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The precision measurements of the spectra of cosmic ray nuclei and leptons in recent years have revealed
the existence of multiple features, such as the spectral break at ∼300 GV rigidity seen by PAMELA and
AMS-02 and more recently confirmed by DAMPE and CALET, the softening in the spectra of H and
He nuclei at ∼10 TV reported by DAMPE, confirming previous hints by NUCLEON and CREAM, a tiny
change of slope at ∼40 GeV in the electron spectrum, revealed by AMS-02, and the large spectral break at
∼TeV reported by indirect (HESS, MAGIC and VERITAS) and direct (DAMPE, CALET) measurements
of the total (electronsþ positrons) lepton spectrum. In all these cases, the possibility has been suggested
that these features might reflect the occasional presence of a local cosmic ray source, inducing a noticeable
reshaping of the average expected spectra. All these proposals have to face the question of how likely it is
for such a source to exist, a question that we address here in a quantitative way. We study the statistical
properties of random distribution of sources in space and time, and the effect of the spiral structure of our
Galaxy for both the spectra of light nuclei (p and He) and leptons (electrons and positrons) in different
energy regions.
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I. INTRODUCTION

Despite the remarkably regular shape of the all-particle
cosmic ray (CR) spectrum over many orders of magnitude in
energy, recent measurements of the spectra of individual
nuclear species and of leptons (electrons and positrons) have
shown a wealth of unexpected features. The PAMELA [1]
and AMS-02 [2,3] experiments have independently shown
that the spectra of protons and helium nuclei show a
hardening at rigidity ∼200–300 GV. Later AMS-02 con-
firmed that this feature is present also in the spectra of
virtually all other nuclei in the cosmic radiation. The feature
in the H and He spectra was recently confirmed also by
DAMPE [4,5] and CALET [6] (to date, limited to H).
The spectra of protons and helium as measured by

DAMPE in a wider energy region than previous instru-
ments also show a feature at rigidity ∼10 TV [4,5]. CALET
confirmed the presence of this steepening in the proton
spectrum [6].
These high precision data provided us with the unprec-

edented possibility to find a self-consistent picture of the
transport of CR nuclei in the Galaxy, in terms of diffusion,
advection and energy losses. The main limitation to finalize
this goal is in fact in the poor knowledge we have of

fragmentation cross sections of nuclei in their journey
through the Galaxy, as pointed out in much current
literature [7–12].
The same precision is also a powerful tool to unveil

the reason for the appearance of the features discussed
above. Taken at face value the hardening at few hundred
GV rigidity could either result from a corresponding
hardening in the spectrum of CRs injected by sources
(see for instance [13,14]), or could be due to a change in the
way diffusion takes place at energies below and above the
feature [15–17]. The first class of models, associated with
sources, includes the possibility that a local recent source
may substantially affect the overall spectrum and cause the
hardening [18]. However, these types of models do not
explain in a simple way the behavior of the secondary/
primary ratios, which instead arises quite naturally in
scenarios where the feature is caused by a change of
diffusion regime [19]. In the second classes, the reason for
the different energy dependence of the diffusion coefficient
below and above the break is still matter of debate: it might
reflect a transition from self-generated to preexisting
turbulence [15] or a nontrivial spatial dependence of the
diffusion coefficient in the halo [16].
As far as the DAMPE feature at ∼10 TV is concerned,

there is at present no accepted explanation, although it has
been proposed that it might reflect CR reacceleration by a
local source [20]. The results of the present work will apply
also to this model.
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Recent observations also changed in a dramatic way our
view of CR leptons: HESS reported a measurement of the
lepton spectrum up to 5 TeV [21], showing substantial
steepening at ∼900 GeV (with Δγ ∼ 1). CALET [22] and
DAMPE [23] have provided the first direct measurements
of the total lepton spectrum up to ∼5 TeV. DAMPE largely
confirmed the spectral softening at ∼900 GeV, with the
spectral index changing from ∼3.1 to ∼3.9. The spectra of
electrons [24] and positrons [25,26] have been measured
separately by PAMELA and AMS-02, the latter extending
the measurement up to ∼1 TeV. The different spectral
shape of electrons and positrons, and the rising positron
fraction have proven that positrons in the cosmic radiation
are not only secondary products of CR interactions in the
ISM. The most likely sources of electron-positron pairs
are believed to be pulsar magnetospheres (see for instance
[27–35]). A careful assessment of the role of pulsars that
escaped their parent SNR in producing the observed flux of
positrons was recently presented in Ref. [36].
The recent AMS-02 data on the electron spectrum also

show evidence of an unexpected feature at ≳40 GeV. The
collaboration suggested that this would reflect a new type of
sources contributing to the flux. On the other hand, it was
noted [37] that the feature appears at about the same energy
where a transition from Thomson to Klein-Nishina regime of
ICS off UV light occurs. A careful calculation of the electron
spectrum, taking into account the appropriate cross section
[38], the spiral structure of the Galaxy and an updated model
of the UV light, proved that a feature does appear at about
the correct energy to describe the AMS-02 data.
In virtually all cases listed above, there have been

speculations concerning the role of a local recent source
to the flux of CRs at the Earth [18,39–45], thereby raising the
question of whether such occurrence may be considered
likely enough to be plausible. Clearly the answer to this
question depends on whether we are focusing on nuclei or
electrons, and on the energy of the particles produced by the
alleged local source. In order to address the question in a
quantitative manner, here we adopt a Monte Carlo technique
for the generation of the spatial localization and the temporal
occurrence of the sources and a Green function formalism
to describe particle transport. This approach allows us to
quantify the role of fluctuations for nuclei and leptons of
different energies, and even for different assumptions of the
spatial distribution of sources in the Galaxy. In fact, the latter
represents a crucial point in our analysis, in that we find that
the role of fluctuations is very sensitive to the spiral structure
of the Galaxy we live in.
The effects of source discreteness and stochasticity on

the CR flux observed at the Earth have been considered
in previous literature. In particular, the author of Ref. [46]
was the first to point out that the variance associated with
random source distribution is formally infinite, as a
consequence of the unavoidable presence of sources very
close to the solar system and occurring at very recent times.

The problem was treated by introducing either a minimum
time or a minimum distance to the source, so as to make the
variance finite [47,48]. However, as noticed by [49], this
argument is based on the hidden assumption that the flux
observed at the Earth is not affected by one of such nearby
recent sources. An alternative solution, as suggested by
[50], was to adopt a smooth density of distant sources and
introduce explicitly a number of individual, nearby sources
with distances and ages inferred from supernova remnant
(SNR) or/and pulsar catalogues and treated as known
sources. This approach has been criticized by [51], as
source catalogues suffer from incompleteness. In particular,
the completeness of catalogues drops sharply beyond a
certain distance and more importantly beyond a certain age.
Moreover it is not clear how to normalize the energetic
input of the two contributions (distant sources and local
sources), making the ratio between the two an artificial free
parameter. Finally, the distinction between local and distant
sources is somewhat arbitrary.
From the mathematical point of view, the divergence in

the variance of fluctuations is due to a long power law tail in
the probability density function (PDF) of the flux from
nearby sources [52]. However, a generalization of the central
limit theorem which applies to PDFs with power law tails
and diverging second moments can make the problem
tractable again [19]. For nuclei, this idea was applied to
find that, within homogeneous models for sources and
diffusion, it is unlikely that the spectral break at 300 GeV
might be due to a prominent nearby source [53].
The situation is more critical when dealing with rela-

tivistic electrons as their galactic “horizon” (the region from
which they can reach Earth without appreciable energy
losses) shrinks significantly at high-energies, making the
number of sources effectively contributing to such energies
very small and the fluctuations correspondingly large.
As discussed in [54], the variance of the fluctuations in

the flux also plagues the expected anisotropy, which is
dominated by the most recent and closest sources. In this
case, the situation is even worse in that it is the zeroth order
signal (anisotropy amplitude and phase) that change wildly
from one realization of the source distribution to another.
Moreover, both the amplitude and the phase are deeply
affected by the transport in the last mile, making the
interpretation of the observations strongly dependent upon
the orientation of the local magnetic field within few
parsecs from the Solar system [55].
In this article we discuss in depth the statistical properties

characterizing the fluxes of CR nuclei and leptons at the
Earth and their fluctuations, for different assumptions on
the spatial distribution of sources in the Galaxy.
We show that the probability of a local source to affect in

any appreciable way the flux of protons and helium nuclei
at the Earth is negligibly small, especially if the Galactic
arm structure is taken into account. Hence, from the
statistical point of view, it is very unlikely that the spectral
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hardening at a few hundred GV or the DAMPE feature at
≳10 TV may be attributed to CR acceleration or reaccel-
eration at a local source. We also comment on the
implications of these findings for CR anisotropy.
For leptons the situation is more complex in that

radiative losses emphasize the role of nearby sources on
the total lepton flux. For instance, we find that at 100 GeV
the probability of a nearby source to contribute a flux about
equal to that of all remaining sources is ∼0.1%, while this
probability rises to ∼0.3% at 1 TeVand ∼7% at 10 TeV. All
these numbers refer to the case in which the spiral structure
is properly taken into account. We also checked that indeed
in about 1 realization out of 10 the calculated flux of
leptons at energies ≳10 TeV shows features that reflect the
contribution of one local source. If we use a sample of local
sources that we are indeed aware of, whose statistics is
compatible with the number of sources in our random
realizations, we confirm that the CR flux contributed by
these astrophysical objects is negligible in terms of H and
He, while for leptons it is very likely that Vela may show
up in future observations of the lepton flux at energies
≳10 TeV, but may already be providing an appreciable
(∼20%) contribution to the lepton flux at ∼1 TeV.
The article is organized as follows: in Sec. II we describe

our model for the transport of CR nuclei and leptons and for
the generation of the spatial and temporal distribution of the
sources. In Sec. III we discuss the statistical properties
describing the flux of nuclei and leptons and the related
anisotropy signal. We devote Sec. III C to the description of
the role of Vela and other known local sources to both the
spectra of nuclei and leptons. Our conclusions are illus-
trated in Sec. IV.

II. MODEL

Here we illustrate the main aspects of our calculations,
based on the following few assumptions: primary nuclei
and electrons are assumed to be accelerated at SNRs
exploding in the Galaxy at a mean rate inferred from
independent measurements [56,57]. Additionally, we
assume that roughly 80% of SN explosions produce a
pulsar that injects in the ISM an equal number of electrons
and positrons with a relatively hard spectrum up to a few
hundred GeV and a cutoff at a fraction of PeV [36].
The individual SN explosions are assumed to be bursts in

terms of CR injection into the ISM. As discussed in [47],
introducing a time dependent injection of CRs from
individual SNRs does not affect the result in an appreciable
way, since the duration of the active phase of a SNR (a few
tens of thousand years) is much shorter than the typical
escape time of CRs from the Galaxy. Pulsars have typically
a longer lifetime compared with SNRs, however as shown
in [36], the burst approximation is sufficient to describe the
lepton spectrum at Earth up to an energy of ≳10 TeV.
The diffusion coefficient and halo size to be adopted in

the calculations is as inferred from standard calculations of

CR transport, based for instance on weighted slab
approaches to CR transport, or from more complex
numerical computations (GALPROP [58,59], DRAGON
[60]) once the information about secondary to primary
ratios and Be/B is used [10,12,61–63].
Following an approach previously exploited in [36] (and

similar to the methodology adopted in several works, e.g.,
[29,34,47,49,64–66]), we generate the position of SNRs in
space and time in the Galaxy with a Monte Carlo technique.
Each source realization is required to reproduce, on large
scales, the given global spatial distribution (see below). For
each type II SNR, we also generate a pulsar with an initial
period drawn at random from the observed distribution and
with a birth kick velocity also following the observed
distribution [67].
Since the main goal of the work presented here is to

address the issue of fluctuations in high-energy CRs, we
neglect advection and second-order Fermi acceleration
(if present at all), that may only affect CR transport at
energies below 10 GeV.
The transport equation of the CR species i reduces to the

simpler form [68]:

∂
∂tniðt;E; rÞ−DiðEÞ∇2niðt;E; rÞ ¼Qiðt;E; rÞ−Biðt;E; rÞ;

ð1Þ

where, niðr; t; EÞ ¼ dN=dVdE is the isotropic part of the
differential CR spectral density.
In Eq. (1), Qðr; t; EÞ≡ dN=dEdVdt is the rate of CR

injection per unit volume, time and energy, DðEÞ is the
energy-dependent isotropic diffusion coefficient (assumed
to be uniform in the diffusion volume), and B is the rate
of energy losses which is different for nuclei and leptons
(see II A and II B).
As usual, Eq. (1) is solved with the so-called free-escape

boundary condition at z ¼ jHj, H being the height of the
halo, namely niðz ¼ �HÞ ¼ 0. We neglect particle escape
in the radial direction, a good approximation so far as the
distance of the Sun to the radial boundary is larger than the
size H of the halo. For the diffusion coefficient we adopt
the same functional form and parameters’ values as in [36],
assuming for the halo size H the value of 5 kpc as deduced
from the recent measurements of Be/B and Be/C ratios by
AMS-02 [61,62].
The source term Q is expected to be a sum of discrete

injection episodes in space-time (the spatial and timescale
of likely accelerators being assumed much shorter than
propagation length and time), whose actual positions and
epochs are unknown. Therefore, for a given ensemble of N
sources with positions rs and ages ts, Q can be conven-
iently written as:

Qðt; E; rÞ ¼
X
j

QjðEÞδ3ðrðjÞs − rÞδðtðjÞs − tÞ ð2Þ
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where each source j that belongs to the source population
contributes with the injection spectrum QjðEÞ.
The flux at the Earth of primary CRs of a given type at a

given energy as provided by all sources (assuming bursted
injection) can be written as:

Φ⊙ðEÞ ¼
c
4π

X
j

njðt⊙; E; r⊙Þ

¼ c
4π

X
j

Gjðt⊙; E; r⊙ ← ts; Es; rsÞQjðEsÞ; ð3Þ

where we have assumed that all CRs of interest are
ultrarelativistic. Here Gðt; E; r ← t0; E0; r0Þ is the Green
function of the transport equation, namely the solution of
Eq. (1) for Q ¼ δ3ðr − r0Þδðt − t0ÞδðE − E0Þ and the same
boundary conditions as for Eq. (1).
Hereafter we adopt the notation that all quantities labeled

with ⊙ are considered as evaluated at the Earth, after
summing the contributions of all relevant sources.
With this formalism, it is also easy to compute the

anisotropy from discrete sources as the ratio of the diffusive
particle current (J ¼ D∇n) and the modulus of the iso-
tropic current [48,54]:

δðEÞ ¼ J⊙ðEÞ
1
3
cn⊙ðEÞ

¼ 3

c
DðEÞ
n⊙ðEÞ

X
j

∇njðt⊙; E; r⊙Þ: ð4Þ

The CR flux at the Earth and its cosmic variance
(fluctuations due to different realizations of the distribution
of sources) can be calculated by randomly generating
the location of the sources, following the probability
distribution function PðrÞ of finding a source between

distance r and rþ dr from the Galactic center. The time
of occurrence of the source is also drawn at random from
a flat distribution, given the average Galactic SN rate
R ¼ 0.03 event=year.
In this work we adopt two different models for the source

distribution P. The first one (hereafter jelly model) simply
accounts for the average radial distribution of sources in the
Galaxy, while the second model (hereafter spiral model)
also takes into account the 4-arms spiral structure.
In both cases, the sources are assumed to be distributed

in terms of Galactocentric distance r as described in
Ref. [69]:

fðrÞ ∝
�

r
r⊙

�
a
exp

�
−b

r − r⊙
r⊙

�
; ð5Þ

where a¼1.9, b ¼ 5.0 and r⊙¼8.5 kpc. In the z-direction,
the SNR distribution is assumed to be a Gaussian with
scale-height 100 pc.
In the jelly model, the positions of the sources are

chosen by drawing at random values of r and z from the
distributions above. The x and y coordinates are computed
by generating a random angle 0 ≤ ϕ < 2π and using the
given value of r. In the spiral model, the procedure we
adopt is similar to that already used in Ref. [36].
A pictorial illustration of the two scenarios is shown

in Fig. 1 where we show the distribution of the SNRs
generated in 1 Myr in the jelly model (left panel) and in the
spiral model (right panel). The position of the Sun is
illustrated by the thick (blue) symbol. We notice that in the
spiral model the Sun is correctly placed in the inter-arm
region between Sagittarius-Carina and Perseus arms. In this
model, the distance to the closest spiral arm, in the direction

FIG. 1. The plots show the position of the explosions in the Galactic plane in a given realization and for a simulation time of 1 Myr. In
the left (right) panel we show the case without (with) including the spiral pattern. In both figures we overplot the loci of the 4-arms of the
Milky Way spiral structure and the position of the Sun is represented by the thick (blue) circle.
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of the Galactic center, is about 1.5 kpc, well compatible
with recent determinations, as e.g., [70].
In this approach, the CR flux behaves as a stochastic

variable whose statistical properties have been the subject
of several investigations [19,46,47,49,50,52]. It has been
shown, for instance, that the probability density function
(PDF) of the flux is asymmetric having a long power law tail
for large fluxes which reflects the unavoidable occasional
contribution of local sources. Under these conditions, the
median value of the flux is not coincident with the mean
value. Notably, the latter coincides with the flux predicted in
standard calculations of CR transport for the smooth source
density distribution. In the following, we take the median
rather than the mean flux as representative of the typical flux
to be expected, so that the efficiency in the injection of H and
He are calculated by imposing that the median fits the data.
This is not a major concern for nuclei, but as we discuss
below, may become important for leptons.
Because of the long tail discussed above, these distri-

bution functions do not have a well-defined second moment
(the variance is formally divergent) and the problem of
evaluating the fluctuations around the median must rely
on a generalization of the central limit theorem which
applies to heavy-tailed PDFs as suggested, e.g., in [19].
A quantitative assessment of the role of fluctuations can be
obtained by defining the uncertainty intervals of the flux
using the percentiles, in particular the 95% uncertainty
range of the flux will correspond to the interval between
2.5% and 97.5% percentiles (see also [71]).

A. Nuclei

At the energies of interest here, the transport of nuclei is
dominated by diffusion and catastrophic energy losses
caused by fragmentation on gas in the ISM [58,72]:

Bnuclei;iðt; E; rÞ ¼
niðt; E; rÞ
τspðEÞ

; ð6Þ

where the spallation rate is defined in terms of the mean gas
density in the diffusion region n̄ and of the cross section
for spallation σsp as τ−1sp ¼ n̄gascσsp. The introduction of the
mean density is not necessary in general, but since we
use the Green function formalism here it is a useful
simplification, that is accurate as long as spallation is
slow, namely the spallation time scale is longer than the
diffusion time. For H and He nuclei, that we focus on here,
this is certainly the case. In this case, the mean density
reads n̄gas ∼ ndiscðh=HÞ, where the gas density in the disc
of the Galaxy (with half-thickness h ¼ 100 pc) is ndisc ¼
2 cm−3 corresponding to a mean surface density of
∼2.3 mgram=cm2 [73].
We model the cross section for inelastic collisions of CR

protons with interstellar gas by using the parametrization
provided by [74]. For Helium, we adopt the constant value
of σsp;He ¼ 110 mbarn since the available measurements of
this quantity do not manifest any deviation from a constant
value above few GeV’s [75]. The Green function for the
transport of CR nuclear species k reads [47]:

Gnucleiðt; E; r ← ts; rsÞ ¼
1

½πλ2kðEÞ�3=2
exp

�
−

Δt
τsp;kðEÞ

�
exp

�
−
ðx − xsÞ2 þ ðy − ysÞ2

λ2kðEÞ
� Xþ∞

n¼−∞
ð−1Þn exp

�
−
ðz − z0nÞ2
λ2kðEÞ

�
; ð7Þ

where we accounted for the fact that the CR energy is
conserved during propagation (namely, E ¼ Es) and we
have defined Δt ¼ t − ts and λk ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4DkðEÞΔt

p
.

The infinite summation in the Green function written
in Eq. (7) is introduced to satisfy the correct boundary
condition at z ¼ �H through the image charge method and
having defined z0n ¼ ð−1Þnzs þ 2nH as the z-coordinates
of the image sources.
Concerning the injection, we assume that all sources are

identical in the sense that the energy of each SN explosion
is fixed and equal to 1051 erg and each of them contributes
with the same spectrum for a given CR charge Z. In
general, the injection term reads:

QkðEÞ ¼ q0;k

�
E

10 GeV

�
−γk

exp

�
−

E
ZEmax;p

�
; ð8Þ

where k ¼ fH;Heg, q0;k is a normalization, γk is the slope
of the injection spectrum (different for protons and Helium)

and Emax;p is the maximum energy of protons. All the
parameters are chosen in such a way as to reproduce local
observations as we discuss in Sec. III.

B. Leptons

The energy losses of CR leptons are dominated by
inverse Compton scattering (ICS) on the photons of the
interstellar radiation fields (ISRFs) and cosmic microwave
background (CMB), and synchrotron emission in the
Galactic magnetic field. For the magnetic field we assume
UB ¼ 0.025 eV cm−3 (corresponding to a magnetic field
B0 ¼ 1 μG), as representative of the average energy
density in the halo [73]. The ISRF is made of the CMB,
whose energy density is UCMB¼0.25 eV cm−3 [76] every-
where, and of a second component which is the result of
emission by stars and re-processing of the starlight by dust
[77,78]. In order to model this component we adopt a fit
provided by [29] which entails the sum of 5 gray-bodies,
identified with an infrared (IR), an optical and 3 ultraviolet
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components (the temperatures and normalizations of each
component are given in Table 2 of [29]).
The rate of (continuous) energy losses of these two

processes can be then written as:

Bleptons;iðt; E; rÞ ¼ −
∂
∂E ½bðEÞniðt; E; rÞ� ð9Þ

where

bðEÞ ¼ 4

3
cσT

�X
μ

fKNðE; TμÞUγ;μ þUB

��
E

mec2

�
2

ð10Þ

being me the electron mass, σT the Thomson scattering
cross section and Uγ;μ and UB the energy densities in the
form of photons of type μ ¼ fISRF;CMBg and of mag-
netic field respectively. The function fKN effectively
describes the modification to the Thomson cross section
due to the Klein-Nishina corrections and we adopt the
parametrization recently proposed by [38].
A comprehensive comparison of the timescales intro-

duced so far is given in Fig. 2 where we show the time
scale for energy losses of leptons and nuclei, τloss;lepðEÞ ¼
E=bðEÞ and τspðEÞ respectively, as a function of particle
energy, compared with the timescale for diffusive escape
from the Galaxy, τesc ¼ H2=2DðEÞ, assuming H ¼ 5 kpc.
In this plot, as well as in the rest of the paper, we focus on
energies larger than 100 GeV, which are the ones where the
role of fluctuations may at least in principle be most visible.
At such energies, energy losses of leptons are quite
important, while for nuclei they play a negligible role.
The Green function of Eq. (1) for leptons can be written

as follows:

Gleptonsðt; E; r ← ts; Es; rsÞ ¼ δðΔt − ΔτÞGrðE; r ← Es; rsÞ;
ð11Þ

where the δ-function shows that a particle injected with
energy Es is observed after a time Δt with energy E < Es
only if the elapsed time corresponds to the time during
which the energy of a particle decreases from Es to E
because of losses. This loss time is defined as:

ΔτðE; EsÞ≡
Z

Es

E

dE0

bðE0Þ : ð12Þ

The spatial part of the Green function reads:

Gr ¼
1

bðEÞ
1

πλ2e
exp

�
−
ðx − xsÞ2 þ ðy − ysÞ2

λ2e

�

×
1ffiffiffi
π

p
λe

Xþ∞

n¼−∞
ð−1Þn exp

�
−
ðz − z0nÞ2

λ2e

�
; ð13Þ

where λe is the distance covered by a lepton under the effect
of losses and diffusion, and it is defined as:

λ2eðE;EsÞ≡ 4

Z
Es

E
dE0 DðE0Þ

jbðE0Þj: ð14Þ

In the following we assume that leptons comprise two
components, namely primary electrons accelerated in SNRs
and the electron-positron pairs produced in pulsars.
The injection spectrum of electrons fromSNRs is expected

to be a power law with a cutoff at an energy where losses
balance acceleration. As discussed in Refs. [79,80] the shape
of the cutoff depends on the diffusion coefficient in the
acceleration region. For Bohm diffusion, most reasonable in
the case of strong magnetic field amplification, the cutoff
shape can be calculated analytically [79,80] and the spectrum
injected into the ISM can be written as:

QSNRðEÞ ¼ q0;e

�
E

GeV

�
−γe

exp

�
−
�
E
Ec

�
2
�
; ð15Þ

where the normalization q0;e and the injection slope of this
primary component, γe ≳ 2, are chosen in such a way as to
reproduce observations of the total electron spectrum at
the Earth.
The cutoff energy Ec is set by equating acceleration and

losses timescales in the acceleration region. For Bohm
diffusion (DB) and synchrotron losses in a magnetic field of
∼0.1 mG, typical conditions for the environment down-
stream of a SNR shock [81], the electron spectrum develops
a cutoff at Ec ≃ 36 TeV [36].
Finally, we assume that electron-positron pairs are also

injected into the ISM by pulsars, after these leave the parent
SNR due to their birth kick velocity (see [36] for a detailed
discussion). The source term for positrons and electrons

FIG. 2. Energy loss timescale for CR electrons (solid green
line), protons (dotted red line) and Helium nuclei (dot-dashed red
line) as a function of particle energy. The dashed blue line
represents the escape timescale from the Galaxy due to diffusion
assuming H ¼ 5 kpc [61].
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from an individual pulsar is assumed here to be burstlike at
the time when the pulsar escapes its parent remnant, tBS:

Qjðt;E;rÞ¼QPWNðE;tBSÞδ3ðrðjÞs −rÞδðtðjÞs þ tBS− tÞ ð16Þ

where, following [82], tBS ≃ 56 kyr and the spectrum
QPWNðEÞ is modeled as a broken power law, with slope
γL below the break Eb and slope γH above:

QPWNðE; tÞ ¼ q0;e�ðtÞ exp
�
−

E
EdropðtÞ

�

×

� ðE=EbÞ−γL E < Eb

ðE=EbÞ−γH E ≥ Eb:
ð17Þ

In most cases, observations of electromagnetic radiation
from individual pulsars require γL ∼ 1–1.9 and γH ∼ 2.5.
This functional form provides a good description of the
emission from PWNe both within the parent SNR and in
the bow shock phase (see [83] and references therein). The
cutoff position Edrop reflects the potential drop of the pulsar
at the time of leaving the parent remnant [84,85].

III. RESULTS

One realization of the source distribution in the Galaxy
is generated by extracting at random in time and space
from the appropriate distributions (see discussion above) a
number of sources sufficiently large to reach equilibrium in
both the spectra of nuclei and leptons. For nuclei with
energy ∼100 GeV this requires that sources are produced
over a time span of > 10 Myr. Typically the statistical
analyses discussed below are obtained by generating ∼105

realizations for each model of spatial distribution of the
sources (jelly versus spiral model). Below we discuss
separately our results for nuclei and leptons.

A. Nuclei

In Fig. 3 we compare our model predictions with data
provided by recent experiments in the energy region
≳100 GeV for H (left panel) and He (right panel). All
the results that we obtain for H and He can be straight-
forwardly applied to heavier nuclei as long as diffusive
escape is faster than fragmentation. This latter constraint
derives from having used the Green functions which does
not apply when spallation losses becomes dominant. The
approximation is appropriate for protons and He nuclei in
the whole energy range considered here. For heavier nuclei
the minimum energy for which spallation losses can be
neglected becomes gradually higher. The normalization of
the injection rates of H and He are calculated by imposing
that the median flux fits the data. The fit is clearly
dominated by the high precision AMS-02 data. We confirm
findings of previous analyses suggesting that the source
spectra of the two elements are required to be slightly
different (γH ¼ 2.3 and γHe ¼ 2.25). Notice that we intro-
duced a cutoff in rigidity at R ¼ 7 PeV, although this does
not affect our main conclusions at lower energies. Each
panel in Fig. 3 shows the median flux for the two models of
spatial distribution of the sources, the jelly (red solid line)
and spiral (blue dashed curve) model. The shadowed areas
represent the 95% uncertainty range computed as the 2.5%
and 97.5% percentiles of the PDF of the flux. In particular,
the red area refers to the jelly model and the blue area to the
spiral model.

FIG. 3. The intensity of protons (left panel) and Helium nuclei (right panel) resulting from the sum of all SNRs throughout the Galaxy.
Lines represent the median flux computed over 105 realizations of the Milky Way in the jelly configuration (solid red line) or spiral
configuration (dashed blue line). The shadowed areas represent the 95% uncertainty range computed as the 2.5% and 97.5% percentiles
of the intensity PDF. Data are show for the experiments: AMS-02 [2,3], CALET [6], CREAM [86], DAMPE [4,5], ICECUBE-ICETOP
[87], KASCADE [88], NUCLEON [89] and PAMELA [1].
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One can notice that the fluctuations are visibly less
pronounced in the spiral model, as one can easily expect
since the closest sources are more concentrated around the
centroid of the nearest arms, hence the probability to find
local recent sources around the position of the Earth
is lower.
The fact that these fluctuations are associated to the high

flux tail in the PDF is well illustrated in Fig. 4, where we
show the PDF of the fluxes at three energies, 100 GeV,
1 TeV and 10 TeV, for the jelly (red shadow) and spiral
(blue shadow) model. The tail is much more pronounced in
the jelly model, which translates into a higher probability
that an individual source can contribute a sizeable fraction
of the flux observed at a given energy. The PDFs shown in
Fig. 4 illustrate in a clear way how it is much more likely to
have a flux much higher than the median rather than a much

lower flux, again reflecting the occasional presence of a
local source.
This way of interpreting the PDF is also shown in

Fig. 5 where we plot the complement to the Cumulative
Distribution Function, CDF, or 1− CDF, as a function of the
fraction f of the total flux contributed by the single source
providing the largest flux at the Earth (with this definition,
the situation f ¼ 1 corresponds to the case where the most
intense source produces a flux at the Earth that is as large as
the sum of all other sources). The red (blue) shaded area
refers to the jelly (spiral) model, while the three panels show
the results for the same three energies as in Fig. 4. The
vertical dotted line guides the eye to the fraction f ¼ 1. At
100 GeV, one has f ∼ 1 with a probability of ∼10−3 in
the jelly model, while for the spiral model this probability
drops to virtually zero. While increasing the energy of the

FIG. 4. The PDF of the CR flux normalized to the median value computed for three representative energies (E ¼ 100 GeV,
E ¼ 1 TeV, E ¼ 10 TeV). The Milky Way configuration dubbed jelly (spiral) is shown as a red (blue) histogram. The triangles indicate
the position of the mean flux (normalized to the median).

FIG. 5. The complement to the CDF of the quantity f (defined in the text) for each realization is shown for the jelly galaxies (in red)
and spirals (in blue). A dotted vertical line marks the value f ¼ 1which is the case in which a single source contributes to the local flux
as much as all the others added together. The percentages reported in the plots indicate the corresponding probability. The three panels
refer to three different energies as in Fig. 4.
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arriving CRs, this probability becomes somewhat larger. At
10 TeV, one source can impact on the total flux with a
probability of ∼2 × 10−3 in the jelly model, while this
probability drops to 10−4 in the spiral model. The spiral
structure of the Galaxy reduces the odds of finding a source
exceedingly close to the Earth location. These results suggest
that it is very unlikely that features in the proton (or helium)
spectrum may be the result of the accidental proximity to a
local source, thereby casting serious doubts on the class of
models where these proximity effects are invoked as an
explanation of either the spectral break at 300 GeVor the so-
called DAMPE feature at ∼10 TeV. Our results extend
previous analyses, see e.g., [19], as we included for the first
time the spiral distribution of sources in the calculation of the
probability of having an individual source affecting the
spectrum at the Earth.
Investigation of the effect of local random sources on

the observed CR anisotropy and its fluctuations have been
presented by several authors [46,48,54].
In fact, the anisotropy has typically two components, one

associated with the global distribution of sources and the
other associated with local sources. The first contribution
weighs the fact that there may be more sources in one half
of the sky (typically toward the Galactic center region if
the detector is placed in a peripheral region of the Galaxy,
as in the case of the Earth) than in the opposite direction.
The second contribution reflects the stochastic nature of
local sources.
As pointed out in [48,54], the fluctuations in the

anisotropy signal (amplitude and phase) are typically very
large, so that little can be learned. Moreover, since the
signal is typically dominated by a handful of sources within
a few hundred parsec from the Earth, both the amplitude
and the phase of the anisotropy are very sensitive to the
configuration of the magnetic field in the proximity of the
Solar system. Since the level of magnetic perturbations
expected in the ISM is at most at the level δB=B ∼ 1

(but typically much smaller) the role of perpendicular
diffusion in the determination of anisotropy is crucial
[55]. This effect is neglected in global calculations of
CR transport in that, when averaged over distances
≫ Lc ∼ 10–50 pc (the coherence scale of the Galactic
field), the diffusion can be approximated as isotropic.
With all these caveats, in Fig. 6 we show the predicted
amplitude of the anisotropy signal at the Earth location for
the jelly model (left panel) and the spiral model (right
panel) of the spatial distribution of sources, compared with
observations. The median amplitude rises with energy
as ∼E1=3, which reflects the energy dependence of the
diffusion coefficient above the break. As already pointed
out in [48,54], the anisotropy computed with these
approaches is systematically larger than the observed
one. In the jelly model (similar to that discussed in [54])
the fluctuations are rather strong, but still the median
anisotropy is a factor of a few larger than the measured
one. In the spiral model, while the mean anisotropy does
not change that much, the fluctuations are considerably
smaller, as a result of the fact that the probability of having
nearby sources is smaller than in the jelly model.
As mentioned above, and as discussed in detail in

[55,94], this might reflect the important role of anisotropic
diffusion from sources in the Sun proximity, an effect that is
neglected in our calculations.
In addition to these effects related to anisotropic trans-

port, as was pointed out by [95], the anisotropy signal
might be severely decreased by a smaller overall diffusion
coefficient in the region surrounding the solar system,
while leaving the total flux basically unchanged.

B. Leptons

The transport of leptons on Galactic scales is severely
affected by ICS and synchrotron losses, increasingly so at
high energies. These losses introduce an effective horizon
lðEÞ ∼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

DðEÞτlðEÞ
p

at which a source can possibly be

FIG. 6. CR anisotropy amplitude for 30 random realizations of sources in the jelly (left) and spiral (right) model. The solid thick line
shows the median amplitude computed over 104 realizations. Datasets from ARGO [90], EASTOP [91], HAWC [92] and TIBET-III [93]
are overplotted with dotted symbols.
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located so that CR electrons and/or positrons of energy E
can be received at the Earth. Since lðEÞ decreases with
energy, the number of sources that can contribute to the
lepton flux at high energy decreases, and this can be easily
understood to cause an increase in the flux fluctuations at
high energies. It may be useful to remind the reader that, as
discussed in [36], for the propagation parameters that best
describe AMS-02 data on primary and secondary nuclei,
the number of sources contributing to the local electron flux
is considerably larger than reported in previous literature
(e.g., we expect around 103 sources to lie within the ∼TeV
lepton horizon both in the uniform case and in the case with
spirals as the diffusion length is larger than the average
spiral distance).
The spectrum of electrons and positrons and the total

lepton spectrum as calculated here are shown in the left and
right panel of Fig. 7 respectively, compared with a selection
of available recent data. As for the case of nuclei, we show
the median flux (continuous lines) and the fluctuations
(shaded areas) for the jelly case (in red) and for the spiral
model (blue). Different from the case of nuclei, the
injection spectrum required to reproduce the local spectrum
is different in the two setups. In particular, in the case
without spirals the energy losses are less important and
therefore the injection spectrum is required to be somewhat
steeper (γ ¼ 2.63) than in the case with spirals (γ ¼ 2.58 as
already found in [36]). Hence, we confirm previous claims
[31] that assuming a realistic distribution of sources can
slightly reduce the tension between the injection slopes of
protons and electrons. Nevertheless, this effect is far from
sufficient to solve this problem, and it remains true that
other physical effects need to be invoked. The problem is

certainly nontrivial, in that the most likely option, namely
that the electron spectrum may be made steeper by losses in
the downstream region of a SNR shock [96], requires quite
extreme conditions in the late stages of the SNR evolution
[97] (see also [98] for a parametric treatment of the
problem). As a result, the issue remains open.
As expected, the fluctuations around the median lepton

flux are very large, more so at energies ≳TeV, in contrast
with the relatively mild fluctuations we found in the case
of nuclei. However it remains true that accounting for the
spiral structure of the Galaxy in terms of source distri-
bution considerably reduces the dependence of the flux
on cosmic variance. This can be appreciated in Fig. 8,
where we show the PDF of the flux at three energies
(100 GeV, 1 TeVand 10 TeV) for the jelly (red) and spiral
(blue) model. At energies ≳10 TeV the cases of jelly and
spiral distribution are not as well separated, as a result of
the fact that the number of sources becomes very small in
both cases.
We repeated here the calculation of the probability of

having one source providing a contribution that is a fraction
f of the total flux, as plotted in Fig. 9. For the jelly model,
the probability of having one source dominating the flux
(f ¼ 1) at 100 GeV is of order 1%, while it reduces the
≲0.1% for the spiral model. These probabilities rise while
increasing the lepton energy. At 10 TeV there is about
∼10% probability of having a source contributing as much
as the total flux of CR leptons, confirming that at such
energies the fluctuations are expected to have a large effect.
In fact, at such energies it is likely to see a local source
dominating the all-lepton spectrum, a prediction that should
be soon testable with data from DAMPE and CALET.

FIG. 7. The intensities of CR electrons and positrons are shown separately in the left panel, the total lepton flux is shown in the right
panel. The theoretical lines include the contribution of electrons from SNRs and electrons and positrons from PWNe. Lines represent the
median flux computed over 105 realizations of the Milky Way in the jelly configuration (dashed red line) or spiral configuration (solid
blue line). The shadowed areas represent the 95% uncertainty range. Data are shown for the experiments: AMS-02 [26,99], CALET
[22], DAMPE [23], FERMI-LAT [100], HESS [21], PAMELA [24,25] and VERITAS [101].
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This prediction is also illustrated, perhaps in a clearer
way, in Fig. 10, as the lepton flux in a collection of 30
random realizations of the source distribution. The figure
shows in a rather immediate way how the fluctuations are
larger in the jelly model. However, even in the spiral model,
which should be considered more realistic, the fluctuations
at ≳10 TeV are prominent and some local sources are
bound to dominate. It is impossible at the present time to
predict in advance how the spectrum at such high energies
should behave, in that it depends on the location and stage
of the relevant sources.
The anisotropy in the lepton signal has the same

peculiarities already discussed for the case of nuclei, but
made more severe by the larger fluctuations. In Fig. 11
we show the anisotropy as a function of energy for some
realizations of the source distribution in the jelly (left panel)
and spiral model (right panel). In the same plot we show the
upper limits imposed by FERMI-LAT observations [102].
Most realizations, especially in the spiral model, are
compatible with these upper limits. As for nuclei, the
actual pattern of anisotropy reflects the specific distribution

(in space and time) of the most recent local sources. For
leptons, as discussed above, not only the anisotropy but
also the flux at energies ≳ few TeV is dominated by such
proximity effects.

C. Local known sources

The statistical considerations illustrated above need to
face the fact that we live in a specific realization of our
Galaxy and we know some “real” sources (SNRs) that
satisfy our definition of “local” sources as introduced in the
previous section; in particular, the Vela SNR is at a distance
of ∼300 pc and its age is around ∼20 kyr, making it a very
good candidate source of high energy leptons [55,103,104].
In Fig. 12 we show a collection of ages and distances of

SNRs within 3 kpc from the Sun, selected from the ATNF
catalog [105]. In Fig. 13 (left panel) we show the spectra of
protons produced by sources with the same characteristics
as the sources in Fig. 12, assuming that they are all identical
in terms of the spectrum that they inject into the ISM.
Hence the difference in the spectra at the earth only derives

FIG. 9. The same plot as in Fig. 5 for the lepton case.

FIG. 8. The same plot as in Fig. 4 for the lepton case.

STOCHASTIC NATURE OF GALACTIC COSMIC-RAY SOURCES PHYS. REV. D 104, 123029 (2021)

123029-11



from the different distances and ages of the sources. One
should notice how these local sources provide a very small
contribution to the total proton spectrum, thereby confirming
once more that the spectrum of protons is always dominated,
at all energies of interest here, by the contribution of
numerous distant sources rather than a few local sources.
Notice also that, at odds with what has been done in much
previous work on the subject of local sources, here we do not
attribute to these astrophysical objects any peculiar proper-
ties. They are in all respects just local SNRs, identical to the
distant ones in their ability to produce CRs.
The situation illustrated above changes completely for

leptons: in the right panel of Fig. 13 we show the spectrum
of leptons at the Earth as due to the same few local SNR
sources, assumed to be all identical, and compared with the
observed lepton spectrum. In this case one can see that even
the spectrum of leptons from Vela alone is sufficient to

account for most electrons measured at energies ≳5 TeV.
Below 10 TeV, the contribution of all galactic pulsars to the
total lepton flux is on average much smaller than 10%, so
that it is even less probable that a single source prevails over
all others. For instance, we have checked that the flux
expected from a pulsar like Geminga (with a distance of
∼250 pc and age of ∼300 kyr [106]) is orders of magnitude
smaller than the observed flux, if we assume that the
injection spectrum and the efficiency are the same as that of
the galactic pulsar population.
Clearly these statements should be taken with a grain of

salt, in that all sources here were treated as bursts, while for
local sources the duration of the injection can be compa-
rable with the propagation time and/or the loss times, so
that the time dependence of the injection may become
an important factor in shaping the spectrum observed at
the Earth. Qualitatively one may expect, in scenarios where

FIG. 11. Lepton anisotropy amplitude for 30 random realizations of sources in the jelly (left) and spiral (right) model. The solid thick
line shows the median amplitude computed over 104 realizations. Data points show the 95% CL upper limits on the dipole anisotropy
from [102].

FIG. 10. The colored lines show 30 different random realizations from the Monte Carlo simulations for the case of jelly galaxy (left
panel, shades of red) and spiral galaxy (right panel, shades of blue). Datasets as in Fig. 7 are overplotted with gray symbols.
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higher energy particles escape in earlier phases, that the
observed spectra may turn out to be somewhat harder than
shown in Fig. 13, due to this phenomenon. But we stress
once more that these considerations are related to details of
the sources that are very hard to handle at this time.
Moreover, for nearby SNRs, the flux received at the

Earth may be affected by details of the diffusive transport:
for instance, since Vela is located at a distance from Earth
that corresponds to only a few coherence lengths of the
Galactic magnetic field, it is plausible that anisotropy in the
diffusive transport plays an important role. These effects
are not taken into account here, since this would require the
knowledge of details of the magnetic field (both ordered
and turbulent) that are not available.
What can be stated with reasonable certainty is that

the local sources should not produce appreciable modifi-
cations of the spectrum of nuclei, while they should
considerably shape the spectrum of leptons at high energy,
to the point that above ∼10 TeV, a dominating source,
presumably Vela, might be the main contributor and

produce considerable spectral modifications to be mea-
sured with DAMPE and CALET.

IV. CONCLUSIONS

In this work we focused our attention on the role of local
sources in shaping the spectrum of both nuclei (here we
only considered H and He) and leptons, in order to assess
the statistical likelihood of models in which spectral
features are attributed to the occasional contribution of
such local sources. The main starting point here is that the
variance of the fluctuations of the flux at the Earth is
formally divergent [46], which reflects the fact that in a
truly random distribution of sources, one source can
potentially be located at arbitrarily small distances from
the Earth, thereby providing an arbitrarily large contribu-
tion to the flux. Hence it is of the utmost importance to
investigate the statistical properties of the flux, seen as a
statistical variable, and its fluctuations.
To do so, we adopted the PDF of the flux as our statistical

indicator and investigated the implications of the long high
flux tail that is typical of the PDF [52]. A generalization of
the central limit theorem which applies to PDFs with power
law tails and diverging second moments makes the problem
statistically well posed [19].
We proved that the shape of the PDF is very sensitive to

the spatial distribution of sources: our calculations were
repeated in two cases, that of a jelly model, in which the
radial distribution of sources reflects the observed distri-
bution of SNRs and pulsars, and the spiral model in which
not only the radial distribution but also the arm structure is
taken into account. It can be easily understood that the
former model leads to a higher chance of having nearby
sources, while most local sources in the spiral model are
bound to be in the closest arm. This difference reflects in
the shape of the tail of the PDF of fluxes.
Moreover, the PDF is very different for nuclei (for which

losses are of marginal importance) and leptons, that lose

FIG. 13. Left panel: prediction for the proton flux at the Earth from individual (known) nearby sources assuming the same efficiency
and parameters as for the spiral model in Fig. 3. Right panel: the same for the lepton case.

FIG. 12. The ages and distances of the SNRs within a distance of
3 kpc from the Sun selected from the ATNF catalogue [105]. The
error bars show the reported uncertainty both in distance and age.
Specific objects are highlighted with different colors as in legend.
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energy through ICS and synchrotron radiation quite effi-
ciently and more so at high energies.
We can reliably conclude that the local sources are very

unlikely to affect the spectrum of CR nuclei at all energies
of relevance for us, meaning that statistically it is very
improbable that the hardening at a few hundred GVand the
DAMPE feature at ≳10 TV may be due to local sources. In
fact, in the jelly model of source distribution, the proba-
bility to have one source dominating the flux at 100 GeV is
only 0.1%, dropping to ∼4 × 10−5 when the spiral structure
is taken into account. At 10 TeV, these probabilities
becomes ∼0.3% and ∼0.02% respectively.
As expected, the situation is more interesting in the case

of leptons. For the transport parameters derived from the
measurements of B/C and Be/B [61], the transport of
electrons is always dominated by energy losses at E≳
10 GeV [36], hence the sources of these particles are bound
to be located at distances appreciably smaller than the halo
size H. As a result, the flux of leptons (electrons plus
positrons) is affected by much larger fluctuations compared
to the spectra of nuclei. The fluctuations become particu-
larly large for energies ≳ few hundred GeV for the jelly
model and above ∼TeV for the spiral model.
Nevertheless, the probability of one source dominating the

lepton flux at 1 TeV is only∼3% in the jelly model and 0.4%
when spirals are taken into account. Hence the spectral break
at ∼1 TeV, measured by Cherenkov telescopes [21,101] and
direct experiments [22,23] is unlikely to be due to local
sources. On the other hand, at ≳10 TeV, the diffusion-loss
time for electrons becomes comparable with the typical
distance between sources, hence the chances that a single
source may dominate the flux increases correspondingly. In
fact, the probability for that to happen is about 16% in the
jelly model and ∼7% in the spiral model.
We conclude that it is not only possible but actually

probable that above 10 TeV the flux of leptons may be
receiving a substantial contribution from a local source and
that such contribution should become evenmorevisiblewhen
measurements will be available, presumably with DAMPE
andCALET, at evenhigher energies.We showed this byusing
a sample of a few tens of realizations of source distributions
and plotting the corresponding flux, that in a few of such
realizations showed anomalous behavior at E≳ 10 TeV.
The number of local recent sources that we are actually

aware of from astronomical observations is in perfect
accord with the statistical properties of our spiral model.
Hence we also tried to check the expected contribution of
such known local sources to the spectrum of CR nuclei and
leptons. We confirm once again that the flux of H and He
contributed by Vela and the other local sources in the
catalogs is negligible at all energies of relevance. On the
other hand, Vela is expected to contribute a flux of leptons
that basically saturates the lepton flux at E≳ 10 TeV.
As all calculations trying to describe a complex phe-

nomenon such as the production and transport of CRs, also

our calculations have limitations and caveats, which we
briefly discuss below.
The first point we want to flag concerns our assumption

that the sources are treated as bursts, while in general the
injection of particles occurs in a time dependent manner.
The importance of this limitation is different for nuclei and
leptons. For nuclei, as we discussed above, at all energies the
flux is dominated by the contribution of many distant
sources, and the assumption of burst injection is incon-
sequential. For leptons, at energies above a few hundred
GeV the contribution of local sources becomes important.
For such sources, it is possible that the duration of the
injection period (tens of thousand of years for SNRs and
hundreds of thousands of years for pulsars) may become
comparable with the diffusion time from the source to Earth,
in which case the burst assumption may perform more
poorly. On the other hand, accounting in a reliable way for
the time dependent injection of CR leptons in the ISM is all
but trivial and a few comments are worth making here.
First, electrons are expected to be leaving the acceler-

ation region of a SNR when their maximum energy is not
dominated by losses, which happens in the late stages of the
SNR evolution. This point has been made clearly in a recent
work [97]. The spectrum of electrons is dominated by the
contribution of particles leaving the remnant at the very end
of the SNR evolution. In this case, the burst assumption
may in fact be justified, although the details of this
phenomenon are unknown and did not receive much
attention in the existing literature. In fact, as pointed out
in [96,97], the very spectrum of electrons is expected to be
shaped by synchrotron energy losses in these late stages,
and this phenomenon is poorly known as well.
For electrons and positrons from pulsars, the phenom-

enology is even more complex: as long as the pulsar is
inside the parent SNR, the pairs are subject to quite
extreme conditions in terms of energy losses, and these
particles are not expected to escape into the ISM, at least
not at high energies. Injection of pairs into the ISM is
expected to take place when the pulsar leaves the remnant
and becomes a bow shock nebula [82], at a time that
depends on the birth kick velocity of the pulsar. The pulsar
luminosity in the form of pairs decreases in time [36,82],
so that most energy is liberated when the pulsar escapes
the remnant. In this sense the assumption of burst
emission is not expected to be too bad, as discussed in
[36]. Moreover the lepton flux in the TeV region is still
expected to be dominated by the contribution of electrons
from SNRs rather than a local pulsar.
The second point to keep in mind in assessing the

reliability of the calculations presented in this work and in
previous articles is that the spectrum of leptons and nuclei
actually released by SNRs and pulsars is not well estab-
lished. In fact, as discussed in [97,107], the spectrum of CR
protons (and nuclei in general), when calculated according
to our knowledge of CR acceleration in SNRs, is not a pure
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power law, as a result of the fact that there are at least two
contributions, that of CRs escaping at the maximum energy
at any given time and that of particles leaving the SNR at
the end of the evolution. Moreover, different types of SNRs
have different maximum energy. The sources that are able
to reach PeV energies are not common type Ia and II
supernovae, but rather very energetic events that may work
in different way. In fact, as mentioned in [107], the feature
in the protons and He spectrum at ≳10 TeV might reflect
these phenomena. As mentioned above, all these issues
become even more severe for electrons injected into the
ISM by SNRs, because of the importance of energy losses
in the late stages of the SNR evolution [96,97].
A third caveat to keep in mind is that in our calculations

we assumed that all SNRs have the same intrinsic energy. As
mentioned earlier, it is well known that SNRs of different
types may have different rates and different kinetic energy
in the form of ejecta. One may speculate that accounting
for such effects may lead to an increase in the level of
fluctuations, especially at the highest energies, which might
only be contributed by rare but very energetic SNRs.
The last caveat to keep in mind is related to our

description of CR transport from nearby sources. All such
sources are located inside the disc and at typical distances
of order hundreds of pc from the solar system. It is possible
and in fact expected that CR transport on such scales may
be regulated by effects that are hard to account for in a
global description such as the one presented here and used
in much literature. There are several reasons for this
statement: first, inside the disc the large fraction of neutral
gas is expected to lead to substantial ion-neutral damping,
and hence to a larger diffusion coefficient. This effect is
negligible on global CR properties, such as B/C and Be/B,
but can affect CR transport from local sources. Second,

diffusive transport from a local source may be very
sensitive to the magnetic field structure in our cosmic
neighborhood. This point has been made very clearly in
[55] as it affects the amplitude and phase of the CR
anisotropy. In terms of flux at the Earth, the local conditions
may be important because we may not be magnetically
connected in the same way to local sources, hence for some
of them perpendicular diffusion may be more important
than parallel diffusion. In the conditions that we believe are
appropriate for the ISM, the level of turbulence is low,
δB=B≲ 1, hence the perpendicular diffusion coefficient is
much smaller than the parallel one. Moreover all the
quantities depend rather sensibly upon the type of turbu-
lence responsible for CR scattering and on the level of
anisotropy in the turbulent cascade (at least for Alfvénic
turbulence). Finally, if the region around the Sun has been
affected by recent (over the last tens of million years)
activity, it is plausible that the local diffusion coefficient
may be quite smaller than the one on Galactic scales. As
discussed by [95], the existence of a bubble with sup-
pressed diffusion around the Sun would not lead to a major
change in the flux of CR nuclei at the Earth but might affect
the anisotropy and the flux of leptons from nearby sources.
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