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It is shown that the slopes of the superhorizon hypermagnetic spectra produced by the variation of the
gauge couplings are practically unaffected by the relative strength of the parity-breaking terms. A new
method is proposed for the estimate of the gauge power spectra in the presence of pseudoscalar interactions
during inflation. To corroborate the general results, various concrete examples are explicitly analyzed.
Since the large-scale gauge spectra also determine the late-time magnetic fields, it turns out that the
pseudoscalar contributions have little impact on the magnetogenesis requirement. Conversely the parity-
breaking terms crucially affect the gyrotropic spectra that may seed, in certain models, the baryon
asymmetry of the Universe. In the most interesting regions of the parameter space, the modes reentering
prior to symmetry breaking lead to a sufficiently large baryon asymmetry while the magnetic power spectra
associated with the modes reentering after symmetry breaking may even be of the order of a few hundredths
of a nG over typical length scales comparable with the Mpc prior to the collapse of the protogalaxy. From
the viewpoint of the effective field theory description of magnetogenesis scenarios, these considerations
hold generically for the whole class of inflationary models where the inflaton is not constrained by any

underlying symmetry.
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I. INTRODUCTION

The conventional lore for the generation of the tempera-
ture and polarization anisotropies of the cosmic microwave
background relies on the adiabatic paradigm [1] that has
been observationally tested by the various releases of
the WMAP Collaboration [2—4] and later confirmed by
terrestrial and space-borne observations including the
Planck experiment [5,6]. One of the most studied lores
for the generation of adiabatic and Gaussian large-scale
curvature inhomogeneities is represented by the single-field
scenarios that are described by a scalar-tensor action where
the inflaton field ¢ is minimally coupled to the four-
dimensional metric (see, e.g., [7,8]).

In the framework of the adiabatic paradigm (possibly
complemented by an early stage of inflationary expansion),
it has been argued that the large-scale gauge fields could be
parametrically amplified and eventually behave as vector
random fields that do not break the spatial isotropy.
In this context, the problem is however shifted to the
invariance under Weyl rescaling that forbids any efficient
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amplification of gauge fields in conformally flat (and four-
dimensional) background geometries [9]. One of the first
suggestions along this direction has been the introduction
of a pseudoscalar coupling [10—12] not necessarily coincid-
ing with the Peccei-Quinn axion [13-15]. It has been later
suggested that the resulting action could be complemented
by a direct coupling of the inflaton with the kinetic term of
the gauge fields both in the case of inflationary and
contracting universes [16-20]. The direct interaction with
the inflaton plays the role of an effective gauge coupling,
and a similar interpretation follows when the internal
dimensions are dynamical [19,20]. The origin of the scalar
and of the pseudoscalar couplings may involve not only the
inflaton but also some other spectator field with specific
physical properties [21]. In the last two decades, the
problem dubbed magnetogenesis in Ref. [19] gained some
attention (see [22-43] for an incomplete list of references
dealing with different aspects of the problem).

Even if the pseudoscalar coupling only leads to weak
breaking of Weyl invariance, it efficiently modifies the
topological properties of the hypermagnetic flux lines in the
electroweak plasma [44] as also discussed in Ref. [45] by
taking into account the chemical potentials associated with
the finite density effects. If the gyrotropy is sufficiently
large, the produced Chern-Simons condensates may decay
and eventually produce the baryon asymmetry [45-51].
These gyrotropic and helical fields play a key role in
various aspects of anomalous magnetohydrodynamics [52].
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In the collisions of heavy ions, this phenomenon is often
dubbed the chiral magnetic effect [52,53] (see also [54,55]).
There are some differences between the formulation of
anomalous magnetohydrodynamics [56,57] and the chiral
magnetic effects; while Ohmic and chiral currents are
concurrently present in the former, only chiral currents
are typically considered in the latter.

In conventional inflationary scenarios, a large class of
magnetogenesis models considered so far in the literature
can be summarized in terms of the following schematic
action':

R 1 1
S = / d*xV-G {— 2—5% + 3 G 0,ppp + 3 G0 0y
Mo, Mo, -
—V(p.y) - <1¢T;;U) YoY% — (l(ijZ’)YaﬂY“ﬁ . (1)
where £3 = 87G; Y5, and Y% denote, respectively, the
gauge field strength and its dual; throughout the paper, we
employ both the reduced Planck mass Mp = ¢3! and the
standard Planck mass Mp with Mp = 87Mp. In
Eq. (1.1), ¢ and y are, respectively, the inflaton field
and a generic spectator field. There are no compelling
reasons why A(¢, w) and (¢, ) must coincide or just scale
with the same law. To appreciate this statement, it suffices
to consider the simplest situation where the potential is
given by V(p,y) = V(p) + W(y), while 1 = A(¢) and
A = A(y). In this case, while the evolution of the gauge
coupling e = /4x/A is controlled by the inflaton, 1 only
depends on the spectator field w. If W(y) =0 and
4 = A(¢), we could argue that the action for the hyper-
charge fields only depends on the gauge coupling, but this
is actually incorrect unless A coincides with A. This state-
ment gets more clear if the gauge part of the action (1.1) is
rewritten as

1 V-G N, s
Sgauge = __/ d'x 22 [Yaﬂyaﬂ + (Z) YaﬂYaﬁ:| ’ (1'2)

4

where e = 4x/A. In spite of possible tunings, the generic
situation would imply that 1 and A are neither equal nor
proportional both initially and throughout the whole
dynamical evolution.

The purpose of this paper is to demonstrate that the
slopes of the superhorizon hypermagnetic and hyperelectric
spectra produced by the variation of the gauge coupling do
not depend, in practice, on the relative weight of 1 and .
This conclusion suggests that the magnetogenesis scenarios
are not affected by the parity-breaking terms that instead

"The greek indices run from 0 to 3. G denotes the determinant
of the four-dimensional metric G,4. R = G*R,, is the Ricci
scalar defined from the contraction of the Ricci tensor.

determine the gyrotropic contributions of the gauge power
spectra. Provided the pseudoscalar interactions have certain
scaling properties, they can provide, at least, in principle, a
mechanism for the generation of the baryon asymmetry. For
the estimate of the gauge power spectra in the presence of
pseudoscalar interactions, it will not be assumed, as always
done so far, that 4 and A either scale in the same way in time
or even coincide. We rather use an approximate method that
is corroborated by explicit examples. A similar approxi-
mate method has been recently suggested for the estimate
of the polarized backgrounds of relic gravitons [58].
The obtained results have been employed to analyze a
phenomenological scenario where the modes reentering
prior to symmetry breaking lead to the production of
hypermagnetic gyrotropy. The obtained Chern-Simons
condensate affects the Abelian anomaly and ultimately
leads to the baryon asymmetry of the Universe (BAU in
what follows). The modes reentering after electroweak
symmetry breaking lead instead to ordinary magnetic fields
that can seed the large-scale magnetic fields and therefore
provide a magnetogenesis mechanism. We argue that there
exist regions of the parameter space where the BAU is
sufficiently large, and the magnetic power spectra may even
be of the order of a few hundredths of a nG over typical
length scales comparable with the Mpc prior to the collapse
of the protogalaxy. As we see, this analysis holds generi-
cally for the whole class of inflationary models where the
inflaton is not constrained by any underlying symmetry.

The layout of this paper is the following. After a
preliminary discussion of the problem and of its motiva-
tions (see Sec. II), an approximate method for the estimate
of the gauge spectra is described in Sec. III. This strategy is
based on the Wentzel-Kramers-Brillouin (WKB) approach
where, however, the turning points are fixed by the
structure of the polarized mode functions. In Sec. IV, the
obtained results are corroborated by explicit examples. In
Sec. V, the obtained results are examined in the light of
the late-time gauge spectra with particular attention to the
requirements associated with the BAU and with the
magnetogenesis constraints. Section VI contains our con-
cluding remarks. In Appendix A, we reported the exact
form of the mode functions for different expressions of the
pseudoscalar couplings. In Appendix B, the results of
the WKB approach have been explicitly compared with
the exact solutions of the mode functions. Finally, in
Appendix C, we reported some useful results holding in
the case of decreasing gauge coupling.

II. PRELIMINARY CONSIDERATIONS

A. The general lore

While we consider, for the sake of simplicity, the
evolution in a conventional inflationary background, this
choice is not exclusive since most of the present consid-
erations could also be applied to different models (e.g.,
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contracting scenarios). In a conformally flat Friedmann-
Robertson-Walker metric G, = a*(t)n,, (where n,,, is the
four-dimensional Minkowski metric), the Hamiltonian
constraint stemming from the equations derived from the
total action (1.1) is given by
Tan |97 2 y"? 2 1 )
3MyH = |—+V —+W ——(B*+E°).

» [2+ a}+[2+ a]+8m2( +E?)

(2.1)

In Eq. (2.1), the prime denotes the derivation with respect to
the conformal time coordinate 7, and H = a’/a is related to
the Hubble rate H as aH = H. Finally, the fields E and B
are the comoving hyperelectric and hypermagnetic fields.
The dominant source of the background geometry is the
field ¢. During slow roll, as usual, the kinetic energy of ¢
can be neglected, and the inflaton potential is generally
dominant against the potential of the spectator field,

E? +B?
8ra*

2 2
V>>%>> <W+W—> >
a

= (2.2)

The last inequality in Eq. (2.2) guarantees that the gauge
fields will not affect the evolution of the geometry. The
comoving fields appearing in Eqgs. (2.1) and (2.2) are
related to their physical counterpart as E = av/AE®"Y)
and as B = a®v/2B™? . Furthermore, the components of
the field strengths are directly expressible as Y, =
—azEEphys), Yi = —e"/kB,iphyS> /a*, and similarly for the
dual strength. The evolution of the comoving fields follows
from

- (E B
Vx|— —&—GT(—):O, 2.5
() (4 )
where, to avoid potential confusions, the derivations with
respect to 7 have been made explicit. While both 4 and 4
enter Egs. (2.3), (2.4), and (2.5), their evolution is unre-
lated; no one orders that the two couplings are either
proportional or even equal. This aspect can be better
appreciated by considering the case where A and 1 are
both homogeneous so that Eq. (2.3) becomes
VxB=——0,(ViE) + = B.

: (2.6)

Vi
With standard manipulations, Egs. (2.5) and (2.6) can be
directly combined so that the evolution of the comoving
hypermagnetic field is ultimately given by

ia, [w, <£>} — V2B - ’%E =0. (27)

Vi Vi

Equation (2.7) shows that A and 1 are not bound to scale in
the same manner unless they are proportional or even
coincide.

B. Few examples

Let us now consider, in this respect, the parametrization
A =w/M,, where M is a typical scale and y is constrained
by Eq. (2.2). Since we want y to be light during inflation,
we require y, < Mp and m < H, where H is the typical
curvature scale during inflation. The governing equation
for v,

ow
VIR 5 et =0 W) = mily )2,
(2.8)

can be rephrased in terms of y = m/H and € = —H/H?,

(ay)" + [u? = (2 = e)]a*H?(ay) =0,
e=—-H/H* = MT%’ (V,/V). (2.9)

For u <1, the evolution of y is simply given by
w =y, +y(~7/7;)", where { = (3 —2¢)/(1 —e).

Consider next a generic example for the evolution of
A = A(e). In the slow-roll approximation, it can be argued
that the dependence of 4 upon ¢ follows from

9oV

1
2 _ —cI((/z*.(p), Z(g., —_—/ —do, 2.10
(p)=e (@) M), v, ¢, (2.10)

where ¢ is an arbitrary constant which may be either
positive or negative. Equation (2.10) typically arises in
various classes of models where A is proportional to
(a/a,), and this parametrization is plausible as long as
the inflaton slowly rolls. Depending on the model, the
relation between (a/a,) and ¢ might be different, but still
the general parametrization of A = A(a) must hold. For
monomial potentials (e.g., W = ngb" ), we would have, for
instance, A(g) o e~<¢"/(2PM ?): note that, in general terms,
M, # M. Within the same parametrization, other models
can be analyzed like the case of small field and hybrid
models where the potential is approximately given by
V(p) = M5(1 £ k¢p”) (where the plus corresponds to the
hybrid models, while the minus to the small field models).
In the case of plateaulike potentials, we have’

’In the slow-roll approximation (and in terms of the cosmic
time coordinate ), we obtain from Eq. (2.11) that & =
In[2M,(z, —t)/3] (valid for t < —t,); this also means that,
within the same approximation, H ~ M,(1 — e~®)/2.
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3M3M? 2( @
V(p) :%(1 - ®?, o= §<M_) (2.11)
P

From the above examples, we have therefore to acknowl-
edge that, in Eq. (2.6), there are three different quantities
determining the evolution of the hypermagnetic fields; two
of them have well-defined scaling properties in 7, while the
third one strongly depends on the model

yl /
=0(z™"), —=0(z2), —= <£) eL(@..0)

M,
(2.12)

Equation (2.12) shows that there are no obvious reasons to
assume that 2’ must be proportional to . Even assuming
that y coincides with the inflaton, from Eq. (2.12), we
would have (¢'/M,)eT#-#)  which depends on the
particular model and does not necessarily demand A = A.

C. Evolutions of the gauge coupling

In what follows, we therefore assume that A and 1 scale
differently, and the gauge power spectra are estimated as a
function of the possible dynamical evolutions. For the sake
of concreteness, during the inflationary stage, we posit that

T\

Ar) =4 (——) , 7 < -1y, (2.13)
71

_ _ T\ 2/

Ar) =4 (——) . r<-7,  (2.14)
)

where 7; marks the end of inflation, while |z,| > ;. While
this choice is purely illustrative, we stress that other
complementary situations could be discussed with the
same techniques developed here.” For 7 > —7;. we also
posit that the evolution of 4 is continuously matched to the
radiation-dominated phase. Since in the evolution equa-
tions of E and B there are terms going as A"/4, the
continuity of A and A’ is essential. Conversely, it is sufficient
to demand that only / is continuous since, in the corre-
sponding equations, only terms going as A’ may arise. With
these precisions, we have that for ¢ > —r, the evolution of 1
and ] is parametrized as

/1(1):/11%<1+1>+1]25, > -1, (2.15)

71

(2.16)

*Without specific fine-tunings in the simplest situation, it is
however plausible to think that 7, = O(z).

Equation (2.15) describes the situation where the gauge
coupling [introduced in Eq. (1.2) and related to the inverse
of 1] increases during the inflationary phase and then
flattens out later on. Equation (2.15) could be comple-
mented with the dual evolution where the gauge coupling
decreases and then flattens out; in this case, we have

T\~
Az) =4 (—> , 7 < -1,

7]

(2.17)

A7) =4, [g <T—Tl + 1) + 1} R (2.18)

We often critically compare the physical situations implied
by Egs. (2.15) and (2.16) and by Egs. (2.17) and (2.18).
While we consider as more physical the case described by
Egs. (2.15) and (2.16), the methods discussed below can
also be applied to the case where the gauge coupling is
initially very large and then decreases.

III. THE GENERAL ARGUMENT AND THE
POWER SPECTRA
A. Quantum fields and their evolution

In what follows, the right (i.e., R) and left (i.e., L)
polarizations are defined, respectively, by the subscripts =+,

o e®(k) £ie®(k . .
2 (k) = LV;U, e (k) = ep(h),

&, (k),

20 (k) (3.1)
where k, ég, and &g denote a triplet of mutually orthogonal
unit vectors defining, respectively, the direction of propa-
gation and the two linear (vector) polarizations. From
Eq. (3.1), the vector product of k with the circular polar-
izations is given by k x &) =7 i#®). If both A and 1 are
homogeneous (as we assume hereunder), the quantum
Hamiltonian associated with the gauge action (1.2)
becomes

N 1 o o PN
Hy(T) :§/d3x{ir,2+.7:(ﬁ,y,—l—y,fr,)—Fa,yka’yk

- (9 ¥ fafj’keijk}’

where ), is the quantum field operator corresponding to the
(rescaled) vector potential ); = \/4/(4x)Y; defined in the
Coulomb gauge [59] which is probably the most conven-
ient for this problem since it is invariant under
Weyl rescaling. In Eq. (3.2), #; = Vi — FY; denotes the
canonical momentum operator; to make the notation
more concise, the rate of variation of the gauge coupling

F = ﬂ'/ \/Z has been introduced throughout. The

(3.2)

123509-4



LARGE-SCALE GAUGE SPECTRA AND PSEUDOSCALAR ...

PHYS. REV. D 104, 123509 (2021)

evolution equations of the field operators following from
the Hamiltonian (3.2) are (units # = ¢ = 1 are adopted)

. N .
¥, = i[Hy, &) = =F#; + VY, +I€ijka’yk,

Vi=illly. Y| = #;+ FY,. (3.3)

The initial data of the field operators appearing in Egs. (3.2)

and (3.3) must obey the canonical commutation relations at
equal times,

[j)i<f1v7)7ﬁ'j(}2v7>]

L &Pk BEt) - (3
Auﬁl—&ﬁ‘:/zgﬁem( 2 pi;(k),

= iby;(X) = Xp),

(3.4)

where p,;(k) = (8;; — kik;). The function A;(X, —%,) is
the transverse generalization of the Dirac delta function
ensuring that both the field operators and the canonical
momenta are divergenceless. The mode expansion for the
hyperelectric and hypermagnetic fields can be -easily
written in the circular basis of Eq. (3.1) as”

. Pk o i
E;(X / 2n) T [Gralt ael(- )(k)e X 4 H.c.],
(3.5)
d3k N
B lel]kz 3/2 ] fk a( )ak ae (k)
—H.c], (3.6)

where, incidentally, the hyperelectric field operator coin-
cides (up to a sign) with the canonical momentum (i.e.,
E; = —#; = —VA(Y:/V/2)), while the hypermagnetic
operator is simply B, = ¢; jké‘,»j) ;- The hypermagnetic
and hyperelectric mode functions (i.e., f;,(r) and
Jra(7), respectively) must preserve the commutation
relations (3.4), and this is why their Wronskian
Wi = fta9ia = Jia9ka must be normalized as W, =i
for « = +. In other words, the Wronskian normalization
must be independently enforced for each of the two circular
polarizations.

The actual evolution of the mode functions follows by
inserting the expansions (3.5) and (3.6) into Eq. (3.3), and
the final result is

*We note that the creation and annihilation operators 4y, and
&; ., are directly defined in the circular basis, and they obey the
standard commutation relation [a; ,, a5 4] = 53 (k — D)8y In
Egs. (3.5) and (3.6) “H.c.” denotes the Hermitian conjugate; note,
in this respect, that, unlike the linear polarizations, the circular
polarizations are complex vectors.

Jix =9+ + Ffrx (3.7)

Z/
g;c,;t = —szk,i - fgk,i F </1> kfk,i~ (38)

Equations (3.7)—(3.8) have actually the same content of
Eqgs. (2.5) and (2.6), and their solutions are thoroughly
discussed in the last part of this section and also in Sec. IV.

B. General forms of the gauge power spectra

From the Fourier transform of the field operators (3.5)
and (3.6),

EG.7) = =Y e (@)ggatiza + £ (~2)g5ad ;).
a==+

(3.9)

Bk = _leljkz D€ j

P)f 5 a5 -

fpa b.a

+ pies(~ (3.10)

As a consequence, the two-point functions constructed
from Egs. (3.9) and (3.10) consist of the symmetric
contribution and of the corresponding antisymmetric part,5

2
e Pe(k Oy ()

+iPY) (k, 7)€,k 160 (B + ),

(Ei(k.0)E;(p.7)) =

(3.11)
Noe N 272 A
(Bi(k,7)B;(p.7)) = =5 [Pg(k.7) p;;(k)
k
+ P (k, 7)€y k150 (B + K).
(3.12)

In Eqgs. (3.11) and (3.12), Pg(k, 7) and Pg(k, 7) denote the
hyperelectric and the hypermagnetic power spectra whose
explicit expressions are given by

3

Pg(k,7) = [|9k 1+ 1ge+ 1%,

Py(k,7) = [Ifk-\2 +1fe - (3.13)

When either 2 — 0 or ' — 0, the anomalous coupling
disappears from the Hamiltonian (3.2), and Egs. (3.7) and

The expectation values are computed from Egs. (3.9) and
(3.10). By recalling that 285+)(/A€)£§_)(i€) = [pi;(k) -
where, as in Eq. (3.4), p,-j(lAc) = (6; —I},I}j) is the traceless
projector, and ¢;;, is the Levi-Civita symbol in three spatial

dimensions. See, in this respect, the definitions of Eq. (3.1).

iel-jf/Acf],
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(3.8) imply that the hyperelectric and hypermagnetic mode
functions have a common limit. If f; and g; denote the
common solutions of Egs. (3.7) and (3.8) for 1 = 0, we
have thatlim;_, f; 5 = e=/*f, andlim;_ g, . = e™/*gy;
the phase factor follows from the definition of the circular
modes of Eq. (3.1). In the limit 1 — 0, the gyrotropic
contributions appearing in Eqgs. (3.11) and (3.12),

k3
G
P (k1) = - = o P

kS
P (k7)) = [Ifi 2= i 2],

= (3.14)

will vanish. The superscript (G) reminds us that power
spectra of Eq. (3.14) determine the corresponding gyro-
tropies defined, respectively, by the expectation values of
the two pseudoscalar quantities (B - V x B) and
<E -V x E) While the magnetic gyrotropies are gauge
invariant (and have been originally introduced by
Vainshtein and Zeldovich in the context of the mean-field
dynamo theory [60—63]), the corresponding helicities (e.g.,
37 -Eand 5) . E) are not gauge invariant, and this is why we
refrain from using them.’

Even if we mainly introduced the comoving power
spectra, for the phenomenological applications, what mat-
ters are not directly the comoving spectra of Egs. (3.13) and
(3.14) but rather their physical counterparts. From the
relations between the physical and the comoving fields
introduced prior to Egs. (2.3)—(2.5), the physical power
spectra are given by

PP (k1) = (3.15)

where Py (k,7) generically denotes one of the comoving
quantities listed in Eqs. (3.13) and (3.14). Let us finally
remember that the energy density of the gauge field follows
from the corresponding energy-momentum tensor derived
from the action (1.2). Using Egs. (3.11) and (3.12), we can
obtain (py). To compare the energy density of the para-
metrically amplified gauge fields with the energy density of
the background geometry, we introduce the spectral energy
density in critical units,

The hypermagnetic gyrotropy has some advantages in com-
parison with the case of the Chern-Simons number density (i.e.,
nesg & Y - B). The difference of nes at different times is always
gauge invariant[64]. However, at a fixed time, ncg (unlike the
corresponding gyrotropy) is gauge dependent.

1 d(p) 2
Qy(k,7) = = Pg(k, Pp(k,
Y( T) pcmdlnk 3H2M%)a4 [ E( T) + B( T)]

2 (phys) (phys)

=——> P k,t)+P k,7)], (3.16

s AP (60 + P k) (316)
where we expressed Qy (k, 7) both in terms of the comoving
and of the physical power spectra. To guarantee the absence
of dangerous backreaction effects, Qy (k, 7) must always be
subcritical throughout the various stages of the evolution
and for all relevant scales; this requirement must be
separately verified both during and after inflation.

C. WKB estimates of the mode functions

We now solve Egs. (3.7) and (3.8) by using the WKB
approximation for each of the two circular modes since the
presence of the anomalous contribution slightly modifies
the structure of the turning points.7 After combining
Egs. (3.7) and (3.8), the evolution of the hypermagnetic
mode functions is given by

Z/ \/Z//
o+ [kzik———] =0, 3.17
k£ A ﬂ fk.:t ( )

which is ultimately analogous to the decoupled equation
already discussed in Eq. (2.7). Having determined the
solution of Eq. (3.17), the hyperelectric mode functions
follow directly from Eq. (3.7) which is in fact a definition
of gy, i€, grsr = fi o — Ffrs. For the present ends,
Eq. (3.17) can be viewed as

Z

11 kz_& =0
k,i+|: " fi s

(3.18)

where now w,(k,7) are two undetermined functions
obeying

/! EU "
E =F k /1_ + Q .

w4y ﬂ \//_1
Since the left and right modes become of the order of

W' /w.| at different times, from Eq. (3.18), the hyper-
magnetic mode functions can be formally expressed as

(3.19)

1 ) W//
fralk,z) = \/—z_ke—lkf, k2 > W—I , (3.20)
© dt
fra(k,t) = A swy(k.7) + Bk.jzwi(kvf)/ S
wi (k,7)
1
< :Z—i . (3.21)

'A similar technique has been originally employed in the
context of the polarized backgrounds of relic gravitons [58].
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The values of A; . and B, , are determined by matching
the solutions (3.20) and (3.21) at the turning point z,, when
a given scale exits the effective horizon associated with
W /w.|. The second turning point (denoted by 7.)
corresponds to the moment at which the given scale
reenters the effective horizon.® The explicit expressions
of fr+(z) and of g; . (z) valid for 7 < 7, are

- g:l:.ex)fj:,ex]z-:t (Tex’ T) }’

fi(k97

{fi.ex + [gﬂ:.ex + (fex

(3.22)

Wi,ex

gi(k7 T) = W (T) [gi,ex + (fex - gi,ex)fi,ex]

Wi(f) (gi - f) {fi,ex + [gi.ex
Wi ex

+ (fex - gj:,ex)fi.ex]Ii (Tem T)}’

+

(3.23)

where G, = w/,_/w_. For the sake of conciseness, we wrote
fj:,ex = fkd: (Tex)’ J+.ex = Gk+ (Tex) with the caveat that Tex
is actually different for the left and right modes; the same
notation has been also adopted for G, ,, and for F,,.
Finally, the integrals Z . (z,,, 7) appearing in Eq. (3.23) are
defined as

© dr w
A ,7) =wa ———, == (324
£lTen ™) = W [” wi(7) G Wy ( )

Since the left and right polarizations have different turning
points, the two polarizations will hit the effective horizon at
slightly different times 7. = —(1 + e.)/k with |eL (k)| <
1 provided v2"/v/A = O(r72) and X' /A = O(z~'~%) with
a > 0. In the case of Eq. (2.13), the WKB estimates of the
mode functions for the left and right polarizations can be
expressed as

. Neikri (—k’l')y (1 +€i)y —krt 1—y
fra( )_\/ﬂ[(l"'ei)Y (1—27/)( kr) ]
(3.25)
~ 7 lf —kt) € 7—;'%
gk,i(f)—l\/;[( ko (1+e.) 2r+1(1 +€i)y:|7
(3.26)

where ¢, = e, (k, ). The same analysis (with different
results) can be easily applied to different situations, such as
the one of Eq. (2.17).

8In what follows, we are interested in the general expressions
of the gauge power spectra prior to 7,.. The discussion of the late-
time power spectra is postponed to Sec. V.

D. WKB estimates of the power spectra

The hypermagnetic power spectrum obtained from
Egs. (3.13) and (3.25) is different depending upon the
value of y: if y > 1/2 and |e(k, )| < 1, the second term at
the right-hand side of Eq. (3.25) dominates, while the first
term gives the dominant contribution for y < 1/2. The
hypermagnetic power spectrum is therefore given by

4H4
PB(k, T) ~ 6127 ‘k1|5—‘2}’—l‘ [1 + O(€+ + 6_)]. (327)

The WKB estimates leading to Eq. (3.27) (and to the other
results of this section) are accurate for the slopes of the
power spectra, while the amplitudes are determined up to
O(1) numerical factors, as we see in the following section;
this is why in Eq. (3.27) we used a sign of approximate
equality. The same analysis leading to Eq. (3.27) can be
repeated in the case of the hyperelectric power spectrum,

4174

a’H
Pk, 1)~ 52 |kr|*2[1+ O(e, +€)].

(3.28)

Note, in this case, the absence of absolute values in the
exponent. Inserting the mode functions (3.26) in Eq. (3.14),
the order of magnitude of the gyrotropic components can be
easily determined,

G)

P (k.7) > a*H*Ole, — e )|ke[>11,  (3.29)
P9 (k,7) = a*H*O(e, — e_)|ke|*%. (3.30)

The gauge power spectra of Egs. (3.27) and (3.28) and
Egs. (3.29) and (3.30) have been obtained in the case when
the gauge coupling increases during inflation [see
Eq. (2.13)]. The same analysis can be repeated when the
gauge coupling decreases during inflation, as suggested by
Eq. (2.17). The results for the hypermagnetic and for the
hyperelectric power spectra are, this time,

- a*H* _

Py(k.7) == [kz|*=27[1 + O(e, +&_)]. (3.31)
T

- a*H* N

Pp(k,7) =~ PP kP11 + 06, +&.)].  (3.32)
T

In Egs. (3.31) and (3.32), we used the tilde to distinguish
the power spectra obtained in the case of decreasing
coupling from the ones associated with the increasing
coupling. With the same notation, the gyrotropic spectra
are given by

P (k.7) = a*H*O(8, — &_)|ke*2, (3.33)
P9 (k1) = a*H*O(6, — &_)|ke[S7-11. (3.34)
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The results of the WKB approximation are corroborated by
a number of examples in the following section. Even if we
preferentially treat the case of increasing coupling, we note
that the case of decreasing coupling can be formally
recovered from the one where the gauge coupling increases.
For instance, if y — 7, we have that the gauge spectra of
Eqgs. (3.29) and (3.30) turn into the ones of Egs. (3.31) and
(3.32) with the caveat that Pg(k,7) — Pg(k,7) and that
Pg(k,7) — PB(k, 7). This is, after all, a direct consequence
of the duality symmetry [65-67].

IV. EXPLICIT EXAMPLES

The auxiliary equation (3.19) is solved in a number of
explicit cases. The obtained solutions are analyzed in the
large-scale limit, and in this way, the WKB power spectra
deduced at the end of the previous section are recovered.
For a direct solution, it is practical to introduce a new time
coordinate (conventionally referred to as the 5 time) by
positing that dz = Ndp; in the n parametrization, Eq. (3.19)
becomes

. py b w A
7., =FkZNZ, +-7., Z, =—= b—\/:,
+ =F 7 i+b + + /N N

(4.1)

where the overdot’ now denotes a derivation with respect to
n;, Zy and b are the rescaled versions of w, and ﬂ
respectively. The form Eq. (4.1) can be further simplified
by choosing an appropriate form for N(z). Since N is, by
definition, a real quantity, we must have N? > 0; this
means, in particular, that if A'/1 < 0, it is natural to posit
(dn/dr)? = N2 « =1'/A. Conversely, if /1> 0, we
would instead choose (dn/dr)?> = N7 « 1'/A.

A. Solutions of the auxiliary equation

In Egs. (2.13) and (2.14), 1 and 1 evolve during an
inflationary stage of expansion without the constraint of
being equal so that the combinations appearing in

Eq. (3.19) turn out to be
)

/_i’_ @ T —1-a
A n 71 71 ’ \/Z TZ ’

where b, and a have been introduced, and they are

by = 2ﬂ<j—?) <ﬂ> T s 27— p). (4.3)

2

(4.2)

The explicit form of Egs. (4.2) and (4.3) determines the
mutual relation between the » parametrization and the

°It is also common to employ the overdot to denote a
derivation with respect to the cosmic time coordinate. To avoid
confusion, the two notations are never used in the same context.

conformal time'® so that, after simple algebra, Eq. (4.1)
becomes

.. v —1/4 2y —1
Zi:quzi—iz/Zi:Q 1/2‘ 1}’ :
n —-Qa
bok  bok
P ="="" (4.4)
7 m

From the relation between 7 and the 7,
dr n 7\ (1-a)/2 27,
N(z) m 7] ! (1-a)

and depending on the convenience, Eqgs. (4.2)—(4.5) give
the explicit form of N(z) or N(y),

N(z) = (=2/z)H9/?
a# 1.

= N(n) = (=n/n) /0=,
(4.6)
From Egs. (4.1) and (4.6), we can deduce b(n) and,

ultimately, the explicit form of Eq. (4.4). All in all, the
solutions of Eq. (4.4) in the x parametrization are

Z+(q,;7) = \/_—q’/l[cq.-‘rll/(_qu) + Dq,+Ku(_Q’1)]’ (4-7)
Z_(q.n) = /=qnlCy-J,(=qn) + Dy Y, (=qn)].  (4.8)

In Eq. 4.7), I,(—qn) and K,(—qn) are the modified
Bessel functions, while in Eq. (4.8), J,(—¢n) and
Y,(—qn) denote the ordinary Bessel functions (see, e.g.,
[68,69]). It is interesting to remark, at this point, that in the
dual case [see Eq. (2.17) and discussion therein] the explicit
expression of the auxiliary equation (4.4) has a similar
form,

z ~ ?—1/4 .
Ziiq2zi_u

where this time b, and @& are

- . 2B (2 .

By comparing Egs. (4.2) and (4.9), it is clear that v # .
Owing to the different form of Eq. (4.9), the solutions (4.7)
and (4.8) are

(4.10)

""Note that by has been introduced in Eq. (4.3), while now we
also defined by = (2by)/(1 — ).
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Z,.(G.n) = \/-qn[Cy Js(=qn) + Dy Yy(—gn)]. (4.11)
Z_(g.n) = /=an(Cy _I;(—am) + Dy _Ky(—=gn)].  (4.12)

where, as in Eqgs. (4.7) and (4.8), we introduced the
appropriate Bessel functions. To avoid digressions, the full
expressions of the hypermagnetic and hyperelectric mode
functions can be found in Egs. (A1) and (A2) and Eqgs. (A6)
and (A7). For the explicit evaluations of the power spectra,
the expressions of the hypermagnetic and hyperelectric
mode functions should be computed for typical wave-
lengths larger than the effective horizon, and this discussion
can be found in Appendix B. In what follows, we
concentrate on the most relevant physical aspects and
encourage the reader to consult the Appendixes for the
technical aspects of the problem.

B. The exit of the left and right modes

In view of the large-scale limit of the power spectra, it is
useful to remember that the exit of a given circular mode is
fixed by the equation

1/ j,//
P~ T k—+ L .

A V2
Equations (2.13) and (2.14) and Egs. (4.2) and (4.3) imply,
in the case of increasing coupling, that the explicit form of
Eq. (4.13) is

(4.13)

(—kt)? = £(=ko)'"%x9by +y(y — 1),  (4.14)
where x; = kz; and 7; approximately denotes, by defini-
tion, the end of the inflationary phase. For the scales
relevant for the present problem, x; is so small that the limit
box; < 11is always verified in spite of the value of b,. For a
generic wave number k, assuming the standard postinfla-
tionary thermal history, the actual value of x; is
k

a H, Mpc~!/ \0.01
hyQro 7V Ar ~l/4
_— _— , 4.15
% (4.15 x 103 241 x 107 (4.15)

where, as usual, Qp is the critical fraction of radiation in
the concordance paradigm, r; is the tensor to scalar ratio,
and Ay, is the amplitude of curvature inhomogeneities. It
follows from Eq. (4.15) that for typical wavelengths
OMpc) (and even much shorter) x; is as small as
10723, From Eq. (4.3), b, cannot be too large even for
quite extreme values of 1,/4,. Since x{by < 1 (provided
a > 0), the solution of Eq. (4.14) is

X1

) ==laln) sk les(kppl<l, (410

where ¢, and ey (k,p,y) follow by consistency with
Eq. 4.21),

- - _ . _ b() X1 “
o) =Vrlr=1)=0(1). ex(kp.y) F2007) [Co(y)} '
(4.17)

It is always possible to rescale the value of ¢ since it is just
an O(1) contribution; in practice, the turning points assume
the form

b
ek, a) = :t—ox?,

5 (4.18)

1
T4 = —%(1 +€i)7
which basically correspond to the WKB estimate of Sec. II1
[see discussion after Eq. (3.24)]. Even if e, = e (k, a), for
the sake of conciseness in the explicit expressions, we
neglect the dependence upon k and a unless strictly
necessary. Concerning the result of Eq. (4.18), the follow-
ing three comments are in order:
(i) The explicit expression of the turning points holds
provided @ # 1 and a # 0O;

(i) Equations (4.2) and (4.3) imply that A'/4 and
VA" /\/4 both scale as 72 when a — 1.

(iii) In the limit @ — 0, Egs. (4.17) and (4.18) imply that
€4 ~ by/2 which may be larger than 1 as long as
by > 1; for a — 0, the structure of the turning points
might then be altered in comparison with the results
of Egs. (4.17) and (4.18).

The above remarks suggest that, besides the case @ > 0, the
limits ¢ - 1 and @ — 0 must be separately addressed.
When a — 1, Eq. (4.14) becomes
(=k7?) > dx,b +7(y = 1). (4.19)

Even if Eq. (4.19) implies a modified structure of the
turning points, the final results for the power spectra are
fully compatible with the WKB estimates. If a — 0,
Eq. (4.14) becomes

(=k7)? F bo(—kt) —y(y — 1) 0. (4.20)
As long as by < 1, the solution of Eq. (4.20) has again the
form (4.18). However, for by> 1, the solution of
Eq. (4.20) is rather 7. = +b/k, as it follows by neglecting
the third term at the right-hand side of Eq. (4.20). In this
limit, by may affect the overall amplitudes, while the slopes
of the gauge power spectra do coincide, as we see, with the
ones deduced in the original WKB approximation. It
follows from the above considerations that the solutions
of the auxiliary equations (4.7) and (4.8) and (4.11) and
(4.12) must always be evaluated in the small argument limit
when the relevant modes are larger than the effective
horizon. Since this point might not be immediately
obvious, we note that from Egs. (4.3) and (4.4) that it is
immediate to express —gn in terms of z,
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_2\/x1b0 n . .
oI () e 0=

(4.21)

It is therefore possible to work directly either with ¢(z) or
with (—gn) depending on the convenience.

C. Scales of the problem

For the typical scales of the problem, the condition
(—gn) < 1is always verified. The magnetogenesis require-
ments involve typical wave numbers O(Mpc~!) so that the
corresponding wavelengths reenter the effective horizon
prior to equality,

) ()

h3Qgo

R0 20 g\
=1.06x1072( M0 —) .
x <O.1386 4.15%10 Mpc™!

(4.22)

where 7, = 1/k denotes the reentry time of a generic
wavelength, and 7 is the time of matter-radiation equality.

As long as k = O(Mpc™!), the relation between (—g#n) and
(—kz) is illustrated in Fig. 1 where the contours actually

log(- q n) [ bp =1, x; =0 (107%%)]

correspond to the common logarithm of (—gn) when (—kz)
and « vary in their respective physical ranges. In Figs. 1
and 2, we illustrate different values of x,. The rationale for
these values can be understood by looking at Egs. (4.15)
and (4.22). In short the idea is the following:

(i) Let us start from the scales O(Mpc~!), which
are the ones relevant for magnetogenesis; according
to Eq. (4.15), we see that for k = Mpc~!' that
x; = O(1072%). From Fig. 1, we see that (—gqn) <
O(1072%); this means that the solutions of the
auxiliary equations [i.e., Egs. (4.7) and (4.8)] can
always be evaluated in the limit of small arguments,
ie., for (—qn) < 1.

The same conclusion holds when x; < 10723; in the
right plot of Fig. 1, we took a smaller value, i.e.,
x; = O(1072%). Also, in this case, the results of
Fig. 1 show that (—gn) < 1.

Finally, the condition (—gn) < 1 is also verified for
x; > 1072 in Fig. 2, we illustrate the cases x; =
O(107'%) and O(107'%), and we can clearly see
that (—gqn) < 1,

As expected on the basis of the general arguments given
above, for a — 0, the relation between (—gn) and (—k7) is
singular; the same is true when @ — 1. This is why both
cases are separately treated. If the typical wavelength is
increased (i.e., for smaller k) the smallness of (—gn)
persists as it can be deduced from the right plot in

(i)

(iif)

log(- g n) [ bo =1, X1 =0 (107%%)]

3.0 D - 3.0 N
\ \\ 4 \ \ \\ [zs0)~
-
25 = 25 o~
AN \
N\
20 \ 2.0 ~—
\ \
815 38 1.5
1.0 R = E—
/ \\\
-
05 — osf | |
// - 25 -
;’ — ,
0.0 / ool - -
-20 -15 -10 -5 0 -25 -20 -15 -10 -5 0
log( -k 1) log( -k 1)

FIG. 1.

labels on the various contours denote the common logarithm of (—g

The relation given in Eq. (4.21) is graphically illustrated for x; = O(1072%) (right plot) and for x; = O(1072%) (left plot). The
1), while on the horizontal axis we report the common logarithm of

(=kt). When k = O(Mpc™!) (or smaller), the regions where (—g#) < 1 coincide with the wavelengths that are larger than the Hubble
radius [i.e., (—k7) < 1]. We recall, in this respect, that the connection between x; and k follows from Eq. (4.15). This means that if we
want to compute the power spectra for typical wavelengths larger than the Hubble radius, we can safely take the limit (—gn) < 1 in the
solutions of Eq. (4.4). Two singular cases must be separately treated, namely, @ — 1 and @ — 0. The details of this discussion can be

found in Appendix B.
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log(-qn) [bo=1, x;=0(107%)] log(-qm[bo=1, x; =0 (107°)]
30[ < ] 30
\ | \ -
- E \ ° \ \
\ \
\ ~ \ \
-17. \ \\
S =N N,
-15
315 815 = [-175]
. . -17.5
\\\‘ \\‘\
[ e
1.0 1.0
05 j | o5 \ R
-12.5 / 5 /
/ — / =
0.0 > t 0.0 / /
-14 -12 -10 -8 -6 -4 -2 0 -15 -10 -5 0
log( -k 1) log( - k 1)

FIG. 2. We graphically illustrate the relation (4.21) for x; = O(107'4) (left plot) and for x, =

O(10719) (right plot). As in Fig. 1, the

labels on the various contours denote the common logarithm of (—g#7), while on the horizontal axis we illustrate the common logarithm
of (—kt). The results of this figure show that when k is much larger than O(Mpc™') we still have that (—g#) < 1 provided (—k7) < 1.

Even if the ranges of (—

qn) and (—kz) are different, if we want to compute the power spectra for typical wavelengths larger than the

Hubble radius, we can take the limit (—g7) << 1 in the solutions of Eq. (4.4). We remember again that the explicit connection between x

and k can be found in Eq. (4.15).

Fig. 1 where x; = O(107%%). The values of b, are not
crucial, and it can be directly checked that whenever b
increases from 1 to 10° the patterns of the relation
illustrated in Fig. 1 are very similar.

For the present purposes, also, the scales associated with
the electroweak physics are particularly important. In
particular, as we see, the scales k = O(k,,) reenter prior
to symmetry breaking, while the magnetogenesis scales
reenter after the electroweak phase transition Depending on
the various parameters, the bunch of wave numbers
corresponding to the electroweak scale are O(10°) Mpc~!,

45 Mp

N 1/4
=2.6x 10—
x <106.75

Qo \V4( T

—_— — ) Mpc L. 4.23
x <4.15 x105) \100 Gev) MPe- (423)
The Mpc~! units are not ideal but give an idea of the

hierarchy of the scales. It is furthermore essential to bear in
mind that k., is the (comoving) electroweak wave number
and not simply the Hubble rate at the electroweak time.
According to Eq. (4.22), the scales corresponding to k..,
reenter the effective horizon when 7, = O(107!)z,, i.e.,
much earlier than the magnetogenesis wavelengths. From

Eq. (4.15), the value of x; corresponding to k., is therefore
O(107'%). In Fig. 2, the plot at the left illustrates the
relation between (—g#n) and (—kz) for x; = O(1074); in
the plot at the right, we assume a slightly smaller wave
number with x; = O(10716).

D. Comparison with the WKB results

The problem we are now facing is to compare the
approximate results of the WKB approximation with the
explicit examples following from the exact solutions of
Eq. (4.4). This analysis is actually quite lengthy but
essential. The details of this comparison can be found in
Appendix B, and here, we focus on the final results. Let us
start with the case of increasing gauge coupling; in this
case, the approximate results for the mode functions have
been deduced in Eqgs. (3.25) and (3.26). The hypermagnetic
and the hyperelectric power spectra have been instead
computed in Egs. (3.27) and (3.28); the corresponding
gyrotropic contributions are reported in Egs. (3.29) and
(3.30). The solutions of the auxiliary equation (4.4) can be
classified from the values of @ and y. In particular, the
values of a and b, control the pseudoscalar coupling, while
the value of y controls the scalar coupling; the explicit
expressions of the pump fields are given in Eq. (4.2).

The strategy followed in the comparison (see
Appendix B) has been to solve the auxiliary equation (4.4)
and to compute the exact form of the mode functions. If we
are interested in the spectra for typical wavelengths larger
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than the Hubble radius [i.e., (—k7) < 1], Figs. 1 and 2
show that the solutions of the auxiliary equations must be
evaluated in their small argument limit [i.e., (—gn) < 1]. If
this limit is taken consistently, the spectra can be explicitly
computed and finally compared with the WKB results. The
essence of the comparison can be summarized as follows:

(1) In the case a > 0, WKB results and the approach
based on the auxiliary equation (4.4) give coincident
results. The difference between the two strategies is
that the results based on Eq. (4.4) capture with
greater accuracy the numerical prefactor which is
however not essential to estimate the power spectra
at a later time (see also, in this respect, the results
of Sec. V).

(i) The explicit analysis of B assumes that the gauge
coupling increases [see Eq. (2.15) and discussion
therein]. The WKB estimates obtained in the case of
decreasing gauge coupling [see Egs. (2.17)] also
match the results following from Eq. (4.4).

(iii) The discussion of the case a > 0 does not apply
when @ — 0 and @ — 1. As discussed in connection
with Figs. 1 and 2, in these two cases, the relation
between (—gn) and (—kz) gets singular. In these two
separate situations, the explicit solutions and the
power spectra are discussed in the last part of
Appendix B. The general conclusion of the WKB
approximation presented in Sec. III also holds in the
limit @ - 0 and @ — 1.

(iv) The same discussion carried on in the case of
increasing gauge coupling also applies, with some
differences, to the case of decreasing gauge coupling
of Eq. (2.17). To avoid lengthy digressions, a swift
version of this analysis has been relegated to
Appendix C; the explicit discussion merely repro-
duces the same steps of the one already presented in
Appendix B.

Based on the results of Appendixes B and C, we therefore
claim that the slopes of the large-scale gauge spectra are not
affected by the strength of the pseudoscalar terms that
solely determine the gyrotropic contributions. This con-
clusion is quite relevant from the phenomenological view-
point for two independent reasons. If we simply look at the
hypermagnetic power spectra with the aim of addressing
the magnetogenesis requirements, we can expect that the
role of the pseudoscalar interactions (associated with a and
by) are completely negligible. Conversely, different values
of a are essential to deduce the gyrotropic contributions that
determine the baryon asymmetry of the Universe. These
two complementary expectations are explicitly discussed
in Sec. V.

V. LATE-TIME POWER SPECTRA AND SOME
PHENOMOLOGY

The pseudoscalar couplings do not affect the slopes of
the large-scale hypermagnetic and hyperelectric power

spectra at early times, while the gyrotropic components
depend (more or less severely) on the anomalous contri-
butions. The impacts of these results on the late-time power
spectra are considered. For the comparison of the late-time
gauge spectra with the observables, we assume that, after
the end of inflation, the radiation background dominates
below a typical curvature scale H,. In the simplest
situation, H, coincides with H;. In this situation, according
to Eq. (4.22), the different wavelengths reenter the effective
horizon at different times during the radiation-dominated
stage. The first aspect to appreciate is that the hyper-
magnetic and the gyrotropic power spectra computed when
the gauge coupling flattens out do not exactly coincide the
power spectra outside the horizon but can be obtained from
them via a specific unitary transformation that depends on
the rate of variation of the gauge coupling after inflation.

A. Comparing late-time power spectra
If the gauge coupling e = \/4x/A increases and then
flattens out, Egs. (2.15) and (2.16) imply that f. (z) and
grs(7) can be expressed for 7> —7; in terms of the
corresponding mode functions computed for 7 < —z; [70],

= i,
Fre(®) = Ay G2 0)fes + AR (212 8) T 5 (5.)

Grs(7) = Aﬁ)(Zl 2, 0)kf i + A.S;)(Zl . 2,0) Gk s (5.2)
where f . and Jr.+ denote the hypermagnetic and hyper-
electric mode functions at the end of inflation (i.e.,
evaluated for 7 = —z;). Since in Eq. (2.16) we assumed
that 1 is constant for 7 > —r, it follows that the various
coefficients appearing in Egs. (5.1) and (5.2) are not
different for the left and right modes, e.g., A}? = A;ﬁ =
Aff(zl,z,é) and similarly for all the other coefficients
whose common expressions are

App(21.2.8) =S VAl ot ()6 () = pr (21) Y, (2]

Ary(21,2.8) =5V, (2) Yo ()= Yo () s ().

Ay (31.28) =3 VAR Yot (200t () = ot (20) Yot (3).

Agy(21,2.8) =3 VEZW o(21) Yot (2) = Y (211 (2)]
(5.3)

In Eq. (5.3), as usual, J,(x) and Y,(x) denote the standard
Bessel functions [68,69]; furthermore z;, z, and & are
defined as

21 =(8/y)kry,

z=kt+kr (1+6/y), o=56+1/2.

(5.4)
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An expression analogous to Eq. (5.3) can be easily derived
in the case of decreasing gauge coupling and can be found
in Appendix C. It can be explicitly verified that Egs. (5.1)
and (5.2) obey the Wronskian normalization. Furthermore,
from Eq. (5.4), we have that for t = -7, z(—7;) = z;
and, consequently, A;r(zy.21) = Ay (z1,21) =1, while
Ap(21.21) =Apy(z1.21) =0. It is finally relevant to appre-
ciate that, in the limit § < 1, Azp(z1,2) = Ayy(21.2) =
cosk(z + ;) and A;y(z1,2) =—Ays(21.2) = sink(z+17y).

The late-time power spectra following from Egs. (5.1)
and (5.2) do not coincide with the early-time power spectra
evaluated in the large-scale limit, as it is sometimes
suggested. In the case Eq. (5.3), the obtained expressions
get simpler if we observe that

_ g 2
|Apr(21,2,8) frsl <<Afg(Z1,Z,5)% . (53)

|Agf(zl > Zs 5)k7k:t ‘2 < ‘Agg(zl 5 Zs 5)§k,:|: ‘2‘ (56)
Thanks to Egs. (5.5) and (5.6), all the late-time comoving
spectra easily follow. In view of the applications, the
following three relevant results are mentioned:

k O\ 4-2r-26
Palke) =ati0ro) (L) Falked). 5
a H,
ko \ 4-2r-26
PE(k,T)_a?H?Q(a,y,5)< H ) FE(kT,(S), (58)
ayiiy

P;sG) (k,7) = a‘l‘H‘l‘Q(G) (a,7,6,bg)

k 4—q—2y-26
x <a,H,> Fp(ke.5). (5.9)

Since we want to be able to take smoothly the limit where
the postinflationary gauge coupling is completely frozen
(i.e., § = 0), the explicit expressions of Fpy(kz,5) and
Fg(kt,8) are evaluated in the regime 0 <6 < 1/2,

Fp(kt,8) = |kT|J§+1/2(kT)’ Fi(kr.6) = |kT|J§—1/2(kT)-
(5.10)

Equations (5.7) and (5.8) are consistent with the main
findings of this analysis, namely, the fact that for any a > 0
the slopes of the gauge power spectra do not depend upon «
which instead appears in the spectral slope of Eq. (5.9).
Similarly Q(a,y.8) and Q' (a,y,8,b,) do depend on «
but not on k. Provided a # 0 and a # 1, we have, in
particular,

225—4 2 1 S -26
QB(a,y,5)=7(;+ )@ 25+ 1/2),

. 225-4y[3+ 2¢(y — )]}

7[2

QE’SG> (a’ Vs 59 bO) =b

x <§> RE41/2),  aso.
(5.11)

In the cases @« = 1 and a = 0, the expressions (5.11) are
slightly different and follow from the results obtained in
Sec. IV. The late-time power spectra of Eqgs. (5.7), (5.8),
and (5.9) have been obtained in the case of increasing
gauge coupling. From the results of Appendix C, the
relevant expressions valid in the case of decreasing gauge
coupling easily follow, if needed. If the gauge coupling
decreases, the evolution is likely to start in a nonperturba-
tive regime. For this reason, we consider this case as purely
academic as recently pointed out in a related context [70].

In what follows, we consider the situation where, for
T > T.,, the electroweak symmetry is restored. Around
T ~T.,,, the ordinary magnetic fields are proportional to
the hypermagnetic fields through the cosine of the

Weinberg’s angle Oy, i.e., cos HWE. To illustrate the gauge
spectra for different values of @, we consider the simplest
scenario where the modes reentering above the electroweak
temperature will affect the baryon asymmetry of the
Universe (BAU). Conversely the magnetic power spectra
obtained from the modes reentering for T < T, are
compared with the magnetogenesis requirements.

1. Magnetogenesis considerations

While the modes inside the Hubble radius at the electro-
weak time reentered right after inflation, the magnetogenesis
wavelengths crossed the effective horizon much later but
always prior to matter-radiation equality [see Eq. (4.22) and
discussion therein]. For 7 > 7, the conductivity dominates,
and while the electric fields are suppressed by the finite value
of the conductivity, the magnetic fields are not dissipated at
least for typical scales smaller than the magnetic diffusivity
scale. The mode functions for 7 > 7, are suppressed with
respect to their values at 7y,

—K/K

fi(7) :fk(Tk)e_kz/k‘z’,
kg = /TdZ/Gem(Z),

k

gk(T) = (k/o-em)gk(Tk)e
(5.12)

where o,,, is the standard conductivity of the plasma, and &,
denotes the magnetic diffusivity momentum. The ratio
(k/ky)? appearing in Eq. (5.12) is actually extremely
small in the phenomenologically interesting situation
since around 7 =7, [and for k=O (Mpc™')] the
ratio (k/k,)? = O(107%9).
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While so far we just considered comoving fields, what
matters for the magnetogenesis requirements are instead the
physical power spectra prior to the gravitational collapse of
the protogalaxy. Recalling Eq. (3.15), the physical power
spectrum is

S Py(k,
Pg)hy )(k7 T) = B<4 T) 00829W7 =
a*l
Py(k, 4
PPk, 7, = Fotho ) <@> cos’y.  (5.13)
akﬂk Ay

The first expression of Eq. (5.13) is just the definition
of the physical power spectrum obtained by evaluating,
after symmetry breaking, the two-point function of
Egs. (3.11) and (3.12) as a function of the physical fields;

PP (k,7,) is instead the physical power spectrum
computed at a reference time 7, > 7; under the further
assumption that the mode functions follow from Eq. (5.12)
for 7 > 7;. In a conservative perspective, the magneto-
genesis requirements roughly demand that the magnetic
fields at the time of the gravitational collapse of the
protogalaxy should be approximately larger than a (min-
imal) power spectrum which can be estimated between
O(1072) and O(10722) nG?. The least demanding require-

ment,
\/ P(p Y )(k T ) > O 16 n(}
B » Ux )

should then be complemented with the stricter limit,

VPP (k z,) > 1011 nG.

The value 107! nG follows by assuming that, after
compressional amplification, every rotation of the
Galaxy increases the initial magnetic field of one e-fold.
According to some, this requirement is not completely
realistic since it takes more than one e-fold to increase the
value of the magnetic field by one order of magnitude, and
this is the rationale for the most demanding condition
associated with 10~!! nG.

(5.14)

(5.15)

2. Baryogenesis considerations

The considerations associated with the BAU involve
typical k modes in the range a.,H., < k < k,, where k,
denotes the diffusivity scale associated with electroweak
conductivity. While the contribution of the hypermagnetic
gyrotropy determines the baryon to entropy ratio
ng = ng/¢, the hyperelectric gyrotropy is washed out
inside the Hubble radius. Denoting by N the effective
number of relativistic degrees of freedom at the electroweak
epoch, the expression of the BAU [44,45,71] is

El

. ng  3¢*n; (T GP(%,7)
’7B(x’ T) - = 2 4
¢ 327x°H Ha” periy

G®)(%.7) =B -V xB,

c

(5.16)

where ¢ = 22%T3N /45 is the entropy density of the
plasma, and ¢’ (with ¢’ ~0.3) is the U(1), coupling at the
electroweak time and n, the number of fermionic gener-
ations. In what follows, N is fixed to its standard model
value (i.e., Ny = 106.75). In Eq. (5.16), o, denotes the
electroweak conductivity. Equation (5.16) holds when the
rate of the slowest reactions in the plasma (associated with
the right electrons) is larger than the dilution rate caused by
the hypermagnetic field itself; at the phase transition, the
hypermagnetic gyrotropy is converted back into fermions
since the ordinary magnetic fields does not couple to
fermions. Since all quantities in Eq. (5.16) are comoving,
(ng(x,7)) for =1, is determined by the averaged

gyrotropy,

3n fa’2

% b p(G)
(np(X, 7ew)) Py (k. 7)dk, (5.17)

= 4
4”60 aewpcritHew 0

where o accounts for the theoretical uncertainty associated
with the determination of the chiral conductivity of the
electroweak plasrnall according to o, = oyT/d with
o = ¢?/(4n). The upper limit of integration in
Eq. (5.17) coincides with diffusivity momentum, and it
is useful to express k, in units of Hg,, = deyHew, Where
Hgl = O(1) cm is the Hubble radius at the electroweak
time,

k T -1/2
© _35x10%, [0 (—— ) " (518)
AowHow ' Ny \ 100 GeV

The typical diffusion wave number exceeds the electroweak
Hubble rate by approximately 8 orders of magnitude.

B. The range a > 1

The slopes of the hyperelectric and hypermagnetic
power spectra at early times do not depend on the strength
of the anomalous interactions. The corresponding gyro-
tropic spectra, on the contrary, depend explicitly on « and
by. In what follows, we illustrate this general aspect in
terms of the late-time power spectra. In Fig. 3, the various
curves correspond to different values of the magnetic power
spectra at late times. The labels appearing on the contours

P(phyS)

denote the common logarithm of 5~ expressed in nG,

ie., log [ pirs) /nG] On the horizontal axis, the values

"Typical values of range o, between 1 and 10. For the
illustrative purposes of this discussion, the values of o, are
immaterial, and we then fix oy = 1 (see also [72,73]).
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PP G (r7=0.01, 6 = 0.1, az 1)

log[ logl v PY™ InG] (rr=0.01, 6 = 107, az 1)
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FIG. 3. The physical spectra of the magnetic field are illustrated at late time. The dashed line denotes the case a = 1, while the full line
corresponds to the generic case a > 1. As explicitly indicated, the left and right plots differ because of the values of §; since we are
interested in the situation where the gauge coupling flattens out after inflation, we have that 6 < 1. From the comparison of the two plots
of this figure, the slopes of the power spectra are not affected when & passes from 0.1 to 107 (as long as § < 1). The results of both plots
primarily demonstrate that different values of « lead to the same slopes of the magnetic power spectra at late time. We recall that
controls the profile of the pseudoscalar coupling, while y accounts for the evolution of the scalar coupling [see Eq. (4.2) and discussion
thereafter]. The second point illustrated by both plots is that the late-time power spectra are phenomenologically relevant; as suggested

after Eq. (5.13),) we must have \/Pg)hys) (k,7.) > 107" nG to fulfil the most demanding magnetogenesis constraints [see Eqgs. (5.14)
and (5.15) and discussion therein]. The cases @ > 1 and @ — 1 have been treated explicitly in Appendix B [see, in particular, Eqs. (B13)

and (B33)].

of y are reported, while on the common logarithm of the
comoving wave number k is plotted in units of Mpc~!. To
obtain the physical spectra of Fig. 3, we used Eq. (5.7)
evaluated at 7; [see Eq. (4.22)] and then computed the
physical power spectrum according to Eq. (5.13). In Fig. 3,
the dashed and thick lines correspond to the cases o = 1
and a > 1, respectively. The slight mismatch between the
thick and dashed contour plots does not come from the
slope of the power spectra but from a minor difference in
the overall amplitude which is immaterial for the present
considerations. In the left plot, we illustrate the case
6 = 0.1, while in the 8 cm right plot, we considered the
limit § — 0 by setting § = 10~*. In both plots of Fig. 3,

P(phyS)

there are regions where \/ Py >~ > 107! nG and even a

P%phys) = O(1072) nG showing that mag-
netogenesis is possible in this case.

The results of Fig. 3 ultimately demonstrate that the
values of @ > 1 do not modify the late-time magnetic
spectra. The rationale for this result can be understood, in
simpler terms, by appreciating that the slopes of the large-
scale hyperelectric and hypermagnetic fields at the end of
inflation do not depend on a and b,. The gyrotropic

region where

contributions, on the contrary, do depend on the values
of @ and, to a lesser extent, on b,. This aspect is
summarized in Fig. 4 where we illustrate the magnitude
of the gyrotropic contributions in the case @ > 1. As already
mentioned, to make the comparison more physical, we
directly illustrate the baryon asymmetry #p which is
proportional to the magnetic gyrotropy, and it is computed
from Eqgs. (5.16) and (5.17). The labels on the curves
correspond this time to the common logarithm of 75. We
see that as a increases the associated baryon asymmetry
decreases sharply. This reduction is partially compensated
by an increase of by, while in the left plot of Fig. 4, we took
by = 1, and in the right plot, b, = 10*. The rationale for
this result is that, in practice, the magnetic gyrotropy scales
linearly with by, while the a enters the gyrotropy via xf{;
since x; < 1, a small increment in a implies a very large
suppression that cannot be compensated by b,. A large
value of b, can be obtained from Eq. (4.3) either by
increasing 1, /4, or by imposing a large hierarchy between
71 and 7,. Since both tunings are somehow unnatural, we
regard the case by =(O(1) as the most plausible.
Furthermore, as we see in a moment, large values of b,
quickly lead to a violation of the critical density bound. All
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|Og |< I]B>|, b0=1, Neff= 106.75, rT=0.O1

log |< ng>|, bo=10%, Neg= 106.75, rr=0.01
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FIG. 4. The gyrotropic contribution is illustrated for different values of @ > 1 (reported on the vertical axis) and y (appearing on the
horizontal axis). In both plots, for the sake of simplicity, we took the limit 6 — 0, since, as previously established, different values of
0 < 1 are practically indistinguishable. The physical spectra of the magnetic field are illustrated at late time. The range of a coincides
with the one of Fig. 3. We see that the values of the baryon asymmetry that are phenomenologically more relevant occur for large y and
small a (i.e., in the bottom right corner of the right plot). What is more relevant for the present considerations is that different values of
strongly affect the gyrotropic spectra, and the resulting values of 775 [see Eq. (5.16) and discussion thereafter]. If the two plots of this
figure are compared with Fig. 3, we are led to conclude that when a > 1 that the magnetogenesis requirements of Egs. (5.14) and (5.15)
can be easily satisfied, but it is impossible to reproduce the correct value of the BAU (except for some corners of the parameter space

characterized by extreme values of y).

in all, when a > 1, the conclusions can be summarized in
the following manner:

(i) Different values of a do not affect the late-time form
of the hypermagnetic power spectra and of their
magnetic part obtained by projecting the hyper-
charge field through the cosine of the Weinberg
angle; this result also confirms, as expected from the
results of Sec. IV, that the pseudoscalar interactions
do not help, in practice, with the magnetogenesis
requirements of Eqgs. (5.14) and (5.15).

(ii) The pseudoscalar interactions and the different
values of a are instead crucial for the estimate of
the gyrotropic spectra and for the calculation of
the BAU.

(iii) Finally, if we consider the obtained results at face
value, we are led to conclude that, in the case a > 1,
the magnetogenesis requirements (5.14) and (5.15)
can be easily satisfied, but the BAU cannot be
correctly reproduced unless we choose some ex-
treme corners of the parameter space.

Concerning the last point, in the above list of items, it is
useful to stress that the typical values of of the magnetic
power spectra appearing in Fig. 3 not only satisfy the
magnetogenesis requirements but can even be O(nG) over
the typical scale of the gravitational collapse of the
protogalaxy.

C. The range 0 <a < 1

Based on the previous trends, we expect that for even
smaller values of a the weight of the gyrotropic contribu-
tions increase, while the slopes of the hypermagnetic and
hyperelectric power spectra remain practically unaffected.
This means, in particular, that we also expect that the BAU
limits and the magnetogenesis requirements could be
jointly satisfied. Generally speaking, this is what happens
with one important caveat; as a — 0, the turning points do
not depend, in practice, on the values of . For this reason,
in Fig. 6, we separately discussed the case a — 0. Figure 5
illustrates the different values of 75 in the range 0 < a < 1.
From the comparison of Figs. 4 and 5, we can appreciate
that as the values of a decrease below 1 the corresponding
values of the gyrotropic spectra increase sharply. In Figs. 4
and 5, we considered the limit & — O since larger values of
0 only modify the actual numerical values of the gyrotropy
but do not alter the main conclusions. The difference
between the two plots in Fig. 5 is simply given by the
range of y; in the left plot, 0 < y < 1/2, while in the right
plot y > 1/2. As in the general case, also for a — 0, the
slopes of the hyperelectric and hypermagnetic power
spectra are not modified at large scales. However the
corresponding amplitudes are comparatively more affected
than in the case a > 0. This is exactly what happens in
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FIG. 5.

The gyrotropic contribution is illustrated in the plane (y,loga) and for 0 < a < 1. In this range, the value of the obtained

baryon asymmetry can be phenomenologically relevant. Since the magnetic power spectra are practically independent on a, we conclude

> 107" nG is satisfied, and the hypermagnetic gyrotropy is sufficiently large to seed the
BAU [see also Eqgs. (5.16) and (5.17) and discussion therein]. As we can clearly appreciate by comparing the two plots of this figure, the
preferable values of a and y are in the ranges 0 < @ < 1 and y > 1. This conclusion excludes, by construction, the case @ — 0. In this
case, the y-time parametrization is singular (see also Appendix B); when a — 0, the phenomenological implications are separately

that for 0 < a < 1 the requirement 4/ Pg’hys)

discussed hereunder (see, in particular, Figs. 6 and 7).

log |< ng>|, a=0, Neg= 106.75, rr=0.01

log |< ng>|, a=0, Neg= 106.75, rr=0.01
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FIG. 6. We illustrate the gyrotropic contribution in the case a — 0. Special care is required since now the gyrotropic spectra depend
explicitly on b; this happens because, for a — 0, the solution for the mode functions involves the Whittaker’s functions whose
asymptotic limits involve by, (see Appendix B). For different values of b, and y, the BAU can be reproduced with a preference for the
range y > 1/2. The obtained values of the baryon asymmetry are compatible with the ones already deduced in Fig. 5 when 0 < o < 1.
The difference here is that the amplitude of the hypermagnetic fields is more affected than in the case a # 1. This aspect is more
specifically illustrated in Fig. 7.
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Fig. 6, where, in the left plot, we illustrate the gyrotropic
contribution, and in the right plot, we compute the power
magnetic power spectrum. It is finally useful to discuss also
the gauge power spectra in the limit ¢ — 0. To avoid
repetitive remarks (and the proliferation of figures), we
only treat in detail the case @ — 0, but the obtained results
are also applicable when a@ < 1. In Fig. 7, in the left plot,
we illustrate the spectral energy density during inflation for
the maximal frequency of the spectrum. To avoid drastic
departure from the isotropy, Qy(k,7) introduced in
Eq. (3.16) must be sufficiently small, and the shaded
region of the left plot in Fig. 7 corresponds to the plausible
requirement that Qy (ky.y,7) < 107%. In the plot at the
right, the full curves correspond to by — 0, while the
dashed lines have been computed for b, — 2. Since the
dashed and full lines are parallel, the slopes of the physical
spectra are the same. Whenever b, # 0, the amplitude of
the physical power spectrum increases. This change in the
amplitude could be however compensated by a shift in y.
We conclude that the overall amplitude of late-time power
spectra is only marginally controlled by b,. The pheno-
menological discussion of this section can be summarized
as follows:
(i) The slopes of the late-time magnetic power
spectra are completely insensitive to the pseudosca-
lar coupling (associated with a) but only depend on

log Qy, rr=0.01
10
8
6
g
4
2
0.0 0.5 1.0 1.5
|4

the scalar coupling (associated with y); this con-
clusion matches the results discussed for @ > 1 and
completes the analysis.

(i) If 0 < a < 1, the baryogenesis and the magneto-
genesis requirements can be simultaneously satisfied
so there exist some regions of the parameter space
where the large-scale magnetic fields and the BAU
are generated at once by using the same set of
parameters; in particular, it turns out that the relevant
phenomenological region is given by 0 <a <1
and y > 1/2.

(iii) If @ = 0, the power spectra can be computed exactly
in terms of Whittaker’s functions, and the main
features of this case coincide with what happens
fora < 1.

(iv) For a — 0, the baryogenesis and the magnetogenesis
requirements are simultaneously satisfied provided
y > 1/2 and in the case where by < O(3).

This discussion presented in this section refers to the case
of increasing gauge coupling. A similar discussion can be
carried on for a decreasing gauge coupling. In this case,
however, we must expect a strongly coupled regime at the
beginning of the cosmological evolution, and we therefore
regard this case as less appealing (see also, in this respect,
Ref. [70]). However, with the strategy described in Sec. IV
and with the explicit results of Appendix C, it is possible to

logl y PE™ InG] (rr =0.01, 6=0)
\ Ll |
[

0.0} [-] ¢

FIG. 7. We illustrate the late-time magnetic power spectrum in the case @ — 0, where the amplitude of the magnetic power spectra
depends on the values of b, defined in Eqgs. (4.2) and (4.3). In the plot at the left, we illustrate the critical density bound in the plane
(by,7); if b falls outside the shaded area, the produced gauge fields are overcritical. Therefore, the complementary white region is
excluded. In the plot at the right, the full line refers to b, — 0, while the dashed curves correspond to b, = 2. The results of Figs. 6 and 7
demonstrate that the magnetogenesis and the baryogenesis requirements can be met for @ — 0 provided the values of b, and y fall within
the shaded area of the plot at the left. In other words, not all the values of b are possible; if b is larger than O(3), the critical density
bound associated with the produced gauge fields is violated. This is why, in the previous figure, b, has been chosen to be smaller than
about 3. From the right plot, we can also appreciate that different values of b, do not modify the late-time slopes of the magnetic
spectrum since the dashed and full lines (corresponding to different values of b)) are practically parallel.
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compute the wanted spectra. We want to stress, in this
respect, that also in the case of decreasing gauge coupling
the hypermagnetic and the hyperelectric gauge spectra are,
in practice, not affected by the pseudoscalar interactions
in the same sense discussed when the gauge coupling
increases and then flattens out. In particular, it can be
verified that the approximate duality symmetry connecting
Egs. (3.27) and (3.28) and Egs. (3.31) and (3.32) holds, in
spite of the values of @, and in the long wavelength limit.

VI. GENERICNESS OF THE OBTAINED RESULTS

A. Effective approach to inflationary scenarios

When the dependence of the Lagrangian on the inflaton
field is unconstrained by symmetry principles (or by other
aspects of the underlying theory), the effective approach
suggests that the corresponding inflationary scenario is
|

generic. If we focus, for simplicity, on the case of single-
field inflationary models, the lowest order effective
Lagrangian [corresponding to a portion of Eq. (1.1)] is a
fair approximation to the full theory and can be written as

1
+ = Gaﬁaagaaﬂgo -V(p)|.

M3R
['inf =v-G|- . )

2

(6.1)

In the effective approach, Eq. (6.1) is the first term of a
generic theory where the higher derivatives are suppressed
by the negative powers of a large mass M that specifies the
scale of the underlying description. The leading correction
to Eq. (6.1) consists of all possible terms containing four
derivatives; following the classic analysis of Weinberg [7]
and barring for some minor differences the correction
consists of 12 terms,

ALiye = V=Gle|(¢)(GP0,0050)* + 2($) G0, 0,00 + c5(¢p) (Cgp)?
+ ()R 0,0, + ¢5(P)RGH 8,0, b + c6(p)RTP + c7()R> + 3 ()R, R™

+ ¢ (¢)Rﬂm//7’Rﬂ(wﬂ + CIO(d))CM(w/}Cﬂ{wﬂ +cn <¢)Rﬂay/3iéﬂm/ﬂ + Clz((b)C”ayﬂC”aDﬂ},

where the dimensionless scalar ¢p = ¢/M has been intro-
duced for convenience. In Eq. (6.2), the notations are
standard. R,z and C,,; denote the Riemann and Weyl
tensors, while R***# and C***/ are the corresponding duals.
Furthermore Clp = G*V, V¢ and so on and so forth.
From the parametrization of Eq. (6.2), it follows that the
leading correction to the two-point function of the scalar
mode of the geometry comes from the terms containing
four derivatives of the inflaton field, while in the case of the
tensor modes the leading corrections stem from C W,/ﬂ@‘“”ﬁ
and Rﬂa,,ﬂi?”"”/} which are typical of Weyl and Riemann
gravity [74,75]. Incidentally both terms break parity and are
therefore capable of polarizing the stochastic backgrounds
|

V=G
16zM?
+ A4

+2s(¢

AL

gauge —

C

— ~—

Equation (6.3) contains 14 distinct terms; seven of them do
not break parity and are weighted by the couplings 4;(¢)
(with i =1, ...,7). The remaining seven contributions are

“In Eq. (6.1), we considered, for simplicity, that the potential
appearing in Eq. (1.1) only depends on ¢, i.e., V(p,y) = V(p).

(6.2)

of the relic gravitons [58] by ultimately affecting the
dispersion relations of the two circular polarizations.

B. Effective approach to magnetogenesis scenarios

The analysis leading to Eq. (6.2) and to the results of
Ref. [7] can be extended to include the hypercharge fields
[76]. In full analogy with Eq. (6.2), rather than assuming
a particular underlying description, the idea is to include
all the generally covariant terms potentially appearing
with four space-time derivatives in the effective action
and to weight them by inflaton-dependent couplings. The
Lagrangian density associated with Eq. (1.2) is now be
complemented by

Ml (¢)RYaﬁYaﬁ + 22 (¢)R/4DYWIY0M/ + A3 (¢)R;wwﬁ YﬂaYUﬂ

yauﬁYﬂaYﬂﬁ + /15 (¢>D¢Ya/}Yaﬁ + 16 (¢)8ﬂ¢a”¢YW1Yya + 27 (¢)VMVU¢YW(Y””
RYaﬁYaﬂ + Z9(¢)R/4L/Y0w?’m + Zl()(qb)R
+ Z12(¢)|:|¢Yo:ﬁfm'ﬁ + Z]3(45)aygbal/q’)?lmYl/ot + Z14(45)vyvl/qﬁyua?ﬂa] .

ﬂauﬂYﬂa?bﬂ + Z] 1 (¢)C/mvﬁYﬂayyﬂ

(6.3)

|
weighted by the prefactors 1;(¢) (with j =8, ...,14) and
contain parity-breaking terms. Equation (6.3) is also
applicable when the various A; and Z,- are y-dependent
quantities. In the latter case, the collection of the contri-
butions with four derivatives must be considered in con-
junction with the supplementary restrictions associated
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with the physical nature of the spectator fields. Finally, if
the couplings depend simultaneously on the inflaton ¢ and
on y, further terms (containing the covariant gradients of
y) have to be included in the effective Lagrangian [76].
For the sake of illustration, we stick to the simplest
situation of the single-field inflationary scenarios. When
the ¢-dependent couplings disappear, the first three terms
have been analyzed by Drummond and Hathrell [77], and
more recently, the same terms (without the parity-breaking
contributions) have been considered in Ref. [78] for the
analysis of photon propagation in curved space-times.
The Riemann coupling associated with ,,(¢) has been
proposed in Ref. [58]; this term may ultimately polarize
the relic graviton background. The effective action (6.3)
does not include terms like (Y,,Y*)* (appearing, for
instance, in the FEuler-Heisenberg Lagrangian). These
terms should only enter the effective action if the gauge
fields are a source of the background and break explicitly
the isotropy. In this case, the gauge background affects the
dispersion relations [79], but this is not the situation
discussed here.

C. Effective action during a quasi-de Sitter stage

As in Eq. (6.2), the higher derivatives appearing in
Eq. (6.3) are suppressed by the negative powers M. During
a quasi-de Sitter stage, Eq. (6.3) always leads to an
asymmetry between the hypermagnetic and the hyper-
electric susceptibilities. Indeed, the full gauge action
obtained from the sum of Egs. (1.2) and (6.3) becomes

Sgauge = /d3x/d7(‘cgauge+A£gauge)

1 L
= E/d3x/dr(;(%E2 - 3B +7*E-B), (6.4)

where y% and y% denote the hyperelectric and the hyper-
magnetic susceptibilities, while ¥> is the strength of the
anomalous couplings. In the formal limit M — oo, we have

that yr = yp x VA and ¥ « V. The comoving fields E
and B appearing in Eq. (6.4) are defined as B = a2yzB™""
and as E = a®yzE™Y; in the limit yz — yp, the two
previous rescalings exactly coincide with the ones already
discussed in Sec. III. The explicit expressions of the
hyperelectric and the hypermagnetic susceptibilities can
be computed in general terms; however, for the present
ends, it is sufficient to consider the case of a quasi-de Sitter

stage of expansion,

p) H? H? H? ;3
Z%:EO+M2d1(E>_€M2d1(E)_€M2dEE)
H*M H*M
N N

A H? H? |,
ry = (1 —I—de) —ewdg)

HM HM
— e M3Pd§)+\/én M3”d(3‘”), (6.6)
A H>_, H>_, HM3_,
)(ZZE(I—FWd()—eMQd( —e— g d®
H>Mp — MpyH? _
+ Ve M3Pd<4>+ﬁn AZ3 d(5>>, (6.7)

where ¢ = —H/H* and 5y = ¢/ (H(;S) are the relevant slow-
roll parameters13 (see, for instance, [8,80]). The coefficients
of Egs. (6.5), (6.6), and (6.7) can be accurately computed in
terms of 4;(¢p) and A;(¢)) appearing in Eq. (6.3) [76].
However, the naturalness of the couplings and the absence
of fine-tunings implies that all the 1,(¢) are of the order
of A(¢) and similarly for the ;(¢) which should all

be O(1). In this situation, the leading contribution to the
gauge power spectra is given by the leading-order action.
The same conclusion follows if 1;(¢p) < A(¢p) and
2i(¢) < A(¢). In the opposite situation 4;(¢p) > A(¢)
and 4;(¢) > A(¢), the hyperelectric and the hypermagnetic
susceptibilities may evolve at different rates. Barring for
this possibility that implies an explicit fine-tuning, the
results of the previous sections hold provided the higher-
order corrections are generically subleading, and this is the
last step of this discussion.

D. Generic corrections during a quasi-de Sitter stage

If none of the couplings 4,(¢) and 2;(¢) are fine-tuned to
be artificially much larger than all the others, the first
possibility suggested by Egs. (6.5), (6.6), and (6.7) is that €
is smaller than 1 but not too small. In this case, the change
of d) during a Hubble time H~! follows from the back-
ground evolution, and in this limit, M ~+/2eMp. This
means that, for generic theories of inflation (i.e., when ¢ is
not constrained by symmetry principles), M cannot be
much smaller than \/2eM p, otherwise ¢ /H would diverge.
If M = \/2eM p, then H/M is slightly larger than H/M p.
In the case of conventional inflationary scenarios, we have
that M3H?/ M} = €Ay /8, where Ap = 2.41 x 107 is the
amplitude of the curvature inhomogeneities assigned at the
pivot scale k, = 0.002 Mpc~!. If we keep track of the
various factors, the leading contributions to y%, %, and >
are all O(Ay/€) where Ay = 873 Ag ~6 x 107",

The situation described in the previous paragraph is not
the one compatible with the current phenomenological

YThe slow-roll parameter defining # should not be confused
with the # time defined in Sec. IV; there is no possible
misunderstanding since the two quantities are never used in
the same context.
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estimates of ry ranging between ry < 0.07 [81] and
ry < 0.01 [82,83]. Since the consistency relations stipulate
that € ~ r;/16, we have to acknowledge that ¢ < 1073
which is not the situation discussed in the previous para-
graph. We should then require, in the present context, that
M > \/2eMp, implying M ~ Mp and e < 1. This means
that the leading contributions appearing in Egs. (6.5), (6.6),
and (6.7) are associated with dg), dI(;), and 4V,

Allin all, if 4; and ) ; are not fine-tuned, the leading-order
expressions of the susceptibilities, as established above, are
obtained by setting M ~ Mp and € < 1,

(6.8)

where X = E, B so that ay and @ do not depend on ¢. It
should now be clear that Egs. (6.4) and (6.8) lead exactly to
the same conclusions of the leading-order contribution of
Eq. (1.2). This conclusion can also be reached in rigorous
terms by noting that the explicit form of the gauge action
can be extended to the case (6.4); this extension follows by
adopting a new time parametrization and a consequent
redefinition of the susceptibilities, namely,

T -5 =s5(1), dr = n(s)ds,
n’=xi/xp X = XeXs- (6.9)

The s-time parametrization is vaguely analogous to the 7
time, and this is why we always used an overdot. It should
be stressed, however, that the auxiliary equation written in
the 7 time [see Eq. (4.4) and discussion therein] applies
when the gauge coupling is not asymmetric. In terms of y
and n, the comoving fields are now given by B=Vx
5)/\/5 and by E = —(y//n)0, (57/;(), where Y is, as usual,
the comoving vector potential. If the these expressions are
inserted into Eq. (6.4), the full action takes the following
simple form:

. v\ 2 y .
S =3 [ @x [as|32 4 (£) 32 -2()0.3,

-0,Y,0'), — C(s)yaabymeabm] , (6.10)

where C(s) = 0,7%/x* where the overdots now denote a
derivation with respect to the new time coordinate s and
should not be confused with the derivation with respect to
the # time. From the action (6.10), it is possible to solve the
dynamics also in the case when the gauge couplings are
asymmetric. In our case, however, it is sufficient to note that
from Eq. (6.8)

xe = xs[l + 010719, n=1+0(10"19). (6.11)

In Eq. (6.10), to leading order, s — 7, y — v/A, and

X = V. The resulting expression for the gauge action is
then

1
Sgauge = 5 / dx / dz [y’f + P2V =2F V.V,

- 3iya8iya - %yaabyme“bm} . (612)

From Eq. (6.12), the canonical momenta can be deduced as
r, =), —FY,; the canonical Hamiltonian associated
with Eq. (6.12) turns out to be exactly the one already
discussed in Eq. (3.2).

The results of this investigations are, overall, as generic
as the conventional models of inflation where the depend-
ence of the Lagrangian on the inflaton field is practically
unconstrained by symmetry. This means that there are
classes of models where this conclusion does not immedi-
ately follow, at least, in principle. One possibility, as
already mentioned, is that some of the couplings 4;(¢)
and A;(¢) are artificially tuned to be very large. From the
viewpoint of the underlying inflationary model, it could
also happen that the inflaton has some particular symmetry
(like a shift symmetry ¢ — ¢ + const); this possibility
reminds of the relativistic theory of Van der Waals (or
Casimir-Polder) interactions [84,85] and leads to a specific
class of magnetogenesis scenarios [86]. Another nongene-
ric possibility implies that the rate of inflaton roll defined
by 7 remains constant (and possibly much larger than 1), as
it happens in certain fast-roll scenarios [§7—89]. In all these
cases, yr and yp may have asymmetric evolutions, and the
general results reported here cannot be applied.

VII. FINAL REMARKS

The slopes of the large-scale hypermagnetic and hyper-
electric power spectra amplified by the variation of the gauge
coupling from their quantum mechanical fluctuations are
insensitive to the relative strength of the parity-breaking
terms. The pseudoscalar contributions to the effective action
control instead the slopes and amplitudes of the gyrotropic
spectra. After proposing a strategy for the approximate
estimate of the gauge power spectra, we analyzed a number
of explicit examples and found that they all corroborate the
general results. The form of the gauge spectra for a generic
variation of the pseudoscalar interaction term A has been
discussed in connection with the dynamics of the gauge
coupling which is related, within the present notations, to the
inverse of A. The scaling of (1'/1) (where the prime denotes
the conformal time derivative) ultimately determines the
properties of the corresponding power spectra. If (1'/4)
decreases as 77'7%, two different physical regimes emerge.
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When «a > 1, the hypermagnetic and hyperelectric power
spectra are practically unaltered by the presence of the
pseudoscalar terms. This is true both for the early-time and
late-time power spectra. If 0 < a < 1, the slopes of the
hypermagnetic and hyperelectric power spectra are still not
affected, but the overall amplitude gets modified depending
on the value of a. Two particular limits must be separately
treated, and they correspond to the boundaries of the two
regions (i.e., @ = 1 and a — 0).

The production of the Chern-Simons condensates has
been investigated under the assumption that the gauge
coupling smoothly evolves during a quasi-de Sitter phase
and then flattens out in the radiation epoch by always
remaining perturbative. In all physical limits, the gauge
power spectra have been also illustrated at late times with
the purpose of discussing the phenomenological impact of
the various regions of the parameter space. By focussing on
the case of increasing gauge coupling (which we regard as
the most plausible), we showed that the magnetogenesis
requirements are satisfied in spite of the pseudoscalar
couplings. In practice, only the region 0 <a <1 is
relevant for the generation of the baryon asymmetry. In
the case of decreasing gauge couplings, the results are
quantitatively different, but the general logic remains the
same. All in all, we summarize the phenomenological
implications of this analysis in the following manner:

(i) If @ > 1, the magnetogenesis requirements can be

reproduced, but the BAU is not generated except for
a corner of the parameter space where the rate of
variation of the gauge coupling is close to the critical
density limit.

(i) If 0 < a < 1, we have instead that the baryogenesis
and the magnetogenesis requirements are simulta-
neously satisfied so that the large-scale magnetic
fields and the BAU can be seeded by the same
mechanism and in the same region of the param-
eter space.

(iii) In the most promising region of the parameter space,
ng = O(1071%) (or slightly larger), while the mag-
netic power spectra associated with the modes
reentering after symmetry breaking may even be
of the order of a few hundredths of a nG over typical
length scales comparable with the Mpc prior to the
collapse of the protogalaxy.

Concerning the above statements, we first remark that the
regions where 7 is a bit larger than 107'° should not be
excluded since various processes can independently reduce
the BAU generated in this way. The second comment is
that, in this analysis, we mainly focused on the case of
increasing gauge coupling. For decreasing gauge cou-
plings, only a few results have been reported just to avoid
a repetitive analysis. In spite of that, when the gauge
coupling decreases, the main theoretical result still holds;
the slopes of the large-scale hypermagnetic and hyper-
electric power spectra are insensitive to the relative strength

of the parity-breaking terms that are instead essential to
compute the gyrotropies and the values of the Chern-
Simons condensates.

We finally demonstrated that the proposed approaches
and the obtained results hold generically for the whole class
of inflationary models where the inflaton is not constrained
by any underlying symmetry. This question has been
addressed in the framework of the effective field theory
description of the inflationary scenarios which can be
extended to include the contributions of the hypercharge
field. Rather than assuming a particular underlying descrip-
tion, all the generally covariant terms potentially appearing
with four space-time derivatives in the effective action have
been included and weighted by inflaton-dependent cou-
plings. During a quasi-de Sitter stage, the corrections are
immaterial in the case of generic inflationary models but
may become relevant in some nongeneric scenarios where
either the inflaton has some extra symmetry or the higher-
order terms are potentially dominant. In this sense, the
present findings both simplify and generalize the effective
description of the gauge fields during inflation and in the
subsequent stages of the expansion.
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APPENDIX A: EXPLICIT FORMS OF THE MODE
FUNCTIONS IN THE GENERAL CASE

Since for 7 < —7 the Wronskian normalization must be
enforced [see Eq. (3.6) and discussion thereafter], the
explicit form of the mode functions follows from
Eqgs. (4.7) and (4.8). In particular, the hypermagnetic mode
functions f} . () are

o CR) G AR A AE]}
(A1)

fole) = ﬂ_ZA ZZ{ W(ddY;)__y,,<z><ilfzb>_]
+ (3= )amene) e
(A2)

If S, (z) represents any of the four different Bessel functions
appearing above, the concise notation employed in
Egs. (Al) and (A2) corresponds to
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S,(z) = S,[e(2)].
(dS,,) B (dS,,)

dZ + a dZ 7=z
Recalling Egs. (4.4) and (4.21), the definitions of v and ¢(z)
are

Sv(Z:I:) = Sv[cﬂ:} = SD[C(Z:E>]’

(A3)

( ) 2\/ boxl 1 —a)/2 2,/qx1 T (1-a)/2
c =Y —— ,
¢ |1 —a| [1—a 7,
2y —1
v (A4)

where x; = k7; < 1. In full analogy with Eq. (A4), the
explicit expression of ¢(z.) is given by

2y b -a 2 a
cles) = L = LA e

(AS)

(see also Figs. 1 and 2 and discussion therein). Since x;
ranges between O(1072%) (or smaller) and O(107'%) [see
Eq. (4.15) and discussion therein], there are three comple-
mentary cases where Eqgs. (A4) and (AS5) can be analyzed,

|

Ik.+

el e
(%) (@)- (&) (%
+% (;—y) [Iy(Z) <dK >

Qmmmw

><} o) e (%))

dl

(i) When x; < 1, we have that |c(z+)| < 1 (both for
0O<a<1and for a > 1).
(i) Ifa — 1, Egs. (A4) and (A5) are formally divergent.
(iii) Finally, for a— 0, we have that
c(z1) = 2v/bo[l + €4

All in all the cases, @ = 0 and @ = 1 are not singular, but
they must be separately treated as we showed in the bulk of
the paper. In Egs. (A1) and (A2), we also introduced A,
which are the Wronskians of the corresponding solutions,

ao= e (GE) -rie ().

o (l=a) (I-a)x
T2z, 2 (A6)
A=,z )(ﬁ;”)_ -Y,(z )(éﬁ”)
_(l—a)_(l—a)x,’ (A7)
nz_ b3
where z, = (—74/71) = (1 +€4)/x,. Finally, recalling

the notations of Egs. (Al) and (A2) and Egs. (A6) and
(A7), the hyperelectric mode functions g; . (7) are

— K, (), (z4)]

%;:_sz}, Z{1<1_0<; Q L(2)0,(2) = Yo (@), (2)

+Kﬁ>(>
1) e (@),

It is is useful to mention that in the examples discussed here
we always considered the case a > 0. For the sake of
completeness, we want also to discuss the case
—1 < a < 0, where the equation defining the turning points
can be written as

) (Zi”

(—k7)? = £ (—kt)'"box¢ +y(y = 1).  (A10)
If « is negative, the term x{ in Eq. (A10) is, in principle,

extremely large [recall, in this respect, that according to

)
(&

)}
¢4 a2 ()]
)}

|

Eq. (4.15) x; = O(107%)]. The second term at the
right-hand side of (A10) can then be neglected, and the
solution is

—kry = by 1Tt o (A11)

where 6, =0 and 6_ = /(1 + a). It is inappropriate to
talk about turning points in this case since we are in the
situation where ¢(z) and c. are both very large, and the
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magnetic spectra are exponentially divergent. The mode
functions of (A1) and (A2) and of (A8) and (A9) must be
evaluated for ¢(z)>1 and cy > 1. Up to irrelevant
numerical factors, the magnetic power spectrum can be
written, in this case, as

PB (k, T) =~ a4H4(—kT)(9+(1)/2x1_a/2b6l/ze‘#(bo’xl)’

2 1/(a+1)_a/R2(a+1)]
b .
T 0 X

cy(bg,x1) = (A12)

From Eq. (A12), we observe that the exponential diver-
gence in the hypermagnetic power spectra has a counterpart
in the electric case. To avoid that the critical density bound
during inflation is strongly violated, we must therefore
require that the power spectra are not affected by the
exponential increase. From Eq. (A12), this happens pro-
vided @ < —0.01 assuming x; = O(1072?), as required by
Eq. (4.15). But this means, according to Eq. (A12) that the
power spectrum at the end of inflation is of the order of

H‘l‘x?/ * which is irrelevant for any observational purpose.

APPENDIX B: COMPARING THE WKB RESULTS
AND THE EXACT SOLUTIONS

In Sec. IV, we showed, in general terms, that the
auxiliary equation [i.e., Eq. (3.19)] can be solved explicitly
by introducing a new time parametrization (i.e., the 7 time).
In terms of the # time, Eq. (3.19) assumes a more friendly
aspect [see, e.g., Egs. (4.1) and (4.4)]; the resulting
equation can then be solved for different values of a and
compared with the WKB expectation. In what follows, for
the sake of accuracy, we analyze the whole range of a by
separating the generic case (i.e., @ > 0) from the particular
cases a =0 and a = 1. We remind the reader that the
parametrization of the pump fields 4 and A is the one
introduced in Egs. (4.2) and (4.3); in particular, @ and b,
control the strength of the pseudoscalar term, while y is
associated with the evolution of the scalar contribution.

1. The generic case a > 0

Recalling the relation between 7 parametrization and
conformal time [see, for instance, Eq. (4.5)], we have from
Eq. (4.18) that at the turning points 7 = 7,

2v/b
—qny = |1\/_0| (1 4e)92 <« 1. (Bl)
—a

Since the critical values of a are avoided by requiring
a # 1 and a # 0, Eq. (B1) holds separately for the ranges
0 <a<1 and for a > 1. The mode functions (4.7) and
(4.8) can therefore be matched with their plane-wave limit.
As already mentioned, these results can be founds in
Egs. (A1) and (A2) and Eqgs. (A6) and (A7). To compute
the power spectra, it is necessary to study the

hypermagnetic and hyperelectric mode functions for typ-
ical wavelengths larger than the effective horizon. This is
the purpose of the present Appendix. The obtained results
are compared with the WKB results valid in the same limit.

a. Explicit expression of the mode functions
in the long-wavelength limit

In the small argument limit, Egs. (A1) and (A2) become

1

fr(r) =- T [Ay o (—ke)l/2H(1=aw/2
— By (—k)/2-(=a)/2), (B2)
A (1 +€i)_1/2_(]_a)l’/2 2 1 ) v
= L _ ,
k.t 2v (1-a)\2 1 +e,
(B3)
1 —1/2+(1-a)v/2 ) 1
By =10 i)
. 2v (1 — a) 2 1+ s
(B4)

Equations (B2), (B3), and (B4) hold provided v # 0; as
v — 0, the small argument limit of the corresponding
Bessel functions involves a logarithmic correction
[68,69] which is also present in the absence of anomalous
contributions (i.e., for A — 0). For the sake of conciseness,
this discussion is omitted, but the final result is the same
since the limit of Egs. (A1) and (A2) for v — 0 reproduce
the WKB results in the same limit (i.e., y — 1/2). The
hyperelectric mode functions of Egs. (A6) and (A7) are
obtained with the same strategy,

k
gr+(7) = \/;[Ckﬁi(—kf)—l/ﬂu—a)u/z

+ Dy i (—kr) /2= aw2], (BS)
B (1 4 €i>1/2—(1—a)v/2 1 ) 1— 27/
Crs = 2v 2 ! l-a v
v(l—a) (1=2y
_ , B6
it (e )] (56)
B <1 + €i)1/2+(1—a)1//2 1 2}, -1
D= W AU
v(l—a) (1-2y
- - . B7
2(1+ei>(1—a ”)] (57

b. Hypermagnetic power spectra in the
long-wavelength limit

If Egs. (B2), (B3), and (B4) are inserted into Eq. (3.13),
the hypermagnetic power spectrum turns out to be
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a*H*
872
_Bk +<_k1)5/2—(1—a)z//2|2 + |Ak _(_k1)5/2+(1—a)v/2

—Bk’_(—k1)5/2_(1_a)”/2|2}. (BS)

Pg(k,7)=

{|Ak +(_kT>5/2+(1—a)v/2

Equation (B8) implies that the power spectrum outside the
horizon has always the same slope for |k7| < 1. Indeed,
depending on the interval of a, the combination (1 — a)v
takes two opposite expressions. In the range 0 < a < 1
(thanks to the absolute values entering the definition of v),
we have that (1 — a)v = |2y — 1]; for the same reason when

a > 1, we rather have (1 — a)v = —|2y — 1|. In summary,
we have
2y —1
O<a<l = (Q-av=(l-a) ly—‘:|2y—l|,
—a
(B9)
2y —1
a>1 = (I-av=(1-a) ly—‘:—|2y—1|.
—a
(B10)

Pp(k,7) =

For 0 <a <1, the contributions proportional to By .
dominate in Eq. (B8), and therefore, we obtain

a*H*
ol

PB(k,T):V

|Bi o | +|B ) (=kz)>~Pr=1 0<a<1.

(B11)

Conversely, in the range a > 1, the contributions propor-
tional to A; . dominate in Eq. (B8), and the hypermagnetic
power spectrum becomes

a*H*

PB(k,T) :8—7[2

HAg [P+ 1A [P (=ko)> 2= > 1.

(B12)

Equations (B11) and (B12) imply that the WKB result of
Eq. (3.27) is recovered up to an overall amplitude. Even
though the prefactors are immaterial for the comparison,14
it is amusing to remark that, to the lowest order in |e.| < 1,
the amplitudes in Egs. (B11) and (B12) coincide. Indeed,
using the shorthand notation u = |y — 1/2], the prefactors
of Egs. (B11) and (B12) give exactly the same result,

+0(er) + O(e2) | (—kz)>~2+,

872 1642

aH Tdu(u+1)+5 (83 —4p®> +2u—5) (e, +e.)
+ 164°

(B13)

As in the case of Eq. (B2), also Eq. (B13) holds provided p # 0; once more, if 4 — 0, there are logarithmic divergences
coming from the small argument limit of the Bessel functions appearing in Eqgs. (A1) and (A2) that must be separately
treated. This is actually not surprising since v # O implies p # 0 (provided, as we are assuming in this portion of the
discussion, @ # 1). All in all, we then conclude that, within the accuracy of the approximation, Eq. (B13) coincides with the
result of Eq. (3.27). The same analysis leading to the general result (B13) can be repeated in the case of the gyrotropic
spectra by inserting Egs. (B2), (B3), and (B4) into Eq. (3.14),

a*H*
0<a<1 = P9k = o [1Bis [ =Byl (ko)™
_ a*H* [(8u® — 4u®> +2u—5)(e; —e_) (ke (B14)
87’ 164> ’
4174
G a’H _
a>1 = PP (ko) =" (Al = APl (k) 2%
a*H* [(8p —4u® +2u —5) (e, —€_)
= —kt) 72, B15
o | - J =t (B15)

Again Egs. (B14) and (B15) coincide, up to numerical
factors, with the spectra already deduced in Eq. (3.29).

c. Hyperelectric power spectra in the
long-wavelength limit

Since the coefficients of Eqs. (B6) and (B7) not only
contain v but also the explicit value of y [see Eq. (3.17) and
comment thereafter], in the derivation of the hyperelectric
power spectra, we must distinguish the different ranges
of y. The reason for this difference is that the hyperelectric

“The reason is that the WKB result reproduces the exact
amplitude up to overall constant terms O(1).
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mode functions do not simply coincide with the derivative of f; .(z), but they are shifted by Ff} 4 (7). Inserting then
Eq. (BS) into Eq. (3.13) and assuming 0 < a < 1, the hyperelectric power spectra turn out to be

a4H4
Py(kt) = o [Des P+ 1D P)(=ke)* . 0<a<l. y>1/2.
/s
a*H* [(4u(u+1)+5) 2y +2u—1)2  u+1)(4u>+5)(2y +2u—1)? _
-y [ 64,7 + 64,2 (ex+e_)+0(e2) +O(e2) | (ko)
(B16)
a4H4
Pe(kot) =% (G P+ ICe Pl(—ke)™,  0<a<1,  0<y<1/2,
/4
_a*H (4 = D+ 5) (=27 +2p + 1)
87? 64u*
2u—1)(4u* +5)(=2y +2u+1)2
_12r - D +64)(2 P T L)+ o) + o) | (ckey. (B17)
U
As in the hypermagnetic case, Eqs. (B16) and (B17) ultimately coincide,"
AHA
Pe(k.7) = A7 + 1)+ 720 =y +3](es +e) + O(eh) + O()} k)™, 0<a<l.  (BIS)
and this result holds in spite of the interval of y. Finally, the gyrotropic spectrum associated with Eq. (B18) is
G) Cl4H4
Py (k1) = 82 [y(2(y = Dy +3) (e +e_) + O(er) — O(e2)](—kz)*=2, O<a<l. (B19)

Equations (B18) and (B19) hold in the interval O < a < 1. Since the logic has been already illustrated, we now simply
mention that when a > 1 the roles of C; ; and D, ;. appearing in Eqs. (B6) and (B7) are exchanged. This means Cj .
determines the spectra for y > 1/2, while D, , is relevant for the range 0 < y < 1/2. Thus, also for a > 1, the power
spectra coincide exactly with Egs. (B18) and (B19). Indeed, as already observed in Egs. (B9) and (B10), this happens since
2u = (1 — a)v, where, as usual, v = |2y — 1|/|1 — a|. If @ > 1, we have 2u = —|2y — 1, and this ultimately implies that
Egs. (B18) and (B19) are verified.

2. The particular case a=0
a. Exact form of the mode functions

When A and / are proportional, we have that A’ /A = by /7 and « — 0 in Egs. (4.2) and (4.3). In this situation, the explicit
expression of Eq. (3.17) is

kby y(y—1 Y

Equation (4.21) implies that, in the limit, (—gn) = 2/by(—kt), which is smaller than 1 even for moderate values of by.
Since |gn.| = 2by, there are in fact two possibilities: (i) if by < O(1), we are, in practice, in the same situation of a > 0.
(ii) Conversely, if by > O(1), at the tuning points |gn.| > O(1), while, depending on the specific value of by, (—g#n) can
either be smaller or larger than 1. This means that, for @ — 0 and b, > 1, the Bessel functions should not be expanded in the
limit of small arguments but rather in the large argument limit.

We could consider, again, the limits of Egs. (A1) and (A2) and Egs. (A8) and (A9) in the various regions of the parameter
space. However, to avoid a repetitive (and lengthy) discussion, it is preferable to solve directly Eq. (B20) in terms of
Whittaker’s functions [68,69]. After an appropriate rotation in the complex plane, Eq. (B20) becomes

In fact, when y > 1/2 [as in Eq. (B16)], we have that 4 =y — 1/2; conversely if y < 1/2 [as in Eq. (B17)], we must have that
u=1/2-y.
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y(r=1)

dsz,i 1 iby Fii=0
- — - +=0,
yZ

dy? 47 2y

(B21)
where y = 2ikz. The solution of Eq. (B21) with the correct
boundary conditions is

e—iﬂ/4iﬂb0/4

W p=Ir—1/2

(B22)

fre(y) = W ibe /2. (),

’

o AT —in/atnb /4 | Y E (Ibo F 2y
Gix(y) = iV 2kem/4Erbo/4 [(2(;) Weing/2u(¥)

where W, ,(x) is the Whittaker’s function with generic
argument x and indices ({, u).

b. Gauge spectra and comparison with the WKB result

After inserting Eq. (B22) into Egs. (3.13) and (3.14), the
hypermagnetic power spectra in the large-scale limit during
inflation (i.e., |kz| < 1) become

Py(k,7) = a*H*Cy(y, bo)(—kz)>2Ir=1/21, (B24)

PO (k1) = a*HC\?) (1. bo) (=kz)52-1/21 (B25)

_w} (B23)  Wwhere Cp(y,by) and Cgﬁ(%bo) are two k-independent
y prefactors,
|
22742 () [ e ™02 (1 + 1/2) ™02 T2 (u 4 1/2)
CB(% bO) = 3 . 2 + . 7
B (/2= ibo/2 +mP (172 + ibo/2+ )]
22;4—41—*2 —ﬂho/Zl—‘Z 1/2 ﬂhO/ZFZ 1/2
C\9 (. by) = : (1) [ e Wty )2_ e (n+1/2) 1. (B26)
7 D(1/2 = ibo/2 +p)I*  [T(1/2+ibo/2 + p)
I
where, as in Eq. (B22), we use y = |y —1/2|. From G G
Egs. (B23), (3.13), and (3.14), the hyperelectric power PEE )(k’ T) = a4H4CEE )(Y»bo)(—k7)4_2y- (B28)

spectra evaluated in the large-scale limit are

Pp(k,t) = a*H*C(y, by) (—kz)*=2, (B27)

As in the case of Eqs. (B24) and (B25), the k-independent
prefactors Cg(y, by) and CI(EG)(}/, by) turn out to be

22)/—31‘*2 1/2 —nb0/2F2 nb0/2r*2
Caly. by) = (7;+ [2) | e (y)2+ e y) .
4 IC(y = ibo/2)]* [Ty + ibo/2)]
22y—3r2 7+ 1/2 e—ﬂbo/Zl—Q ¥ enbo/ZI—Q y
Ci (1. by) = (3 )[ — ( )2— : ) 2} (B29)
4 IC(r = ibo/2)I*  [T(y + ibo/2)]

Before concluding this part of the analysis, we make two
remarks. While it is true that for @ — 0 the scalar and the
pseudoscalar couplings are proportional, Eq. (B20) may
also arise when 4 does not depend on 7 and 4 « In (—7/7;).
This case is however automatically included in the results
of Egs. (B24) and (B25) and Egs. (B27) and (B28) by
demanding that y — 0. The second remark is that the same
structure of the turning points occurs when 0 < o < 1,
and this case is briefly analyzed at the end of Appendix A.

3. The particular case a=1
a. Exact form of the mode functions
In Egs. (4.4) and (4.5), the limit @ — 1 implies v — o

and n — constant, respectively. The singularity of v just
signals that the rescaling to the # time is immaterial since

)4 = —byr; /7> and /2" /\/A scale in the same way as a

|
function of z. It is therefore simpler to go back to Eq. (3.17)
in the case a = 1,

xiby y(y—1
Cat [kz F M1 )]fk,i =0 (B30)
The solution of Eq. (B30) is
_Ne
fis(t) = 7=V —ktH,, (—kz), (B31)

V2k

where H ,(,li)(—kr) denotes the standard Hankel’s functions

[68,69], and

Ni:\/gei”<2ﬂi+l)’ ﬂi:(y—l/z)zixlbo (B32)
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As previously noted in the case generic case o > 0, when
y — 1/2, the Bessel index is u. = +byx;. Since byx; falls
between 1072¢ and 10~'%, we have, in practice, that g, — 0
when y — 1/2. In this case, a logarithmic enhancement of
Hankel’s functions is expected large scales.

b. Gauge spectra and comparison with the WKB result

Inserting Eqgs. (B30) into Egs. (3.13) and (3.14), the
hypermagnetic power spectra are

H4 4
Palk.7) = e [T (e, ) (ko)
167
2T ) (k)] (B33)
H4 4
Pk 1) = 5 2T ) (k) -
167
= 2T ) (=he) ) (B34)

Equations (B33) and (B34) can always be expanded in the
limit byx; < 1, and the final result is

Py(k,7) = Pg(k,7)[1 + O(x}b3)],

[In (=kz/2) —w(ly — 1/2])]
12y — 1

(B35)

P (k,7) = x,boPy(k, 7)

x [1 + O(x1b3)], (B36)

where w(x) denotes here the Digamma function, and

_ H4Cl4
Pp(k.7) = 722‘7“/2|‘3F2(|y — 1/2|)(=kz)5-2-1/2,

(B37)

Again Egs. (B35), (B36), and (B37) are consistent with all
the previous estimates and corroborate the WKB results.

Before computing the hyperelectric power spectra, we
note that the mode functions g, ;. obtained from Eq. (B30)
take two different forms depending upon the value of y;
more specifically,

D(_pr
gk,i(T)—\/gNi{[ﬂi-l-(}’—lh)}%

~V=keH)_| (~kz) } 0<y<1/2, (B38)

(1
a1 = {172 - P R0
4 mHLL)+1(_kT)}’ y>1/2. (B39)

When 0<y<1/2, we have that H\' (~ks)=

H(_ly)_l/z(—kr); since, in general, H&lg_l/z(_kf):

e r+1/ 2)H}(,P/2(—k1) [68,69], the overall result for the

hyperelectric spectrum is the same for Eqgs. (B38) and
(B39),

Pg(k,7) = Pp(k,7)[1 + O(x3D3)], (B40)

[In (=kz/2) =y (]y = 1/2|)]
2y =1

P (k, 7) = x1byPp(k, 7)

x [1 + O(x1b3)], (B41)

where, in analogy with Eq. (B37), we introduced P (k, 7)
which is defined as

H*a*

P

Prlk.7) = —2%"2T2(y + 1/2)(=ke)*%.  (B42)

To simplify the forthcoming phenomenological consider-
ations, it is practical to remark that the amplitudes of the
power spectra appearing in Egs. (B13)—(B18) (and obtained
in the generic case a > 0) coincide, in practice, with the
prefactors of Egs. (B37)—(B40). For instance, by comparing
Egs. (B13) and (B37) it is possible to verify that

du(p+1)+5 2152y - 1/2))
1287242 Vs

,  (B43)

where, according to the previous results, u = |y — 1/2|.
Since the approximate equality of Eq. (B43) holds within
an order of magnitude, we can argue that there are indeed
only two complementary phenomenological ranges,
namely, the region o > 1 and the case 0 < a < 1.

APPENDIX C: DECREASING GAUGE
COUPLING: PARTICULAR CASES

For the sake of completeness in this appendix, we are
collecting some of the results that are relevant when the
gauge coupling decreases during inflation and then flattens
out later on.

1. The particular case a=0

In the limit @« — 0, Eq. (B21) will keep the same form
with slightly different parameters; more specifically, we
have

by = —=by = (27/71) (21 /72)7 (Aa/ 1),

p—p=(F+1/2). (C1)

In terms of the parameters defined in Eq. (C1), the analogs
of Egs. (B22) and (B23) are therefore given by
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e—iﬂ/4?n’l~70/4

From Egs. (C2) and (C3), we can estimate the hyper-

fra(y) = Wwiii)o/lﬁ ), p=7+1/2, magnetic power spectra,
C2 - ~ ~ -
) Polk.r) = a*HCy (7. Bo) (ke (CH)
. i 5,4 [+ (27 F ibo)
G (y) = iV 2kem/4Fxb0/4 {— ito/2.() - s - )
2y ibo/24i PO (k1) = a*H*C\) (7. Bo) (=kr)*%,  (C5)
_ le:iEO/Z,ﬁ(y)] (C3)
y where Cp(7, by) and (NZEBG) (7, by) are defined as
|
B . 2273 ”7’0/21"2 = —nBO/zrz =
Cp(7.bo) = —-T2(7 + 1/2)[ S 2 S 2 }
4 IC(7 = ibo/2)|* T (7 + ibo/2)I?
. . 9273 niao/zrz s —nBO/zrz 5
Cy (7. bo) = —-T2(7 + 1/2>[ G A R 2 } (C6)
4 IC(7 = ibo/2)*  [T(7 + ibo/2)[?
Finally, in the hyperelectric case, the gauge power spectra are
Pp(k.7) = a*HC (7) (=ke) =) 4 Y (7. o) (ko). (C7)
Py (k.7) = a*HHCY (7. Bo) (~ke) ], (C8)
where the various coefficients are now given by
R | =N
CY () = =T +1/2).
. _ .. 0273 enEO/2F2(~) e—n50/2F2(~)
1)/~ ~ 14 4
&) = B T2+ 1/ |
m IC(7 + ibo/2)[*  [U(7 = ibo/2)]
B B .. 0273 enéo/zrz(};) e—yzizo/zrz(];)
6 .b0) = B T2 /2 [ R, (©9)
‘ 2 PG + ibo/2)1*  [T(7 ~ ibo/2)
|
N H*a* .
Pylk.) = T5 2T (i, ) (—ke) 20
2. The particular case a=1 167 ] ~
In the case a =1, the basic evolution of the mode +2%-T 2(/7—)(—]“)5_2” -1 (C11)
function appearing in Eq. (B30) gets modified as
P PO (k. 7) = L 12,y (k)20
"oy k2:|:%_'ui_71/4fki:0 B 1673 *
ko 7 7 ' = 27T (i) (—kz)> =], (C12)

f= (7 +1/2)% £ xibo. (C10)
The same steps of Eqs. (B31) and (B32) can be repeated
since Eq. (C10) has an exact solution of the same kind of
the one previously discussed. As before, the crucial
observation is that, in spite of the values of b, x; is so
small that the obtained results can always be expanded for
x; < 1. Large-scale power spectra are unaffected by the
anomalous contribution. For instance, the hypermagnetic
power spectra are given by

With the same technique, we can obtain the explicit
expressions of Pg(k,7) and P%G)(k, 7). If Pg(k,7) and
Pp(k,7) are expanded in the limit |kz| < 1, the resulting
expressions are

H*a*

2 (74 1/2) (<ke) 1+ O+ B5) .

Py(k,7)=

(C13)
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= H*a* . .
Pp(k.t) = =222 (|7 — 1/2]) (=ke)>P7!

x [1+ O(x%l;(z))], (C14)

and similarly for the gyrotropic contribution that is propor-
tional to xb.

3. Late-time gauge spectra

In the case of decreasing gauge coupling, Eq. (5.3) has
basically the same form, but the Bessel indices and the
related arguments are clearly different. For the present
purposes, the relevant results are

Ar(e1,2) = 5 VERYam1 (2)J5(2) = T ()Y ().
Apyfa1:2) = 5 vaTls () Y5 () = V(e da (o))

gf(Zl’Z) = Eﬁ[yfr—l(zl)‘]&—l(z) —Js1(21)Y 521 (2)]

Agy(21.2) = 5VAT5(2) Y51 () = Yol2) ot ()]
(C15)

)

where now z;, z and & are defined as

5=16—1/2|.
(C16)

21 =(8/7)kry, z=t+7,[14(5/7)].

Equations (C15) and (C16) have been deduced by
assuming that the gauge coupling first decreases and then
flattens out after inflation. This happens, for instance,
in the case of the profile of Egs. (2.17) and (2.18).
Equations (C15) and (C16) [which are the analog of
Egs. (5.3) and (5.4)] apply in the situation where the
gauge coupling increases and the flattens out after
inflation.
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