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Peripheral nucleon-nucleon scattering at next-to-next-to-leading order in
SU(3) heavy baryon chiral perturbation theory

Bo-Lin Huang®, Jian-Bo Cheng,” and Shi-Lin Zhu®*
School of Physics and Center of High Energy Physics, Peking University, Beijing 100871, China

® (Received 24 September 2021; accepted 14 December 2021; published 29 December 2021)

We calculate the complete 7" matrices of the elastic nucleon-nucleon scattering up to third order in
SU(3) heavy baryon chiral perturbation theory. The phase shifts with orbital angular momentum L > 2
and the mixing angles with J >2 are evaluated by using low-energy constants that are extracted
from the meson-baryon analysis. It turns out that our prediction is consistent with the empirical phase shifts
and mixing angles data and also the results from SU(2) heavy baryon chiral perturbation theory. The errors
from the low-energy constants are analyzed in detail. Our calculation provides reliable evidence that the
nucleon-nucleon interaction calculated in SU(3) heavy baryon chiral perturbation theory leads to

reasonable predictions.
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I. INTRODUCTION

The nucleon-nucleon interaction is one of the funda-
mental problems in nuclear physics and nuclear astrophys-
ics. As the fundamental theory of strong interaction,
quantum chromodynamics (QCD) becomes nonperturba-
tive at low energies; thus, it is very difficult to use
perturbative methods to derive the nucleon-nucleon inter-
action. In order to solve this problem, an effective field
theory (EFT) was proposed by Weinberg in a seminal paper
[1]. The EFT is formulated in terms of the most general
Lagrangian consistent with the general symmetry princi-
ples, particularly the chiral symmetry of QCD. At low
energy, the degrees of freedom are hadrons, i.e., pions,
kaons, eta-mesons, and baryons, rather than quarks and
gluons, while heavy mesons and baryon resonances are
integrated out. The corresponding field theoretical formal-
ism is called chiral perturbation theory (ChPT) [2]. ChPT is
an efficient framework to calculate, e.g., the amplitudes of
the nucleon-nucleon scattering below the chiral symmetry
breaking scale A, ~1 GeV in a model-independent way.
Nevertheless, a power-counting problem in baryon ChPT
occurs because of the nonvanishing baryon mass M, in the
chiral limit. The heavy baryon chiral perturbation theory
(HByPT) has been proposed and developed to solve the
power-counting problem [3,4]. The chiral expressions in
HByPT proceed simultaneously in terms of p/A, and
p/M,, where p denotes the meson momentum (or mass) or
the small residual momentum of a baryon in a low-energy
process. The infrared regularization of the covariant baryon
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ChPT [5] and the extended-on-mass-shell scheme [6,7] for
baryon ChPT are two popular relativistic approaches and
have led to substantial progress in many aspects as
documented in Refs. [8—13] However, the expressions
from the loop diagrams become rather complicated
[14-16]. On the other hand, HByPT is a well-established
and versatile tool for the study of low-energy hadronic
process, e.g., the nuclear force in SU(2) HByPT.

Since the derivation of the nuclear force from chiral
effective field theory was proposed by Weinberg in the
1990s [17,18], many researchers became interested in the
field [19-29]. Even the full relativistic amplitudes have
been derived in chiral effective field theory [30-35].
However, these amplitudes for nuclear force only involved
pions and nucleons in the SU(2) case. For processes
involving kaons or hyperons, e.g., the nucleon-hyperon
interaction, the hyperon-hyperon interaction, etc., the
situation becomes more complicated because of the
consequences of three-flavor chiral dynamics. The hyperon-
nucleon interaction has been calculated up to next-to-
leading order in Refs. [36,37]. Nevertheless, good
convergence cannot be achieved at this order in ChPT,
and the higher-order contributions should be considered,
but this will involve many more low-energy constants. In
previous works [38—41], we have investigated the meson-
baryon scattering in SU(3) HByPT by fitting to partial-wave
phase shifts of the pion-nucleon and kaon-nucleon scatter-
ing. In particular, the separated low-energy constants b, from
the second-order Lagrangian were obtained by fitting the
phase shifts of pion-nucleon scattering at fourth order in
SU(3) HByPT. Meanwhile, there is a large amount of data
for nucleon-nucleon scattering. As an attempt to study
baryon-baryon interaction at higher order, we study the
nucleon-nucleon scattering at next-to-next-to-leading order
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in SU(3) HByPT in this paper. The peripheral partial waves
(L > 2 and J > 2) are considered. As for the lower partial
waves, they are dominated by the dynamics at the short-
range part of the nuclear force. Moreover, the contact terms
which consist of four-nucleon fields and no meson fields are
used to parametrize the short-distance dynamics. Thus, the
lower partial waves are almost the same as in the SU(2) case
and are not involved in this paper. Our study provides
reliable evidence that the nucleon-nucleon interaction cal-
culated in SU(3) HByPT leads to reasonable predictions.

The present paper is organized as follows. In Sec. II, we
summarize the Lagrangians involved in the evaluation of
the third-order contributions. In Sec. III, we present some
explicit expressions for the 7 matrices of the elastic
nucleon-nucleon scattering at order p3. In Sec. IV, we
outline how to calculate the phase shifts and mixing angles
from the 7" matrices. Section V contains the presentation
and discussion of our results. A short summary is given in
the last section.

II. CHIRAL LAGRANGIAN

In order to calculate the peripheral nucleon-nucleon
scattering amplitudes up to order O(p?) in heavy baryon
SU(3) chiral perturbation theory, the corresponding effec-
tive Lagrangian can be written as

Lo = Loy + Ly + L, (1)

where the superscript indicates the number of derivatives or
small external momenta or meson mass. The traceless
Hermitian 3 x 3 matrices ¢ and B include the pseudoscalar
Goldstone boson fields (7, K, K, n) and the octet-baryon
fields (N, A, Z, E), respectively. The lowest-order SU(3)
chiral Lagrangians for meson-meson interaction take the
form [42]
2
Eﬁ = %tr(uﬂu” +x4). (2)

where f is the pseudoscalar decay constant in the chiral
limit. The axial vector quantity u* = i{&", O#¢} contains
odd number meson fields. The quantity y, = ETy&" + Exé

|

with y = diag(m2, m2,2m% — m2) introduces explicit chi-
ral symmetry breaking terms. The SU(3) matrix U = & =
exp(igp/f) collects the pseudoscalar Goldstone boson
fields. Note that the so-called sigma parametrization was
chosen in SU(2) HByPT [43,44]. The lowest-order chiral
meson-baryon heavy baryon Lagrangian [45] is

Ly = w(iB[v - D, B]) + Dte(BS,{u*, B})
+ Fir(BS,[u*, B]), (3)

where D, denotes the chiral covariant derivative
[DM, B] = a,,B + [I“ﬂ, B], (4)

and §, is the covariant spin operator

i
S, =750,0",

5 S-v=0, (5)

1 : o 0
{Swsv} :E(U,uvy _g/w)v [Swsv} = 1€y5pV s, (6)

where ¢€,,,, is the complete antisymmetric tensor with

€o123 = 1. The chiral connection T'* = [£7, 9#¢]/2 contains
even number meson fields. The axial vector coupling
constants D and F can be determined from semileptonic
hyperon decays [46].

Beyond the leading order, the complete heavy baryon
Lagrangian splits into two parts,

Loy = L4537 + L4550 (i>2). (7)

where E%C) denotes 1/M,, expansions with fixed coef-
ficients and stems from the original relativistic Lagrangian.
Here, M, stands for the (average) octet mass in the chiral
limit. The remaining heavy baryon Lagrangian [,((ﬁll’;t) is
proportional to the low-energy constants (LECs).

The heavy baryon Lagrangian ﬁg;l can be obtained
from the relativistic effective meson-baryon chiral
Lagrangian [47,48]

Lot = bpte(B{y, . BY) + bpte(Bly,. B]) + bote(BB)u(r,) + bytr(B{uu,. B})
+ bytr(B[utu,, B]) + bstr(BB)tr(u#u,) + bytr(Bu* )tr(u,B) + bstr(B{v - uv - u, B})
+ bgtr(B[v - uv - u, B]) + bytr(BB)tr(v - uv - u) + bgtr(Bv - u)tr(v - uB)
+ botr(B{[u", u*].[S,. S,|B}) + biotr(B[[u", u*]. [S,. S,]B]) + by tr(But )tr(u*[S,. S,]B). (8)

The first three terms of .Cf;lft) are proportional to the LECs b, 1 ; and result in explicit symmetry breaking. All LECs b, have

dimension mass™!.

The Eg;,rc) reads
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L;i;m)zﬁu(my-u, (v~ u, B]]) - DM w(BB) (v - uv- u)—D—Ajtr( weu {v-u B}])—ZL%U(B[D,,,[DM,BH)
+2L0tr(B[U-D, [v-D,B]])—%tr(BS D, {v-u, B}])——tr(BS (D% [1 - u, B])
- ;—A};Otr(BSﬂ[v . [D4, B} = 3 w(BS, o, (D ) (9)

Since we explicitly work out the various 1/M,, expansions,

the last three terms of 55/,2;0) are not absorbed in the

corresponding LECs b,.

III. T MATRIX FOR THE NUCLEON-NUCLEON
SCATTERING

We are considering only elastic nucleon-nucleon scatter-
ing processes N(p) + N(—p) — N(p') +N( *’) in the
center-of-mass system (c.m.s.), where +p and +p’ are the
initial and final nucleon momenta in the c.m.s., respec-
tively. In the center-of-mass frame, the elastic on-shell
momentum-space nucleon-nucleon 7" matrix has the gen-
eral form
T(p'.p)=Vet+t-uWe+[Vs+11-1,Ws]6) -6,

-

+ [V +11-1,Wr]6)- 465G
+[Vis+71-1Wis][—iS- (< k)]

- -
- -

+ Voo +71-1Wo |61 - (% k)65 - (gx k), (10)

where ¢=p' —p is the momentum transfer, k =

(p'+ P)/2 is the average momentum, and S =
(6, + 6,)/2 is the total spin, with 5, 6, and 7y, 7, being
the spin and isospin operators of nucleons 1 and 2,
respectively. For the on-shell scattering, the isoscalar V,
and isovector W, (a = C,S,T,LS,cL) can be expressed
as functions of ¢ = |g| and p* |P'| = |p| only. The
momentum transfer g = 2p smf pPv/2(1 —z) in the
center-of-mass system with z—cos(ﬁ), the cosine of
the angle 0 between p and p’. Our notation and conventions
follow Ref. [49], which is commonly used in nuclear
physics.

In order to get a more compact representation of the
amplitudes, the four combinations of the axial vector
coupling constants D and F are introduced,

gy =D+ F,

g, = D = 3F,

9o = (D+3F)?>+9(D-F)?,

g5 = (D +3F)>=3(D-F), (11)

|

where g, is the usual axial vector coupling constants in the
SU(2) case, and g, is related to the #-meson coupling
constants.

In the following, we present the analytical results for the
nucleon-nucleon 7" matrix up to third order. These amplitudes
are divided into two parts where the contributions are from the
contact terms and the meson exchange. The local contact
terms are not considered in this paper, since they do not
contribute to the phase shifts with L > 2 and mixing angles
with J > 2. We will now derive the meson-exchange con-
tributions to the nucleon-nucleon interaction order by order.
The leading-order (LO, v = 0) amplitudes resulting from the
first row one-meson-exchange diagram in Fig. 1 read

2 2
V(TLO) _ 9y ’ (TLO) _ 9a ,
12f3(q* +my) 4f7(q* +m3)
(12)

with the physical values of the meson-nucleon coupling
constant, meson mass, and decay constants. Our results are
consistent with the amplitudes calculated in the SU(2) case
[50], except that the contributions from #-meson exchange
are included. The contributions from vertex and propagator
corrections to one-meson exchange are not considered since
they only contribute to mass and coupling constant renorm-
alization. As usual, the counting power v is given by

u:21+z<di+%—2>, (13)

where [ denotes the number of loops in the diagram, d; the
number of derivatives or meson-mass insertions, and »; the
number of nucleon fields involved in vertex i. The sum runs
over all vertices i in the diagram under consideration.

At next-to-leading-order (NLO, v = 2), the leading two-
meson-exchange diagrams appear; see the second row of
Fig. 1. All diagrams can be calculated in a straightforward
manner by using the heavy baryon formalism except for the
planar box diagram, since the diagram involves the iterated
one-meson-exchange contribution. Note that we include
only the noniterative part of this diagram which is obtained
by subtracting the iterated one-meson-exchange contribu-
tion. After a tedious calculation, the amplitudes from
irreducible two-meson exchange at this order read
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FIG. 1. LO, NLO, and NNLO contributions to the NN interaction. Solid lines represent baryons and dashed lines mesons. Small dots

denote vertices from the leading-order Lagrangian E;}g. Large solid dots are vertices proportional to the LECs b; from the second-order

Lagrangian 55522. Symbols with an open circle are relativistic 1/M, corrections which are also part of Ef;g. Only a few representative
examples of 1/M,, corrections are shown.

yNLO) 1
¢ 16588872 f% (4m% + ¢°)
+ 6[64(2g2 — 189, — 81)m% + 16(7g% — 639, — 162)m%q* + (2392 — 180g, — 324)g*|L(my, mg)

{(4"1% + ¢*)[48(162 + 99, + 2g3)m% + (90 + g,) (18 + 59,)¢°]

+6(4m + ¢*)[18(5¢% — 36, — 108)m% + (2362 — 180g, — 324)¢?] In 2K L 14
K K ﬂ
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WwNLO) _ 1
¢ 230472 f4(4m2 + ¢?)

{<4m,% L PRAL 4 E + g m2 + (5 + 2)(1 + 53) ]

+6[16(1 + 4¢3 — 844 )ms + 8(1 + T3 — 14g4)m2g* + (1 + 1065 — 23g4)q*|L(m,. m,)

+ 6(4m2 + ¢*)[6(—1 — 665 + 15¢%)m2 + (=1 — 10g3 + 234%)4°] lnﬁ}

1
165888724 (4m3 + ¢7)

A

{(4m%< T ) 4818 + g5 + 2¢2)mk + (30 + g)(6 + 595)4)

+ 6[64(2912, — 695 — 9)m% + 16(79% —21g; — 18)mkq* + (23g§ — 6095 — 36)g*|L(mg., mg)

+ 6(4m% + qz)[18(59/2, — 1295 — 12)m% + (2392 - 60g; — 36)4°] ln—n;K}, (15)
y(NLO) Ly 3 f 2L( y—2mn 22l i 1-2L( )-2In"k
=-—Vs= —2L(m;,m;) —2In— ————— 1 =2L(mg,mg) —2In—
r P 5 128222 g A J 4608724 KK 2
4
gn m’?
— 1 —2L(m,,m)—2In—L}, 16
- 1152n2f;;{ (. my) = 2107 } (16)

1 9

= —_—— W _—_—

% 460872 f4
Jadn

3842 2124

W(TNLO)

where we have defined the functions

i law(mima) + ¢ = (mi —m3)?

2q 4m, m2q2

W<ml9m2)

’

L(ml’mZ) =

wlmns) =\l -+ s g+ =)’

(18)

At next-to-next-to-leading-order (NNLO, v = 3), the
resulting amplitudes are either proportional to one of the
low-energy constants b; or they contain a factor 1/M,,. The
relativistic 1/M, corrections arise from vertices and baryon

{1=220m.m) -

m
2 2 2 2 _ 02 1 n
{ q" + 2(my — my) In—=

mnﬂ}
A

—2g2[L(my. my) + L(my. m,)] — 4> 1n—V"Z”m”}, (17)

|
propagators. In Fig. 1, the diagrams with one vertex
proportional to b; (large solid dot) are shown in the third
row, and the four representative diagrams with a 1/M,
correction (symbols with an open circle) are shown in the
fourth row. The number of 1/M, correction diagrams is
large, and not all of them are shown. Note that all football
diagrams vanish at this order. Again, all but the planar box
diagram can be calculated in a straightforward manner
using the heavy baryon formalism. Following the method of
finishing first the /, integral and then expanding in 1/M,
from Ref. [50], the 1/M corrections from the planar box
diagram can be calculated quickly and correctly. Then, the
full third-order amplitudes read
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4

(NNLO) 39a 5 3 2 4 4 2 2.4, 6
\% = S5m)+13m; 3m,q" +3(8m; 6mz A(m,,m,
3 2
+#{—2(2b0—2b1 by —4by+ b+ bp)md 4 (by + by +2b3)m,q?
—(2m:+q*)[2(2bg—by —by—2b3+ by + bp)m: — (by + by +2b3)g*|A(m,.m,) }

Ga 5 3 2 4

—288 426 18(—8 ; 3(—6

+[2(= 184 go)m%k +3(=6+ g,)¢*| (8mk +6my q* + g*)A(my . mg) }

1
96 4{2[ 2(2by—3by+by—4b3—by+bp)ga+ (—=bp + br)gslmy + (3by — by +4b3 + by) g,mi q*

— (2mx +q*)[2(4bg—3b, 4+ by —4b3 — by +2bp) gumg +2(bp — bp)gsmg — (3b1 — by +4b3 + by) g, ¢ |A(mg. my ) }
4
Iy

+ 2304xM,f 1 (4m?2 +¢?)

{5m)+13m}q* +3m,q* +3(8mitq* + 6m3q* + ¢°)A(m,.m,) }

g”l
144nf?

+(2my +q°)[=16(bg +bp — bp)mg +2(2bg +3bp = 5bp)mz + (5by —3by +6b3) 2my +¢°)|A(my.m,) }. - (19)

{=16(bo+bp—by)m%m, +2(2by+3bp —5by)m2m, + (5by —3b, +6by) (4m2 + ¢*)m,

2
(NNLO) %A 5 s o
we = —324 47 ~16 + 23 —2+3
¢ 128aMo o (dn 1 g7y (732 T 47000 mz o+ (=164 3G )meq” + (=2 + 3g3)mzg

+ [4(g5 — )mz + (393 —2)¢*|(8my + 6mzq* + q*)A(m,. m,)}
9p
4608zMf% (4m% + ¢?)

+2 (—6 + gp)mg +3(=2 + g5)q°| (8mi + 6miq® + q*)A(mg, my)}
{2(2[71 + 2b2 + 2b4 bD — bF)m% + (b] + b2 + b4)qu2

+ {(-96 + 26gﬂ)m§( +6(-8+ 3gﬂ)m§<q2 +3(=2+ g/;)qu4

+

96 4
(me + qz)[Z(b] + bz + b4 - bD - bp)m%( + (bl + bz + b4)q2]A(mK, mk)}
N a9
7687[M0f%f%[(m;7 + mlr)2 + qZ]
+ mig + (4 + Smymy + 4m3)q? + 3%] + 3¢7 (my + my + ¢*)[(my, + my)? + @)[A(my, mg) + A(mg,m,)]}

{(m, + my)[my + mym, + mam? + m,m;

gag
_ 48;f2'7f2 {(m, + m,)[=2(bp + bp)m2 + (by + by)(3m2 = 2m,m, + 3m2 + ¢*)]
=) n
+ (mj + mz + ¢*)[=2(bp + br)mz + (by + by)(my; + mz + ¢*)|[A(m,. m,) + A(mgz, m,)]}, (20)
(NNLO) 1 9a 2., .2 2
1% = Vg=——A _ 2 A(m,,m, bo+b 4 A
T 6]2 S 51271’M0fﬁ.{mﬂ+( mn:+Q> (mn' m )} 16 f4{< 9+ 10)[’” +( m J’_Q) ( )]}
g(l
+W{3(_6+ga)ml(+[8<_9+ga)m%(+3(_6+ga>q2]A(vamK)}
9
+384 % {(2bg—6b19—byy) [mg + (4mg + q*)A(mg . mg)] } + W’W{mn—i—(Zm%—f—qz)A(m”,mn)}, (21)
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2
oy 1
Wr - _? Ws = 256 M0f4 {(=2+3g3)m, + [2(—4 4 5g3)mz + (-2 + 3g3)¢°*|A(m,. m,) }
9
* W {3(=2+ gp)mx + [B(=3 + g)m} +3(=2 + g5)a*|A(my., my)}
384 f4 {(2by +2byo + by ) [mg + (4m + ¢*)A(mg, mg)]}
JA9
+ STt 2y O e 00 0%+ ) Ay ) - A )] @)
4
(NNLO) _ 39 G
Vis " = goppgops et Qi b @) AGng ma)} o A8+ gum - (12mi + (18 + 90) 1A mi, mi))
4
g
288 ;40f4 {my + (2m + ¢*)A(my, my) }, (23)

o) (1 —g3) 9
Wis W{m + (4mg + ¢*)A(mg.my)} + 2304 My /L {(6 + gs)mg + [24mg + (6 + g5)q*|A(mg. mg)}
Ja9
+ Sy 72 s+ (4 1 ) {A )+ Al )]} (24
where
A( ) ! arctan —7 (25)
my,m,) = — T
: ? 2q mi +m2

At last, we calculate the reducible two-meson-exchange contribution which is generated from iterated one-meson
exchange. The iterated one-meson exchange is the only contribution to the nucleon-nucleon 7" matrix with a nonvanishing
imaginary part and restores unitarity at this order. In fact, the planar box diagram includes the iterated one-meson exchange,
which has the following integral representation:

Mg &l G- (1+ )3, [+ §)3, - (1+ )3, (I + p)
VME+p?) (2n) (p2 = P +ie)[([+ P')? + m3)[(I + ) + m?]
M? m? + 3m2 + 2g* m2 + 3m? + 2g*

- 0 { O_I—MFO(mZ)_z—lqro(ml)

Vi i ;

2 2,2 a2
q my+m; +q
_Z[Fl(ml) + Ty (my)] +( 1 42 )

+ Gy(my,my)o) - Go, - G — [To(my) +To(my) + Ty (my) + Fz(mz)

Vlt(ml’ m2)

Go(my,my) — quz(mu m,)6 - 6,

— (mi +m3 + q*)Go(my, my) = 2(mi + m3 + ¢*)Gy (my, my)][=iS - (g x k)]

— [Go(my.my) + 4G (my, my) +4G5(my, m,)]6, - (g x } (26)
where
Jy— -1 (27)
0= TP
2 4 2
To(m) = —— (arctan——i— iin Y EP ), (28)
p m m
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1
Ly(m) = =g (m

1
Go(my,my) =

ip) - % (m? + 2p*)To(m). (29)

1

1
- dx
16%% {(5%2 —4p*q?)x* + 2[612(m3 + 2p?) 4 2p*q*]x + (m3 + 4m3p?)

20m2 + 65
% [ (m3 + 815x) 4 4ip] }’ 51y = m% _ m%, (30)
Vm3 + (81 + ¢* — ¢*x)x
1 1 m? + m3 A(my,m
Gymam) = —— d Ly m) + Tym)] = (Z2E72 1 2p2) Gy, ) + A2 L oy
4p* — ¢* |2 2 2z
m? + m? Almy,m
Galm, ) = Goomsme) + (524202 ) G ) = A (32)
1 1 2 2 2 2
Gs(my.my) = e 7 T1(m) +Ta(ma)] = p*Go(my, my) = (mi + m + 4p°)Gy(my, my) ¢ (33)

with A(m,m,) given in Eq. (25). In terms of the integral function V(m;,m,), the iterated one-meson-exchange

contributions to the nucleon-nucleon amplitudes read

344

Vit —
1614 "

(C.S.T.LS.cL)

g

Wi(tC,S,T,LS,aL) = Y Vil(mg, myg) +

It is straightforward to obtain the central, spin-spin, tensor,
spin-orbit, and quadratic spin-orbit components of the T
matrix. Note that the occurrence of the factor M, in iterated
diagrams changes the correspondence between the loop
expansion and the small momentum expansion for proc-
esses involving two nucleons. For the above iterated one-
meson exchange, the power counting is two because the
number of the loop is one. The actual contribution from the
iterated one-meson exchange to the nucleon-nucleon T
matrix is of first order in small momenta, even though we
count the iterated one-meson-exchange diagram as next-
to-leading order in order to obtain a consistent result
with the SU(2) case and make a comparison. Besides,
the further iterations correspond to the diagrams with many
more loops which are extremely difficult to evaluate.
|

Vi (mll'

4

9
L my) +ij4vn(mmmn), (34)
n
gAYy
n
48f,%f72r [Vil(mIW mﬂ) + Vit(mﬂ.'v mﬂ)] (35)

|
Numerically, we find that in most cases the iterated one-
meson-exchange contribution is small compared with the
irreducible meson-exchange contribution. Therefore, we
assume that the higher-order iterations can be neglected.

IV. PHASE SHIFTS AND MIXING ANGLES

In order to calculate phase shifts and mixing angles, the
matrix elements of 7(p’, p) in the LSJ basis are needed,
where S denotes the total spin, L the total orbital angular
momentum, and J the total angular momentum. The T
matrix is decomposed into partial waves following
Ref. [51], and the following projection formulas are
obtained.

(a) Spin singlet with S =0 and L = J:

1 1
worirls0s) =3 [ delUe =305 = Ur + 5 = 1)U IP ). (36)

(b) Uncoupled spin triplet with S =1 and L = J:

1 /1
WU = [ de(2p(~Uss/2= U+ U Pra () + Proa(2)

+[Uc+ Us+2p*(1 + 2)Ur +2p*2Ups — p*(32* + 1)U, [Py (2)}. (37)

116030-8



PERIPHERAL NUCLEON-NUCLEON SCATTERING AT ...

PHYS. REV. D 104, 116030 (2021)

(c) Coupled triplet states with S =1 and L =J £ 1:

1 1
(JE1L,UTJ£1,1J) = 2/1 dz{2p2 [—ULS/Z +

+ [Uc + Us + p? (,,2(1 — U, +2Ups +

2J+1

(Ur = p*2U,1) | Py(2)

577 PUeL = UT)HP”“(Z)}’ (38)

(d) Coupled triplet states with S =1, L' =J—1,and L = J + I:

N/ESTVI
(J =1, 1J|T|J + 1, 1J) :H’/

VI(2J +1)

1

Here, P;(z) are ordinary Legendre polynomials of degree
-1 are given by

PR

Ug=Vg+@4I-3)Wg, (K=C,S,T,LS,6L), (40)
with total isospin I =0, 1. The L + S+ I must be odd
because of the Pauli exclusion principle.

The phase shifts and mixing angles are calculated via

5o M3, p
LSI = T 4rE

Re(LSJ|T|LSJ), (41)

N

_Mip
471'EN

¢ = Re(J — 1, LU|T|J +1,1J),  (42)

with the c.m.s. nucleon energy Ey = \/M% + p*. Note
that the calculation of the phase shift and the mixing angle
based on Eqgs. (41) and (42) is valid only as long as the
difference between 6 and sindcosd is small. In addition,
the c.m.s momentum p is related to the kinetic energy of the
incident neutron in the laboratory system 7Ti,, by

o= M T (Tha, + 2M,,) (43)
(M, +M,)* + 2T M,

V. RESULTS AND DISCUSSION

In this section, for the 7" matrix given in Eq. (10), we
present and discuss our results for the phase shifts with
2 <L <6 and mixing angles with 2<J <6 up to
T\, = 250 MeV. At such an energy, momentum transfers
up to g = 4.9m, = 685 MeV are involved, which are still
quite large for the application of chiral perturbation
theory. Nonetheless, we give results up to 250 MeV in
order to show where our predictions are consistent with the
existing data and where deviations appear. Before present-
ing the results, we summarize the values of the physical
parameters:  m, = 139.57 MeV, mg = 493.68 MeV,
m, =547.86 MeV, f, =92.07 MeV, fx =110.03 MeV,
fn=12f, M, =93827 MeV, M, =939.57 MeV,

dz{(Ur = p*U,1)Pyi1(2) + [(2J = 2(2J +1))Ur + p*2Uy Py (2)}. (39)

|

My =938.92MeV, A=4znf,=1.16GeV, D = 0.80, and
F =0.47 [52-54]. We use My =963.58 £ 153.97 MeV,
bp=0.06GeV~!, by =-0.48 GeV~!, by = —0.69 GeV~!
from the results of the pion-nucleon scattering at chiral
order O(p?) in our previous paper [40]. Unfortunately, the
remaining low-energy constants b;_;  ;; were combined
into three linear combinations C| ; 3. The separated b; were
not obtained at this order. However, the respective values
of the b,_;__;; have been obtained in pion-nucleon
scattering at order p* in our other paper [41]. We take
the low-energy constants b;_; _ 1; used in the calculation:
by = 1.61 GeV~!, b, =0.10 GeV~!, by = —4.50 GeV~!,
by=-134GeV~!, by=1.86GeV~!, by = —0.38 GeV~!,
by, = 17.66 GeV~!. This may cause some errors. Thus,
we give a common uncertainty of +20% to the low-
energy constants bp po.. 491011- Lhe error bands will
be generated by the standard error propagation formula
820 = (00/0x)*(6x1)* + (00/0x,)*(6x,)* + ... using
the uncertainties of the low-energy constants b; and the
chiral limit baryon mass M, without correlations. Although
the errors are crude, they can measure how dependent the
phase shifts and the mixing angles are on b; and M,,.
Furthermore, the orders displayed will be defined as LO
[one-meson exchange, Eq. (12)], NLO [LO plus iterated
one-meson exchange, Eqs. (34) and (35), plus the con-
tributions of second order, Eqgs. (14)—(17)] and NNLO
[NLO plus the contributions of third order, Eqs. (19)—(24)]
in following figures.

A. D wave

The D wave phase shifts and the mixing angle ¢, are
shown in Fig. 2. The dotted lines correspond to the one-
meson-exchange approximation, i.e., LO. The dashed and
solid lines present the NLO and NNLO, respectively. The
black dots denote the SM16 solutions from SAID online
[55]. The open circles present the Granada 2013 results
from the upgrade of the nucleon-nucleon database by the
Granada group [56,57]. The results from Granada 2013
have uncertainties, but we do not show them because the
uncertainties are small, below 250 MeV laboratory kinetic
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FIG.2. D-wave NN phase shifts and mixing angle ¢, versus the
nucleon laboratory kinetic energy 7T,,. The dotted, dashed, and
solid lines present the predictions to LO, NLO, and NNLO,
respectively. The dot-dashed lines refer to the results from the
SU(2) HyPT at order NNLO, the black dots denote the SM16
solutions, and the open circles present the Granada 2013 results.
The bands (light gray) are generated by the standard error
propagation formula with the errors of the low-energy constants
b; and the chiral limit baryon mass M, and the bands (gray)
including 13 high statistical quality potentials are given at lo
confidence level. See main text.

energy; for more details about the analysis, see
Refs. [58,59]. The dot-dashed lines refer to the results
from the SU(2) HByPT at NNLO [50]. The light gray
bands are generated by the standard error propagation
formula with the errors of the low-energy constants »; and
the chiral limit baryon mass M. The gray bands including
13 high statistical quality potentials are given at lo
confidence level from Fig. 10 of Ref. [60]. These potentials
include the Nijmegen PWA [61], Nijml, NijmlI, Reid93
[62], AV18 [63], CD Bonn [64], Spectator [65], and the six
Granada potentials denoted as DS-OPE [56,57], DS-yTPE
[66,67], SOG-OPE [68], SOG-¥TPE, DS-ABO, and SOG-
ABO [69]. In all cases, the chiral nucleon-nucleon phase
shifts at third order go in the proper direction—that means
the two-meson-exchange corrections give consistent signs
of the phase shifts with empirical values below 100 MeV

laboratory kinetic energy. But they are too large to keep the
signs of the phase shifts at high energies in some cases and
even larger than the SU(2) case. Not surprisingly, the
coupling constants b; in our calculation have large errors.
When considering the bands from the errors of the
constants, our results are almost consistent with the
SU(2) case. However, our predictions for the D-wave
phase shifts obviously deviate from the data. One excep-
tion is the mixing angle e, which is consistent with the
data below 100 MeV laboratory kinetic energy. The
leading-order two-meson-exchange contributions are not
small for the D-wave phase shifts, especially for D, phase
shifts. This is different from the SU(2) case. This also
results in the 3D, phase shift being only in fair agreement
with the data up to 100 MeV laboratory kinetic energy. In
the SU(2) case, there exists an almost complete cancella-
tion of irreducible two-pion exchange and iterated
one-pion exchange contributions for the 3D, wave.
Nevertheless, for the SU(3) case, the iterated one-meson-
exchange contributions only include the z and #-meson
exchange, while the irreducible two-meson-exchange con-
tributions involve 7, K, and #-meson exchange. Thus, this
cancellation mechanism does not work anymore in the
SU(3) case. The one-meson-exchange contribution in the
3D, wave is roughly consistent with the data. The situation
is same as the SU(2) case. This shows that the #-meson-
exchange contribution is small. At last, we also do not
obtain a proper convergence. To sum up, the one-meson and
two-meson exchange alone is also not sufficient to describe
the dynamics in the nucleon-nucleon D waves, as concluded
in the SU(2) case [50].

B. F wave

The F-wave phase shifts and the mixing angle ¢; are
shown in Fig. 3. Again, our predictions go in the right
direction and are roughly consistent with the SU(2) case
when the error bands are considered. The predictions for
the phase shifts in the 'F5, 3F,, 3F5, and 3F, partial waves
are in good agreement with the data up to 100 MeV
laboratory kinetic energy. There are also large error bands
in the four waves, especially for 'F5. This means that we
can improve the description of the four F waves by
refitting the data. The mixing angle e; with a small error
band, however, is in perfect agreement with the data for all
energies up to 250 MeV laboratory kinetic energy, the
same as in the SU(2) case. Our prediction at third order is
almost consistent with the result from the one-meson-
exchange contribution below 150 MeV for the mixing
angle e3. The leading-order two-meson-exchange contri-
butions are small for the F-wave phase shifts and the
mixing angle e3. The situation is the same as in the SU(2)
case. The convergence is still not appropriate for all four
partial-wave phase shifts and the mixing angle at high
energies. All in all, the dynamics in the SU(3) case for the
nucleon-nucleon F waves and the mixing angle €3 is
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FIG. 3. F-wave NN phase shifts and mixing angle e5 versus the

nucleon laboratory kinetic energy T}, For notation, see Fig. 2.

almost the same as in the SU(2) case. The predictions for
F-wave phase shifts are also clearly dependent on the low-
energy constants. This can be used to refit the data to
improve the description of the nucleon-nucleon phase
shifts and obtain more accurate low-energy constants in
the future.

C. G wave

The G-wave phase shifts and the mixing angle ¢, are
shown in Fig. 4. Our predictions are in good agreement
with data for all partial-wave phase shifts (except for 3Gs)
and the mixing angle up to 250 MeV laboratory kinetic
energy within error. The phase shifts for 3Gs are only
consistent with the data below 150 MeV laboratory kinetic
energy. When considering the error band, the description of
the >G5 wave cannot be improved. The problem can be
solved when the higher-order contributions are considered.
The differences between one-meson exchange and the data
are still sizeable in the 'G, and G5 partial waves. For the
3G, and *G, phase shifts and e, the two-meson-exchange
corrections are small. In short, our predictions for the four
partial-wave phase shifts and the mixing angle are almost
the same as in the SU(2) case.
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FIG.4. G-wave NN phase shifts and mixing angle e, versus the
nucleon laboratory kinetic energy 7',,. For notation, see Fig. 2.

D. H wave

The H-wave phase shifts and the mixing angle ¢5 are
shown in Fig. 5. The contributions from two-meson
exchange are quite small. Our predictions are also in good
agreement with data for all partial-wave phase shifts (except
for 3Hg) and the mixing angle up to 250 MeV laboratory
kinetic energy. The 3H, phase shifts come out too large.
Nevertheless, the 3H phase shifts are very small, less than
0.5°, and the gap between the data and our prediction may be
insignificant if one considers the nucleon-nucleon scattering
data. We also find that the contributions from one #-meson
exchange are also very small in the four phase shifts and the
mixing angle, but still obviously make some difference.
Once again, our results are the same as in the SU(2) case in
the phase shifts and the mixing angle.

E. I wave

The I-wave phase shifts and the mixing angle ¢4 are
shown in Fig. 6. The two-meson-exchange contributions
are still quite small, and our predictions are in very in good
agreement with the data for all partial-wave phase shifts
and the mixing angle up to 250 MeV laboratory kinetic
energy. There is only a little gap in 3/, at high energy, and it

116030-11



BO-LIN HUANG, JIAN-BO CHENG, and SHI-LIN ZHU

PHYS. REV. D 104, 116030 (2021)

00
2-0.2 1
3 H
C _04 3
@ -0.6
:_,:: -0.8
o -1.0 b
o -1.2 e
£ N
a4 0.0
0 50 100 150 200 250 O 50 100 150 200 250
Tiab (MeV) Tian (MeV)
0.0 . 0.4 - .
> 3 =)
§ -02 H;s $ 03
o 04 @
= -0.6 =02
D o8 2
e~ @ 0.1
z-10p g
0 50 100 150 200 250 095y 100 150 200 250
Tiap (MeV) T (MeV)
25
=
200 ¢
Q
> 1.5
c
< 1.0
o
[=
% 0.5
=
00 =T
0 50 100 150 200 250
Tiap (MeV)
FIG.5. H-wave NN phase shifts and mixing angle 5 versus the

nucleon laboratory kinetic energy 7', For notation, see Fig. 2.

also is insignificant because the phase shifts for this wave
are very small. The contributions from #-meson exchange
are quite small and can even be completely ignored.
Furthermore, we find fast convergence in the high angular
momentum partial waves (except for ;) as the existing
nucleon-nucleon phase shifts analyses.

VI. SUMMARY

We have calculated the complete 7 matrices of elastic
nucleon-nucleon scattering up to third order in SU(3)
HByPT. With the T matrices, the phase shifts with orbital
angular momentum L >2 and the mixing angles with
J > 2 have been evaluated by using low-energy constants
that were extracted from meson-baryon analysis. Then, we
have compared our predictions with the empirical phase
shifts and mixing angles data, and as well as the results
from SU(2) HByPT. The description of the data within the
SU(3) case is slightly worse than the SU(2) case because a
large number of low-energy constants cannot be deter-
mined accurately at this order. In addition, we have found
that one-meson and two-meson exchange alone is not
sufficient to describe the dynamics in the nucleon-nucleon
D waves, the same as in the SU(2) case. For higher partial
waves, the model-independent amplitudes up to third order
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FIG. 6. I-wave NN phase shifts and mixing angle ¢ versus the

nucleon laboratory kinetic energy T',,. For notation, see Fig. 2.

in the SU(3) case bring the chiral prediction close to
empirical nucleon-nucleon phase shifts, as in the SU(2)
case. Meanwhile, in the high angular momentum partial
waves(L > 5), we find fast convergence to the result of
one-meson exchange as obtained in the empirical nucleon-
nucleon phase shifts analyses. The errors of the phase shifts
and mixing angles have been obtained by the standard error
propagation formula with the errors of the low-energy
constants b; and the chiral limit baryon mass M. Besides D
waves, the predictions for F-wave phase shifts were also
clearly dependent on the low-energy constants. This can be
used to refit the data to improve the description of the
nucleon-nucleon phase shifts and obtain more accurate
low-energy constants in the future. In a word, our pre-
dictions for the peripheral nucleon-nucleon phase scatter-
ing in SU(3) HByPT are quite reasonable. The higher-order
amplitudes for nucleon-nucleon scattering and much more
baryon-baryon scattering channels can be investigated
further in the SU(3) case.
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