be not correct [8,88] since it
cannot lead to acceleration). Since the corresponding
extension is slightly different for closed and open cases,
in the following subsections we examine them separately.

A. Positive spatial curvature

Let us start with the case of closed universe (k ¼ þ1).
The horizon length L is given by L ¼ arðtÞ, where rðtÞ is
determined through [85,86]

Z
rðtÞ

0

dr0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − kr02

p ¼ Rh

a
: ð9Þ

Thus, one obtains

rðtÞ ¼ 1ffiffiffi
k

p sin y; ð10Þ

where

y ¼
ffiffiffi
k

p Rh

a
¼

ffiffiffi
k

p Z
∞

x

dx
aH

; ð11Þ

with x ¼ ln a. Hence, inserting L ¼ arðtÞ into (3) we
obtain the holographic dark energy density

ρDE ¼ CaΔ−2
�

1ffiffiffi
k

p sin y

�
Δ−2

: ð12Þ

In the following it proves convenient to use the values of
the density parameters at present, denoted by the subscript
“0”:

Ωm ¼ Ωm0H2
0

a3H2
; Ωk ¼

Ωk0H2
0

a2H2
; ð13Þ

which in turn gives

Ωk

Ωm
¼ aγ; ð14Þ

with γ ≡ Ωk0
Ωm0

.
Inserting (12) into (4), and using the density parameters,

we obtain

1

aH
¼ 1ffiffiffiffiffiffiffiffiffi

Ωm0

p
H0

�
1 −ΩDE

a−1 − γ

�1
2

; ð15Þ

while further insertion into (11), (10) leads to

L ¼ affiffiffi
k

p sin

� ffiffiffi
k

p Z
∞

x

dx
H0

ffiffiffiffiffiffiffiffiffi
Ωm0

p
�
1 − ΩDE

a−1 − γ

�1
2

�
: ð16Þ

On the other hand, substituting (3) into (4), and using the
density parameters, gives

L ¼
�ð1 −ΩDEÞ

ΩDE

C
3M2

pH2
0Ωm0

a2

ða−1 − γÞ
� 1

2−Δ
: ð17Þ

Equating (16) and (17) one obtains the equation

affiffiffi
k

p sin

� ffiffiffi
k

p Z
∞

x

dx
H0

ffiffiffiffiffiffiffiffiffi
Ωm0

p
�
1 − ΩDE

a−1 − γ

�1
2

�

¼
�ð1 −ΩDEÞ

ΩDE

C
3M2

pH2
0Ωm0

a2

ða−1 − γÞ
� 1

2−Δ
: ð18Þ

Differentiating equation (18) with respect to x ¼ ln a we
acquire

Ω0
DE

ΩDEð1 −ΩDEÞ
¼ Δþ 1þ γexð1 − γexÞ−1

þ ½Q cos yðΩDEÞ 1
2−Δð1 −ΩDEÞ

Δ
2ðΔ−2Þe

3Δx
2ðΔ−2Þð1 − γexÞ Δ

2ð2−ΔÞ�;
ð19Þ

with

Q≡ ð2 − ΔÞ
�

C
3M2

p

� 1
Δ−2ðH0

ffiffiffiffiffiffiffiffiffi
Ωm0

p
Þ Δ
2−Δ;

and with primes denoting derivatives with respect
to x ¼ ln a.
Differential equation (19) determines the evolution of

Barrow holographic dark energy for dust matter in a closed
universe. In the case where γ ¼ 0 (i.e., Ωk ¼ 0) it coincides
with Barrow holographic dark energy in flat universe [64].
Additionally, in the case where Δ ¼ 0 it coincides with the
usual holographic dark energy in a closed universe [85,86].
Finally, for γ ¼ 0 and Δ ¼ 0 it gives back the standard
holographic dark energy in a flat universe, namely

Ω0
DEjΔ¼0 ¼ ΩDEð1 − ΩDEÞð1þ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
3M2

pΩDE

C

q
Þ, which accepts

an analytic solution (in implicit form) [8].
We close this subsection by extracting the expression

for the dark-energy equation-of-state parameter wDE.
Differentiating (12), using (11), (10), and inserting into
(7), we easily obtain
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wDE ¼ −
�
1þ Δ
3

�
−
Q
3
ðΩDEÞ 1

2−Δ cos y

×
�
1 −ΩDE

1 − γex

� Δ
2ðΔ−2Þ

e
3Δx

2ðΔ−2Þ: ð20Þ

As expected for the flat case γ ¼ 0, Eq. (20) reduces to the
expression obtained in [64]. Moreover, for Δ ¼ 0 we
acquire the expression of standard holographic dark energy
in closed universe [85,86]. Finally, setting γ ¼ 0 andΔ ¼ 0
we re-obtain the equation-of-state parameter for standard
holographic dark energy in flat spatial geometry [9].

B. Negative spatial curvature

In the case of an open universe (k ¼ −1) the horizon
length L is given by L ¼ arðtÞ, where rðtÞ is determined
through [85,86]

Z
rðtÞ

0

dr0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ kr02

p ¼ Rh

a
; ð21Þ

leading to

rðtÞ ¼ 1ffiffiffiffiffijkjp sinh y; ð22Þ

where

y ¼
ffiffiffiffiffi
jkj

p Rh

a
¼

ffiffiffiffiffi
jkj

p Z
∞

x

dx
aH

; ð23Þ

with x ¼ ln a. Proceeding similarly to the previous sub-
section, we obtain

affiffiffiffiffijkjp sinh

� ffiffiffiffiffi
jkj

p Z
∞

x

dx
H0

ffiffiffiffiffiffiffiffiffi
Ωm0

p
�
1 −ΩDE

a−1 − γ

�1
2

�

¼
�ð1 − ΩDEÞ

ΩDE

C
3M2

pH2
0Ωm0

a2

ða−1 − γÞ
� 1

2−Δ
: ð24Þ

Differentiating Eq. (24) with respect to x ¼ ln a and using
Eq. (15) we acquire

Ω0
DE

ΩDEð1 −ΩDEÞ
¼ Δþ 1þ γexð1 − γexÞ−1

þ ½Q cosh yðΩDEÞ 1
2−Δð1 −ΩDEÞ

Δ
2ðΔ−2Þe

3Δx
2ðΔ−2Þð1 − γexÞ Δ

2ð2−ΔÞ�
ð25Þ

with

Q≡ ð2 − ΔÞ
�

C
3M2

p

� 1
Δ−2ðH0

ffiffiffiffiffiffiffiffiffi
Ωm0

p
Þ Δ
2−Δ:

Differential equation (25) provides the evolution of
Barrow holographic dark energy for dust matter in an
open universe. In the case where γ ¼ 0 it coincides with
Barrow holographic dark energy in flat universe [64].
Furthermore, in the case where Δ ¼ 0 it coincides with
the usual holographic dark energy in an open universe
[85,86]. Lastly, for γ ¼ 0 and Δ ¼ 0 it gives back the
standard holographic dark energy in a flat universe [8].
We proceed to extract the expression for the dark-energy

equation-of-state parameter wDE. Differentiating (12), using
(23), (22), and inserting into (7), we easily obtain

wDE ¼ −
�
1þ Δ
3

�
−
Q
3
ðΩDEÞ 1

2−Δ cosh y

×

�
1 −ΩDE

1 − γex

� Δ
2ðΔ−2Þ

e
3Δx

2ðΔ−2Þ: ð26Þ

Similarly to the closed case, for k ¼ 0 Eq. (26) reduces to
the expression for flat-universe obtained in [64], while with
Δ ¼ 0 we reacquire the standard form of equation-of-state
parameter for standard holographic dark energy in open
universe [85,86]. Lastly, for both k ¼ 0 and Δ ¼ 0 we
recover standard holographic dark energy in a flat uni-
verse [9].

III. COSMOLOGICAL BEHAVIOR

In this section we proceed to the investigation of the
cosmological evolution of Barrow holographic dark energy
in closed and open universe. As we mentioned above,
Eqs. (19) and (25) determine respectively the behavior of
the dark-energy density parameter as a function of x ¼ lna,
for the two spatial-flatness cases. One can easily express the
evolution in terms of the more convenient redshift, through
x ¼ lna ¼ − lnð1þ zÞ (setting the current scale factor value
to a0 ¼ 1). We elaborate Eqs. (19) and (25) numerically,
imposing the initial conditions Ωmðx ¼ − lnð1þ zÞ ¼ 0Þ≡
Ωm0, ΩDEðx ¼ − lnð1þ zÞ ¼ 0Þ≡ΩDE0 and Ωkðx ¼
− lnð1þ zÞ ¼ 0Þ≡Ωk0 in agreement with recent observa-
tions [84].
In the upper graph of Fig. 1 we depict the evolution of

matter and dark energy density parameters ΩmðzÞ and
ΩDEðzÞ, in the case of a closed universe, for a given value of
the Barrow exponentΔ. As we observe, we obtain the usual
thermal history, with the sequence of matter and radiation
epochs, with the transition from matter to dark energy
domination happening around z ∼ 0.4, which is in agree-
ment with the required scenario of structure formation of
the universe. Note that for more transparency we have
extended the evolution up to the far future z ¼ −1, where
we can see that the universe results in a complete dark-
energy domination as expected.
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In order to study in more detail the behavior of the
equation-of-state parameter of Barrow holographic dark
energy, and specifically to investigate how it is affected by
the exponent Δ and by Ωk0, in the lower graph of Fig. 1 we
present wDEðzÞ for the case k ¼ þ1, and for various Δ
values. As we can see, for increasing Δ the evolution of
wDEðzÞ and its current value wDEðz ¼ 0Þ≡ wDE0 tend to
obtain lower values. In particular, while for Δ ¼ 0 the dark
energy equation-of-state parameter lies completely in the
quintessence regime, for Δ deviating from 0 the universe
will result in the phantom regime, and specifically for Δ >
0.03 the phantom divide crossing has been realized in the
past. Hence, in the case of Barrow holographic dark energy
we obtain the possibility to exhibit the crossing to the
phantom regime, contrary to the case of standard holo-
graphic dark energy.
We mention here that comparing to flat Barrow holo-

graphic dark energy, in which the phantom regime was
obtained for relative large Barrow exponents Δ ≥ 0.5, the
incorporation of curvature is able to drive the universe into

the phantom regime for significantly smaller Δ values,
which is an advantage of the scenario since realistically
one expects small Barrow exponents. In order to further
examine the effect of the special curvature, we repeat the
whole analysis for lower as well as higher values of Ωk0,
and the corresponding results are displayed in Figs. 2 and 3.
As we observe, smaller curvature densities lead to lower
wDE values, while the exact values of Ωm0 and ΩDE0 have
insignificant effect. Additionally, we mention that in Fig. 3
we considered a nonrealistically large value forΩk0 in order
to be able to show the tendency in more transparency. In
particular, apart from the delay of the dark-energy domi-
nation (which is expected since we have imposed a lower
ΩDE0), we observe that for all Δ values the universe
remains in the quintessence regime, while in the far future,
although the phantom-divide crossing is exhibited, even-
tually all curves tend to the de Sitter phase wDE ¼ −1.
We proceed to the investigation of the negative curvature

case (k ¼ −1). Since the evolution of ΩmðzÞ and ΩDEðzÞ is
similar to the upper graphs of the previous cases, with the
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FIG. 1. Upper graph: the evolution of the density parameters for
matter and Barrow holographic dark energy, as a function of the
redshift z, in the case of a closed universe (k ¼ þ1), for Δ ¼ 0.1
and C ¼ 3, in M2

p ¼ 1 units. Lower graph: the evolution of the
dark-energy equation-of-state parameter wDEðzÞ, for various Δ
values. We have imposed ΩDE0 ≈ 0.72, Ωm0 ≈ 0.27, and Ωk0 ¼
0.01 at present. The vertical line marks the present time z ¼ 0.
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FIG. 2. Upper graph: the evolution of the density parameters for
matter and Barrow holographic dark energy, as a function of the
redshift z, in the case of a closed universe (k ¼ þ1), for Δ ¼ 0.1
and C ¼ 3, in M2

p ¼ 1 units. Lower graph: the evolution of the
dark-energy equation-of-state parameter wDEðzÞ, for various Δ
values. We have imposed ΩDE0 ≈ 0.70, Ωm0 ≈ 0.299 and Ωk0 ¼
0.001 at present. The vertical line marks the present time z ¼ 0.
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sequence of matter and dark-energy epochs, we omit the
corresponding graphs and we focus on the evolution of
dark-energy equation-of-state parameter. In Fig. 4 we
depict wDEðzÞ for various Δ values. Interestingly enough
we now obtain a reversed behavior than in the positive-
curvature case, namely the increased Δ leads to algebrai-
cally higher wDE values. Moreover, note that for all cases
the universe is currently in the phantom regime, hence for
the case of open spatial geometry the phantom regime is
more favorable, contrary to the case of flat universe [64] as
well as to the positive curvature case analyzed above.
Finally, we observe the interesting behavior that in the far
future all curves converge to the de Sitter universe, with a
complete dark-energy domination and wDE ¼ −1.

IV. OBSERVATIONAL CONSTRAINTS

In this section we proceed to the confrontation of the
scenario at hand with observations, and in particular with
Hubble measurements and supernova type Ia (SNIa) data.
For the HðzÞ data we use the 29 data points of Hubble

parameter measurements [89–91] in the redshift range
0.07 ≤ z ≤ 2.34. The correspondingχ2 function is defined as

χ2H ¼
X29
i¼1

½hobsðziÞ − hthðziÞ�2
σ2HðziÞ

; ð27Þ

where h ¼ HðzÞ
H0

is the normalized Hubble parameter. For the
SNIa dataset, we have used the Union2.1 compilation data
[92] of 580 data points in the range 0.015 ≤ z ≤ 1.414. The
corresponding χ2 reads as [93]

χ2SN ¼ A −
B2

C
; ð28Þ

with A, B, and C defined as

A ¼
X580
i¼1

½μobsðziÞ − μthðziÞ�2
σ2i

; ð29Þ

B ¼
X580
i¼1

½μobsðziÞ − μthðziÞ�
σ2i

; ð30Þ

and

C ¼
X580
i¼1

1

σ2i
; ð31Þ

where μobs represents the observed distance modulus at a
particular redshift, μth the corresponding theoretical value
and σi represents the uncertainty in the distance modulus.
Hence, the total χ2 for these combined observational datasets
is given by
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FIG. 3. Upper graph: the evolution of the density parameters for
matter and Barrow holographic dark energy, as a function of the
redshift z, in the case of a closed universe (k ¼ þ1), for Δ ¼ 0.1
and C ¼ 3, in M2

p ¼ 1 units. Lower graph: the evolution of the
dark-energy equation-of-state parameter wDEðzÞ, for various Δ
values. We have imposed ΩDE0 ≈ 0.63, Ωm0 ≈ 0.27 and Ωk0 ¼
0.1 at present. The vertical line marks the present time z ¼ 0.
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FIG. 4. The evolution of the dark energy equation-of-state
parameter for Barrow holographic dark energy, as a function of
the redshift z, in the case of an open universe (k ¼ −1), for
variousΔ values. We have imposedΩDE0 ≈ 0.72,Ωm0 ≈ 0.29 and
Ωk0 ¼ −0.01 at present. The vertical line marks the present
time z ¼ 0.
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χ2total ¼ χ2SN þ χ2H: ð32Þ

In Table I we display the resulting best-fit values for the
separated datasets, as well as for the combined analysis.
Additionally, in Fig. 5 we present the 1σ and 2σ confidence
contours in the Δ − Ωk0 parameter space in the case of
Hubble data, in Fig. 6 in the case of SNIa data, and in Fig. 7
for the combined dataset analysis.
As we observe, in the case of negative values of k the

Barrow exponent Δ is constrained to smaller values, closer

FIG. 5. The 1σ and 2σ iso-likelihood contours for the scenario of
Barrow holographic dark energy in nonflat universe, using Hubble
data, in the case of negative curvature (upper panel) and positive
curvature (lower panel). The black dot represents the best fit value.

TABLE I. Best-fit values of Δ and Ωk0 for Barrow holographic
dark energy in the case of nonflat universe, for various datasets,
alongside the corresponding χmin=dof of the fit, where “dof”
stands for degrees of freedom.

Dataset k Δ Ωk0 χmin=dof

HðzÞ Positive 0.19 0.032 8.42
Negative 0.1 −0.001 9.24

SNIa Positive 0.18 0.01 9.74
Negative 0.21 −0.15 8.90

HðzÞþ SNIa Positive 0.2 0.01 9.14
Negative 0.06 −0.09 16.23

FIG. 6. The 1σ and 2σ iso-likelihood contours for the scenario
of Barrow holographic dark energy in nonflat universe, using
SNIa data, in the case of negative curvature (upper panel) and
positive curvature (lower panel). The black dot represents the best
fit value.
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to standard results. Concerning Ωk0, we can see that
although the best-fit values are small, comparatively larger
values of Ωk0 are allowed at 1σ or 2σ confidence level.
Furthermore, for a comprehensive analysis we have also
handled H0 as a free parameter, and the corresponding
value comes out to be H0 ¼ 69.86 km s−1Mpc−1, which is
closer to the value obtained by PLANCK Collaboration.
Hence, the scenario at hand might offer a way to alleviate
the H0 tension [94]. Nevertheless, we mention that a full

investigation of this issue would require to incorporate
additionally the CMB data and perform a joint analysis (see
also [95,96]). Such a full observational analysis lies beyond
the scope of this first work on the model, and it is left for a
future project.

V. CONCLUSIONS

In this work we constructed Barrow holographic dark
energy in the case of nonflat universe. The former is a
holographic dark energy that arises through the usual
application of the holographic principle in a cosmological
framework, however it incorporates the recently proposed
Barrow entropy, instead of the standard Bekenstein-
Hawking one. Considering closed and open spatial geom-
etry we extracted the simple differential equations that
determine the evolution of the dark-energy density param-
eter, and we provided the analytical expression for the
corresponding dark energy equation-of-state parameter.
Proceeding to the detailed investigation, we showed that

the scenario at hand can describe the thermal history of the
universe, with the sequence of matter and dark energy
epochs. Furthermore, we examined the effect of the Barrow
exponentΔ, as well as of the curvature density parameter at
present, on the dark-energy equation-of-state parameter. As
we saw, while for Δ ¼ 0 the dark-energy equation-of-state
parameter lies completely in the quintessence regime, for
Δ > 0.03 the phantom-divide crossing has been realized
in the past, namely Barrow holographic dark favors the
phantom regime.
However, the interesting feature is that comparing to the

flat case, where the phantom regime was obtained for
relative large Barrow exponents Δ ≥ 0.5, the incorporation
of positive curvature leads the universe into the phantom
regime for significantly smaller Δ values. This is an
advantage since one expects that only small deviations
from standard entropy could actually be the case.
Additionally, in the case of negative curvature we found
a reversed behavior, namely for increased Δ we obtained
algebraically higher wDE values, however for all cases the
universe is currently in the phantom regime. Hence,
comparing to the flat and closed universe, negative curva-
ture favors the phantom regime more intensively. Finally,
we confronted the scenario at hand with Hubble parameter
measurements and supernova type Ia data, and we found
that it can fit observations efficiently.
In summary, the incorporation of slightly nonflat spatial

geometry to Barrow holographic dark energy improves the
phenomenology comparing to the flat case while keeping
the new Barrow exponent to smaller values. This is an
advantage of the scenario, since in a realistic case one
expects the Barrow exponent to be closer to the standard
Bekenstein-Hawking value.

FIG. 7. The 1σ and 2σ iso-likelihood contours for the scenario
of Barrow holographic dark energy in nonflat universe, for the
combinedHðzÞ þ SNIa analysis, in the case of negative curvature
(upper panel) and positive curvature (lower panel). The black dot
represents the best fit value.
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