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Based on the recently formulated chiral radiation transport theory for left-handed neutrinos, we study
the chiral transport of neutrinos near thermal equilibrium in core-collapse supernovae. We first compute the
near-equilibrium solution of the chiral radiation transport equation under the relaxation time approxima-
tion, where the relaxation time is directly derived from the effective field theory of the weak interaction. By
using such a solution, we systematically derive analytic expressions for the nonequilibrium corrections of
the neutrino energy-momentum tensor and neutrino number current induced by magnetic fields via the
neutrino absorption on nucleons. In particular, we find the nonequilibrium neutrino energy current
proportional to the magnetic field. We also discuss its phenomenological consequences such as the possible
relation to pulsar kicks.
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I. INTRODUCTION

One of the most important properties of neutrinos in the
Standard Model of particle physics is the left-handedness.
Although neutrinos are expected to play important roles in
the explosion dynamics of core-collapse supernovae, this
property has been neglected in the conventional neutrino
radiation transport theory [1–5] applied so far; for recent
reviews on the theoretical aspects of core-collapse super-
novae, see, e.g., Refs. [6–11]. It is thus important to study the
effects of chirality of neutrinos on the dynamics of the core-
collapse supernova as pointed out in Ref. [12].
Recently, starting from the underlying quantum field

theory, the authors of this paper have systematically con-
structed the neutrino radiation transport theory incorporating
the effects of chirality. It is dubbed as the chiral radiation
transport theory [13]. Unlike the conventional neutrino
radiation hydrodynamics, this theory explicitly breaks the
spherical symmetry and axisymmetry of the system by the
quantum effects related to the chirality. Moreover, novel
transport phenomena that have been missed in the conven-
tional theory emerge, which may qualitatively change the
time evolution of the system. The construction of such a
theory was made possible thanks to the recent developments
of the kinetic theory for chiral fermions, called chiral kinetic
theory, in high-energy physics [14–29].

In this paper, based on this chiral radiation transport
theory for neutrinos, we study the chiral transport of
neutrinos near thermal equilibrium in core-collapse super-
novae. We first compute the near-equilibrium solution of
the chiral radiation transport equation under the relaxation
time approximation, where the relaxation time is directly
derived from the effective field theory of the weak
interaction. By using this solution, we then analytically
derive the nonequilibrium corrections of the neutrino
energy-momentum tensor and current induced by mag-
netic fields through the neutrino absorption on nucleons.
In particular, we find the nonequilibrium neutrino energy
current and neutrino number current proportional to the
magnetic field; see Eqs. (73) and (74). Although the
asymmetric neutrino emission induced by the strong
magnetic field was also discussed in previous works in
relation to the possible origin of the pulsar kicks [30–39],
this work is the first, to the best of our knowledge, to
derive the explicit form of the magnetic field induced
energy-momentum tensor of neutrinos by systematically
taking into account the effects of chirality of leptons. This
work, together with our previous work [13], also explicitly
bridges the gap between the microscopic theory of the
weak interaction for neutrinos and the neutrino radiation
hydrodynamics.
The paper is organized as follows: In Sec. II, we review

the chiral radiation transport theory for neutrinos. In
Sec. III, using the relaxation time derived from the effective
theory of the weak interaction, we compute the near-
equilibrium solution of the chiral radiation transport theory.
In Sec. IV, we derive generic expressions for the neutrino
energy-momentum tensor and current near equilibrium. In
Sec. V, we compute the nonequilibrium corrections on the
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neutrino energy-momentum tensor and current induced by
the magnetic field. Section VII is devoted to discussions
and outlook.
Throughout this work, we assume massless neutrinos.

We use the Minkowski metric ημν ¼ diagfþ;−;−;−g. We
define the Levi-Civita tensor ϵμναβ ¼ ϵ̂μναβ=

ffiffiffiffiffiffi−gp
, where

ϵ̂μναβ denotes the permutation symbol and g represents the
determinant of the spacetime metric with the convention
ϵ̂0123 ¼ −ϵ̂0123 ¼ 1. For a given vector Vμ, the unit vector is
denoted by V̂μ ¼ Vμ=jVj with V being the spatial compo-
nent of Vμ. We absorb the electric charge e into
the definition of the gauge field Aμ. We also introduce
the notations AfρBσg ≡ ðAρBσ þ AσBρÞ=2 and A½ρBσ�≡
ðAρBσ − AσBρÞ=2. After Sec. II, we take ℏ ¼ c ¼ kB ¼
1 except where the ℏ expansion is shown.

II. CHIRAL RADIATION TRANSPORT THEORY
FOR NEUTRINOS

In this section, we review the chiral radiation transport
theory for neutrinos developed in Ref. [13] that will be
applied in the following sections. The general relativistic
form of the chiral transfer equation with collisions for left-
handed neutrinos is given by1

h
qμð∂μ−Γλ

μρqρ∂qλÞ−ℏcðDμS
μν
ðnÞÞ∂νþℏcSμνðnÞq

ρRλ
ρμν∂qλ

i
fðνÞqðnÞ

¼ð1−fðνÞqðnÞÞΓ<
qðnÞ−f

ðνÞ
qðnÞΓ

>
qðnÞ; ð1Þ

Γ≶
qðnÞ ¼ ðqν − ℏcDμS

μν
qðnÞÞΣ≶

ν : ð2Þ

Here, ∂μ and ∂qμ denote the spacetime and four-momentum

derivatives, respectively, fðνÞqðnÞ ¼ fðνÞðnÞðx; qÞ is the distribu-

tion function of the left-handed neutrino which generically
depends on the frame vector nμ (see below), Dμ ¼ ∇μ −
Γλ
μνqν∂qλ is the horizontal lift of ∇μ defined such that

Dμqν ¼ 0 with Γλ
μν the Christoffel symbol, ∇μ is the

covariant derivative ∇μVν ¼ ∂μVν − Γλ
μνVλ for a vector

Vν, S
μν
qðnÞ ¼ ϵμναβqαnβ=ð2q · nÞ is the spin tensor for spin

1=2 fermions with nμ the frame vector satisfying n2 ¼ 1,
Rλ
ρμν ¼ 2∂ ½μΓλ

ν�ρ þ 2Γλ
α½μΓ

α
ν�ρ is the Riemann tensor, and Σ≶

μ

are the lesser and greater self-energies. The emission and
absorption rates are given by Remis ¼ Γ<=q0 and
Rabs ¼ Γ>=q0, respectively. The terms related to the spin
tensor SμνqðnÞ in Eqs. (1) and (2) that have been missed in the

conventional neutrino transport theory explicitly break the
spherical symmetry and axisymmetry of the system.

Note that the dependence of the spin tensor SμνqðnÞ on the

frame vector nμ emerges as a choice of the spin basis, and

consequently, fðνÞqðnÞ and Γ≶
qðnÞ also depend on nμ [19,20].

However, the physical quantities do not depend on the choice
of nμ at the end. Below we will always choose the frame
vector nμ ¼ ξμ ≡ ð1; 0Þ in the inertial frame, then we have
∇μnν ¼ 0,DμS

μν
ðnÞ ¼ 0, and Rλ

ρμν ¼ 0, and all the corrections

due to the chirality of neutrinos appear in the collision term as
Γ≶
q ¼ ðqν − ℏcSμνq DμÞΣ≶

ν . Accordingly, we will not hereafter
highlight the frame dependence of the quantities, such as

fðνÞqðnÞ. In this case, the chiral radiation transport equation reads

□if
ðνÞ
q ¼ 1

Ei
½ð1 − fðνÞq ÞΓ<

q − fðνÞq Γ>
q �; ð3Þ

where □i is given by [5]

□i≡ 1

c
∂ti þ

μi
r2
∂rr2þ

ffiffiffiffiffiffiffiffiffiffiffiffi
1−μ2i

p
r

�
cos ϕ̄i

sinθ
∂θ sinθþ

sin ϕ̄i

sinθ
∂ϕ

�

þ 1

r
∂μið1−μ2i Þ−

ffiffiffiffiffiffiffiffiffiffiffiffi
1−μ2i

p
r

cotθ∂ϕ̄i
sin ϕ̄i: ð4Þ

Here, we adopt the spherical coordinate system ðr; θ;ϕÞ
for the position and ðEi; θ̄i; ϕ̄iÞ for the momentum of the
neutrino and the subscripts “i” stand for the quantities in
the inertial frame. We also defined μi ≡ cos θ̄i. Note that
□i may also be written in a more generic form via the
horizontal lift, □i ¼ q ·D=Ei.
For the collision term, we will focus on the neutrino

absorption on nucleons νeLðqÞ þ nðkÞ⇌eLðq0Þ þ pðk0Þ. We
are interested in the length scale much larger than the mean
free path in the matter sector composed of electrons and
nucleons. In this case, ignoring the viscous corrections and
the gradients of the temperature and chemical potentials,
we may decompose Γ̄≶

q as

Γ̄≶
q ≈ Γ̄ð0Þ≶

q þ ℏΓ̄ðωÞ≶
q ðq · ωÞ þ ℏΓ̄ðBÞ≶

q ðq · BÞ; ð5Þ

where Ō stands for a quantityO in local thermal equilibrium,
ωμ ¼ ϵμναβuν∂αuβ=2 is the vorticity, andBμ ¼ ϵμναβuνFαβ=2
is the magnetic field defined in the fluid rest frame with uμ

being the fluid four velocity and Fαβ the field strength of
the U(1) electromagnetic gauge field. The expression for

the classical term Γ̄ð0Þ≶
q was derived in Ref. [40], while the

expressions for the quantum corrections Γ̄ðωÞ≶
q and Γ̄ðBÞ≶

q were
derived in Ref. [13] based on the Fermi theory of the weak
interaction under the nonrelativistic approximation for nucle-
onswith themassMn ≈Mp ≈M and the “quasi-isoenergetic”
approximation that allows for the energy transfer up to
Oð1=MÞ. Their explicit expressions are

1In this chiral radiation transport theory, neutrinos are treated
as approximately massless and all quantum effects associated
with the small but finite neutrino mass are neglected.
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Γ̄ð0Þ>
q ≈

1

πℏ4c4
ðg2V þ 3g2AÞG2

Fðq · uÞ3ð1 − fðeÞ0;qÞ
�
1 −

3q · u
Mc2

�
nn − np

1 − eβðμp−μnÞ
;

Γ̄ð0Þ<
q ≈

1

πℏ4c4
ðg2V þ 3g2AÞG2

Fðq · uÞ3fðeÞ0;q

�
1 −

3q · u
Mc2

�
np − nn

1 − eβðμn−μpÞ
; ð6Þ

Γ̄ðBÞ>
q ≈

1

2πℏ4c4M
ðg2V þ 3g2AÞG2

Fðq · uÞð1 − fðeÞ0;qÞ
�
1 −

8q · u
3Mc2

�
nn − np

1 − eβðμp−μnÞ
;

Γ̄ðBÞ<
q ≈

1

2πℏ4c4M
ðg2V þ 3g2AÞG2

Fðq · uÞfðeÞ0;q

�
1 −

8q · u
3Mc2

�
np − nn

1 − eβðμn−μpÞ
; ð7Þ

Γ̄ðωÞ>
q ≈

1

2πℏ4c4
ðg2V þ 3g2AÞG2

Fðq · uÞ2ð1 − fðeÞ0;qÞ
�
2

Ei
þ βfðeÞ0;q

�
nn − np

1 − eβðμp−μnÞ
;

Γ̄ðωÞ<
q ≈

1

2πℏ4c4
ðg2V þ 3g2AÞG2

Fðq · uÞ2fðeÞ0;q

�
2

Ei
− βð1 − fðeÞ0;qÞ

�
np − nn

1 − eβðμn−μpÞ
; ð8Þ

where GF is the Fermi constant and gV ¼ 1 and gA ≈ 1.27
are the nucleon vector and axial charges, respectively. We
also introduced the Fermi-Dirac distributions

fðiÞ0;q ¼
1

eβðq·u−μiÞ þ 1
ði ¼ n; p; eÞ; ð9Þ

where β ¼ 1=ðkBTÞ with T being temperature and

μi chemical potentials for i ¼ n; p; e, and nn=p ¼R
d3k

ð2πℏÞ3 f
ðn=pÞ
0;k are neutron/proton densities.

Although q · u ≈ Ei ≡ q · ξ for the on-shell fermions, we
rigorously distinguish between q · u and Ei in the expres-
sions of Γ̄≶

q above. This difference will become important in
computing the neutrino energy-momentum tensor Tμν

ðνÞ and
neutrino current JμðνÞ below since ∇μðq · uÞ ≠ ∇μEi ¼ 0.
For a given fðνÞq , the energy-momentum tensor and

current of neutrinos are given by [13]

Tμν
ðνÞ ¼

Z
q
4πδðq2ÞðqμqνfðνÞq − ℏcqfμSνgρq Dρf

ðνÞ
q Þ; ð10Þ

JμðνÞ ¼
Z
q
4πδðq2ÞðqμfðνÞq − ℏcSμρq Dρf

ðνÞ
q Þ; ð11Þ

where Dμf
ðνÞ
q ≡Dμf

ðνÞ
q − Cμ½fðνÞq � with Cμ½fðνÞq �≡ Σ<

μ

ð1 − fðνÞq Þ − Σ>
μ f

ðνÞ
q and we introduced the notation (with

setting
ffiffiffiffiffiffi−gp ¼ 1 in flat spacetime)

Z
q
≡ 1

ℏ3

Z
d4q
ð2πÞ4 : ð12Þ

The energy-momentum transfer from neutrino radiation to
matter is dictated by the energy-momentum conservation law

∇μT
μν
mat ¼ −∇μT

μν
ðνÞ; ð13Þ

whereTμν
mat is theenergy-momentumtensorof themattersector

composed of electrons, neutrons, and protons. In the presence
of the electromagnetic fields, the energy-momentum conser-
vation law is modified to

∇μT
μν
mat ¼ FνμðJðpÞμ − JðeÞμÞ −∇μT

μν
ðνÞ; ð14Þ

whereJðpÞμ is theelectriccurrentofprotonsandJ
μ
ðeÞ ¼ JμRðeÞ þ

JμLðeÞ is the electric current of electrons including the con-

tributions from both right- and left-handed electrons.
In addition, we also have the lepton current conservation,

anomaly relation for the axial current, electric current
conservation, and baryon current conservation, which are
given by

∇μJ
μ
ðeÞ þ∇μJ

μ
ðνÞ ¼ 0; ð15Þ

∇μJ
μ
5ðeÞ −∇μJ

μ
ðνÞ ¼ −

1

2π2ℏ2
E · B; ð16Þ

∇μJ
μ
ðpÞ −∇μJ

μ
ðeÞ ¼ 0; ð17Þ

∇μJ
μ
ðpÞ þ∇μJ

μ
ðnÞ ¼ 0; ð18Þ

respectively, where Jμ
5ðeÞ ¼ JμRðeÞ − JμLðeÞ is the axial current

of electrons, JμðnÞ is the current of neutrons, and E
μ ¼ Fμνuν

is the electric field defined in the fluid rest frame. When the
matter sector is in equilibrium, its state is characterized by
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uμ, T, μp, μn, the electron (vector) chemical potential μe ¼
ðμeR þ μeLÞ=2 and electron chiral chemical poten-
tial μe5 ¼ ðμeR − μeLÞ=2.2
So far, the governing equations are generic and are

applicable even when the neutrino sector is far away from
equilibrium. In the following, we will consider the case
where the neutrino sector is near equilibrium (which is
the case near the core of the supernova), and then its
evolution is further characterized by the neutrino chemi-
cal potential μν. Here, for simplicity, we assume that the
matter sector and neutrino sector have the same temper-
ature and fluid velocity. In this case, the time evolution of
the system, when ignoring the evolution of the dynamical
electromagnetic fields, is governed by Eqs. (13) and (15)–
(18). In total, one has nine variables and eight
conservative equations. To form a closure for the equa-
tions and variables, we have to incorporate the β equi-
librium condition, μe þ μp ¼ μν þ μn. In the presence of
dynamical electromagnetic fields, we need to solve
Eqs. (14) and (15)–(18) coupled to Maxwell’s equation
simultaneously.

III. NEAR-EQUILIBRIUM SOLUTION FOR THE
CHIRAL TRANSPORT EQUATION

Based on the chiral radiation transport equation above,
let us solve for the near-equilibrium distribution function of
neutrinos. In the following, we take ℏ ¼ c ¼ kB ¼ 1 except
where the ℏ expansion is shown.
We first consider the case of equilibrium state for

neutrinos where the collision term vanishes,

ð1 − f̄ðνÞq ÞΓ̄<
q ¼ f̄ðνÞq Γ̄>

q : ð19Þ

We decompose the neutrino distribution function as

f̄ðνÞq ¼ fðνÞ0;q þ ℏfðνÞ1;q, where ℏfðνÞ1;q denotes the quantum
correction on the classical distribution function in equilib-

rium, fðνÞ0;q. It then follows that

Γ̄>
q

Γ̄<
q
≈
1 − fðνÞ0;q

fðνÞ0;q

�
1 −

ℏfðνÞ1;q

fðνÞ0;qð1 − fðνÞ0;qÞ

�
: ð20Þ

From Eqs. (5)–(8) on the other hand, we have

Γ̄>
q

Γ̄<
q
≈
Γ̄ð0Þ>
q

Γ̄ð0Þ<
q

�
1þ ℏðq · ωÞ

�
Γ̄ðωÞ>
q

Γ̄ð0Þ>
q

−
Γ̄ðωÞ<
q

Γ̄ð0Þ<
q

�

þ ℏðq · BÞ
�
Γ̄ðBÞ>
q

Γ̄ð0Þ>
q

−
Γ̄ðBÞ<
q

Γ̄ð0Þ<
q

��

¼ −
ð1 − fðeÞ0;qÞð1 − eβðμn−μpÞÞ

fðeÞ0;qð1 − eβðμp−μnÞÞ

×

�
1þ ℏ

βq · ω
2q · u

�
1 −

3q · u
M

�
−1
�

ð21Þ

up to OðℏÞ. Comparing the right-hand sides of Eqs. (19)
and (21) order by order in ℏ, we obtain

1 − fðνÞ0;q

fðνÞ0;q

¼ −
ð1 − fðeÞ0;qÞð1 − eβðμn−μpÞÞ

fðeÞ0;qð1 − eβðμp−μnÞÞ
; ð22Þ

fðνÞ1;q ¼ −fðνÞ0;qð1 − fðνÞ0;qÞ
βq · ω
2q · u

�
1 −

3q · u
M

�
−1

¼ βq · ω
2q · u

�
1 −

3q · u
M

�
−1∂βq·uf

ðνÞ
0;q: ð23Þ

We accordingly obtain the equilibrium distribution function
for neutrinos,

f̄ðνÞq ¼ 1

eh þ 1
; ð24Þ

where

h ≈ βðq · u − μνÞ þ ℏβ
q · ω
2q · u

þO

�
q · u
M

�
; ð25Þ

with μν the neutrino chemical potential that satisfies the β
equilibrium condition μe þ μp ¼ μν þ μn. For consistency,
we here drop the q · u=M correction since the Oð1=MÞ
corrections on Γ̄ðωÞ≶

q are already neglected based on the
nonrelativistic approximation above. After dropping this

term, f̄ðνÞq above agrees with the equilibrium distribution
function in Refs. [19,21].
When neutrinos are not in complete equilibrium but are

close to equilibrium, we may rewrite the collision term in
the relaxation time approximation,

1

Ei
½ð1 − fðνÞq ÞΓ<

q − fðνÞq Γ>
q � ≈ −

δfðνÞq

τ
; ð26Þ

where δfðνÞq ≡ fðνÞq − f̄ðνÞq is the fluctuation of the distribu-
tion function and τ ¼ Ei=ðΓ̄>

q þ Γ̄<
q Þ denotes a momentum-

dependent relaxation time which describes how long the
system returns to the equilibrium state. From Eqs. (19) and
(5), we find

2When the finite electron mass me is taken into account, it
attenuates μe5 by the chirality flipping process [41]. However, the
following discussion and our main results will not be affected
even when μe5 ¼ 0, and the effects of the electron mass on our
results can be treated as a perturbation in terms of me=μ ≪ 1.
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τ≈
Eið1− f̄ðνÞq Þ

Γ̄ð0Þ>
q

�
1−ℏ

Γ̄ðωÞ>
q ðq ·ωÞ
Γ̄ð0Þ>
q

−ℏ
Γ̄ðBÞ>
q ðq ·BÞ
Γ̄ð0Þ>
q

�
: ð27Þ

Solving Eq. (3), the perturbative solution of δfðνÞq is
given by

δfðνÞq ≈ −τ□if̄
ðνÞ
q ¼ −τ

q ·D
Ei

f̄ðνÞq : ð28Þ

By decomposing the relaxation time as τ ¼ τð0Þ þ ℏτð1Þ
via the ℏ expansion, we have more explicit expressions

τð0Þ ¼ Eið1 − fðνÞ0;qÞ
Γ̄ð0Þ>
q

¼ κEið1 − fðνÞ0;qÞ
ðq · uÞ3ð1 − fðeÞ0;qÞ

; ð29Þ

τð1Þ ¼−
Ei

Γ̄ð0Þ>
q

�
fðνÞ1;qþð1−fðνÞ0;qÞ

Γ̄ðωÞ>
q ðq ·ωÞþ Γ̄ðBÞ>

q ðq ·BÞ
Γ̄ð0Þ>
q

�

¼−τð0Þ
��

2

Ei
þ βðfðeÞ0;q −fðνÞ0;qÞ

�
q ·ω
2q ·u

þ q ·B
2Mðq ·uÞ2

�
;

ð30Þ

with

κ ≡ π

G2
Fðg2V þ 3g2AÞδn

; δn≡ np − nn
1 − eβðμn−μpÞ

: ð31Þ

Here, we used Eq. (23) with dropping the Oð1=MÞ terms.
Note that the relaxation time is directly derived from the
Fermi theory, which is the low-energy effective field theory
of the weak interaction.
Some remarks are in order here. First, one may attempt to

include the magnetic moments of nucleons neglected in
Ref. [13]. Naively, we may take into account the effects of
the nucleon magnetic moment by consistently replacing μi
by μi − siλijBj=ð2MÞ for i ¼ n; p, where λi=ð2MÞ is the
magnetic moment and si ¼ �1 denotes the spin up or

down. This amounts to the replacement of fðiÞ0;k by

fðiÞk ≈
1

eβ½M−μiþℏλijBj=ð2MÞ� þ 1
≈ fðiÞ0;k

�
1 − ℏ

siλijBj
2MT

�
; ð32Þ

forM − μi ≫ T and jBj ≪ MT. In such a case, one obtains
an extra contribution from the magnetic field to the
relaxation time, τ ¼ τð0Þ þ ℏτð1Þ þ ℏδτð0Þ, where

δτð0Þ ¼ τð0Þ
jBj
2MT

X
sp;sn

�
spλpnp − snλnnn

np − nn
þ snλn − spλp
eβðμp−μnÞ − 1

�
:

ð33Þ

In this approximation, however, the nucleon wave functions
do not include the magnetic field corrections. Hence, a

more systematic inclusion of the magnetic field corrections
in the nucleon Wigner functions (in addition to the
distribution functions) would be necessary.3 For this
reason, we do not consider the magnetic moment contri-
butions from nucleons in the present paper.
Second, one may also consider the elastic neutrino-

nucleon scattering νlLðqÞ þ NðkÞ⇌νlLðq0Þ þ Nðk0Þ. Never-
theless, an analytic form for the collision term in the

relaxation time approximation linear to δfðνÞq cannot be
derived by simply adopting the isoenergetic approximation.
In light of Ref. [13], the collision term reads

ð1 − fðνÞq ÞΓðelÞ<
q − fðνÞq ΓðelÞ>

q

¼
Z
p
δðq02ÞqμΠðNNÞ

p;μλ q
0λðfðνÞq0 − fðνÞq Þjq0¼q−p þOðℏÞ; ð34Þ

where the OðℏÞ terms are dropped here. (The detailed

structure of ΠðNNÞ
p;μλ obtained from the isoenergetic approxi-

mation can be found there.) When neutrinos are near

equilibrium, one finds fðνÞq−p − fðνÞq ≈ δfðνÞq−p − δfðνÞq given
p · u ≈ jpj2=ð2MÞ ≪ q · u, where p is the momentum trans-
fer. To obtain a nonvanishing collision term analytically, a
further assumption for the hierarchy between the neutrino
momentum jqj and the momentum transfer jpj has to be
imposed. Moreover, it is necessary to consistently incorporate
Oðjpj=MÞ corrections and the recoil momenta on nucleons,
which are already neglected in the isoenergetic approxima-
tion. Therefore, we also do not include the elastic neutrino-
nucleon scattering in the present work for consistency.

IV. NEUTRINO ENERGY-MOMENTUM TENSOR
AND CURRENT

Given the near-equilibrium solution for fðνÞq , we are now
able to evaluate Tμν

ðνÞ and JμðνÞ according to Eqs. (10) and

(11). For neutrinos near local thermal equilibrium, we
decompose

Tμν
ðνÞ ¼ T̄μν

ðνÞ þ δTμν
ðνÞ; JμðνÞ ¼ J̄μðνÞ þ δJμðνÞ; ð35Þ

where

T̄μν
ðνÞ ≡

Z
q
4πδðq2Þðqμqνf̄ðνÞq − ℏqfμSνgρq Dρf̄

ðνÞ
q Þ; ð36Þ

δTμν
ðνÞ ≡

Z
q
4πδðq2ÞðqμqνδfðνÞq − ℏqfμSνgρq Dρδf

ðνÞ
q Þ; ð37Þ

3In previous works, e.g., in Ref. [37], the nucleon magnetic
moment is included in nucleon response functions. However, the
scatteringmatrix element of polarized nucleons in vacuum is simply
used, and the effects of the medium and the magnetic field on the
scattering matrix element are not fully taken into account.
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and

J̄μðνÞ ≡
Z
q
4πδðq2Þðqμf̄ðνÞq − ℏSμρq Dρf̄

ðνÞ
q Þ; ð38Þ

δJμðνÞ ≡
Z
q
4πδðq2ÞðqμδfðνÞq − ℏSμρq Dρδf

ðνÞ
q Þ: ð39Þ

Note that Cρ½fðνÞq � ∝ uρ up to Oðℏ0Þ with the matter sector

in equilibrium, for which we have ℏSνρq Cρ½fðνÞq � ¼ 0.

Hence, ℏSνρq Cρ½fðνÞq � ¼ Oðℏ2Þ and it is neglected
above.
Given f̄ðνÞq , we may rewrite T̄μν

ðνÞ and J̄μðνÞ as [20]

T̄μν
ðνÞ ¼

Z
q
4πδðq2Þqfμ

�
qνg −

ℏ
2
βðωνgq · u − uνgq · ωÞð1 − fðνÞ0;qÞ

�
fðνÞ0;q; ð40Þ

J̄μðνÞ ¼
Z
q
4πδðq2Þ

�
qμ −

ℏ
2
βðωμq · u − uμq · ωÞð1 − fðνÞ0;qÞ

�
fðνÞ0;q; ð41Þ

which lead to

T̄μν
ðνÞ ¼ ϵðνÞuμuν − pðνÞΔμν þ ℏξωðνÞðωμuν þ ωνuμÞ; ð42Þ

J̄μðνÞ ¼ NðνÞuμ þ ℏσωðνÞωμ; ð43Þ

where Δμν ≡ ημν − uμuν. When μν ≫ T, we find

ϵðνÞ ¼ 3pðνÞ ≈
μ4ν
8π2

þ μ2νT2

4
þ 7π2

120
T4;

ξωðνÞ ≈ −
�
μ3ν
6π2

þ μνT2

6

�
; ð44Þ

NðνÞ ≈
μ3ν
6π2

þ μνT2

6
; σωðνÞ ≈ −

�
μ2ν
4π2

þ T2

12

�
: ð45Þ

In this case, the contribution of antineutrinos is suppressed
and the transport coefficients ξωðνÞ and σωðνÞ agree with
those in the chiral fluid including the contributions of both
fermions and antifermions [19,42–45]. In particular, J̄μðνÞ ∝
ωμ above is known as the chiral vortical effect [42,46–49]
and Eq. (44) correctly reproduces its transport coefficient.
Although the isoenergetic approximation breaks down at
μν ≫ T [40], we assume sufficiently large μν such that the
antineutrino distribution function is comparatively negli-
gible yet the isoenergetic approximation is still valid.
On the other hand, inserting Eq. (28) into Eqs. (36) and

(38), the nonequilibrium corrections for the neutrino
energy-momentum tensor and current become

δTμν
ðνÞ ¼ −

Z
q

4πδðq2Þ
Ei

½qμqνðτð0Þ þ ℏτð1ÞÞ

− ℏqfμSνgρq Dρτ
ð0Þ�q ·Df̄ðνÞq ; ð46Þ

δJμðνÞ ¼ −
Z
q

4πδðq2Þ
Ei

½qμðτð0Þ þ ℏτð1ÞÞ

− ℏSμρq Dρτ
ð0Þ�q ·Df̄ðνÞq : ð47Þ

As Dμ is defined such that Dμqν ¼ 0, it follows that
DμF ðq · uÞ ¼ ∇μF ðq · uÞ for an arbitrary function
F ðq · uÞ. Accordingly, we may replace Dμ by ∇μ when

it acts on τð0Þ or fðνÞ0;q in Eqs. (46) and (47).
We now make a further decomposition, δTμν

ðνÞ ¼
δTð0Þμν

ðνÞ þ ℏδTð1Þμν
ðνÞ , where

δTð0Þμν
ðνÞ ¼ −

Z
q

4πδðq2Þ
Ei

qμqντð0Þq ·∇fðνÞ0;q; ð48Þ

δTð1Þμν
ðνÞ ¼ −

Z
q

4πδðq2Þ
Ei

½τð0Þqfμðqνgq ·DfðνÞ1;q

− Sνgρq Dρðq ·∇fðνÞ0;qÞÞ þ qfμðqνgτð1Þ

− Sνgρq ð∇ρτ
ð0ÞÞÞq · ∇fðνÞ0;q� ð49Þ

correspond to the explicit classical and quantum fluctua-
tions, respectively. However, as will be discussed later,
from the ℏ corrections encoded in hydrodynamic equations

of motion, δTð0Þμν
ðνÞ can also yield quantum corrections

comparable to δTð1Þμν
ðνÞ . Similarly, we decompose as

δJμðνÞ ¼ δJð0ÞμðνÞ þ ℏδJð1ÞμðνÞ , where

δJð0ÞμðνÞ ¼ −
Z
q

4πδðq2Þ
Ei

qμτð0Þq ·∇fðνÞ0;q; ð50Þ

δJð1ÞμðνÞ ¼ −
Z
q

4πδðq2Þ
Ei

½τð0Þðqμq ·DfðνÞ1;q − Sμρq Dρðq ·∇fðνÞ0;qÞÞ

þ ðqμτð1Þ − Sμρq ð∇ρτ
ð0ÞÞÞq ·∇fðνÞ0;q�: ð51Þ
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V. NONEQUILIBRIUM CORRECTIONS FROM
MAGNETIC FIELDS

In this section, we derive the explicit forms of non-
equilibrium corrections on the neutrino energy-momentum
tensor and current. Using

∇ρf
ðνÞ
0;q ¼ −fðνÞ0;qð1 − fðνÞ0;qÞðqλ∇ρðβuλÞ −∇ρμ̄νÞ;

Dρf
ðνÞ
1;q ¼ −

fðνÞ0;qð1 − fðνÞ0;qÞ
2q · u

��
qλ∇ρðβωλÞ −

βq · ω
q · u

qλ∇ρuλ

�

− ð1 − 2fðνÞ0;qÞβq · ωðqλ∇ρðβuλÞ −∇ρμ̄νÞ
�
;

∇ρτ
ð0Þ ¼ τð0Þ

�
−
3qλ∇ρuλ
q · u

þ fðνÞ0;qðqλ∇ρðβuλÞ −∇ρμ̄νÞ

− fðeÞ0;qðqλ∇ρðβuλÞ −∇ρμ̄eÞ −∇ρ ln δn

�
; ð52Þ

where μ̄i ≡ βμi for i ¼ ν; e; p; n, we can evaluate δTμν
ðνÞ and

δJμðνÞ explicitly. [Note again that the difference between q ·

u and Ei is essential here since ∇μðq · uÞ ≠ ∇μEi ¼ 0.]
Nonetheless, the full δTμν

ðνÞ and δJ
μ
ðνÞ are rather complicated,

and here we will focus on the contributions due to magnetic
fields in which τð1Þ is involved.
In principle, the leading-order corrections δTð0Þμν

ðνÞ and

δJð0ÞμðνÞ may also incorporate magnetic field corrections

through the hydrodynamic equations of motion that deter-
mine the temporal derivatives on thermodynamic param-
eters up toOðℏÞ. Nevertheless, as will be shown in Sec. VI,
the possible contributions are proportional to B ·∇⊥T and
B · ∇⊥μ, which are different from the forms of the viscous
corrections originating from τð1Þ that we are interested in
here. For the magnetic field induced corrections involving
τð1Þ, we find

δTð1Þμν
ðνÞB ¼ −

Z
q

4πδðq2Þ
Ei

qμqντð0Þ
q · B

2Mðq · uÞ2 f
ðνÞ
0;q

× ð1 − fðνÞ0;qÞðqρqλΘρλ − q · ∇μ̄νÞ; ð53Þ

δJð1ÞμðνÞB ¼ −
Z
q

4πδðq2Þ
Ei

qμτð0Þ
q · B

2Mðq · uÞ2 f
ðνÞ
0;q

× ð1 − fðνÞ0;qÞðqρqλΘρλ − q ·∇μ̄νÞ; ð54Þ

where Θρλ ≡∇fρβuλg. We can decompose Θρλ and q ·∇μ̄ν
as

Θρλ ¼ uρuλΠþ 2ufρΠλg þ Πρλ; ð55Þ

q ·∇μ̄ν ¼ ðq · uÞDμ̄ν þ q⊥ ·∇μ̄ν; ð56Þ

where

Π≡ uρuλΘρλ ¼ Dβ; ð57Þ

Πλ ≡ uρΔλαΘρα ¼
1

2
ðβDuλ þ∇λ⊥βÞ; ð58Þ

Πρλ ≡ ΔραΔλβΘαβ ¼ πρλ þ Δρλθ; ð59Þ

with πμν ≡ β∇fμ
⊥ uνg − Δμνθ, θ≡ β∇⊥νuν=3, D≡ u · ∇ the

temporal derivative in the fluid rest frame, and vμ⊥ ≡ Δμνvν
for an arbitrary vector vμ.
By symmetry, we expect the following constitutive

relations:

δTð1Þμν
ðνÞB ¼ δϵBuμuν − δpBT

Δμν
B − δpBL

B̂μB̂ν

þ 2hfμ⊥ Bνg þ 2ufμVνg
⊥ ; ð60Þ

δJð1ÞμðνÞB ¼ δNBuμ þ σμνB Bν; ð61Þ

where Δμν
B ¼ Δμν þ B̂μB̂ν, h⊥ · B ¼ 0, and σμνB uμ ¼ 0.

The explicit forms of these transport coefficients read

δϵB ¼ 5δpBT
¼ −

5

3
δpBL

¼ κ

6M

Z
d3q
ð2πÞ3

fðνÞ0;qð1 − fðνÞ0;qÞ2
jqjð1 − fðeÞ0;qÞ

Bμ

�
βDuμ þ∇⊥μβ −

∇⊥μμ̄ν
jqj

�
; ð62Þ

hμ⊥ ¼ −
κΔμρ

B

30M

Z
d3q
ð2πÞ3

fðνÞ0;qð1 − fðνÞ0;qÞ2
jqjð1 − fðeÞ0;qÞ

�
βDuρ þ∇⊥ρβ −

∇⊥ρμ̄ν
jqj

�
; ð63Þ

Vμ
⊥ ¼ κ

2M

Z
d3q
ð2πÞ3

fðνÞ0;qð1 − fðνÞ0;qÞ2
jqjð1 − fðeÞ0;qÞ

�
Δμν

3

�
Dβ − θ −

Dμ̄ν
jqj

�
−

2

15
πμν

�
Bν; ð64Þ
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δNB ¼ κ

6M

Z
d3q
ð2πÞ3

fðνÞ0;qð1 − fðνÞ0;qÞ2
jqj2ð1 − fðeÞ0;qÞ

Bμ

�
βDuμ þ∇⊥μβ −

∇⊥μμ̄ν
jqj

�
; ð65Þ

σμνB ¼ κ

2M

Z
d3q
ð2πÞ3

fðνÞ0;qð1 − fðνÞ0;qÞ2
jqj2ð1 − fðeÞ0;qÞ

�
Δμν

3

�
Dβ − θ −

Dμ̄ν
jqj

�
−

2

15
πμν

�
: ð66Þ

The details of the derivation are shown in the Appendix B.
Here, all the temporal derivatives D on the thermodynamic
parameters should be replaced by spatial gradients via
hydrodynamic equations shown in Sec. VI.
Note that δNB in Eq. (65) logarithmically diverges, but

this may be regularized by the screening mass of the
neutrino in medium. By utilizing hydrodynamic equations
shown in Eq. (102), one may replaceDuμ by∇μ

⊥T and∇μ
⊥μ̄

for μ̄ ¼ ðμ̄e; μ̄p; μ̄n; μ̄νÞ and drop the terms coupled to
Dμ̄ν ¼ OðℏÞ as higher order corrections in the ℏ expansion.
For simplicity, we assume ∇μ

⊥T and ∇μ
⊥μ̄ are suppressed

and omit δϵB, δpB, hν⊥, and δNB. The remaining terms are
then given by

Vμ
⊥ ¼ −

κI1
15M

�
πμν þ 5

2
θΔμν

�
Bν; ð67Þ

σμνB ¼ −
κI2
15M

�
πμν þ 5

2
θΔμν

�
; ð68Þ

where

I1 ≡
Z

d3q
ð2πÞ3

fðνÞ0;qð1 − fðνÞ0;qÞ2
jqjð1 − fðeÞ0;qÞ

¼ T2

4π2

�
eμ̄ν − eμ̄e

1þ eμ̄ν
þ ð1þ eμ̄e−μ̄νÞ lnð1þ eμ̄νÞ

�
; ð69Þ

I2≡
Z

d3q
ð2πÞ3

fðνÞ0;qð1−fðνÞ0;qÞ2
jqj2ð1−fðeÞ0;qÞ

¼Teμ̄νð2þeμ̄ν þeμ̄eÞ
4π2ð1þeμ̄νÞ2 : ð70Þ

Note that the results in Eqs. (67) and (68) are independent
of the nuclear equation of state.
Although the isoenergetic approximation may break

down, it would be useful to extrapolate these results to
the regime μ̄e ≫ 1 and μ̄ν ≫ 1 to obtain more compact
forms, which will be used for an order of estimate in
Sec. VII. In this regime, we find

I1 ≈
T2

4π2
½μ̄νð1þ eμ̄e−μ̄νÞ þ 1 − eμ̄e−μ̄ν �; ð71Þ

I2 ≈
T
4π2

ð1þ eμ̄e−μ̄νÞ: ð72Þ

When we further assume that μ̄n − μ̄p ¼ μ̄e − μ̄ν ≫ 1 and

uμ ≈ ð1; vÞ with jvj ≪ 1, the explicit expressions for δTð1Þ0i
ðνÞB

and δJð1ÞiðνÞB can be simplified as

δTð1Þ0i
ðνÞB ¼ δTð1Þi0

ðνÞB ≈ −
1

72πMG2
Fðg2V þ 3g2AÞ

×
e2βðμn−μpÞ

nn − np
ð∇ · vÞμνBi; ð73Þ

δJð1ÞiðνÞB ≈ −
1

72πMG2
Fðg2V þ 3g2AÞ

e2βðμn−μpÞ

nn − np
ð∇ · vÞBi: ð74Þ

Note that T0i ∝ Bi and Ji ∝ Bi are prohibited in usual
parity-invariant matter by parity symmetry. However, these
chiral transport become possible in the present case due to
the parity-violating nature of the weak interaction.

VI. HYDRODYNAMIC EQUATIONS OF MOTION

In this section, we present an explicit derivation of the
hydrodynamic equations of motion for the system com-
posed of nucleons, electrons, and neutrinos. For simplicity,
here we consider the hydrodynamic equations in the
Lorentz covariant form, which can reduce to a nonrelativ-
istic expression with appropriate change of variables. It is
also sufficient to focus on the dissipationless terms for our
purpose and we will ignore the dissipative terms, such as
the viscosity and conductivity.
The energy-momentum tensor, vector, and axial currents

for electrons in local thermal equilibrium read [42–45]

Tμν
ðeÞ≡Tμν

RðeÞ þTμν
LðeÞ ¼uμuνϵðeÞ−pðeÞΔμν

þℏξBðeÞðBμuνþBνuμÞþℏξωðeÞðωμuνþωνuμÞ; ð75Þ

JμðeÞ≡JμRðeÞ þJμLðeÞ ¼NðeÞuμþℏσBðeÞBμþℏσωðeÞωμ; ð76Þ

Jμ
5ðeÞ ≡ JμRðeÞ − JμLðeÞ ¼ N5ðeÞuμ þ ℏσB5ðeÞBμ

þ ℏσω5ðeÞωμ: ð77Þ

Here, we have
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ξBðeÞ ¼
μeμe5
2π2

; ξωðeÞ ¼
μe5
3

�
3μ2e þ μ2e5

π2
þ T2

�
; ð78Þ

NðeÞ ¼
μe
3

�
3μ2e5 þ μ2e

π2
þ T2

�
;

N5ðeÞ ¼
μe5
3

�
3μ2e þ μ2e5

π2
þ T2

�
; ð79Þ

σBðeÞ ¼
μe 5
2π2

; σB5ðeÞ ¼
μe
2π2

;

σωðeÞ ¼
μeμe5
π2

; σω5ðeÞ ¼
μ2e þ μ2e 5

2π2
þ T2

6
; ð80Þ

and, for a relativistic ideal gas of electrons,

ϵðeÞ ¼ 3pðeÞ ¼
1

4π2
ðμ4e þ 6μ2eμ

2
e5 þ μ4e5Þ

þ T2

2
ðμ2e þ μ2e5Þ þ

7π2

60
T4: ð81Þ

The vector and axial currents proportional to Bμ in Eqs. (76)
and (77) are called chiral magnetic effect [50–53] and chiral
separation effect [54,55], respectively.
The full energy-momentum tensor in local thermal

equilibrium is thus given by

Tμν
full ¼ Tμν

matþTμν
ðνÞ ¼ uμuνϵf −pfΔμνþℏξBðeÞðBμuνþBνuμÞ

þℏξωðfÞðωμuνþωνuμÞ; ð82Þ

where ϵf ¼ ϵðeÞ þ ϵðνÞ þ ϵðpÞ þ ϵðnÞ, pf ¼ pðeÞ þ pðνÞþ
pðpÞ þ pðnÞ, ξωðfÞ ¼ ξωðeÞ þ ξωðνÞ, and

ϵðiÞ ¼2

Z
d3q
ð2πÞ3Eq

�
1

eβðEq−μiÞ þ1
þ 1

eβðEqþμiÞ þ1

�
; ð83Þ

pðiÞ ¼2

Z
d3q
ð2πÞ3

jqj2
3Eq

�
1

eβðEq−μiÞ þ1
þ 1

eβðEqþμiÞ þ1

�
; ð84Þ

with Eq ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jqj2 þM2

p
for i ¼ p; n. The nonequilibrium

corrections, such as δTμν
ðνÞ, are responsible for higher-order

gradient terms in hydrodynamic equations and are hence
dropped. To be more precise, the inclusion of δTμν

ðνÞ in

hydrodynamic equations will contribute to the terms at
Oð∇2⊥Þ for classical transport and those at Oð∇3⊥Þ for
quantum transport, respectively, which are irrelevant in the

present context. The same argument is applied to drop
δTμν

ðeÞ, δJμ, and δJμ5 as nonequilibrium corrections in

Eqs. (75), (76), and (77). The nucleon currents are given by

JμðiÞ ¼ NðiÞuμ;

NðiÞ ¼ 2

Z
d3q
ð2πÞ3

�
1

eβðEq−μiÞ þ 1
−

1

eβðEqþμiÞ þ 1

�
; ð85Þ

for i ¼ p; n. When μi ≫ T, the antiparticle contributions are
suppressed, and thus, NðiÞ ¼ ni.
From the lepton current conservation, anomaly relation

for the axial current, electric current conservation, and
baryon current conservation in Eqs. (15)–(18), we have

DðNðeÞ þ NðνÞÞ þ ðNðeÞ þ NðνÞÞ∇ · u

þ ℏ∇μðσBðeÞBμ þ σωðfÞωμÞ ¼ 0; ð86Þ

DðN5ðeÞ − NðνÞÞ þ ðN5ðeÞ − NðνÞÞ∇ · uþ ℏ∇μðσB5ðeÞBμ

þ σω5ðeÞωμ − σωðνÞωμÞ ¼ −ℏ
E · B
2π2

; ð87Þ

DðNðpÞ − NðeÞÞ þ ðNðpÞ − NðeÞÞ∇ · u

− ℏ∇μðσBðeÞBμ þ σωðeÞωμÞ ¼ 0; ð88Þ

DðNðpÞ þ NðnÞÞ þ ðNðpÞ þ NðnÞÞ∇ · u ¼ 0; ð89Þ

where σωðfÞ ¼ σωðeÞ þ σωðνÞ. In addition, the energy-
momentum conservation in Eq. (14) gives

D½ðϵf þ pfÞuμ� þ ðϵf þ pfÞuμ∇ · u − uμDpf −∇μ
⊥pf

þ ℏ½DðξωðfÞωμÞ þ∇νðξωðfÞωνuμÞ þ ξωðfÞωμ∇ · u�
þ ℏðωμ → Bμ; ξωðfÞ → ξBðeÞÞ

¼ Fμν½ðNðpÞ − NðeÞÞuν − ℏσBðeÞBν − ℏσωðeÞων�: ð90Þ

Here and below, “(ωμ → Bμ, ξωðfÞ → ξBðeÞ)” denotes the
terms obtained by such replacement for the corresponding
terms involving ωμ with the coefficient ξωðfÞ. This equation
can be decomposed into the longitudinal and transverse
parts with respect to uμ as

Dϵf þ ðϵf þ pfÞ∇ · uþ ℏ½ξωðfÞuνDων þ∇μðξωðfÞωμÞ�
þ ℏðων → Bν; ξωðfÞ → ξBðeÞÞ

¼ ℏðσBðeÞE · Bþ σωðeÞE · ωÞ; ð91Þ
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ðϵf þpfÞDuμ −∇μ
⊥pf þ ℏ½ωμDξωðfÞ

þ ξωðfÞω ·∇uμ þ ξωðfÞωμ∇ · uþ ξωðfÞðDωμ − uμuνDωνÞ�
þ ℏðωμ → Bμ; ξωðfÞ → ξBðeÞÞ

¼ EμðNðpÞ −NðeÞÞ þ ℏσωðeÞϵμναβωνBαuβ: ð92Þ

More explicitly, we find

ðNðeÞ;TþNðνÞ;TÞDTþNðeÞ;μ̄eDμ̄eþNðνÞ;μ̄νDμ̄ν

þðNðeÞ þNðνÞÞ∇ ·uþℏ∇μðσBðeÞBμþσωðfÞωμÞ¼0; ð93Þ

ðN5ðeÞ;T − NðνÞ;TÞDT þ N5ðeÞ;μ̄e5Dμ̄e5 − NðνÞ;μ̄νDμ̄ν

þ ðN5ðeÞ − NðνÞÞ∇ · uþ ℏ∇μðσB5ðeÞBμ þ σω5ðeÞωμ

− σωðνÞωμÞ ¼ 0; ð94Þ

ðNðpÞ;T −NðeÞ;TÞDTþNðpÞ;μ̄pDμ̄p−NðeÞ;μ̄eDμ̄e

þðNðpÞ−NðeÞÞ∇ ·u−ℏ∇μðσBðeÞBμþσωðeÞωμÞ¼0; ð95Þ

ðNðpÞ;TþNðnÞ;TÞDTþðNðpÞ;μ̄p þNðnÞ;μ̄nÞDμ̄p

þNðnÞ;μ̄nDðμ̄e− μ̄e5− μ̄νÞþðNðpÞ þNðnÞÞ∇ ·u¼0; ð96Þ

and

ϵf;TDTþðϵf;μ̄ðeÞ þϵf;μ̄nÞDμ̄ðeÞ−ϵf;μ̄nDμ̄e5þðϵf;μ̄p þϵf;μ̄nÞDμ̄p

þðϵf;μ̄ν −ϵf;μ̄nÞDμ̄νþðϵfþpfÞ∇ ·uþℏ½∇μðξωðfÞωμÞ
−ξωðfÞωμDuμ�þℏðωμ→Bμ;ξωðfÞ→ ξBðeÞÞ
−ℏðσBðeÞE ·BþσωðeÞE ·ωÞ¼0; ð97Þ

ðϵf þpfÞDuμ−∇μ
⊥pf −EμðNðpÞ−NðeÞÞþℏ½ωμðξωðfÞ;TDT

þξωðfÞ;μ̄νDμ̄νþξωðfÞ;μ̄e5Dμ̄e5ÞþξωðfÞðω ·∇uμþωμ∇ ·uÞ
þξωðfÞðDωμ−uμuνDωνÞ�þℏðωμ →Bμ;ξωðfÞ → ξBðeÞÞ
−ℏσωðeÞϵμναβωνBαuβ ¼ 0; ð98Þ

where Fi;T ≡ ∂TFi and Fi;μ̄j ≡ ∂ μ̄jFi correspond to
the partial derivative with respect to T and μ̄j for an
arbitrary function FiðT; μ̄jÞ and we have implemented
μn ¼ μe þ μp − μν.

4 Here one may further replace the
combinations Dωμ − uμuνDων and DBμ − uμuνDBν by

other terms via the Bianchi identities.5 Note that N5ðeÞ;T ¼
σBðeÞ ¼ σωðeÞ ¼ ξBðeÞ ¼ ξωðeÞ ¼ 0 when μ̄e 5 ¼ 0.
Up to Oðℏ0Þ, it is easy to show that

DT ¼ −
ϵf þ pf

ϵf;T
∇ · uþOðℏÞ; ð99Þ

Duν ¼ ∇ν⊥pf

ϵf þ pf
þOðℏÞ

¼ pf;T∇ν⊥T þP
μ̄pf;μ̄∇ν⊥μ̄

ϵf þ pf
þOðℏÞ; ð100Þ

for μ̄ ¼ ðμ̄e; μ̄p; μ̄n; μ̄νÞ, and Dμ̄i vanish at Oðℏ0Þ. Here we
further assumed the local charge neutrality NðpÞ ¼ NðeÞ. In
fact, the conservation of electric current in Eq. (87) is
satisfied by the local charge neutrality when μe5 ¼ 0. When
μe5 ≠ 0, on the other hand, a local electric charge fluc-
tuation can be induced at OðℏÞ. For relativistic ideal gases,
one can find ϵf ¼ 3pf , pf;T ¼ 4pf=T, pf;μ̄e ¼ NðeÞT, and
pf;μ̄ν ¼ NðνÞT, which yields

DT ¼ −
T∇ · u

3
þOðℏÞ; ð101Þ

Duμ ¼ ∇ν⊥T
T

þ T
4pf

½ðNðeÞ þ βpn;μ̄nÞ∇ν⊥μ̄e

þ βðpp;μ̄p þ pn;μ̄nÞ∇ν⊥μ̄p þ ðNðνÞ − βpn;μ̄nÞ∇ν⊥μ̄ν�
þOðℏÞ: ð102Þ

These hydrodynamic equations up to Oðℏ0Þ were
employed to obtain the explicit expressions of δTμν

ðνÞB
and δJμðνÞB in Sec. V.
As briefly mentioned in Sec. V, however, the magnetic

field can also be involved through the temporal derivatives
D on the thermodynamic parameters when incorporating ℏ
corrections. Therefore, we need to work out the leading-
order corrections in ℏ expansion as well, which are shown

4For generality, we here used μn ¼ μeL þ μp − μν and took into
account the contributions of μe 5. When chirality flipping occurs
sufficiently rapidly, we may simply set μe 5 ¼ 0 in these equa-
tions.

5From the decomposition ∂ ½μuν� ¼ ϵμναβuαωβ þ 1
2
ðuμDuν −

uνDuμÞ and the Bianchi identity ϵμναβ∂α∂ ½μuν� ¼ 0, we can

derive [21]

Dωμ − uμuνDων ¼ −ωμ∂ · uþ ω · ∂uμ − 1

2
ϵμναβuβ∂νDuα:

Similarly, from the decomposition Fμν ¼ ϵμναβuαBβ − uμEν þ
uνEμ and the Bianchi identity ϵμναβ∂αFμν ¼ 0, we have

DBμ − uμuνDBν ¼ −Bμ∂ · uþ B · ∂uμ
− ϵμναβðuβ∂νEα þ uνEαDuβÞ:
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in Appendix A. For simplicity, we here set μ5e ¼ 0. In this
case, the magnetic field is only involved in Eq. (93) for the
hydrodynamic equations when taking Eμ ¼ ωμ ¼ 0. For
such a correction, one finds

ℏ∇μðσB5ðeÞBμÞ ¼ ℏ
2π2

Bμð∇⊥μμe − μeDuμÞ: ð103Þ

Here, we used the relation

∇ · Bþ 2E · ωþ BμDuμ ¼ 0; ð104Þ

which follows from the Bianchi identity∇μF̃μν ¼ 0 and the
decomposition F̃μν ¼ ϵμναβuαEβ − uμBν þ uνBμ. By fur-
ther substituting the expression of Duμ from Eq. (102), we
conclude that Eq. (103) only contains B · ∇⊥T and B ·∇⊥μ
terms, and thus, δTμν

ðνÞB and δJμðνÞB are not affected when

assuming ∇⊥μT ¼ ∇⊥μμ ¼ Eμ ¼ ωμ ¼ 0.

VII. DISCUSSIONS AND OUTLOOK

Let us now consider the possible phenomenological
implications of the results above. Here, we will focus
especially on the neutrino momentum density Ti0

ðνÞB in
Eq. (73). We can estimate the kick velocity of the core due
to this contribution as

vkick ∼
δTi0

ðνÞB
ρcore

; ð105Þ

where we assumed the homogeneous core mass density ρcore
and constant δTi0

ðνÞB there for an order of estimate. Taking

nn − np ∼ 0.1 fm−3, μn − μp ∼ 100 MeV, μν ∼ 100 MeV,
T ∼ 10 MeV, typical length scale for the variation of the
hydrodynamic variables, L ∼ 10 km, jvj ∼ 0.01, and ρcore ∼
Mðnn þ npÞ with nn þ np ∼ 0.1 fm−3, we obtain

vkick ≲
�

B
1013−14 G

�
km=s: ð106Þ

(The reason why this should be regarded as the upper bound
will be described shortly.) In order to account for the
observed pulsar velocity vkick ∼ 102 km=s (see, e.g.,
Refs. [56–59]) solely from this contribution, the required
magnetic field at the core is of order 1015−16 G.6 However,
this estimate should be taken with care because it depends
sensitively on the choice of the parameters.

From Eq. (73), one might think that for a given magnetic
field, vkick becomes arbitrarily large if ðμn − μpÞ=T becomes
sufficiently large. In fact, this is not the case because for a
sufficiently large ðμn − μpÞ=T, the mean free path lmfp

would become larger than the typical length scale of the
system, as can been seen from Eq. (31), where κ increases
when ðμn − μpÞ=T increases. Then the assumption that
neutrinos are near equilibrium would break down. This
means that the kick velocity is bounded from above for a
given magnetic field because of the hydrodynamic approxi-
mation.7 On the other hand, the chiral radiation transport
theory itself is applicable to neutrinos even far away from
equilibrium, in which case such a limitation is not present. It
is thus necessary to investigate the fully nonequilibrium
contribution of this mechanism to provide a more realistic
estimate.
Although we have highlighted the neutrino chiral trans-

port induced by the magnetic field near equilibrium in this
paper, there are also other neutrino chiral transport induced
by the vorticity and gradients of temperature and chemical
potential. One expects that these chiral effects would further
modify the nonlinear hydrodynamic evolution of the super-
nova, such as the turbulent behavior. For example, chiral/
helical transport phenomena lead to the tendency toward the
inverse energy cascade even in three dimensions, as ana-
lytically and numerically shown in Refs. [60,61] (see also
Refs. [62,63] in the context of the early Universe).
We also note that neutrino chiral transport far away from

equilibrium is not captured by the relaxation time approxi-
mation adopted in the present paper. In fact, even though the
net momentum flux is generated for near-equilibrium
neutrinos by magnetic fields, it is not guaranteed that these
neutrinos can escape from the protoneutron star. This
neutrino momentum flux could be canceled by the back
reaction of the matter sector, and then there could be no
significant emission asymmetry. The emission asymmetry
might rather be caused by neutrinos outside the neutrino
sphere, where the near-equilibrium approximation is not
applicable. In order to see the consequences of fully non-
equilibrium chiral effects, it would be eventually important
to perform numerical simulations of the chiral radiation
transport theory for neutrinos in the future.

6For the previous works that attempt to explain the pulsar kick
by an asymmetric neutrino emission induced by strong magnetic
fields, see Refs. [30–39]. Note that our work is the first to derive
T0i
ðνÞB explicitly and systematically. The parametric dependence of

vkick here are also different from the previous results although the
final order of estimate itself is comparable to Ref. [30] among
others.

7Parametrically, Ti0
ðνÞB may be expressed as

Ti0
ðνÞB ∼

�
lmfp

L

�
μ3ν
M

Bi: ð107Þ

Then the near-equilibrium condition of neutrinos (L ≳ lmfp)
leads to the upper bound of vkick as

vkick ≲ μ3νB
Mρcore

∼
�

B
1013 G

�
km=s: ð108Þ

for μν ∼ 100 MeV.
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APPENDIX A: LEADING-ORDER CORRECTIONS

The leading-order corrections of the energy-momentum
tensor and current of neutrinos read

δTð0Þμν
ðνÞ ¼ −

Z
q

4πδðq2Þ
Ei

qμqντð0ÞfðνÞ0;qð1 − fðνÞ0;qÞ

× ðqρqλΘρλ − q · ∇μ̄νÞ; ðA1Þ

δJð0ÞμðνÞ ¼ −
Z
q

4πδðq2Þ
Ei

qμτð0ÞfðνÞ0;qð1 − fðνÞ0;qÞ

× ðqρqλΘρλ − q · ∇μ̄νÞ: ðA2Þ

By symmetry, we expect the following constitutive rela-
tions:

δTð0Þμν
ðνÞ ¼ δϵð0Þuμuν − δpð0ÞΔμν þ 2uðμζνÞ⊥ þ χμν⊥⊥; ðA3Þ

δJð0ÞμðνÞ ¼ δNð0Þuμ þ jμ⊥; ðA4Þ

where uμζ
μ
⊥ ¼ uμj

μ
⊥ ¼ 0 and uμχ

μν
⊥⊥ ¼ χμν⊥⊥uν ¼ 0. All

these components can be computed via

δϵð0Þ ¼ 3δpð0Þ ¼ uμuνδT
ð0Þμν
ðνÞ ;

ζν⊥ ¼ uμΔν
ρδT

ð0Þμρ
ðνÞ ; χμν⊥⊥ ¼ Δμ

ρΔν
λδT

ð0Þρλ
ðνÞ ; ðA5Þ

δNð0Þ ¼ uμδJ
ð0Þμ
ðνÞ ; jμ⊥ ¼ Δμ

ρδJ
ð0Þρ
ðνÞ : ðA6Þ

Their explicit expressions are given by

δϵð0Þ ¼3δpð0Þ

¼−κ
Z

d3q
ð2πÞ3

fðνÞ0;qð1−fðνÞ0;qÞ2
1−fðeÞ0;q

�
q̂ρq̂λΘρλ−

q̂ ·∇μ̄ν
jqj

�

¼−κ
Z

d3q
ð2πÞ3

fðνÞ0;qð1−fðνÞ0;qÞ2
1−fðeÞ0;q

�
Dβ−θ−

Dμ̄ν
jqj

�
; ðA7Þ

ζν⊥ ¼ −κ
Z

d3q
ð2πÞ3

fðνÞ0;qð1 − fðνÞ0;qÞ2
1 − fðeÞ0;q

q̂ν⊥
�
q̂ρq̂λΘρλ −

q̂ ·∇μ̄ν
jqj

�

¼ κ

Z
d3q
ð2πÞ3

fðνÞ0;qð1 − fðνÞ0;qÞ2
3ð1 − fðeÞ0;qÞ

�
βDuν þ∇ν⊥β −

∇ν⊥μ̄ν
jqj

�
;

ðA8Þ

χμν⊥⊥¼−κ
Z

d3q
ð2πÞ3

fðνÞ0;qð1−fðνÞ0;qÞ2
1−fðeÞ0;q

q̂μ⊥q̂ν⊥
�
q̂ρq̂λΘρλ−

q̂ ·∇μ̄ν
jqj

�

¼ κ

Z
d3q
ð2πÞ3

fðνÞ0;qð1−fðνÞ0;qÞ2
1−fðeÞ0;q

�
Δμν

3

�
Dβ−θ−

Dμ̄ν
jqj

�

−
2

15
πμν

�
; ðA9Þ

δNð0Þ ¼ −κ
Z

d3q
ð2πÞ3

fðνÞ0;qð1 − fðνÞ0;qÞ2
jqjð1 − fðeÞ0;qÞ

�
q̂ρq̂λΘρλ −

q̂ ·∇μ̄ν
jqj

�

¼ −κ
Z

d3q
ð2πÞ3

fðνÞ0;qð1 − fðνÞ0;qÞ2
jqjð1 − fðeÞ0;qÞ

�
Dβ − θ −

Dμ̄ν
jqj

�
;

ðA10Þ

jμ⊥¼−κ
Z

d3q
ð2πÞ3

fðνÞ0;qð1−fðνÞ0;qÞ2
jqjð1−fðeÞ0;qÞ

q̂μ⊥
�
q̂ρq̂λΘρλ−

q̂ ·∇μ̄ν
jqj

�

¼ κ

Z
d3q
ð2πÞ3

fðνÞ0;qð1−fðνÞ0;qÞ2
3jqjð1−fðeÞ0;qÞ

q̂μ⊥
�
βDuμþ∇μ

⊥β−
∇μ

⊥μ̄ν
jqj

�
:

ðA11Þ

APPENDIX B: EVALUATIONS
OF δTð1Þμν

ðνÞB AND δJð1ÞμðνÞB
In this Appendix, we provide the derivations of

Eqs. (62)–(66). Given the decomposition of Θμν in

Eq. (55), one may write δTð1Þμν
ðνÞB and δJð1ÞμðνÞB as

δTð1Þμν
B ¼ −

Z
d3q
ð2πÞ3 q̂

μq̂ντð0Þ
q̂ · B
2M

fðνÞ0;qð1 − fðνÞ0;qÞjqj

×

��
Π −

Dμ̄ν
jqj

�
þ q̂ρ⊥

�
2Πρ −

∇⊥ρμ̄ν
jqj

�

þ Πρλq̂
ρ
⊥q̂λ⊥

�
; ðB1Þ
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δJð1ÞμðνÞB ¼ −
Z

d3q
ð2πÞ3 q̂

μτð0Þ
q̂ · B
2M

fðνÞ0;qð1 − fðνÞ0;qÞ
��

Π −
Dμ̄ν
jqj

�
þ q̂ρ⊥

�
2Πρ −

∇⊥ρμ̄ν
jqj

�
þ Πρλq̂

ρ
⊥q̂λ⊥

�
: ðB2Þ

All the relevant coefficients of the decompositions in Eqs. (60) and (61) can be calculated via

δϵB ¼ uμuνδT
ð1Þμν
ðνÞB ; δpBT

¼ −
1

2
ΔBμνδT

ð1Þμν
ðνÞB ; δpBL

¼ −B̂μB̂νδT
ð1Þμν
ðνÞB ;

hμ⊥ ¼ −
1

jBj B̂ρðΔBÞμνδTð1Þρν
ðνÞB ; Vμ

⊥ ¼ Δμ
ρuνδT

ð1Þρν
ðνÞB ; ðB3Þ

and

δNB ¼ uμδJ
ð1Þμ
ðνÞB; σμνB Bν ¼ Δμ

ρδJ
ð1Þρ
ðνÞB; ðB4Þ

where we used ΔBμνΔ
μν
B ¼ 2.

When evaluating the integrals, we also use the following useful relations for an arbitrary function F ðjqjÞ:
Z

d3q
ð2πÞ3 q̂

μ
⊥q̂ν⊥F ðjqjÞ ¼

Z
d3q
ð2πÞ3

�
z2B̂μB̂ν −

ð1 − z2Þ
2

Δμν
B

�
F ðjqjÞ; ðB5Þ

Z
d3q
ð2πÞ3 q̂

μ
⊥q̂ν⊥q̂

ρ
⊥F ðjqjÞ ¼

Z
d3q
ð2πÞ3

�
z3B̂μB̂νB̂ρ −

zð1 − z2Þ
2

ðB̂μΔνρ
B þ B̂νΔμρ

B þ B̂ρΔμν
B Þ

�
F ðjqjÞ; ðB6Þ

where z≡ −B̂ · q̂⊥ ¼ B̂ · q̂. One then finds

δϵB ¼ −
Z

d3q
ð2πÞ3 τ

ð0Þ q̂ · B
2M

fðνÞ0;qð1 − fðνÞ0;qÞjqj
��

Π −
Dμ̄ν
jqj

�
þ q̂ρ⊥

�
2Πρ −

∇⊥ρμ̄ν
jqj

�
þ Πρλq̂

ρ
⊥q̂λ⊥

�

¼
Z

d3q
ð2πÞ3 τ

ð0Þ z2

2M
fðνÞ0;qð1 − fðνÞ0;qÞBρð2jqjΠρ −∇⊥ρμ̄νÞ

¼ −
κ

6M

Z
d3q
ð2πÞ3

fðνÞ0;qð1 − fðνÞ0;qÞ2
jqjð1 − fðeÞ0;qÞ

Bμ

�
βDuμ þ∇⊥μβ −

∇⊥μμ̄ν
jqj

�
; ðB7Þ

δpBT
¼ −

1

2

Z
d3q
ð2πÞ3 ð1 − z2Þτð0Þ q̂ · B

2M
fðνÞ0;qð1 − fðνÞ0;qÞjqj

��
Π −

Dμ̄ν
jqj

�
þ q̂ρ⊥

�
2Πρ −

∇⊥ρμ̄ν
jqj

�
þ Πρλq̂

ρ
⊥q̂λ⊥

�

¼ 1

2

Z
d3q
ð2πÞ3 τ

ð0Þ ð1 − z2Þz2
2M

fðνÞ0;qð1 − fðνÞ0;qÞBρð2jqjΠρ −∇⊥ρμ̄νÞ

¼ 1

5
δϵB; ðB8Þ

δpBL
¼

Z
d3q
ð2πÞ3 z

2τð0Þ
q̂ · B
2M

fðνÞ0;qð1 − fðνÞ0;qÞjqj
��

Π −
Dμ̄ν
jqj

�
þ q̂ρ⊥

�
2Πρ −

∇⊥ρμ̄ν
jqj

�
þ Πρλq̂

ρ
⊥q̂λ⊥

�

¼ −
Z

d3q
ð2πÞ3 τ

ð0Þ z4

2M
fðνÞ0;qð1 − fðνÞ0;qÞBρð2jqjΠρ −∇⊥ρμ̄νÞ

¼ −
3

5
δϵB; ðB9Þ
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hμ⊥ ¼
Z

d3q
ð2πÞ3 z

2τð0Þ
q̂μ⊥ − zB̂μ

2M
fðνÞ0;qð1 − fðνÞ0;qÞjqj

��
Π −

Dμ̄ν
jqj

�
þ q̂ρ⊥

�
2Πρ −

∇⊥ρμ̄ν
jqj

�
þ Πρλq̂

ρ
⊥q̂λ⊥

�

¼ −
1

2

Z
d3q
ð2πÞ3 τ

ð0Þ z
2ð1 − z2Þ
2M

fðνÞ0;qð1 − fðνÞ0;qÞΔμρ
B ð2jqjΠρ −∇⊥ρμ̄νÞ

¼ −
κ

2M

Z
d3q
ð2πÞ3

fðνÞ0;qð1 − fðνÞ0;qÞ2
jqjð1 − fðeÞ0;qÞ

Δμρ
B

15

�
βDuρ þ∇⊥ρβ −

∇⊥ρμ̄ν
jqj

�
;

Vμ
⊥ ¼ −

Z
d3q
ð2πÞ3 q̂

μ
⊥τð0Þ

q̂ · B
2M

fðνÞ0;qð1 − fðνÞ0;qÞjqj
��

Π −
Dμ̄ν
jqj

�
þ q̂ρ⊥

�
2Πρ −

∇⊥ρμ̄ν
jqj

�
þ Πρλq̂

ρ
⊥q̂λ⊥

�

¼
Z

d3q
ð2πÞ3 τ

ð0Þ z2

2M
fðνÞ0;qð1 − fðνÞ0;qÞjqj

�
Bμ

�
Π −

Dμ̄ν
jqj

�
−
�
ð1 − z2ÞΠμρBρ þ

ð3 − 5z2Þ
2

BμB̂νΠνρB̂ρ

�

−
ð1 − z2Þ

2
Πρ

ρBμ

�

¼ κ

2M

Z
d3q
ð2πÞ3

fðνÞ0;qð1 − fðνÞ0;qÞ2
jqjð1 − fðeÞ0;qÞ

�
Δμν

3

�
Dβ − θ −

Dμ̄ν
jqj

�
−

2

15
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