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In this paper we compare the experimental HERA data with the next-to-leading order approach (NLO) of
[Eur. Phys. J. C 80, 1029 (2020)]. This approach includes the re-summed NLO corrections to the kernel of
the evolution equation, the correct asymptotic behavior in the NLO at 7 = r>Q? > 1; the impact parameter
dependence of the saturation scale in accord with the Froissarrt theorem as well as the nonlinear
corrections. In this paper, we successfully describe the experimental data with the quality, which is not
worse, than in the leading order fits with larger number of the phenomenological parameters. It is
demonstrated, that the data could be described, taking into account both the diffusion on In(kz), which
stems from perturbative QCD, and the Gribov’s diffusion in impact parameters. It is shown an ability to

describe the data at rather large values of ag.
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I. INTRODUCTION

The goal of this paper is to compare with the exper-
imental (HERA) data the next-to-leading order approach
(NLO) of Ref. [1]. In Ref. [1], we develop the approach in
which we include the re-summation procedure, suggested
in Refs. [2-4], to fix the BFKL kernel in the NLO.
In particular, we introduce the rapidity variable, which
plays the role of the “evolution time,” in the same way as in
Ref. [5]. However, we suggest a different way to account
for the nonlinear corrections, than in Ref. [5], which leads
to additional change of the NLO kernel of the evolution
equation. The advantage of our kernel of the BFKL
equation [6,7], is that the scattering amplitude satisfies
the high energy limits, which follows from the approach of
Ref. [8] (see Refs. [9,10]) to the NLO Balitsky-Kovchegov
(BK) [11] evolution [12-18].

We firmly believe that finding the correct NLO approxi-
mation for the nonlinear evolution is one of the most
important and urgent problem in the theoretical description
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of the high energy scattering. Indeed, in the color glass
condensate (CGC) approach, which is the only candidate
for an effective theory at high energies (see Ref. [19] for a
review), the two essential parameters, that determine the
high energy scattering, calculated in leading order of
perturbative QCD [6,11,20-28] turns out to be in an
apparent contradiction with the experimental data. The
first one is the BFKL Pomeron [6] intercept, which is equal
to 2.8ag and leads to the energy behavior of the scattering
amplitude N o exp (2.8a5In(1)). The second is the energy
behavior of the new dimensional scale: saturation momen-
tum Q? o exp (4.88ag In(L)). Both show the increase in the
leading order CGC approach, which cannot be reconciled
with the available experimental data. So, the large NLO
corrections appear as the only way out, now as well as two
decades ago. The needs for the NLO corrections for
describing the experimental data has long been realized
and many attempts to include these corrections have been
made (see, for example, Refs. [5,9,29-34]). In this paper
we wish to describe the HERA data using approach
of Ref. [1].

In the next section we will outline the main results of
Ref. [1] and will specify our theoretical description of the
dipole scattering amplitude. However, the current stage of
our theoretical understanding of nonperturbative QCD is
such, that we have to build a model. We need to take
into account the nonperturbative corrections that will
reproduce the correct, exponentially decreasing at large
impact parameters (b) scattering amplitude. It has been
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demonstrated in Refs. [35-38], that the CGC equations
[11,23-28] as well as all other approaches, based on
perturbative QCD, lead to the amplitude that increases
as a power of energy, resulting in the violation of the
Froissart theorem [39].1 Unfortunately, without a theoreti-
cal control on nonperturbative QCD we have to use a
phenomenological approach to model the large b behavior.
In this paper we will exploit two approaches:
(1) the nonperturbative behavior of the saturation scale,
which we will parametrize as follows:

Q(b,Y) o (S(b,m)) (1)

where S(b) is the Fourier image of S(Q7) =
1/(1 +Q—%)2 and the value of y we will discuss

pe.
below. In the vicinity of the saturation scale such b
dependance results in the large b-dependence of the
scattering amplitude, which is proportional to
exp (—mb) at b > 1/m, in accordance of the Frois-
sart theorem [39]. In addition, we reproduce the
large Q7 dependence of this amplitude proportional
to Q7* which follows from the perturbative QCD
calculation [45]. Theoretically the fact that we can
absorb the nonperturbative b-dependence in
O,(Y,b) (see Eq. (1) for example), follows from
the semiclassical approach to BK equation [46] and
has been widely used in all, so called, saturation
models [9,47-66].

(2) in Refs. [67-76] it is made an attempt to incorporate
in the BFKL equation the Gribov’s diffusion [77] in
impact parameter (b). As the result of this, the
following formula for the saturation scale was
suggested [74,76]:

5 3 ) b4 1/3
Qs (b, Y) X eXp <—ZZ) with Z = <W>
(2)

where &% is a new dimensional nonperturbative
parameter which controls the Gribov’s diffusion.
The paper is organized as follows. In Sec. II we will give a
brief review of the approach that we have developed in
Ref. [1]. Next we will discuss the procedure of obtaining the
NLO kernel of the BFKL equation based on the anomalous
dimensions for re-summed NLO corrections, which is
suggested in Refs. [2-4,78]. Then we will consider the
modification that we need to introduce in the NLO kernel to
account for correct behavior of the scattering amplitude at
high energy and the structure of the nonlinear equation.

'It should be noted that NLO corrections to the kernel of CGC
evolution equations do not change the powerlike behavior of the
scattering amplitude but improve the situation moving the
violation of the Froissart theorem to larger values of b [40-44].

In Sec. IIl we specify our approach, which we use for
describing the experimental data. In particular, we introduce
the phenomenological parameters, which have to be calcu-
lated in the nonperturbative QCD approach, and discuss their
physical meaning and the range of possible values.
In Sec. IV we collect the results of the fit of the experimental
data on DIS. We summarize our results in the conclusion.

II. LEADING TWIST APPROXIMATION FOR
NONLINEAR EVOLUTION IN THE NLO—
A RECAP

A. Re-summed anomalous dimensions in NLO and the
kernel of linear evolution

The general solution to the linear equation has the
following form:

€+ioco d]/

N(Y.r.b) = / L0 g (b R) a7, R)

e+ico (]
:/+ —w.ew%y(w)(r,b’RWm(“”R) (3)

—ico 27

where N is the scattering amplitude of the dipole with size r
at the impact parameter b. Y is the rapidity of the dipole.
¢, (r.b) is the eigenfunction of the BFKL equation which
has the general form:

r2R? yieyé
(b+%(r—R))2(b_%(r_R))2) = (4)

¢,(r.R.b)= (

where R is the size of the target. ¢;, can be found from the
initial condition at ¥ = 0.

The eigenvalues w(y) in the NLO has been calculated in
Refs. [79,80]. However, it turns out that these eigenvalues
have singularities at y — 1 which has been re-summed
taking into account the high order corrections in
Refs. [2-4,78]. Finally, oy o(@s,y) has the form [2-4]:

)(1(60NL0»7)> (5)

onLo(@s,7) = ag <)(0((1)NL07 7) +onio
X0 ((UNL@ 7)

The analytical expressions for functions yo(wnio,7) and
x1(@nLo,7) can be found in Refs. [1-4]. Equation (5) for

y — 1 has the form:
ag
@ l-y+ow (6)

which leads to

o(y) =5 (=(1=y)+/4as+(1-7)).  (7)
As it is shown in Ref. [1] Eq. (7) corresponds to the kernel
of Ref. [5]. Resolving Eq. (6) with respect to y [1,81] we
obtain:

N[ =

116020-2
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l—y:——w’ (8)

Eq. (8) gives the simple equation
- g -
S M@ ) =as [ de' N(& b
n
2

Wﬁ@’,n;b) = asN(&,n;b), (9)

dQXQ

for the amplitude N(&,n;b) = N(&,n;b)/1?. n=Y —¢&
is a new energy variable, which corresponds correct time
ordering in double log approximation (DLA) [5].

In Eq. 8) & = -¢&.

B. Nonlinear equation and the feedback to the
kernel of the linear evolution

The general structure of the nonlinear Balitsky-
Kovchegov equation [11] has the following form:

0 1 1
—N(xlo,b,Y;R)—as/—K(xoz,xlz;xlo) N x12,b——x20,Y;R +N xzo,b——xlz,Y;R —N(xlo,b,Y;R)
oY 27 2 2

1 1
—N<x12,b—5x20, Y;R>N<x20,b—§x12,Y;R)) (10)

where x;, =x;, —xandx ;g =r,x)o=r andx;, =r—7r.
Y is the rapidity of the scattering dipole and b is the impact
factor. K(xq,x12;X}o) is the kernel of the BFKL equation.
In our approach we wish to preserve this form, but include
the NLO corrections to the kernel. In particular, we would
like to include the Reggeization term in Eq. (10), which
contribute to the linear equation, but has been neglected in
DLA [see Eq. (9)]. It should be stressed that only keeping
this term we can provide the correct asymptotic behavior at
large Y: N — 1. In Ref. [1] it is shown that the linear
equation, which corresponds to Eq. (8) can be rewritten in
the form:
O N(gn) = as¥E ) —Sa Mg ()
(')1786’ 1) = Qg >N 2a585/ 1

For the dipole amplitude, N(£,Y), Eq. (8) takes the
following form:

2

/ 9 ! _l— /
aY—ﬁf'N((g’Y) +—-—=N(&,Y) —2055N(§,Y)

oY
10
—Easa—g,N@,Y) (12)

which leads to the eigenvalue w(y):

1+y
11—y’

oly) = 3 (13)

In Ref. [78] the general equation for @ has been rewritten
in the simple form, that takes into account the energy
conservation and coincides with Eq. (5) within 7%.
In Ref. [1] it is found that this equation leads to a more
general form of w(y) in the vicinity of y — 1:

1_ 1+y
=—Qq¢——-r 14
o) =385 o (14)

[

Using the general equation to determine the critical
anomalous dimension and the energy behavior of the
saturation scale (see review [19] and Fig. 1):

1 :a)(g‘/,?):_da)(f/ﬂ); 1 ( o:(Y) >:/1;1’7; (15)

! 7 dy, 3 (Y =0)
we obtain:

as

1
o= 2t as—1; A== . (16
& T "=2332a,-2a5as (O

Rewriting Eq. (16) for the saturation momentum as a
function of Y we obtain

In (%) =Y with 2=+ i”/l and
K n
7 =7,(1+4) (17)
e
T A@s)
oal-" 7(as)

Alas),y(as)

_—

0.00 0.05 0.10 0.15 0.20 0.25

FIG. 1. A and 7 versus ag. In red we put 7 = 0.63 which stems
from LO estimates and A = 0.2 which is a typical value that is
need to describe DIS data (see for example Ref. [65]).

116020-3



CONTRERAS, LEVIN, and SANHUEZA

PHYS. REV. D 104, 116020 (2021)

C. NLO BFKL Kkernel in the saturation domain

The kernel in y-representation: The nonlinear corrections
are essential in the region of small values of x (large Y)
where 7 = r>Q? > 1. Following Ref. [1] we replace the full
kernel of the BFKL equation by the one, which corresponds
to the sum of two types of logarithms [§]

% fort=rQ,>1 summing (In

(rQ,))";
1, forz=rQ, <1 summing (In(1/(rAqcp)))";

(18)

x(r)=

In the previous section we specified how we changed the
kernel in the perturbative QCD region, taking into account
he NLO corrections. In the region of large r we need to find
the anomalous dimension at y — 0, as it follows from
Eq. (18). We found it [1], expanding the anomalous dimen-
sion of Ref. [78] in the vicinity of y — 0. It takes the form:

veafl-0) o

Resolving Eq. (19) with respect of y we obtain

ag 1

" Ttase (20)
which differs from the behavior of the LO kernel, only by
replacing ag — a@g/(1 + @g). Therefore, we can discuss the
nonlinear equation in the LO, substituting ag/(1 + ag) in
place of @y, at the final stage.

The nonlinear equation: In the saturation region where
7 > 1, the logarithms originate from the decay of a large
size dipole, into one small size dipole and one large size
dipole [8]. However, the size of the small dipole is still
larger than 1/Q,. This observation can be translated in the
following nonlinear equation (see Ref. [1] for details):

= as{ <1 - M(g—ﬁ)ﬁ(y, g;b)} (21)

where N(Y,&b) = [€dEN(Y,&;b).

For the NLO kernel of Eq. (20), the nonlinear equation
has the same form as Eq. (21) but ag has to be replaced
by as/(1 + as).

The solution: For solving this equation we introduce
function Q(Y;¢&,b) [8]

O*N(Y,x:b)
IYOE

N(Y,§) =1 -exp (=Q(Y.&)) (22)

Substituting Eq. (22) into Eq. (21) we reduce it to the form

8Q(Y,§)_ ag -
oY _1+aSN(Y’5)’
PQY.E)  as
GvoE STia I—exp(-Q(r.8)):  (23a)
PQEQ) _ 9PQ(Es0) Q630
0E08 0% o
= o(1-exp(-2(£:0)) (23b)

where 4 is given by Eq. (17) and ¢ = ag/A(as)(1 + ag).
The variables ¢, = &, + £ with £, defined as

—In(QX(Y)/QXY = 0:b.R) =¥ (24)

The use of this variable indicates the main idea of our
approach in the region of 7 > 1: we wish to match the
solution of the nonlinear Eq. (23b) with the solution of
linear equation (see Eq. (12)) in the kinematic region where
it has the form [82]:

N = Ngexp (yz) with z=¢& +¢& (25)
and 7 is determined by Eq. (17). Equation (25) leads to the
initial and boundary conditions:

dn (N(r,Y))

N(r2,Y) a .

=N(r=1) = Ny; =7

(26)

Eq. (23b) has a traveling wave solution (see formula 3.4.1.1
of Ref. [83]). For Eq. (23b) in the canonical form the
solution takes the form:
17(94

o(Q +exp (—))

:‘th+ + xt_ + Cz

[:0 \/ C, +
(27)

where all constants have to be determined from the initial
and boundary conditions of Eq. (26) and they take the
forms [1]:

20 o)
——2+Q%(1——2>; and u=y (28)
1 1

C2:0; C1:

For Q — Q, and if Q) <« 1, Eq. (27) can be solved
explicitly giving

Q- QO{COSh(\/_ (& + ) +Lsinh(v/a(&, + 5))}

116020-4
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Eq. (29) gives the solution which depends only on one
variable z = &, + £, and satisfies the initial conditions
of Eq. (20).

At large z we obtain the solution [8]:

Qz) = gzz + Const; N(z) =1 —Conste™5  (30)

We wish to stress that Eq. (30) reproduces the asymptotic
solution to the BK equation in the NLO, which has been
derived in Refs. [9,10], for fixed ag.

It should be noted that both solutions of Eq. (29) and
Eq. (30) can be derived directly from Eq. (23b) assuming
I —exp(—Q) - Qand 1 —exp (—Q) — 1 for small z and
large z, respectively.

III. OUR APPROACH

A. Generalities

The observables in deep inelastic scattering can be
expressed through the following scattering amplitudes
(see Fig. 2 and Ref. [19] for the review and references
therein)

d’r [1
N(Q.,Y;b) —/E/O dz|¥,-(Q,r,2)PN(r,Y;b) (31)

where ¥ =1In (1/xp;) and xp; is the Bjorken x. z is the
fraction of energy carried by quark. Q is the photon
virtuality. b denotes the impact parameter of the scattering
amplitude.

Equation (31) shows the main features of the interactions
at high energies. They go in two stages. The first is the
decay of virtual photon in quark-antiquark pair, described
by |¥,-(Q. r,z)[* in Eq. (31). For large 0 (Q* > Qf with
Q% ~0.7GeV?, see Ref. [84]) the wave function is well
known (see Ref. [19] and references therein)

p (proton)

p (proton)

FIG. 2. The graphic representation of Eq. (31) for the scattering
amplitude. ¥ =In(1/xp;) and r is the size of the interacting
dipole. z denotes the fraction of energy that is carried by one
quark. b denotes the impact parameter of the scattering ampli-
tude.

() =200, ST [ + (1 - KT er)
f
+mK(er)}, (32)
(), =0, GO (- K er).  (33)
]

where T(L) denotes the polarization of the photon and f is
the flavors of the quarks. €2 = mj% + 0°z(1 — z). However,
even for DIS the nonperturbative corrections become
essential and we cannot use Eq. (32) and Eq. (33)
for 0* < Q2.

The second is the amplitude N(r, Y; b) of the interaction
of the dipole with the target. We have discussed this
amplitude in the previous section and will specify the
way how we will use the finding of this section for the
practical application to DIS below.

Using Eq. (31), Eq. (32) and Eq. (33) we can write the
main observables in DIS:

GT,L = 2/d2bNT,L(Q’ Y, ,b), (343)
Q2
F,(Q.7Y) :W{UT+UL}; (34b)
0? )
FEQ.Y) = 2 o 4o (340)
Q2
F (0,Y) = Ira U (34d)

0°“ in Eq. (34c) are calculated, using Eq. (34a) with
N7 .(0Q,Y,;b), which is calculated using Eq. (32) and
Eq. (33) for c-quarks.

B. The dipole scattering amplitudes

Based on the approach, briefly discussed in the previous
section, we can see three different kinematic regions where
we are going to use the scattering amplitude N(Y,&;b) in
three different forms.

(1) For Q2r* < 1 (perturbative QCD region) we suggest
to use the linear evolution equation of Eq. (12),
which has been discussed above. Recalling that in
the derivation of this equation we use the DLA in
which both =Y — & and & are considered to be
large: agné > 1. For n > 0 (Y > &) we can use the
experimental data as the initial condition for
Eq. (12). The value of the saturation momentum
is given by Eq. (17). Since its value turns out to be
much less than Q,..., which stems from the con-
dition & = In(Q%,/03) =7, we can use the

116020-5
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DGLAP evolution equation in the next-to-leading
order for Q> > Q2.
(2) For Q2r? ~ 1 (vicinity of the saturation scale) we use
the scattering amplitude in the form [82]
N(r.nib) =No (Q3(Y.b)r?) (35
with ¥ from Eq. (17).
(3) For Q2r? > 1 (saturation region), we propose to use
the solution to the nonlinear equation of Eq. (27).
For 7 < 1 we have to solve the linear equation with some
initial condition which we need to take from the exper-
imental data. This solution will give us the scattering
amplitude in the vicinity of the saturation scale where
the scattering amplitude can be estimated using Eq. (35).
We use a different way to introduce the parameters from the
experimental data: we expand Eq. (35) to the region 7 < 1,
replacing ¥ by following expression:

In(1/2) XU

() g

y =7+ Ay with K_dw(;‘/ﬂ) (36)
&,

Equation (36) is derived in Ref. [85] and the experience
with the saturation models [9,47-66] shows that it is
described the experimental data for x < 0.1 quite well.
Hence, in our approach the values of all phenomenological
parameters of Eq. (35) (see below) should be determined
from the experimental data.

The mass of the c-quark (about m,. = 1.4 GeV) is not

small and we took this into account replacing x in the cc
4m?2
QZ

For 7= Q%> 1 we need to use the solution of
Eq. (27) to the nonlinear evolution equation. However,

it has been found in Ref. [86] that the following formula:

scattering by x¢ = (1 +=7¥)x.

Q(z)
1+ Q(z) (37)

N(z) = a(l - exp(—Q(z))) +(1-a)
with Q(z) from Eq. (29) and with a = 0.65 describes the
exact solution within accuracy less that 2.5%. Therefore,
we use Eq. (37) in our attempts to describe the HERA data.

C. Phenomenological input

As has been mentioned above, we need to set the initial
conditions at ¥ = 0 for the linear evolution equation for
7 < 1. In this section we wish to clarify how we introduce
the phenomenological parameters to describe these con-
ditions. The first one we have considered: N, which
determines the scattering amplitude at 7 = 1. Two other
parameters describe the saturation momentum at ¥ = 0O: the
value of Q, at b = 0 and the behavior as a function of b.
collecting everything that we have discussed about Q, we
use two expression for the saturation momentum:

1. o2 (v, ) = 0V} (Y =0,b=0)e et = Q3e~mbet
(38a)

3

2. 02 (v.b) = 0P (Y =0,b =0)e 2 = QM i,
(38b)

where Z and A are defined in Eq. (2) and Eq. (17),
respectively. The values of these parameters have to be
found from fitting of the experimental data. The experience
with such fitting gives Q\"* = O = 0.15-0.25 GeV2.
m we can estimate, assuming that (b*) = 6/m> = R?
where R is the electromagnetic radius of the proton.
Hence we expect m = 0.55 GeV but we have to remember
that m characterizes the distributions of the gluons in the
proton which can be quite different from the quarks.” o/
in Z has been evaluated in Ref. [74] with &2 ~ 0.1 GeV~2
for ag = 0.2.

Finally, we introduce three phenomenological parame-
ters from the initial conditions whose values have to be
found from the fit of the experimental data. The masses of
quarks, that determine the wave function of the virtual
photon, determine the infrared behavior of the wave
function. We take two sets of them: the current masses
and the masses of light quarks are equal to 140 MeV which
is the typical infrared cutoff in our approach.

IV. RESULTS OF THE FITS

Using the approach, that has been discussed in the
previous section, we attempt to describe the most accurate
data for the deep inelastic structure function F, [87]. The
implicit parameters of our approach are the restrictions of
the kinematic region of the experimental data that we
include in the fit. We chose: 0.85 GeV? < 0? < 27 GeV?
and x <0.01. The lower limit of Q? stems from non-
perturbative correction to the wave function of the virtual
photon, while the upper limit originates from two restric-
tions: x < 0.01 and contribution of the additional term in ¥
of Eq. (36) is small. The choice of the largest x is dictated
by the needs to have low x for legitimate use of our
theoretical formulas and the practical wish to use in the fit
as more data as possible.

In Table I we show the values of parameters from our fits.
It should be noted that we did not fit the mass of the quarks
but use two sets of them: the masses of light quarks are equal
to m = 140 MeV, which we consider as the typical infrared
cutoff in our approach (sets 1 and 2); and the current masses
(sets 3 and 4). We used the data for the inclusive F, in the
kinematic region: 0.85 GeV? < Q> <27 GeV? and

2Actually, the above estimates should be made for the
scattering amplitude N = Ny(r?Q?)?, which leads to
m =~ 0.34 GeV: with this estimates we need to compare the value
of m from the Table I.

116020-6
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TABLE 1.  Parameters of the model. &g, Ny, m(ag) and Q(z) are fitted parameters. Two sets of quark masses are chosen: the current
masses (sets 3 and 4) and the masses of light quarks are equal to 140 MeV (sets 1 and 2), which is the typical infrared cutoff in our
approach. For the sets 2 and 4 the value of @g = 0.2 is fixed and only three parameters were chosen from the fit.

Dipole amplitude

Wave function x*/d.o.f.

Set  ag No  Q3(GeV?) m(GeV) au(GeV2) m,(MeV) my(MeV) my(MeV) m.(GeV) 0.85< Q> <27 GeV?
1 0091 0236  0.998 0.612 n/a 140 140 140 1.4 124.9/133 = 0.93
2020 025 1.00 0.551 n/a 140 140 140 1.4 61.99/66 = 0.93
30096 0448  0.921 0.840 n/a 2.3 4.8 95 1.4 117.2/133 = 0.88

4 020 0343 0999 1.300 n/a 2.3 4.8 95 1.4 91.74/66 = 1.39

5 0038 0599  1.284 n/a 0.216 140 140 140 1.4 175/133 = 1.31

6  0.043 0.565 1.429 n/a 0.149 2.3 4.8 95 1.4 143.7/133 = 1.08

x < 0.01, for finding the parameters while F5¢ as well as I,
outside of this kinematic region (for small values of Q> <
0.85 GeV? or Q% >27 GeV?), are compared with the
experimental data, to demonstrate our ability to describe
the experimental data. The quality of the fit one can see from
Fig. 3. In Fig. 4 we show the data on F, as function of Q at
different values of x. This figure illustrates that we can
describe the data for x < 0.013. In addition, we show in
Fig. 3 F, for 27 < Q% < 60 GeV?. The quality of the fit is
not very good due to the small experimental
errors. Indeed, y?/d.o.f. for the range of Q? from
0.85 GeV? to 60 GeV? is equal to 2.16 (set 1), 1.93
(set 3) and 3.19 (set 5). The reason for this stems from
the approximate character of Eq. (36). The contributions of
the nonlinear corrections are negligible for such large photon
virtualities and, therefore, our approach coincides with the

6 * F, HERA ——  Set1 * F, HERA
10 Q*(GeV?),i - — Set3
60,17
10° 45,16%
35,15
27,14 ..“c.
10* 22,13 .“...."0.."
) 18,12
™ 15,11 ....‘Q.
x 3 12,10 ...".0.
- 10 10,9 ....”0.
x 85,8 ..’“N
Ty 2 65,7 ....’.Oo
10 45,6 ....’.‘00
35,5 .“..’.0
1 27,4 ”..."0\‘
10 20,3 M"‘h.
2 Sescsnng o
o 121
10° 0 ’::.::.
104 i
1075 1073 107" 107°
XBj

FIG. 3.

Q% (GeV?), i

one of Ref. [5] (see also Ref. [32]), which describes the data
very well. We believe, that we demonstrated that our
approach can describe the experimental data at rather small
values of Q? where the nonlinear corrections give an
essential contribution. For large Q” our approach coincides
with the one of Ref. [5] which takes into account the linear
evolution in much better way than we [32].

Figure 5 demonstrates how our fits describe the exper-
imental data on F$¢ while Fig. 6 shows that our fit is able to
reproduce the data at low values of Q%. One can see that the
agreement with the experimental data is good even at
low Q2. It should be stressed that two sets of the light quark
mass give the same description illustrating a possibility to
use the wave function of the virtual photon in perturbative
QCD at rather low values of Q2.

« F, HERA
Q?(GeV?), i

[
1073 10~

XBj

10°5

[
10~

103
XBj

Comparison with the experimental data of Refs. [87,88] of the sets shown in table I. The experimental data as well as the

theoretical estimates are multiplied by factor 2 and the values of i are specified in the figures. In the panel with sets 2 and 4 we use black
squares to mark the experimental data that have been used in the fit.
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FIG. 5. Comparison our fits with the experimental data on F5° (see Refs. [87,88]) of the sets shown in the table I. The experimental
data as well as the theoretical estimates are multiplied by factor 2/ and the values of i are specified in the figures.
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FIG. 6. F, versus x at low Q2 Red line for set 2 while the blue one for set 4.

In addition to F, and F$§€ we compare our approach with Sets 2 and 4 need special comments. In these sets we
the experimental data on F; [89,90]. In spite of the fact that ~ choose &g = 0.2 to illustrate the ability of our approach to
the data have sufficiently large errors one can see from  overcome the difficulties of next-to-leading approaches in
Fig. 7 that we are able to describe the data quite well. describing the experimental data: the small value of needed
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-
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FIG.7. Comparison our fits with the experimental data on F; (see Ref. [90]) of the sets 1 and 5. All other sets lead to the curves which
are very close to these two. It is shown the data, extracted from the unconstrained fit (see Ref. [90] for explanation). Note that the data for
constrained fit give F/; > 0. All points with negative values of F; in the constrained fits coincide with 0.

a@s. One can see, that we obtain a good y?/d.o.f. but for the
specific set of data in the wide kinematic region 0.85 <
0? < 60 GeV? but choosing a restricted selection of data.
Note that these data are marked by the squares in the panel
of Fig. 3 with sets 2 and 4.

The general characteristics of our fits are: (1) the
possibility to describe the data at rather small values of
Q?, where the nonlinear corrections turn out to be essential,
(2) the large value of Q3 = 1 GeV?; (3) rather large value
of m in comparison with the estimates from the electro-
magnetic radius of the proton (see above in footnote 2);
(4) the possibility to fit the experimental data, taking into
account the Gribov’s diffusion for impact parameter
dependence of the saturation scale (see panel with sets
5 and 6 in Fig. 3); and (5) an ability to describe the data at
rather large values of aj.

Unfortunately, in spite of large numbers of the papers in
which the experimental data have been compared with the
saturation models [9,47-66] we can confront our approach
only with Refs. [9,66] since in all other papers the
assumptions were made that contradict the theoretical
information. For example, in the most models Q2 is
proportional to exp (—b?/B) while this behavior disagrees
with the Froissart theorem [39]; or/and the behavior for
r>Q? > 1 contradicts the approach of Ref. [8]. Comparing
our parameters with Ref. [9] one can see that the typical
value of &g =~ 0.14-0.15 in Ref. [9] is less than in sets 2
and 4. The value of Q3 is about in three times larger than in
this paper. The value of m in Ref. [9] is the same as in the
electromagnetic form factor of proton, while in this paper m
is larger, than in the electro-magnetic form factor of proton
in agreement with the new experimental information on the
behavior of the two gluon form factors [91,92]. Taking into

account that y?/d.o.f. are better in this paper than in
Ref. [9,66], we believe that the theoretical approach of
Sec. II, give reliable description of the current experimental
data on DIS.

We wish to draw your attention to the sets 5 and 6, which
take into account the different dependence of the saturation
momentum on b [see Eq. (38b)]. From Fig. 3 and Fig. 5 one
can see that we are able to describe the experimental data.
Hence we see that the suggested dependence on rapidity of
the impact parameter distribution is in accord with the
experimental data.

V. CONCLUSIONS

In this paper we compare with the experimental data the
NLO approach of Ref. [1]. In this approach we include the
re-summation procedure, suggested in Refs. [2-5], to fix
the BFKL kernel in the NLO, but we treat differently the
nonlinear corrections. The advantage of our treatment is
that we reproduce the correct asymptotic behavior at
large 7 = r’Q?.

Fixing our phenomenological parameters from the fit to
the experimental data on F, DIS structure function in the
region: 0.85 < 0? <27 GeV? and x < 0.013, we found
that can describe these data with very good y?/d.o.f.
It should be stressed, that for the first time it is demon-
strated that the impact parameter dependence of the
saturation scale, which is given by Eq. (38b), is an
agreement with the data. We believe that this is an
interesting result since Eq. (38b) follows from the first
attempt to take into account both the diffusion on In(k7),
which stems from perturbative QCD, and the Gribov’s
diffusion in b [76].
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Using the phenomenological parameters, that we found
from the fit of F,, we demonstrated that our approach is
able to describe the experimental data both on F5 and on
F, at low values of Q% = 0.4-0.7 GeV>. We also repro-
duce the experimental data on F/ .

It should be pointed out that our description in the NLO
is better or of the same quality as the description by LO
with more fitting parameters. Two problems, that we faced
in describing the data in the NLO approach, have been
partly healed: we are able to fit the data with not small value
of ag = 0.2 and the value of the saturation momentum at
Y = 0is about QF ~ 1 GeV? instead of 3 GeV? of Ref. [9].
However, we are aware that Oy = 1 GeV is rather large
(see for example Ref. [93]).

Concluding we wish to mentioned that the model that we
developed here, is the only one which includes (i) the re-
summed NLO corrections; (ii) the correct theoretical
behavior at large 7; (iii) the large b dependence of the
saturation scale in accord with the Froissart theorem as well
as the nonlinear evolution. We believe that it will be useful
for further discussion of the high energy scattering in QCD.

Our resulting scattering amplitude can be used in
other phenomenological applications as for example:
production of dijets in p-p and p-Pb collisions (see
Ref. [30]) or the structure of the soft Pomeron in CGC
(see Ref. [94])
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