PHYSICAL REVIEW D 104, 116017 (2021)

Study of the pion vector form factor and its contribution to the muon g —2
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In the present work, we investigate several theoretical models of the pion vector form factor and aim at
getting the best fit for the two-pion cross sections to reduce the uncertainties of the calculation of two-pion
contribution to the muon anomalous magnetic moment. Combined with a polynomial description to the pion
vector form factor, we obtain the best fit from the Gounaris-Sakurai (or Kiihn-Santamaria) model for the
experimental data up to 1 GeV. As a by-product of the fitting results, the branching ratio of @ — 7z can be
extracted as Br(w — zz) = (1.52 £ 0.06)%, which is consistent with the one of the Particle Data Group.
With the best fit of the data, we obtain the muon anomalous magnetic moment from two-pion contribution as

alVPO(ztam < 1 GeV) = (497.76 £ 3.15) x 1071, Our results are consistent with the other works.

DOI: 10.1103/PhysRevD.104.116017

I. INTRODUCTION

The muon magnetic moment is an important and long
historical issue in particle physics [1-7]. Using Dirac
theory, the gyromagnetic ratio g, is predicted as g, =2
for the structureless and spin—% muon. In fact, due to the
developments of the experiments and theories, it is found
that g, is slightly greater than 2, which can be referred to as
the anomalous magnetic moment a, = (g, —2)/2. As
already known, it is Schwinger’s value of a, = a/(27) ~
0.00116 from one-loop QED radiative corrections, which is
universal for all leptons. More discussions for that can be
found in the reviews of Refs. [8,9]. The anomalous
magnetic moment of the muon a, is experimentally and
theoretically known to very high accuracy. Its measurement
at Brookhaven National Laboratory was reported as [10,11]

af® = (11659209.1 £5.4 +£3.3) x 10710, (1)

where the errors were given by statistical and systematic
uncertainties, respectively. The standard model (SM) pre-
diction was given by [12]

as™M = (11659183.1 £ 4.0 £ 2.6 +0.1) x 1071, (2)

And thus, the difference between the experiment and theory
is

L
xiaochw @csu.edu.cn

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP’.

2470-0010/2021/104(11)/116017(14)

116017-1

Aa, = a;® —aM = (26.0£7.9) x 1071%,  (3)

where one can see that there is a discrepancy of about 3.3¢
between the measured value and the full standard model
prediction. But this discrepancy has been updated with the
recent results in both theory calculations and experimental
measurements. The latest measurement of the anomalous
magnetic moment of the muon was performed at Fermilab
National Accelerator Laboratory Muon g — 2 Experiment
[13], given by

a,;? = (11659204.0 +5.4) x 10719, (4)

Combined with the measurement at Brookhaven above, one
can easily get the experimental average of

a,? = (11659206.1 +£4.1) x 10719, (5)
Note that the reported results of Ref. [10] were used for this

average. The latest SM prediction was given by the recent
review of the white paper (WP) [14]

aM = (11659181.0 = 4.3) x 10719, (6)

Therefore, the difference between the experiment and the
theory is updated as

Aay™ = a;” — aﬁM = (25.1£59)x1071%,  (7)
which leads to a discrepancy of 4.2¢. This discrepancy
possibly hints the new physics beyond SM and draws much

theoretical attention [15-31]. More discussions can be
found in Refs. [28,32] for new physics beyond SM and
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the latest review in Ref. [33] for recent status, and
references therein.

So, it is crucial to know the prediction of the SM as
precisely as possible. The prediction of the SM aﬁM can be
divided into several different contributions [14,34],

smM __ QED had weak
asM = a7 + ald + ayek, (8)

ED . . . . .
where a,? is the pure electromagnetic contribution, a;l}ad is

the hadronic contribution, and a,‘j“eak accounts for the
electroweak corrections due to the exchange of the weak
interacting bosons. At present, a,?ED was calculated with
high accuracy up to five-loop order [35-38], and a;’eak was
also done up to two-loop order [39-41], which were given
by

H

where one can see the reviews in Refs. [14,33,34] for more
details. Thus, the large uncertainties of aﬁM mainly come
from the hadronic part of a%*® due to the confinement and
nonperturbative properties in the low-energy region, which
can be divided into two parts, one part from hadronic light-
by-light (HLbL) scattering (a}-"“) and the other one from
the hadronic vacuum polarization (HVP) contribu-
tion (aEVP).

For the HLbL contribution [42—47], the phenomeno-
logical estimation was given by the WP [14],

al™ = (9.2 £1.9) x 10719, (11)
which was consistent with lattice QCD calculations a*" =
(7.87 £ 3.06 = 1.77) x 10710 [48] and a!TPP- = (10.68 +
1.47) x 10710 [49] within the uncertainties. Recently (after
the WP), with a model-independent method, the effects of
short-distance constraints on the al!*" were evaluated in
Ref. [50] by considering the known states below 1 GeV,

which obtained af™ = (0.91 +0.50) x 107'% for the

contribution of pseudoscalar ground states and af“*t =

(0.26 £ 0.15) x 107'° for the contribution of isovector
parts. The short-distance expansion for the four-point
function was derived in Ref. [51] via a systematic operator
product expansion, where it was found that the contribution
of the massless quark loop in leading order to the a/"*" was
dominant and the contributions from higher order were
estimated to be small. In the further work of Ref. [52], the
perturbative QCD correction to the massless quark loop
was computed, and the authors found that the correction
up to two loops was a quite small contribution to the a}*.
Reference [53] discussed the short-distance constraints to
the calculation of af*™ from the contribution of the

axial-vector mesons. Employing resonance chiral theory,

the axial-vector contribution to the a;/*"" was discussed in

Ref. [54] with a small result of af/ """ * = (0.8733) x 10711,
On the other hand, with a warped five-dimensional model,
Ref. [55] considered the contributions of pseudoscalar and

axial-vector resonances to the a°" and obtained a value of

af™PHPTA — (12,5 4 1.5) x 10710 with a much larger role
for the axial-vector contribution. In Ref. [56], the transition
form factors of the resonance f;(1285) were analyzed in
detail with the framework of vector meson dominance
due to its contribution to the HLbL scattering; see
more details in Ref. [57]. Using dispersion relations,
Ref. [58] considered the contribution of scalar resonances

to the a}/""" and obtained an estimate of a}“*"[scalar] =

(=0.9 4+ 0.1) x 107'°. Moreover, several models for the
short-distance constraints to the calculation of a!!""" were
investigated in detail in Ref. [59], in which the perturbative
QCD correction was also taken into account and the result of
the perturbative corrections to the operator product expan-
sion was updated as af/""" = (1.3 £0.5) x 10717,

On the other hand, at the current status, the total HVP

contribution was estimated as [14,33]
afVP = (684.5 +£4.0) x 10719, (12)

which included the leading-order (LO) [12,60], next-to-
leading-order [60], and next-next-to-leading-order [61]
contributions. In fact, the dominant one is the LO part,
given by the data-driven calculations [12,14,60,62-65]

VS (@031 £40)x 1070, (13

which is overlapped with the lattice world average for the
total LO HVP contribution [14],

a, " = (711.6 £ 18.4) x 10710, (14)
But the recent calculation of lattice QCD for the LO HVP
contribution was reported as [66]

a0 = (707.5 £5.5) x 1071°, (15)
with high accuracy, which is a bit smaller than the one
obtained in Ref. [67], (714 4- 27 4= 13) x 107!°. These new
lattice results lead the SM prediction to be in agreement
with the current experimental measurement and the new
physics to be questionable.

One thing should be mentioned: the LO part from
the data-driven calculations in Eq. (13) is only taking
the e*e~ annihilation data into account, since the result
from 7 decay data is not precise enough at present. With
the results of Ref. [68], there was still 2.2¢ discrepancy
between the e'e -based and 7-based results. Recently,
with resonance chiral theory supplemented by dispersion
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relations, Ref. [69] studied the pion vector form factor
(PVFF) using the experimental data of z decay from Belle
and recent BABAR measurements. Based on the results of
Ref. [69], the a},{VP‘LO was extracted from the 7 decay data
of 7= — 7~ 2%, in a further work [70], obtained a) "} =
(705.7539) x 1071 and  a*"0 = (700.728}) x 10710
for different strategies. Using a framework of the hidden
local symmetry model combined with appropriate sym-
metry breaking mechanisms, both the e e~ annihilation
and 7 decay data were analyzed in Ref. [71], in which a
value of a; P = (686.65+3.01) x 10710 with the
uncertainties of p —y mixing was reported and a further
result was updated in the recent work of Ref. [72].

As one can see, for the SM prediction aEM, the hadronic
part a,}}“‘d still has large uncertainties, especially for the one
alVP. Recently, to solve the inverse problem to the
dispersion relation, a value for the HVP contribution
was obtained as ajV’ = (64118) x 1071° in Ref. [73].
Based on the chiral perturbation theory, Ref. [74] discussed
that the finite-volume corrections to af¥* could be pre-
cisely evaluated, where once all low-energy constants were
already known. Reference [75] investigated the potential
impact on the electroweak fits of the tensions between the
current determinations of the HVP contributions to the a,,
based on either phenomenological calculations or lattice
QCD calculations. Note that, taking into account the
measurement of the Higgs mass, the impact of HVP on
aﬁM and the global fits to electroweak precision data was
studied in Ref. [76], in which some options for physics
beyond SM were discussed.

To reduce the uncertainties of the part ai'*, indeed, the
accurate evaluations must rely on the corresponding cross
section measurements for the normal data-driven calcula-
tions. Combined with the effective Lagrangian, an iterated
global fit scheme was adopted in Ref. [77] to reduce the
uncertainties for the description of the eTe™ — a7~
annihilation data up to 1.05 GeV. With a dispersive repre-
sentation of the PVFF, different constraints on the two-pion
contribution were examined for its effects on the a!f** in

Ref. [78], in which a value of aF(zzr <1 GeV) =

497.0(1.4) x 107'° was gotten in one case of their fits.
Using a parametrization-free formalism based on analytic-
ity and unitarity, the PVFF and its contribution to the a}!V*
were investigated in Refs. [79-81] for the energy range
around the p(770) resonance. As already known, about
73% of the LO hadronic contribution and about 60% of the
total uncertainty are given by the cross section of e*e”
annihilated to the 7z~ (y) final states, which are domi-
nated by the p(770) resonance. Therefore, it is important to
study the ete™ — x"z~ annihilation, which always relates
to the PVFFE. Thus, in the present work, we study several
theoretical models of the PVFF and aim at finding out the
best fit of the #7777~ scattering cross sections. In the next

section, we first introduce the calculation of a}i " with

the data-driven approach briefly. In the following, we
discuss several phenomenological models of the PVFF,
combined with a polynomial description, or equivalently
how to take into account the contribution of the p(770)
resonance. Then, we obtain the results from fitting the
PVFF data of the collaborations Orsay, DM1, OLYA,

CMD1, CMD2, BABAR, BESIII, KLOE, SND, and so

on. And thus, we perform a calculation of ay ' -°

1 GeV. At the end is our conclusion.

up to

II. MUON (g -2) CALCULATION WITH
DISPERSION RELATION

As we discussed above, the theoretical prediction of aﬁM
has large uncertainties from the parts of hadronic contri-
bution azad. Because of the confinement, the nonperturba-
tive properties become dominant in the low-energy region,
where the quarks are confined inside hadrons. Therefore,
perturbative QCD fails to evaluate the hadronic (quark and
gluon) loop contributions to the af;M precisely. In principle,
one can do the calculation of a',}ad from first-principle
calculation in lattice QCD. But most of the evaluations in
lattice QCD are still not precise enough, except for the
recent one of Ref. [66]. Alternatively, the HVP contribu-
tions a} ** can be calculated with the data-driven approach,
which uses the dispersion relation together with the optical
theorem and experimental data. Thus, the LO HVP con-
tribution to the a3™ can be calculated via a dispersion
relation using the measured cross sections of eTe™ —
hadrons [82]

1 [od
givero _ 1 / & (s)K(s), (16)
T Jo S

where the kernel function is given by

1
K(s) = <%) {§x2(2 —x2) 4+ (1 +x)*(1 +x?)
In(14x)—x+3x* 1
y n(1+x) : X +5x N l—l—xxz lnx}, (17)
x —x

with the definitions

ﬂﬂ = \/ 1 - (4m/24/s)’

and the electromagnetic coupling taken as a = e?/(4x) ~
1/137.036 from the Particle Data Group (PDG) [34].
Note that s is the total energy of two-body system,
s = (p, + p,)?. With the optical theorem, the imaginary
part of the vacuum polarization amplitude ImIT") () can be
expressed in terms of the total cross section of the electron-
positron annihilation into hadrons,

x=01=p4)/0+p) (18
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Al
ooi(€Te” — hadrons) = ﬂ—ImH(H)(s). (19)
s &

Thus, one can deduce

1 [+
GHVPLO _ ds 6, (e*e” — hadrons) K(s), (20)
4r*a m2

which uses the measured bare cross sections for the
annihilation e*e~™ — hadrons as inputs and where the
lower limit of the dispersion integral is in fact the 7y
cut. One should keep in mind that the experimentally
measured cross sections are the dressed cross sections,
where the bare cross sections can be corrected by the
running of the coupling constant a(s). In fact, this
correction has always been done in the experimental data

reported. Thus, the corresponding cross section measure-

ments play a key role in the accurate evaluation of a,'}ad‘LO.

Note that the kernel function K(s) decreases monoton-
ically with increasing s, so it gives strong weight to the low-
energy part of the integral, where about 73% of the LO
hadronic contributions are given by the cross section of
ntx~(y) final states, dominated by the p(770) resonance.
In the present work, we focus on the energy region of about
1 GeV, which is mainly contributed by the z*z~(y) final
states. The total cross section contributed by two-pion final
states is given by'

1 1
GuleTe” = mta) = 37 F5) Fa(s)Ps (1)

where F(s) is the PVFF and the pion phase is defined as
Br(s) = /1 —4m2/s. Then, it is important to study the
model of PVFF; see the discussion in the next section.
Thus, the two-pion contribution to the anomalous magnetic
moment of the muon can be written as

o d
o) = [ " SBOIEGPKG).  (22)

III. MODEL FOR THE PION FORM FACTOR

In the present work, we are interested in the experimental
data at a center-of-mass energy below 1 GeV, which
is around the energy region corresponding to the p
resonance. For the cross section of ete™ — ztz~, it can
be associated with the PVFF, see Eq. (21), which can be
defined as

(@ (P2 (P, (0)|0) = (p" = ), Fals).  (23)

Tn fact, the two-pion cross section is inclusive of final-state
radiation effects and exclusive of all vacuum polarization effects
in the experimental measurements.

with s = (p' + p)* and J 4 the vector-isovector current. For
our case of energy range below 1 GeV, in terms of the pion
P-wave phase shift &;,(s), the PVFF fulfills the following
discontinuity condition:

Im F,(s) = F,(s) sind;,(s)e n1)@(s —4m2). (24)

With a once-subtracted dispersion relation, the solution of
Eq. (24) can be written into a general ansatz [83,84],

Fa(s) = P(5)Q(s), (25)

where P(s) is a polynomial and Q(s) is the Omnés func-
tion [85]. Note that the solution for higher subtracted
dispersion relation can be referred to Refs. [86-88] for
more discussions and applications. Especially, using thrice-
subtracted dispersion relation, Ref. [86] made a good
description of the PVFF experimental data up to /s =~
1.2 GeV with two subtraction constants and evaluated the
two-pion contribution to the aEVP'LO. Furthermore, this

ansatz was extrapolated to the radiative decays of 7"} —
7ty [89,90], where a linear polynomial was used,

P(s) =1+ as, (26)

with a a free parameter, determined from the data. Indeed,
the linear behavior was clearly shown in the results of
Refs. [89,90] for the data of the PVFF below 1 GeV. A new
parametrization to the PVFF for a full energy range can
be found in Ref. [91], in which the isospin violation
mechanism was also considered, such as the mixing effects
of p—w and w — ¢. Besides, the Omnés function is
given by

o) e (2 [" 20 @)

T Jamz 88— 5 —ie

where the phase shift §;;(s) can be taken from the Madrid
model’s results [92]. In Ref. [92], the phase shift for s!/2 <
2my fulfilled

ou(s) = Sy 3 =) 22 )
cot 8yy(s) = == (m2 —s ”+BO+Blws},
2630 mg\/E
s—/Sg—S
w(s):\/_io, o> =1.05 GeV, (28)
VS+\/so—5
where the p mass was fixed to m, = 773.6 MeV, the
other masses were taken as m, = 139.57 MeV,

mg =496 MeV, m, = 547.51 MeV, and the central-mass

momentum in the two-pion final states k = \/s — 4m2 /2.
For 2my < s'/2 < 1420 MeV, one can have
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811(s) =20+ (Vs/2mg = 1)+ 2, (Vs /2mg =1)?, (29)
where A is fixed from the value of &;;(4m%) obtained
from the low-energy parametrization so that the phase shift
is continuous. Besides, the parameters of B, B, 4, and 4,
were taken from the two sets of fitting results in Ref. [92].
For higher energy, we choose the phase shifts close to 7
smoothly, written as

a

) =r-
nis) == h—s’

(30)

where the coefficients a and b are determined with the
value of &y1(sg) (/5o = 1420 MeV for example, in fact,
we take /so = 1300 MeV for the best results) to make it
continuous and also keep the derivative at s = s,,.

In fact, as discussed above, the data for the cross section
of two pions below 1 GeV are dominated by the contri-
bution of the p resonance.’ Indeed, the Omnés function
Q(s) in Eq. (25) is mainly contributed by the pion p-wave
phase shift; see Eq. (27). In the present work, we investigate
how to include the contribution of p to get better description
of the experimental data. Thus, we want to know the effects
of different models for the part of Omnés function. Note
that the energy region of 1 GeV is safely below the inelastic
threshold; see the discussions in Ref. [95]. First, we use the
model of Heyn and Lang (HL) [96],

:c—}—m,%g(O) 5,—s

(s) s as*+bs+c—(s—4m2)g(s)/4

(31)

5

where the function g¢(s) is given by the one-pion-loop
diagram in the self-energy of p resonance,

and the parameters a, b, and c are free. Besides, §, is the
value of the zero of the denominator and can be determined
from a, b, and ¢, using the condition f(s) = 0, reading

f(s) =as*>+bs+c—(s—4m2)g(s)/4=0. (33)

Second, as discussed above, the Omnés function is
mainly considered the resonance contribution of p. Thus,
using the vector meson dominance approach, one can
replace the Omnés function with the simple Breit-
Wigner (BW) form (BW1),

2
M;

Q(S) —)BW] = - 5} . )
s—=M;+iM,T’,

(34)

with M, and I, as free parameters for the p meson, which
are also fitted by the experimental data. Furthermore, due to
the large p width, one can use the more common one
(BW2) [95],

2
M

Q BW2 = — , 35
(s) = s — M2 = i\/sT(s) (35)

where the energy-dependent decay width is given by

3 M?
ro-n 2O g
p(M3)] s
with the pion momentum
1 Vs —4m2

pls) =5 Vi) =T (37)

Third, for taking into account more precisely the finite-
width corrections, one can also use the method of Gounaris
and Sakurai (GS) [97], written as

_(Mg + dMﬂFp)

1 1
g(S)Z——ulnﬂ—i-iu, u=1/1-4m2/s, s>4m?
/2 1—u
2 1 3 )
=——uarctan—, u=+/4mz/s—1, 0<s<4m;
T u
1 1
:_—ulnu+, u:\/1—4m,2,/s, s <0,
b4 u—1
9(0)=-2/=, (32)
|
Q(s) > BWSS(s) =
s
where

= M —T,(M3/ p3)[p*(h = hy) = (s = MJ) pyhy] + iM,Ty(s)

(38)

*Note that a new expression for the PVFF was proposed in Ref. [93], in which the contributions from the loops of z+ 7z~ and KK and
higher p resonances were considered and which described the data well in the range from -10 to 1 GeV and was extrapolated to the

energy up to 3 GeV in the further work of Ref. [94].
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2p . (Vs+2p )
p=(s/4—m2)\/2, h(s) = In < . s > 4mz,
7\/s 2m,
2 _ g /4)\2 h § 12 2
p =i(msz—s/4)!/2, (s) = \/_arccot<4 5 ) , 0 <s < 4mz, (39)
b4 my; — S
2 2 p } M/’ ! l
Pp = p(M/,), h/} = h(Mli)’ F/,(s) = F/) p_ \/E’ h =h'(s )|; =M>2> (40)
14
|
and d is fixed in terms of the masses M, and m,, where
g2 (Mot 20ry Mo 1My g H(s) = f(s) = HOEE) (s = MYH (O3). (49)
2 3
z p) 2my, 2zp,  #p, r g
2 P
Note that, in this GS model, one can also determine the H(s) = p ; (s/4 —m ) hs). (50)
M, and ', from the fits. Thus, in BABAR’s paper [98], its
form was changed equivalently as B (1 )1 /2 " <1+ a 4T2)]Z> it < s
2r s 4m2. 1 4
1-(1-=%)
d M h(s) = ’
BWGS(S M/,,F/,) 5 [ + ( ) /)/ } , ( ) l o 1/2 i(4m’2'_1)]/2+1 5
Mp—s+f(s, ) —iM (s, M), T,) Z( 5 1) I 4(4,2 7 ) 0<s<4m;
(42) S
(51)
where 2
. 3mi (M,+2p, M, mM,
ﬁ d:Z—zn M,—2p 2xp aps (52)
[(s,M,T,)=T,—5 | } (43) Pp P 12 p Pp
M;
1
p(s) =5 (s —4mz)'2  p,= (M} —4mz)"?/2. (53)
3 m2 M, + 2k(M2) 2 :
— m{ +200)
 k* (M) 2m, Finally, since e'e™ annihilation data have the p — w
M m2M mixing effects, we should take into account this effect as is
+ 2ﬂk(1’;42) - ﬂk3(M‘;) , (44)  done in Refs. [12,100],
2 2
KS
Lo P(s) = T+as 5, (54)
S5 M) Tp) = 5505342y (€ () (hs) = H(ME)) Mo = et
P
h tak = 782.65 MeV and I', = 8.49 MeV
- (M2 = )M (M2), (45) where we take m,, eV and I, e

with the pion phase f3,(s) defined as in the last section, and

K(s) = 5 V3B (s). (46)
- (B2

and //(s) is the derivative of h(s).
Moreover, similar to the GS model, there is another form
presented by Kiihn and Santamaria (KS) [99],

M2 +T,M,d
M2 — s+ H(s) —i/sT,(s)’

BWKS(s) = (48)

from the PDG [34] and « is a free parameter containing the
information of wzz coupling; see our results later, where
more discussions can be referred to Ref. [100]. Note that
Eq. (54) fulfills P(0) = 1, which guarantees the condition
F,(0) =1, except for the BW1 model. Indeed, the BW1
model is the typical one of the vector meson dominance,
which is known to violate the condition [101]. Furthermore,
in general, one can also float the parameters m,, and I',, in
Eq. (54) as is done in Refs. [12,100]. But as found in
Ref. [12], a value of m, = (782.0+0.1) MeV was
obtained in the fitting results with all the experimental
data, which is not much different from the PDG value we
used. Because of the small width of the @ meson and the
narrow energy region of p — @ mixing, we fixed them. In
fact, the errors of m, and I, only contributed tiny
influences to the uncertainties of final results as found later.
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Another thing should be mentioned: the parameters M,
and Fp are model dependent. Thus, the differences
between these models can be seen from our results in
the next section; see more discussions later.

IV. RESULTS

For the data of the PVFF below the energy region of
1 GeV, we take them from the experimental collaborations
of Orsay, DM1, OLYA, CMD1, CMD2, BABAR, BESIII,
KLOE, and SND [102-120]. Our fitting results for each set
of experimental data are given in Table I, in which the
details of y?/dof for the combined data (Com. Dat.) are
given in the last line. In fact, there are two general
parameters for all the models, @ and k appearing in
P(s); see Eq. (54). For the Omnés model, there is no extra
parameter. In the one of HL, there are three more, a, b,
and c, as discussed above. Besides, the other BW types,
including BW1, BW2, GS, and KS models, have another
two parameters for the p meson, M, and I',. From the
results of Table I, one can see that y?/dof for Orsay1969
data are all too small due to only a few data points, see
Fig. 1, and the ones for KLOE2005 are much larger than
the others, owing to the fitted discrepancy around the p — @
mixing region. With the summarized results in Table I and a
systematic analysis of all the fitting results, one can easily
find that the results with the GS and KS models are better
than the others, and are compatible with each other. Indeed,
the Omnés model has only two free parameters,
but it needs the P-wave phase shift as input, which is

constrained by analyticity and unitarity, as well as crossing
symmetry, and depends on the accuracy of the measured zz
P-wave phase shift. The HL model, in fact, used the N/D
method for the elastic P-wave 7z scattering amplitude with
a simple one-pole contribution without considering the
detail of the pole width, which can be matched with the
simple BW pole ansatz; see the results later. For the BW1
model, it is only a simple BW pole ansatz from the vector
meson dominance, which violates the charge normalization
condition as discussed in the last section and is improved
by the BW2 model with an energy-dependent decay width.
Utilizing the unitarity condition and considering the detail
of the energy dependence of the resonance width for the p
propagator, this is done in the GS and KS models.
Therefore, it is not surprising that the fitting results of
the GS and KS models are the best. Thus, our final results
are favored with using the GS (or KS) model for the fit of
the Com. Dat.. In Figs. 1 and 2, we show the results fitted
with GS model for each set of experimental data and the
Com. Dat., respectively. Note that some data above 1 GeV
in the sets of DM1-1978, OLYA1985, and BABAR have
been ignored.

Furthermore, using the BW types of BW1, BW2, GS,
and KS models, one can also determine the parameters of
the p meson, M, and I, from the fits; see the results of
Table II. Note that in the first column the results for the HL
model are not obtained directly from the fits. As discussed
in Refs. [96,121], once the parameters a, b, and ¢ were
determined from the fit, the M, and T', could also be
determined, since the function f(s), see Eq. (33), should be

TABLE I. Results of y?/dof for each fit in different sets of experimental data.

Dataset Omnés HL BW1 BW2 GS KS
Orsay1969 [102] 0.63 S 0.02 0.02 0.01 0.01
DM1-1978 [103] 0.74 1.99 0.96 0.92 0.81 0.81
OLYA1985 [104] 0.57 0.59 0.54 0.54 0.58 0.58
CMD1985 [104] 1.72 1.31 1.92 1.78 1.68 1.68
CMD2-2002 [105] 1.14 1.32 1.11 1.11 1.14 1.14
CMD2-2004 [106] 1.14 1.20 1.15 1.14 1.17 1.17
CMD2-2006 [108] 1.43 12.72 1.7 1.72 1.77 1.79
CMD2-2007 [109] 2.33 2.71 2.13 2.04 1.86 1.86
BABAR2009 [110] 1.83 1.06 1.34 1.08 1.05 1.05
BESII2020 [111,112] 1.05 1.10 0.84 0.86 0.95 0.95
KLOE2005 [113] 68.42 19.18 21.34 20.52 18.84 18.84
KLOE2009 [114] 4.74 2.28 6.92 53 2.24 2.24
KLOE2011 [115] 1.09 1.09 1.31 1.15 1.08 1.08
KLOE2013 [116] 1.27 1.13 1.53 1.35 1.11 1.11
KLOE2018 [117] 1.26 0.77 2.08 1.53 0.77 0.77
SND2005 [118] 4.05 3.52 3.54 3.45 3.43 3.43
SND2006 [119] 4.04 3.61 3.38 3.36 3.52 3.52
SND2020 [120] 3.55 393 3.39 3.43 3.68 3.68
Com. Dat. 11.29 10.20 11.01 10.65 10.19 10.19
% 11337.26 10214.46 11032.14 10671.72 10214.59 10214.59
£5 (Com. Dat.) 1006-2 1006—5 1006—4 1006—4 1006-4 1006-4

*This is due to dof = 0 with only five data points available.
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matched with the BW form when s — M2. And thus, one
can have Re[f(M2)] = 0 and Im[f(M3)] = =M ,T,. Since
the small uncertainties are obtained from the fits for
the parameters of a, b, and c, the uncertainties for the
results of determining M, and I',,, and also for the results of

aEVP’LO later, are small. For the data of CMD2-2006,
because the data are close to the zz threshold, it is not
possible to get the results for M, and I, correctly. The
results for Orsay1969 are bigger than the others, whereas
the ones for KLOE2005 are much smaller. And compared
with different models, the results with the BW2 model are
bigger than the values with the BW1 model and also larger
than the numbers obtained with the GS (or KS) model.

Finally, we obtain the results of the p meson parameters,
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TABLE II.  Results for the p meson parameters M, and I', from the fits.
Dataset HL BWI1 BwW2 GS KS
Orsay 1969 779.00 £ 0.00 762.10 £ 8.99 793.08 £ 13.13 790.76 £ 12.59 790.72 £ 12.59
158.47 +0.00 178.58 + 32.87 193.37 +40.43 190.88 £ 38.85 190.59 + 38.78
DM1-1978 767.53 £0.00 757.41 £3.52 778.05 £3.44 776.83 £3.49 776.83 £3.49
155.10 = 0.00 144.63 +5.11 153.03 +6.01 152.50 £5.83 152.50 +5.83
OLYA1985 775.81 £5.75 757.41 £0.87 777.54 £0.77 775.87 £0.78 775.87 £0.78
157.54 £1.69 143.43 +£1.32 151.72 £ 1.56 151.71 £1.53 15171 £1.53
CMD1985 761.57 £102.54 756.54 £2.09 77429 £3.33 772.47 £3.15 772.47 £3.14
153.34 +30.26 134.54 + 6.51 140.22 £7.19 136.14 £ 6.75 136.12 £ 6.73
CMD2-2002 775.38 £0.00 758.39 £ 0.63 777.83 £0.62 776.40 £ 0.62 776.40 £ 0.62
157.41 +0.00 140.96 + 1.22 148.65 + 1.43 148.17 £ 1.39 148.17 £ 1.39
CMD2-2004 776.02 £4.92 758.14 £ 0.62 777.53 +£0.61 776.07 £ 0.62 776.07 £ 0.62
157.60 £ 1.45 140.78 £ 1.22 148.43 £1.42 147.90 £ 1.38 147.90 £ 1.38
CMD2-2006
CMD2-2007 775.70 £ 0.00 757.82 £0.44 77791 £0.44 776.35 £0.44 776.35 £0.44
157.50 £ 0.00 143.26 £ 0.57 151.46 £ 0.68 151.21 £0.66 151.21 £+ 0.66
BABAR2009 774.53 £0.00 755.14 £ 0.11 775.85 £0.11 774.58 £0.11 774.58 £ 0.11
157.16 £ 0.00 144.60 £ 0.24 152.70 £ 0.28 151.38 £0.27 151.38 £0.27
BESII2020 775.86 £ 0.00 757.87 £0.36 777.73 £0.40 776.22 £0.39 776.22 £0.39
157.55 £0.00 142.52 £ 1.05 149.93 4+ 1.21 147.87 £ 1.17 147.87 £ 1.17
KLOE2005 768.79 £ 2.09 750.52 £0.13 770.43 £0.12 768.87 £0.12 768.87 £0.12
155.47 £0.62 141.37 £ 0.19 149.63 +0.22 149.67 £0.22 149.67 £ 0.22
KLOE2009 774.86 £ 2.06 756.58 £ 0.09 776.41 £ 0.08 774.93 £0.08 774.93 £0.08
157.26 £ 0.61 142.07 £ 0.13 150.17 £ 0.15 150.18 £0.14 150.18 = 0.14
KLOE2011 775.61 £ 0.00 757.25 £0.19 777.11 £0.16 775.66 £0.17 775.66 £ 0.17
157.48 £ 0.00 142.24 £0.32 150.09 £ 0.38 149.29 £ 0.37 149.29 £ 0.37
KLOE2013 775.69 £ 2.38 757.30 £0.28 776.99 £ 0.26 775.76 £0.27 775.76 £0.27
157.50 £ 0.70 141.34 £ 0.41 149.40 £ 0.49 149.86 £ 0.48 149.86 + 0.48
KLOE2018 775.15 £2.67 756.63 £0.14 776.57 £0.12 775.22 £0.13 775.22 +£0.13
157.34 £0.78 142.29 +0.20 150.37 +0.24 150.21 £0.23 150.21 £+ 0.23
SND2005 775.27 £ 0.00 756.46 £ 0.26 776.92 +0.27 775.33 £0.27 775.33 £0.27
157.38 £ 0.00 144.34 £ 0.49 152.62 £0.58 151.88 £0.56 151.88 £0.56
SND2006 775.54 £1.92 756.70 £ 0.27 777.14 £0.27 775.60 £ 0.27 775.60 £0.27
157.46 £0.56 144.27 + 0.49 152.55 £0.57 151.91 £ 0.56 151.91 £0.56
SND2020 775.59 £ 0.00 757.33 £0.29 777.67 +0.33 775.92 £0.32 775.92 £0.32
157.47 £ 0.00 144.33 +0.81 152.08 + 0.94 149.98 +0.90 149.98 + 0.90
Com. Dat. 774.00 £ 0.79 755.62 + 0.05 775.44 £ 0.04 774.07 £ 0.04 774.07 £ 0.04
157.00 £ 0.23 141.74 £ 0.07 149.76 £ 0.08 149.54 £ 0.08 149.54 £ 0.08

M, and F/,,3 from the fit with GS (or KS) model and the
Com. Dat.,

M,=(774.07£0.04) MeV, T,=(149.54=0.08) MeV,
(55)

which are 1 MeV smaller than the result reported by the PDG
[34], (775.26 £ 0.23) MeV, for the mass, and 2 MeV bigger
than the value (147.4 + 0.8) MeV for the width and a bit
smaller than the other result, M, = (775.13 £0.02) MeV,
obtained in Ref. [86]. Our results are also consistent with
the value obtained in Ref. [12], M, = (774.5 £ 0.8) MeV.

In fact, these results are for the neutral one of the p° meson in
the ete™ annihilation processes.

Note that the small errors for the pole parameters are due to
more constraints in the Com. Dat.. We should remark that, as
discussed above and shown in Table II, the p meson
parameters, M, and I',, are model dependent and do not
correspond to the physical resonance’s mass and width,
which should be determined by looking for the pole in the
second Riemann sheet. It is complicated to extrapolate the
form factor to the second Riemann sheet [122], which is out
of our concern in the present work but for which one can refer
to Refs. [69,123] for more discussions” and Ref. [124] for the
application in the unitarized three-body BW function.

“In their model, a pole (762.0+ 0.3,£(143.0 +0.2)) MeV
was found for a mass parameter M, = (775.2 £ 0.4) MeV from
the fitting of 7z decay data.
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TABLE III.  Results of aj """ (z*z7) (x107'%) from two-pion contribution up to 1 GeV.

Dataset Omnés HL BWI1 BW2 GS KS
Orsay1969 55548 +£29.98 55324 +0.16  562.66 +174.98  565.56 4+ 165.17  568.00 +139.17  567.72 + 138.87
DM1-1978 468.244+897 491354001  46346+30.03 4651242931  467.90 £25.56  467.90 +25.59
OLYA1985 490.73 4232 490.64 +£9.98  483.72+7.80 486.07 + 7.68 490.64 + 6.68  490.64 + 6.69
CMD1985 47548 £6.12  461.50 +76.32 47032 £34.68  469.71 £32.50  467.19 +£27.65  467.20 +27.64
CMD2-2002 49246 £2.06 49536+ 0.01 483.93 +7.31 485.80 +7.15 489.02 +£6.24  489.02 +6.23
CMD2-2004  503.86+2.11  501.27+£9.02  496.16 + 7.49 498.06 + 7.33 501.26 +£6.40  501.26 + 6.41
CMD2-2006
CMD2-2007  501.45+£0.99  501.58 £ 0.01 494.63 + 3.86 496.76 + 3.80 500.57 +£3.36  500.57 +3.36
BABAR2009 50138 +0.41  503.35 4 0.01 500.01 + 1.28 501.45 + 1.24 503.36+1.06  503.36 + 1.06
BESII2020 49839 +1.56  500.35+0.01 493.96 + 5.82 495.35 + 5.63 496.93 +£4.83  496.93 +4.83
KLOE2005  473.67+£0.32  49627+730  490.14 + 1.08 492.27 + 1.06 496.25+0.92  496.25+0.92
KLOE2009  495.06+0.22  497.11+7.44  491.06+0.72 493.19 +0.71 497.09 £0.62  497.09 +0.61
KLOE2011 494.60 £0.52  493.81 +0.01 489.13 +1.89 490.92 + 1.85 49377159  493.77+1.59
KLOE2013  49590+£0.62 49557 +6.02  490.64 4+ 2.10 492.45 +2.09 495564+ 1.80  495.56 + 1.80
KLOE2018 495214035  49595+7.13  490.53+1.13 492.49 + 1.12 49593 4+0.96  495.93 +0.96
SND2005 508.68 +0.77  513.28 +0.01 508.34 +3.19 510.25 £ 3.12 51328 +2.73 51328 +2.75
SND2006 497.75+0.76  501.18 + 3.61 496.16 + 3.07 498.05 + 3.01 501.17 £2.63  501.17 +2.65
SND2020 500.47 £0.99  499.04 +0.01 498.29 + 5.04 499.63 + 4.89 501.04 +£4.27  501.04 +4.29
Com. Dat. 492.81+1.00  497.78 +3.61 492.57 4+ 3.70 494.46 + 3.62 49776 +3.15  497.76 £ 3.15

Besides, for the other parameters, we show the results in
Table IV in the Appendix, in which the details for @ and «
are given and the results with Omnés model are consistent
with the results of Ref. [100] within the uncertainties. As
done in Ref. [100], one can extract the wzz coupling and
the branching ratio of w — zz from the results of «
parameter in Table IV. Thus, following the same way
and using the favored results of the GS (or KS) model for
the Com. Dat., x = (1.77 £ 0.01) x 1073, we have

oz = (3.02 £ 0.05) x 1072,

Br(w — zx) = (1.52 £ 0.06) %, (56)
which are consistent with the results obtained in Ref. [100]
within the uncertainties. Our result for the branching
ratio is also in good agreement with that of the PDG
[34], Br(w — zx) = (1.537011)%.

With the fitting results obtained above with different
models of the PVFF for the data below 1 GeV, we can
evaluate the value of )" “O(z*z~) from the two-pion
contribution with the dispersion integral defined in Eq. (22).
Our results are given in Table III, using different PVFF
models for each set of experimental data up to 1 GeV, except
for the data of CMD2-2006. We also show the results with
GS model for the Com. Dat. in Fig. 3 clearly. As one can find
in Table III, the results for Orsay1969 are bigger than the
others, and conversely, the results for CMD1985 are smaller
than the others. The uncertainties for the results of Omnés
model are smaller than the others, whereas the results with
the BW1 model are the biggest; see Fig. 3. Indeed, from
Fig. 3, compared to the results with GS or KS model, there is

a 1% difference from the smallest value with the BW1
model. At the end, our final results are taken from the GS (or
KS) model using the Com. Dat., given as

alVPO (rt a2 <1 GeV) = (497.76 £3.15) x 10710, (57)

which are very consistent with the result obtained in
Ref. [78], a}fvp(nﬂ <1GeV) = (497.0+ 1.4) x 10719,
an updated result of Ref. [64] by considering the inelastic
effects from the constraints of the Eidelman-Fukaszuk
bound. Furthermore, using the framework of resonance

Omnés
492.81+1.00
HL p————
497.78 £ 3.61
BW1

492.57 +3.70
BW2

494.46 + 3.62
GS A
497.76 £ 3.15

KS p———
497.76 £ 3.15

480 490 500

afVPO(n*n~ = 1GeV)[x1071]

470

FIG. 3. Summarized results of a;," " (z*z~) from two-pion

contribution up to 1 GeV using the GS model and fitting with the
Com. Dat..
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chiral theory, two similar values of a;"*(zz <1 GeV) =
(498.48 +£2.34) x 107! (fit I) and (498.47+2.33) x 10710
(fit II) were obtained in Ref. [125] and are consistent with
ours within the uncertainties. One thing should be men-
tioned: the obtained error is estimated by the average of the
reasonable errors in Table III for different sets of data, since
one can find that the errors for different sets of data are
mainly contributed by the errors of the pole parameters, see
Table II, and the errors for four sets of data are quite large
due to the fewer data points in the p region. This is why the
error is so small for the result of the Omnés model with no
pole parameter; see the results of Table III.

V. CONCLUSION

In the present work, in order to reduce the uncertainties
of the calculation of two-pion contribution to the muon
anomalous magnetic moment, we try to get the best fit for
the two-pion cross sections with several theoretical models
of the PVFF, combined with a polynomial description.
Since the polynomial description is valid up to 1 GeV, we
only take into account all the experimental data below
1 GeV, which is below the significant inelastic threshold
and contributes almost more than 70% of the hadronic
contribution to the muon anomalous magnetic moment.
From our results, we find that the fit with the Gounaris-
Sakurai (or Kiihn-Santamaria) model is the best one. From
the best fit to the PVFF, one can also extract the branching
ratio of w — zx, given by

Br(w — zz) = (1.52 £ 0.06)%,

which is compatible with the results reported by the Particle
Data Group. Based on the best fit to data, we calculate the
two-pion contribution to the muon anomalous magnetic
moment, obtaining

a VPO (ntam <1 GeV) = (497.76 £ 3.15) x 10719,

which is in good agreement with the recent theoretical
evaluations [78,125]. Our results for two-pion contribution
are helpful to pin down the uncertainties of the calculation
for the hadronic vacuum polarization contribution to the
muon anomalous magnetic moment.
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APPENDIX: THE OTHER PARAMETERS

We give the details of some other parameters in Table IV,
in which the values of a and « are shown for each fit with
different PVFF models and the parameters with Omnés
model are consistent with the results obtained in Ref. [100]
within the uncertainties.

116017-11



JING-YU YI, ZHONG-YU WANG, and C. W. XIAO

PHYS. REV. D 104, 116017 (2021)

TABLE IV. Parameters of a(GeV~?) and « x 10° for each fit.
Dataset Omnés HL BWI1 BW2 GS KS
Orsay1969 0.15+0.05 0.23 +0.00 0.73 +0.32 0.69 £ 0.29 0.45+0.22 0.45+0.22
7.68 £2.75 9.26 £ 0.00 18.72 £ 8.63 18.52 £8.33 16.79 +7.21 16.74 +7.20
DM1-1978 0.01 £0.02 0.12 £0.00 0.30 £ 0.06 0.28 £0.06 0.12£0.05 0.12 £ 0.05
2.14 +£0.47 1.64 +0.00 2.61 +0.61 2.59 + 0.60 241 4+0.55 2.41 4+ 0.55
OLYA1985 0.06 = 0.00 0.16 = 0.01 0.34 +0.02 0.32 +0.01 0.17 £ 0.01 0.17 £ 0.01
1.68 £ 0.17 1.93 +0.21 2.06 +0.23 2.05+0.23 1.94 + 0.21 1.94 + 0.21
CMD1985 0.02 +0.01 —0.07 £0.05 0.23 £0.06 0.20 £ 0.06 0.02 +0.05 0.02 +£0.05
2.03 +£0.26 1.52 +0.30 2.05 +0.38 2.02 +0.37 1.79 £0.33 1.79 £ 0.33
CMD2-2002 0.06 £ 0.00 0.15£0.00 0.32 £0.01 0.30 £ 0.01 0.14 £ 0.01 0.14 £ 0.01
1.48 +0.13 1.50 +0.00 1.72 +£0.16 1.72 £ 0.16 1.62 +0.15 1.62 +0.15
CMD2-2004 0.08 + 0.00 0.16 = 0.01 0.35+0.01 0.33 +0.01 0.17 £ 0.01 0.17 £ 0.01
1.50 +0.13 1.60 +0.15 1.71 £ 0.16 1.71 £ 0.16 1.60 £ 0.15 1.60 +0.15
CMD2-2006
CMD2-2007 0.08 £ 0.00 0.17 £0.00 0.37 £0.01 0.35 £0.01 0.19 £0.01 0.19 £ 0.01
1.54 £0.05 1.61 £ 0.00 1.87 £0.07 1.86 £ 0.07 1.74 £ 0.06 1.74 £ 0.06
BABAR2009 0.08 £ 0.00 0.19 £0.00 0.39 £ 0.00 0.37 £0.00 0.19 £0.00 0.19 £ 0.00
2.16 £0.03 2.25 +0.00 2.39 +0.05 2.39 +0.05 2.26 +0.04 2.26 +0.04
BESII2020 0.07 £+ 0.00 0.16 = 0.00 0.36 +0.01 0.33 +0.01 0.16 + 0.01 0.16 £ 0.01
1.60 £0.13 1.60 + 0.00 1.98 £0.18 1.96 +0.17 1.82 £0.16 1.82£0.16
KLOE2005 0.02 £0.00 0.16 £ 0.00 0.35 £ 0.00 0.33 £0.00 0.17 £0.00 0.17 £ 0.00
1.78 £0.03 1.31 £0.04 1.36 £ 0.04 1.37 £0.04 1.32 £0.04 1.32 £0.04
KLOE2009 0.07 £ 0.00 0.17 £0.00 0.35 £ 0.00 0.33 £0.00 0.17 £0.00 0.17 £ 0.00
1.66 +0.02 1.75+0.03 1.81 +0.03 1.82 +0.03 1.75+£0.03 1.75+0.03
KLOE2011 0.06 = 0.00 0.15 + 0.00 0.35 +0.00 0.32 +0.00 0.16 + 0.00 0.16 + 0.00
1.57 £ 0.05 1.73 £ 0.00 1.82 + 0.06 1.83 +0.06 1.74 + 0.06 1.74 + 0.06
KLOE2013 0.07 £ 0.00 0.16 £0.00 0.34 + 0.00 0.32 +0.00 0.17 £ 0.00 0.17 +0.00
1.39 +0.10 1.58 +0.11 1.57 £0.12 1.59 +0.12 1.59 £0.11 1.59 £ 0.11
KLOE2018 0.07 £0.00 0.16 £ 0.00 0.35 £ 0.00 0.33 £0.00 0.17 £0.00 0.17 £ 0.00
1.58 £ 0.04 1.69 +0.05 1.70 £ 0.05 1.72 +0.05 1.69 +0.05 1.69 + 0.05
SND2005 0.09 + 0.00 0.21 = 0.00 0.41 +£0.01 0.39 +0.01 0.22 +0.01 0.22 +0.01
1.71 £ 0.04 1.89 +0.00 2.06 £+ 0.05 2.05 +0.05 1.90 + 0.04 1.90 + 0.04
SND2006 0.07 £+ 0.00 0.19 + 0.00 0.38 +0.01 0.36 £ 0.01 0.19 £+ 0.00 0.19 +0.00
1.68 + 0.04 1.87 £0.04 2.02 £ 0.05 2.01 £0.05 1.87 £ 0.04 1.87 £0.04
SND2020 0.08 £ 0.00 0.16 £ 0.00 0.39 £0.01 0.36 £ 0.01 0.18 £0.01 0.18 £0.01
1.74 + 0.05 1.86 +0.00 2.11 +0.07 2.08 +0.07 1.90 4+ 0.06 1.90 + 0.06
Com. Dat. 0.06 = 0.00 0.16 = 0.00 0.35 +0.00 0.33 +0.00 0.17 £ 0.00 0.17 = 0.00
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