PHYSICAL REVIEW D 104, 116014 (2021)

One-loop Feynman integral reduction by differential operators

Chang Hu,"*" Tingfei Li,"" and Xiaodi Li>**
thejiang Institute of Modern Physics, Zhejiang University,
Hangzhou 310027, People’s Republic of China
2Hangzhou Institute of Advanced Study, UCAS, Hangzhou 310027, People’s Republic of China
3Interdisciplinary Center for Theoretical Study, University of Science and Technology of China,
Hefei, Anhui 230026, China
4Peng Huanwu Center for Fundamental Theory, Hefei, Anhui 230026, China

® (Received 2 November 2021; accepted 22 November 2021; published 20 December 2021)

For loop integrals the standard method is reduction. A well-known reduction method for one-loop
integrals is the Passarino-Veltman (PV) reduction. Inspired by the recent paper [B. Feng, T. Li, and X. Li,
J. High Energy Phys. 09 (2021) 081.] where the tadpole reduction coefficients have been solved, in this
paper we show the same technique can be used to give a complete integral reduction for any one-loop
integrals. The differential operator method is an alternative version of the PV-reduction method. Using this
method, analytic expressions of all reduction coefficients of the master integrals can be given by algebraic
recurrence relation easily. We demonstrate our method explicitly with several examples.
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I. INTRODUCTION

The calculation of the scattering amplitude at higher-
loop level is always like a chronic disease to block the
evolution of high energy physics. Theoretical physicists
have made many prescriptions to cure this problem
starting in the 1970s. The most significant solution is to
reduce a loop amplitude into a linear combination of
some scalar master integrals (MlIs) under dimensional
regularization [1-17]

Tdg+1 Ly

(1.1)

where i, is the set of propagators appearing in the master
integrals. The coefficient Cs (s = 1, ...,d, + 1) is simply a
rational function of some Lorentz invariant such as the
scalar product of external momenta, while the terms /  are
the s-gon scalar integrals. With the general expansion (1.1),
the computation of general one-loop amplitudes has been
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switched to determining those coefficients of C's. Many
tools have been invented to shovel the brambles, such as
integration by parts (IBP) [18,19], PV reduction [3],
Ossola-Papadopoulos-Pittau (OPP) reduction [16,20-22],
unitarity cut [14,17,23-29], etc.

All these methods can be divided into two categories,
i.e., the reduction at the integrand level or the integral level.
For reduction at the integrand level, [16] shows how to
extract the coefficients of the four-, three-, two-, and one-
point one-loop scalar integrals from the full one-loop
integrand of arbitrary scattering processes in an algebraical
way. For the reduction at the integral level, an efficient way
is the unitarity cut method. The main idea is to compare the
imaginary part of the two sides of (1.1). However, since the
loop integral is well defined using the dimensional regu-
larization, the unitarity cut method in pure 4D needs to
generalize to (4 — 2¢)-dimension, which has been done in
[28,30]. Based on this generalization, the analytic expres-
sions for reduction coefficients (except the tadpole coef-
ficients) have been derived in a series of papers [31-35].

In our previous work [36], we reconsider the problem by
introducing differential operators D and 7. We first
introduce an auxiliary vector R* and reduce it to master
integrals, then apply differential operators to the integrals
with respect to R. By comparing two sides of the expan-
sion, we will achieve the recursion relations of the
coefficients of the master integrals in differential form.
With the knowledge of the algebraical structure of the
reduction coefficients, we transform those differential
equation form relations into algebraical form. In [36],
we solved the remaining unsolved tadpole coefficients
using this method. In this paper we will provide a general
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algorithm for calculating all reduction coefficients for a
general tensor one-loop integral and give the explicit
analytic results.

In Sec. II we review the derivation of the differential
equations of reduction coefficients and show how to obtain
recursion relations of the expansion coefficients. In Sec. III,
we will solve the recursion relations of the reduction
coefficients in the general case. In Sec. IV, we provide
some examples and summarize the algorithm for calculat-
ing the reduction of a general tensor one-loop Feynman
integral. In Appendix, we list all reduction coefficients for
tensor triangles, boxes, and pentagons with rank 1 and
rank 2.

II. DIFFERENTIAL EQUATIONS AND
RECURSION RELATIONS

We will review the differential operators in [36] and
show how we obtain the recursion relations of every
reduction coefficient. Starting with the following general
one-loop m-rank tensor integral with n + 1 propagators

daP¢ fmpra ... phm
Iﬂ;]/"m :/ 5 , (21)
! (27[) POPI"'Pn
where the ith propagator is P; = (£ — K;)? — M? with

setting K, = 0, we introduce an auxiliary vector R* and
contract £ with R on (2.1) m times to get

n+l [R] = Zmlﬁl;l.ﬂm Ry R,

_/ a’¢  (2¢ - R)™
) @z)PPyP,---P,’

The vector R lies in the same dimension as 7.
Equation (2.2) contains all the information in (2.1) but
with a much simpler organization of tensor structure.
In this paper, we will focus on D = (4 — 2¢)-dimensional
space, although our method can obviously be applied

to an arbitrary dimension. With this assumption, the

integral 12 +)1 [R] is reduced to the linear combination

of pentagon, box, triangle, bubble, and tadpole master
integrals

(2.2)

IR = S Clresnss) (min)Isay as......as]
ap,ay,..., as
+ Z Claraxasad) (m|n)ly[ay, ay.az,aq) + - -
ay,dy,ds,dy

+ZC<“I)(m|n)I] [a,].

ai

(2.3)

The reduction coefficients C(@)(m|n),1 <r <5 are
the rational functions of external momenta K;, masses
M;, and vector R. The summation in (2.3) covers all
possible combinations of r propagators {P,,,.P,} C

{Py, Py, ....,P,}. We will use the abbreviation C'r(m|n)

instead of C(@+~4) (m|n) with index set i, ={a,,...,a,} C

{0,1,2,...,n}. It is easy to see vector R only appears in the

numerator of Cr with the form R-R or R-Kj

i=1,2,...,n. We introduce the following two operators
0 o 0

D, =K, - i=1,...n, T=p"— (2.4)

"R’

We take the derivative of both sides of (2.3) by these two
operators. The left-hand side will be

(m 1) (m—1)

DzI£z+)1[ R]= m1<+10> Lys D+ mfilyy s

m m=2 m=2
T1\ (R =4m(m—1)ML +dm(m— 1)1, (2.5)
where the constant f; = M3 + K7 — M7, and

e are 27 - R)"!
1" D[R] = / @R (26)
n+1;i (27-[) POPI .. 'Pi—IPH—l .. 'Pn
i.e., the ith propagator has been removed. For the right-
hand side of (2.3), since the master integrals contains no R,

the operators will act directly on coefficients C'(m|n).
Therefore, we have the following equations,

> S (D)1

5
=m Z Z(C’? (m
s=1 i
—1n))I¢,

:0) — Cis(m — 1|n37)

+ fiC(m (2.7)

and

5
ZZ (TCis(m|n))Is

5

=4m(m—1)) "> (C'(m=2|n;0) + M3C’ (m—2n))I?,

s=1 i

(2.8)

where Cs(m — 1;1) is the coefficient of the master integrals

Ii"‘H in the reduced expansion of the tensor integral

I(m—l)

ni1: [R]. Assuming that all the reduction coefficients of

the tensor integral / (, +)1 with either m’ < m or n’ < n are

known already, we can get a series of differential equations
of Ci*(m|n) by comparing the coefficients of each master
integral of both sides of (2.7) and (2.8). Without loss of
generality, we choose i, = (0,1, ..., 7). Then we have

'For simplicity, we will consider the reduction coefficients of
master integrals with propagator P. Other cases can be obtained
either by permutations or by momentum shifting. The details are
shown in Sec. Il B.
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TCOL1) (m|n)

=dm(m — 1)MZCO1") (m = 2|n), (2.9)
and
DiC(o,l ..... r) (m|n) = —mCO.1..r) (m — l\n;?)
+ mf;COLn) (= 1|n). (2.10)

In Eq. (2.10), COO17)(m — 1|n;1) is the reduction coef-

ficient of the master integral / i(ﬂ """ "), Since 7 means the

propagator P; has been removed, CO'")(m — 1|n;1) is
zero when i < r.

Similar to the idea used in [36], we do not solve the
differential equations directly, but expand the reduction

coefficients according to its tensor structure
|

;1) in (2.10), the expansion is

CO1) (m = 1|n: ) = S i (m = 1;

n IS
2a0+2k:1.k#i ay=m—1

= Z 50(1

2a0+Z::1 ay=m—1

The absence of term sy; =

ao

C(O,l ..... ’)(m|n)

n

01 ..... r a r—n a
= > {c(aoal,...,mm)(Mé) o T

(2.11)

where the notation soy = (R - R), so; = (R - K;). The sum-
mation condition 2ay + > }_, a; = m guarantees vector R

appears m times. The exponent of M2 makes cgg i;l' ‘‘‘‘‘ r)a (m)

1o 2
dimensionless. The expansion coefficients c(a0 alr)a (m)

can only be a rational function of (K;-K;),i,j# 0 and
M?,(i=0,1,....n). Moreover, cis"") (m) vanish if

any a; <0,k=0,1,...,n

n

'i) (M%)ao-&-r—n H sgli
k=0,k#i
(O 1...,r) _ 1.’5 M2)do+r—n . ay 212
..... d;,....a, (m ’l)( O) SOk‘ ( . )

k=0

(R - K;) is because the propagator P; has been removed. In the last line of (2.12), we add a factor

0pq, to make the expression simpler. The subscript d; means index q; is absent.
To get the algebraic recursion relation for expansion coefficients, we need rewrite D; and 7 in terms of

0 0
u
D, =K — R

0
T 2D 8 +4SOO@ 2 +4ZSO[ 3s0 85‘00 ;Z i 850, aSQI

. 3}
= 280 —— G
S0i 8500 + jzslja

st

(2.13)

With the above explanation, putting (2.11) and (2.12) into (2.9) and (2.10), and comparing the expansion coefficients of
[T7_o sos» the two types of differential equations (2.9) and (2.10) become

n
(m +1-Y iz> o

=1

(0 I,..., r) A

(0.1,...,
+ Z a +1 ﬁllc ,,,,, a;»l ..... a (m)

= maclt i (m = 1) = mSg, ) o (m=1:0), (2.14)
for the D-type and
dm(m —1)c 0}_‘::" (m—2) ( > (D +m+ Z ay )CEI(I)}-’::L.IJ) (m)
k=1 k=1
+ Z (Cl + l)(a + >'BU a]...,.':”r ,,,,, aj+l1,..., an<m)
O<i<j
+ (@i + V(@ + 2)pcly i (m), (2.15)

*Note that we use capital C to represent reduction coefficient while use lower case letter ¢ to represent expansion coefficient.
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for the 7 -type where ;= f;/M3,p;=s;;/ M} for simplic-

ity. Again we need to emphasize cg(l)lar), (m—-1;1)=0
in the case i < r for the same reason as discussed before. In
(2.14) and (2.15) we have ignored the subscript a, because
it has been uniquely determined by the restrictive condition

2a0 + >}, a, =min (2.11).

III. ALGORITHM FOR RECURSION RELATIONS

The recurrence relations (2.14) and (2.15) are the key
relations throughout the whole paper. In this section we
show how to solve expansion coefficients by these two
relations systematically.

A. Reduction coefficient of I, ,[0.1....r]

First, we choose the master basis containing propagators
{Py, Py,-,P,}. We start by rewriting D-type relations
(2.14) in a compact form as

GTc O (ay,....a,;m) =00 ") (ay,....a,;:m), (3.1)

where G = [;]] is the n x n rescaled Gram matrix and 7 is
a diagonal matrix

T =diag(a; + l.as+ 1,....a, +1).  (3.2)

The ¢Ob"(ay,...,a,;m),00 ") (ay, ..
two vectors defined as

., a,;m) are

O ar s ayim)] = ey (m) (33)
and
(m = 1) = méo, e, (m=1:0)
- (m b= az) o, () (3.4)
=1
|
setting a; =---=a, =0 in (3.5), the left-hand side

The definition of these two vectors are purposely for the
recurrence construction. The vector ¢ contains coefficients
with rank m and subscript with the summation 1 + >, a;,
while the vector O contains coefficients of three different
patterns: (1) the first term with coefficients of rank m — 1;
(2) the second one with coefficients of master integrals
with one less propagator and lower rank m — 1; (3) the third
one with coefficients of same rank m, but the summation
—1 4+ >, a; of the subscript. By induction assumption, the
first two terms are considered to be known already. Thus,
by rewriting (3.1) as

c(o,1,..,.,r)(al, ey Ay m)

=T7'G'0 " (ay,...,a,;m), (3.5)
we have established the recurrence relations between
expansion coefficients with a higher summation of sub-
script and those of the same rank but with the summation of
the subscript reduced by two.

Iteratively using (3.5), we have two kinds of unknown

expansion coefficients left

m = 2k,

m=2k+1, (3.6)

depending on the parity of m. For the odd case

(0,1,...,r)

m =2k + 1, we solve ¢; 5 "5° by (3.5) again. To see it

becomes

0,1,..., r 0,1,....r 0,1,..., r
(% k1.5 kA 1)l k1),

(3.7)
while the right-hand side is
T-'G7'001)(0,...,0; 2k + 1), (3.8)
where
[00-1-1(0, ..., 0; 2k + 1))
= maycf 5" (2k) = (2k+ Deg' 5 (kD). (3.9)
since the third term ct()o’l"_“{.r')mo(Zk—k 1) vanishes.

.....

Therefore, we have reduced it to the problem of solving
0,1,...,r)
co. 0" (2K).

Determining the value of cé?(’f".‘::(')r) (2k) requires 7 -type

recursion relations. For m = 2k and a; =a,=---=a, =0,
T -type recursion relation becomes
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,,,,,,,,,

..........

..........

posmon For c(() """ ) o(2k) and c(r) 1....0(2k) in (3.10), we use (3. 5) again to reach cf) ........ )(2k) Then we establish the

..........

r 2k—1 ~ - -
co Y 2k) = s | (4= @ Gl a) e (2k = 2) + o Gl 2k - 2) (3.11)
D+2k—-—n-2 s
times ntimes n—1times
where a is a vector defined as
fi fr Ja\T
(a)T:(al,az,...,an)T: <A4(2),A4(2),...,A4(2J . (312)
In the second term of right-hand side of (3.11), cg) e r())(m) is a vector defined as
a_']"'v‘
T T
0.1,..., r 0,1,..., r ~ 0,1,..., r A 0,1,....r A
) B e e e T e )
1t 1t —1ti —1ti
T
- (0,0, 0, (mr 1), ,cg);l""""‘r())(m,n)> (3.13)
e e

The zero of first r components has been explained by

Eq. (2.10). Equation (3.11) reduced rank m by two.

Furthermore, we see a propagator is removed in the second

term of the right-hand side. Therefore, if we utilize the

T -type recursion relation repeatedly, we will end up with

one of the following two cases. (1) The rank m is reduced to

zero, which is related to the reduction coefficient of a

master integral; so it is either 1 or 0. (2) One of the

propagators P;,i < r has been removed. In this case the
coefficients must be zero because the master integral will
not appear in the reduction.

To make a long story short, for d, = 4, we summarize
the whole reduction process below:

(a) Step 1: For a tensor integral with more than five
propagators, we reduce it to a five-, four-, three-, two-,
one-gon tensor integral.

(b) Step 2: For an arbitrary rank m,, we take each m < m
arranged from small to large. If m is even we calculate

the expansion coefficients cé,f.‘ﬁj 2.’ (m) in the order

Y a;=0,2,4,...,musing (3. 5) and (3.10). If m is
odd, we calculate the expansion coefficients in the
order > ", a; =1,3,5,...,m using (3.5).

(c) Step 3: We continue the Step 2 until m = my,.

B. Calculate general CUoJi-
from COL7) (m|n)

In this section, we will show how to obtain the
reduction coefficients of other MIs from the result of
CO1-)(m|n). Let us begin with the case that the

master integral contains propagators P. It is obvious that
(m)

tensor integral 1,") 41 1s invariant under a permutation of
labels {1,2,.. n} Then the reduction coefficients
COJ1) (m|n) is simply given by a proper replacement
o:{M; K;} - {M;.K;}.(i=1.2,...n),

o) (m|n)

C(Olllr>(m|n) = 0C<0’l """ r)(m|n) (314)

Now the remaining part is those MIs without P.
Note that by a loop-momenta shift £ — ¢+ K; we
have
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(2¢-R+2K; - R)"

2m)P (€2 = M3)[(£ + K;,))* = MG]T L1, [(€ = (K = K5))? = M7)]

m dP¢
I£z+)1 [R] _’/

(27 - R)*

m i [ AP
a ;( k >(2R Ki) Q2n)P (2 = M3 )[(¢ + K, )* = MGIT [icy i, [(€ = (Ki = K,)? = M7)]

By variable substitution K; — —K;

i Ki—= K —K;
Then we have

Jo?

(3.15)

M; < M, inside the integrand,3 we arrive at the same form as (2.1).

comsrca ) =30 ) R Ky HEOR W) i,k

= zmj ( 'Z > (<2R - K )"k COFiendt) (kln)}

IV. EXAMPLES

Having presented the general algorithm, in this section
we will use various examples to demonstrate the use of the
algorithm. In the first subsection, we will show how to
reduce any tensor bubble to the basis of a scalar bubble and
two scalar tadpoles. The reduction of tensor triangles,
tensor boxes, and tensor pentagons of rank 1 and rank 2
has been given in the Appendix. In the second subsection,
we will show how to get the reduction coefficients of tensor
box with rank 1 to scalar triangles without P, from the
result of C(%1-2)(1|3) using (3.16).

A. The reduction of tensor bubble

The reduction of tensor bubble Iém)

MIs as below

will contain three

Tadpoles: 1,[0],1,[1],

(3.16)
K‘/-O—>—K./-0.K[*K[_K,/O'M./()(_)MO
|
and we have the expansion
1" = €O (m|1)1,[0] + €O (m|1)1,[1]

The way to achieve C(©)(m|1) has been given in [36].
Here we only provide how to calculate C!")(m|1) and
COD(m|1). The coefficient of ;1] can be obtained by
(3.16) from C©) (m|1). While for I,[0, 1], there is only one
subscript in the expansion coefficients. So, the expansion of
COD(m|1) is

cO(m|1) =S "™V (m)[MAR-RT(R - K,).  (43)

i

Bubbles: 1[0, 1], (4.1) We have the corresponding D-type recursion relation
|
0.1 1 0.1 L\ (01
c§+2)(m) = T (mozlcf.+ )(m —1) = mdy ;41 ¢OV(m—1) = (m - z)c,(- )(m))
1 0.1 N (0.1
:m(malcz<'+l)(m_ 1) = (m = i)c (m)), (4.4)
and the 7 -type recursion relation
1) 2r—1 a%) (0.1) a1 (0.)
c 2r) = ———— -—|c 2r=2)+—c%V(2r-2
o (%) 27+D—3[( pi) "’ ( ) 1 ( )
2r—1 (12 0.1
_ 4 - 21O, 0y, 4.5
where ¢ (m) and ¢ (2r — 2) without subscripts stand for ¢ (m) and ¢'>" (2 — 2). These two terms vanish because
a a

they come from the reduction coefficient of bubble 1,[0, 1] for a tensor tadpole, i.e., the propagator P; has been removed.

*Note that we don’t substitute K 5, in (2R -K;

Jo)Wkk
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Now we show the result for rank m < 4. The rank m = 0
is trivial. For other ranks:
(@ m=1
The reduction coefficients of tadpoles: 1,[0], I;[1]
Using the result in [36], we have

R-K,
K:

cO(11) = - (4.6)

For 1,[1], by choosing j, = 1 in (3.16), we have

C(])(”l) = C(O)(1|1)|K1—>—K1,M09M1

R-K,
= . (4.7)
K3

Oy =™ (1)(R-K,).  (48)

By (4.4), we have

1

_Ir

S11

, (4.9)

where the boundary conditions are c(o’l>(0) =1,
c<_01’1)(1) = 0. Then

cOn(11) = "V(DR K,
(Ky K, +Mj—-M)R-K,

The reduction coefficients of bubble: I,[0, 1] _ (4.10)
The expansion of C(®V(1|1) becomes K- K,
by m=2
The reduction coefficients of tadpoles: I1,[0], I,[1]
The reduction coefficient of tadpole 7,[0] is
(D-1)(K; - Ky)
For I,[1], by choosing j, = 1 in (3.16), we have
CO21) = 22R - K)[CO M) |k, ok, mgeonr,] + €V QI g, ook ptyeom,
AR-K)? Ky Ky + M= MR)(K K iR R = D(R- K, ) )
K (D= 1)(K, K,)? ' '
The reduction coefficients of bubble: I,[0, 1]
The expansion of C(®D(2|1) is
CON@) = g™ (2)Mis00 + ¢V (2)s5. (4.13)
By setting r =1 in (4.5), we have
0.1 1 0{2 0,1 1 (12 4 f2
P =5 (- )0 =5 () — o ot @9
D -1 P D—1 I D—-1 (D-1)Mgsy
where the boundary condition is O (0) = 1. By setting i = 0 in (4.4), we have
1 1 1 2 Df? 4M?
@) = a1 26 @) = g (Lo L (4= L)) PR S
P P sy D-1 P (D-1si;  (D=1)sy
where c(o’])(l) has been presented in the case m = 1. Then
cON(21) = s51(DfT — 4MGsy1) + soos 11 (4Migsii — f7) . (4.16)
(D= 1)si,

116014-7
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c) m=3
The reduction coefficients of tadpoles: 1,[0], I,[1]
The reduction coefficient of tadpole 7,[0] is

f1 (350801811 — (D +2)s3,) + 4M{s01 (255, = 3500511)

cO(31) = (4.17)
(D= 1)s3, Dst,
By choosing j, =1 in (3.16), we have
COEIL) =32R - Ky P[CO U |k ook, ayeors,] + 3R - KD)[COQIN) g ok ptyons,]
+COBIICOBI) g, -k, tyeo,]
_ So1(7D%s5; + 12DM3sg0 — 10Dsg; — 12M1so0) | (D +2) (MG — M3)*s3,
(D — I)DSH (D - l)s?l
4(DM% - DM% — ZM%)S(S)I _ 3(M% - M%)zsoosm 3500501 (4.18)
Ds?, (D —-1)s}, D—-1" '
The reduction coefficients of bubble: I,[0, 1]
The expansion of C(*V(3|1) is
CONE|1) = i (3)MFsoosor + 5 (3)s3;- (4.19)
By setting i = —1 in (4.4), we have
0.1) 3y _ | (0.1) CRIPS { ( 4 11 )] _ 12 3fi
c 3)=—(3a;c 2)—=4dc 7 (3))=—|3a - = - ., (4.20
G) ﬂn( 160" (2) ) b "\D-1 (D_1>M(2)511 (D=1)s1y (D_1>M(2)S%l ( )

where we have used c(_ol’l) (3) = 0 and the result of expansion coefficient céo’l) (2) in the case m = 2. By setting i = 1 in

(4.4), we have

0.1 1 0.1 0.1
i"03) = 35— Gy (2) 27 (3))

—L[3a< Dfi ____ 4M; )_2( 2f 3 )]
“38, 1 \(D-Ds}, (D-1)sy, (D—=1)sy; (D —1)Mgsi,

(D+2)f _ 12fiM

— . (4.21)
(D - l)s?l (D-1) %1
Then the reduction coefficient is
CON(3)1) = Fi(s3,((D 4 2)f3 = 12M3s11) + 3500511501 (4MGs1y — f1)) ‘ (4.22)

(D - l)s?l

d m=4
The reduction coefficients of tadpoles: 1,[0], I,[1]
The reduction coefficient of tadpole 7,[0] is
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3f1S00(8D2M0S01 + Df2S00 + 16DM0S01 16M0S01)
(D-1)D(D +1)s%,
N 2(D+2)f153,(3Df%s00 + 10DM2s0] 8M3s3,)  12(2D - 1)f 1 M3s?,

0@ =

(D-1)D(D + 1)s3, (D—-1)D(D + 1)sy;
D+2)(D+4)f3
_(D+2)(D +4)fis, (4.23)
(D= 1)(D + 1)st,
By choosing j, =1 in (3.16), we have
W (4[1) = 42R - K ) [COUN) g, o, pryoorr,] + 62R - K1) [CO IV g g, atyeo]
+4(2R - K,)[C (0)(3|1)|K1—> K Myesmt,] T [C(O>(4‘1>|K|—>—K1.MO<—>M|]
_ } 4(5D2 + 6D 8)M2S01 12S00((2D - I)M%Soo + 2D(D + 1)5(2)1)
! D(D*—1)s3, D(D? - 1)sy,
7 24((D* 42D - 2)M 0055 + D*(D + 1)s8,)
D(D* - 1)si,
s (_ (D> 46D +8)s5;,  6(D +2)s00551 3550 )
: (D* = 1)st) (D* = 1)si, (D* = 1)st)
3M3s
+ P <8(D +2) s, _ 2450055, > 64M1s5, + 3255, (=5 + 551 (4.24)
(D-1)sj;  (D=1)s7, Dsi, S11
where f| = K? + M3 — M3,
The reduction coefficients of bubble: I,[0, 1]
The expansion of C*V(4[1) is
COVA) = e (@Mt + &5 (4 Msoos) + i ()53 (4.25)
By setting r = 2 in (4.5), we have
4 2 4 2 4 2
e O )
D—|—1 :Bll D+1 :Bll D-1 (D—I)MOS”
31t 24£2 48
/i - /i + : (4.26)

T (D )M, (DP—1)M2s,, D*—1

By setting i = 0, 2 in (4.4), we calculate c}""(4) and ¢{>"(4) iteratively,

) = e 3) — e )
o [4 <<D+2)f?_ 12/, M2 >_4< 354 _ 48 )]
"2, [ \(D- st T (D= 1), (D? = )Mgst,  (D* = 1)MGsy D* =1

__ _6(D+2)f7 +24(D+3)f%_ 96M} (4.27)
(D* - I)Mosn (Dz - 1)5%1 (D2 —1)syy .
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1
M (4) = —— (day eV (3) = 2V (4))
46,

:L{M ((D+2)f3 12f1M0>_2<_ 6(D +2)f} +24(D+3)f’f‘_ 96M3 ﬂ
4611 : (D—l)s“ (D )11 (Dz_l)M(z)s?l (Dz_l)s%l (D* = 1)sy;

24(D+2)fiM} (D> +6D +8)f} 48M}
(D> = 1)s7, (D> = 1)sy, (D> = 1)s7,

(4.28)

where we have used the results of the expansion coefficients with lower rank. Then the reduction coefficient is

24fTM5(s5; = s00511) (D + 2)55, = So0511) | 48M(55, = S00511)°
(D? - l)sf1 (D? - l)s%1
f4(<D2 + 6D + 8)301 - 6<D + 2>S00S11501 + 3S00S11)
( - 1)511

cON(4)1) = -

(4.29)

B. Reduce tensor box to scalar triangles

We will consider the reduction coefficients of triangle MIs of tensor integral 14(1]) as another example to illustrate the

algorithm in Sec. III B. For simplicity, we denote G (i}, i,, ..., i} ]1 ,J2s --+» J») as the determinant of the Gram matrix G with
entries G, = K, - K;, = s,,. Specially, we denote G(ll,lz, e ly) = G(zl,zz, U 0 PO 7S A B
The reduction coefficient of the scalar triangle 750, 1,2] is

G(2,3;1,2)S01 —G(] 3,1,2)S02+G(1 2,1,2)S03
G(1,2.3)

CO12(1]3) = — (4.30)

The reduction coefficients of 5[0, 1, 3] and 15]0, 2, 3] are easy to obtained by simply changing labels {1,2,3} — {1,3,2}
and {1,2,3} — {2, 1,3} respectively,

C(0'1’3)(1|3) = C(O'l’z)(l|3)‘1<2<->1(3,11/12<->/v1g
_G(3,2;1,3)s01 - G(1,2;1,3)s03 + G(1,3;1, 3)s02
G(1,2,3)
C(O’Z’B)(IB) = C(O'l’z)(1|3)‘K,<»K2,M1<—>M2
G(2,1;3,2)s03 — G(3,1;3,2)s02 + G(3,2;3, 2)s01

- Gli23) (4.31)

Now we consider the reduction coefficient of the triangle without Py, i.e., I5[1,2,3]. In (3.16), choosing j, = 3, j; = 1,
Jjo» =2, we have

C123( ‘3) 31.2)(1|3)

= (2R~ K3)C(0'1’2) (0|3)|K1—>K1—K3.K2—>K2—K3,K3—>—K3,M0<—>M3 + C(O’l'z)(l|3)|kl->K|-K3,K2->K2-k3.K3—>-K3.MO<->M3
_ G(K, — K3, K3:K; — K3, Ky — K3) (501 — 503) -G(K| — K3,K3; Ky — K3, K> — K3) (50, — 503)
~ G(K, - K3.K, —K3.K3: K| — K3, K, — K3, K3)  G(K| — K3. K, — K3, K3: Ky — K3. K, — K3, K3)
G(K, — K3, Ky — K35 K| — K3, Ky — K3)s03
G(K, —K;3. K, — K3, K3 K| — K3, K, — K5, K3)

(4.32)

where C(*12)(0[3) = 0 is the reduction coefficient of a triangle MI from a box MI.
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V. DISCUSSION

In this paper we show how to use the differential operators
to get the analytical expressions for the reduction coefficients
of all master basis. Using these operators, one can establish
the recurrence relations about reduction coefficients in
differential equation form. Another crucial step in this
method is that we use the information of tensor structure
to avoid solving the intricate differential equations directly.

As we have reviewed, in [31-33], the analytical expres-
sions for reduction coefficients can be solved by the
unitarity method. However, there are some differences
between these two approaches.

(a) The first difference is that the expression given by the
unitarity cut method is written using the spinor
formalism, while the results in this paper use the
traditional Lorentz-invariant contractions.

(b) The second difference is that in the unitarity cut
method, we have assumed the external momenta to
be purely 4D and the only loop momentum is in
general (4 —2¢) dimensions. For our new method,
there is no such a constraint and the external momenta
can be in 4D or in (4 — 2¢) dimensions.

(c) The third difference is that results in this paper are
defined in an iterated way, while expressions given by
the unitarity cut method are just one equation
(although the differentiation has the spirit of iteration).

(d) The fourth difference is that expressions of the
unitarity cut method use input of arbitrary forms,
while the one in this paper uses the standard input
given in (2.2). The difference has a potentially huge
impact on the computation efficiency. The reason is
that with the development of the on-shell program, it is
well known that tree-level amplitudes will be signifi-
cantly simplified if we use spinor variables with
spurious poles, such as these given by the recursion
relation [37,38]. Thus, it will be desirable to incor-
porate these advantages of the unitarity cut method to
our current new strategy.

Finally, let us emphasize that the purpose of this paper is to
establish an independent and complete reduction framework
for one-loop integrals using the auxiliary vector R. In our
previous work [36], we discussed the reduction coefficients of
tadpoles. In this paper we have completed the coefficients of
other basis. However, for these two works, we have assumed
the power of each propagator is just one. To be a complete
reduction framework we need to find the reduction of integrals
with arbitrary tensor structures, and propagators having
arbitrary powers. We will show in an upcoming paper how
to achieve this. After completing the framework of reduction
with the auxiliary vector R, we can discuss various limit cases,
like the massless limit or the vanishing of Gram determinant,
which will be presented in another paper. Another direction is
to apply our new framework to higher loops. But unlike the
one-loop case, relations established by differentiation over R
are usually not enough. Besides, the master integrals are more
complicated in higher-loop integrals. How to solve these
difficulties will be another future project.
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APPENDIX: MORE EXAMPLES

In this Apg)endix we provide more examples to illustrate
our method.” There are three points we need to empha-
size ahead.

(a) For the tensor integral 1", we only list the reduction
coefficient C' for m > n — |i,|, because there are not
enough #-R in the numerator to cancel n — ||
propagators for m < n — |i,|.

(b) We merely list the results of COL7)(m|n),
CU1-2r+1) (m|n),0 < r <4 due to the permutation

*All results have been checked with Fire6 [39-43].

symmetry,
|
Tadpoles: CY)(m|n) = CY)(m|n)|, .,
Bubbles: C)(m|n) = COD(m|n)|, .,
Cli(mln) = CUD(mln), 5,
Triangles: C%%/)(m|n) = CO12) (m|n)], ;..

CUR (mln) = CU23)(m|n)|, ;030
Boxes: C/K) (m|n) = C(O-1:23) (m|n)| 1 sine o

Cl3kD (m|n) = CU23D (m|n)|| L0 j30kaor

116014-11
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where 0 <i<j<k<l 1. All reduction coefficients of tensor triangle
(c) There is a permutation symmetry about the expansion with rank m=1, 2

(m)

coefficient c£,1°;>(m) If the master integral The MI of a tensor triangle 1|

LiljosJis e j’,.]mis invariant under a label permuta-

tion o:{1,2,...,n} > {o6(1),06(2),...,0(n)}, we
(o) (o)

L

yyyyy i (m) = o, (m). For example,

are

Tadpoles: I1,[0],1,[1],1,[2],

1,4]0,1,2,3] is invariant under the label permutation Bubbles: 1,[0,1],15[0,2], 1,[1,2],

6:{1,2,3,4} - {3,1,2,4}, then we have Triangles: I3[0, 1,2].

(0,1,2,3)(14) _ 0(0,1.2,3)(14)

C1245 24,15 (A2)

|{1,2,3,4}—>{3.1,2,4}'

1" = COm2)1,[0] + €O (m2)1,[1] + €2 (m|2)1,2] + COD (m[2) 1[0, 1]
+C021,[0,2] 4+ c121,[1,2] + cO12 1500, 1,2).

(@ m=1
Reduction coefficients of tadpoles
All reduction coefficients vanish.
Reduction coefficient of bubbles

S01512 — S02511
cON(1)2) = W

Choosing j, =1, j; =2 in (3.16), we have

C(l’z)(”z) = C(O'z)(l‘2>|M0<—>M,,K,—>—KI,K2—>K2—K1
_ S02812 — S01522
G(1, 2) My<M, K, —>—K, Ky—>K,—K,

_ 502(S11 = 512)

G(1.2) + (1< 2).

Reduction coefficient of triangle

C(o,l,z)(1|2) _ 501(f1(;§21 —2{2512) 1 (12).

by m=2
Reduction coefficients of tadpoles

2
C0)(2)2) — S15250150 = $1252501 5y
(22) 115mG(1.2) +(1<2)

Choosing j, =1 in (3.16), we have

C(1)<2‘2) = C(O)<2|2)|M0<—>M,,K1—>—K1,K2—>K2—K1

2 2
_ S125280; — 2802511522501 + 532511512

2
$11522(811522 = 75) My<M, K, ~—K,.K,—~K,—K,

2 2 2
(=287, + 520810 + $11822)85; + 2802811 (S12 = $22)801 + 552511 (512

(A3)

Then the reduction of the tensor triangle is

(AS)

(A6)

(A7)

B s11(s11 = 2812 +522)G(1,2)

116014-12
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Reduction coefficients of bubbles

0.1 0.1 0.1
s%lcg.o )(2) i SOZSOIC(M )(2) n S(z)ch).z )(2) (0.1

, _ 1)
cON(22) = 2 Tz 72 + 50000 (2),

where

(0.1) Sas11— f1512
2 =
00" (2) (D -2)G(1,2)’

2(D - l)sz(2)511522 . 2f1M%((D - Z)sz(z)SnSzz + S%g)

©0.1)
cry (2)=
b (D =2)(s1, — s1152)* (D =2)(s1, — s1152)

’

_ MG(f2511((D = 2)si, + 511522) + f1512((D = 2)s7, + (3 =2D)sy153))

(D -2)s1G(1,2)

(D_ I)M%sll(f2sll _flsl2)
(D—2)2G(1,2)2 ’

0,1
b3 (2) = -

Cc12(22) = 2(2R - K,)[COV(1,2)|,] + C©D(2,2)|,

So1 (f1522 - fzslz)
G(1,2)

B 4S02

)
o

+(1 < 2)] +CcOD(2,2)

where

GIM()(—>M2,K2—>—K2,K1 _)Kl —Kz.

Reduction coefficients of triangle
0,1,2 _ (012) 500 (0.1.2) 2 (0.12) 2 (0.1.2)
COID(212) = o Msoo + c29 851 + Con " sga +Cii So1S0-

where

(0,1.2)(2) _ f1520 = 2f2f 1512 + f3511 + 4MG(sT, — 51152)
(D - Z)M(Z)(S%z —51152)

’

(D - 2)(5%2 - 511S22)2 N (D - 2)(5%2 - 511522)2
(D - l)f%sgz 4M%S22
(D —2)(s1, = s1152)* (D —2)(s1, —s1152)

0(0,12)(2) _ f%((D - 2)5%2 + 511522) 2(D = 1)f1f251252

C(0,1-2)(2) _ J1((D =2)s7, + 51152) _ 2(D = 1)faf 151512
02 (D =2)(si = s11522)* (D =2)(s7, = s1152)°
(D - 1)f3s) AMGs 1,

(D - 2)(5%2 - 311322)2 (D - 2)(5%2 - Snszz)’

116014-13
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2(D —1) 151252 2f2f1(Dst, + (D = 2)sy152)

(@) =
’ (D 2)(s1y = s1152)° (D =2)(s1, = s1s22)
_ Z(D—lz)fzsusu - SMZUSQ . (A21)
(D =2)(s1, = susn)” (D —=2)(si, = s1152)
2. All reduction coefficients of tensor box with rank m=1, 2
The MIs of a tensor box 1\") are
Tadpoles: 1 [O] 1,4 12], 1L ]3],
Triangles: 3[0 1, 2} I;[O 1,3], I';[O 2, 3] I';[l 2, 3]
Box: 14]0,1,2,3]. (A22)
Then the reduction of the tensor box is
3
ZC (m|3)1,[i] Z Clri) (m[3) iy, i)
i=0 0<i;<i,<3
+ ) Uk (m[3) iy, iy, i3] + CO1231,[0,1,2.3]. (A23)
0<i;<i,<i3<3
(a m=1
Reduction coefficients of tadpoles, bubbles
All reduction coefficients vanish.
Reduction coefficients of triangles
C(O,I,Z)(1|3> _ G(2, 3, 1, 2)S01 - G(l, 3, 1, 2)S02 + G(l, 2, 1, 2)S03 ' (A24)

G(1,2,3)
In (3.16), choosing j, = 3, j; =1, j, = 2, we have

C(1’2‘3)(1 |3) — C(3’1‘2)(1 |3)

=(2R- K3)C(0.1,2) (03) |K1—>K1—K3,K2—>K2—K3,K3—>—K3,M0<—>M3 + C(O'l’z)(1|3> |K1—>K1—K3,K2—>K2—K3,K3—>—K3,M0<—>M3

_ G(K,—K3,K3;K | —K3,K, = K3) (501 =503) | —G(K;—K3,K3;K; —K3,K, — K3) (502 = 503)

- G(Ky—K3,K,—K3,K3;K | — K3, K, —K3,K3) - G(K| —K3,Ky—K3,K3; K| — K3, Ky — K3, K3)
G(K|—K3,Ky—K3;K| — K3, Ky — K3)503

. (A25)
G(K,—-K3.K,—K3,K5;K| —K5,K, - K3, K3)
Reduction coefficients of box
CO0123)(1]3) = f3(501G(2,3:1,2) = 50oG(1,3;1,2) 4+ 503G(1,2; 1,2))
G(1,2,3)
3 f2(501G(2,3;1,3) = 500G(1,3;1,3) + 503G(1,3;1,2))
G(1,2,3)

fl (SOIG(z, 3, 2, 3) - S02G(2, 3, 1, 3) + SO'gG(2, 3, 1, 2))
: . A26
* G(1,2.3) (426)
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by m=2
Reduction coefficients of tadpoles
All reduction coefficients vanish.
Reduction coefficients of bubbles

0,1 0,1 0.1 0,1
COD(2[3) = (M2)2[ey')(2)MZsgp + S50 (2)53, + ciso(2)52, + e (2)s%,

+ Cl 10(2 So1S02 + Cé 1, 2(2)S02503 + Ci,b.f(z)smsoﬂ-

where

Mys13G(2,3;1,3) M}s1,G(2,3;1,2)

0.1) 5y _ _
€200(2) G(1,3;1,3)G(1,2,3)  G(1,2;1,2)G(1,2,3)°
Mis11G(1,3;1,2)
0,1 ) ] )
0302) =~ G o

G(1,2;1,2)G(1,2,3)"
)

00]2>(2) - 80210( )|2<_>3’

0,1 2M4S

(2) 2M3S11G(2,3,1,2)
c = s
L10 G(1,2;1,2)G(1,2,3)

, 0.1)
C1,0,1(2) = C<1 10( )|2<_>3

Choosing j, =2, j; = 1 in (3.16) we have

C(l’z)(2|3) = [2(-2R- Kz)c(o’l)(1|3) + C(O’l)(2|3)]|k1—>K1—KZ,K2—>-K2.K3->K3-K2M0<—>MZ

[
= C(O’l)(2‘3)|K1—>K1—K2,K2—>—K2.K3—’K3_K2M0(_)M2‘

Reduction coefficients of triangles

0.1 0,12 0,12 0,12
cl012) (23) = My [Céoo )(2>M(2)500 + Cg,o,o )(2)S01 + Cézo >(2)S(2)2 + Cé,o,z )(2)S%3
0,12 0,12 0,12
+ CE 1.0 >(2)501S02 + C((),l,l )(2)502503 + 05,0,1 >(2)S01503]’
where

c(0‘1’2>(2): [16(2.3;1,2)  f,G(1.3;1,2) f3G(1,2:1,2)
0.0.0 (D-3)G(1,2,3) (D-3)G(1,2,3) (D-3)G(1,2,3)°
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~ f>aM3G(1,3;1,2)G(2,3;2.3)  f3M3G(1,2;1,2)G(2,3;2.3)
B (D -3)G(1,2,3)? (D -3)G(1,2,3)?
M2G(2,3;1 D —2)f1M2G(2,3;2
+G(2,3,1,2> f2 OG( ’3’293)_( )fl OG( 73’273)
G(1,2,3) (D -3)G(1,2,3)
M(Z)(fzslz — f152)G(2,3;1,2) _f3M(2)G(2’ 3; 1’2)2
G(1,2;1,2)G(1,2,3) G(1,2,3)>

0,12
Cé,o,o )(2)

+

(A36)

0,1,2 0,1,2
cni) (2) = X5 @) (A37)

(D-2)/,M}G(1.3:1.2) (D -2)f1M}G(2.3:1.2)
(D-3)G(1,2,3:1,2,3)> (D —-3)G(1,2,3;1,2,3)?
(D —2)f3M3G(1,2;1,2)

= : A38
(D—=3)G(1,2,3;1,2,3)? (A38)

D(2) = G(1,2:1,2)

2(D -2)f,M3G(1,3;1,2)G(2,3;1,3)  2f3M3G(1,2;1,2)G(2,3;1,3)
(D -3)G(1,2,3)? (D -3)G(1,2,3)?
2f1M3G(2,3;1,3)  2f3M3G(1,3;1,2)
(D -3)G(1,2,3)? G(1,2,3)? )
2M3(f1s12 — f2511)G(2,3;1,2) N 2f1M3G(1,3;1,2)G(2,3;2,3)
G(1,2;1,2)G(1,2,3) G(1,2,3)? '

0,12
C<1,1.0 >(2) =-

+G(2,3;1,2)<

(A39)

C2/iM3G(1,3;1,2)G(2,3;1,2)  2,M3G(1,3;1,2)?
B (D -3)G(1,2,3)? - (D-3)G(1,2,3)?
2(D -2)f3M3G(1.3:1,2)  2f1M3G(2.3;1.3)
(D -3)G(1,2,3)? G(1,2,3)? )
2£,M3G(1,2;1,2)G(1,3;1,3)
G(1,2,3)? ’

0,12
C((),l,l )(2)

+G(1,2;1,2)<

(A40)

0,1,2 0,1,2
e (@ =P, (A41)

Choosing j, =3, j; =1, j, =2 in (3.16), we have

C(I'Z’S)(l 13) = [2(-2R- K3)C(0'1’2)(1 3) + C(O'l’z)(2|3)}|I(,—>K,—K3,K2—>K2—K3,K3—>—K3,MO<—>M3
_ 4So3{ G(K, — K3, K3; Ky — K3, Ky — K3)(s01 = S03)
G(K, - K3, K, — K3, K3; K| — K3, K, — K3, K3)
—G(K, — K3, K3; K| — K3, Ky — K3)(s02 = S03)
G(K, - K3, K, — K3, K3; K| — K3, K, — K5, K3)
G(K, — K3, K, — K3, K| — K3, K, — K3)s03 }
G(K, — K3, K, — K3, K3, K| — K3, Ky — K3, K3)

+C012(2,3) Ky K=K 5 Ky Ky K3 K3 =Ky M <> M (A42)
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Reduction coefficient of box

0,123 0,123 0,123 0,123
C(O’]’M)(ZB) = C((),o,o )(2)M%SOO + C(z,o.o )(2)5(2)1 + C((),z,o )(2)532 + C((),o,z >(2)S%3

0,123 0,1,2,3 0,1,2,3
+ Cg,l,o (2)s01502 + CE), 1 (2)s02503 + Cg,o,l (2)s01 503+ (A43)

where

c0123) 5y _ _ f1G(2.3;2,3) i 2/,f1G(2,3;1,3)  2f3£1G(2,3;1,2)  f3G(1,2;1,2)
0.00 (D -3)M3G(1,2,3) (D -3)M2G(1,2,3) (D-3)M}G(1,2,3) (D-3)M32G(1,2,3)
f2(2f3G(1,3;1,2) = £,G(1,3;1,3)) 4
(D -3)M3G(1,2,3) D-3

(A44)

_ f3G(1,2:1,2)G(2.3;2.3)  2(D -2)f1f3G(2.3;1.2)G(2,3;2,3)
~ (D-3)G(1,2,3)? (D -3)G(1,2,3)?
2(D-2)f1£>G(2,3:1,3)G(2,3;2,3)  f3G(2,3;1,3)?
B (D -3)G(1,2.3)? G(1,2.3)
+f2(f2G(1,3; 1,3)G(2,3;2,3) — 2f3G(1,3;1,2)G(2,3;2,3))
(D -3)G(1,2,3)?
4M3G(2,3;2,3) (D -2)f3G(2,3;2,3)?
(D -3)G(1,2,3) (D -3)G(1,2,3)?
£3G(2,3;1,2)  2£,£3G(2,3;1,2)G(2,3;1,3)
G(1,2.3)2 G(1,2,3)? ’

0,123
C<2,0,0 )(2)

(Ad5)

12 8M2G(2.3;1,3
Cg(,)l‘o 3>(2) = (D f 3§G(1,2, 3))
2£,((D =2)£,G(1,3;1,3)G(2.3:1,3) — (D = 1)f3G(1,3;1,2)G(2.3;1,3))
B (D -3)G(1,2.3)?
2(D - 1)f1/,G(2.3:1.3)>  2£3G(1.2;1.2)G(2,3;1,3)
(D -3)G(1,2,3)? (D -3)G(1,2,3)?
L 2M16G(2,3:2.3)(26(1,3:1.3) - £3G(1,3;1,2))
G(1,2,3)?
2(D -2)£2G(2.3;:1,3)G(2,3:2.3)  2(D - 1)f,£3G(2.3;1,3)G(2.3:1,2)
(D -3)G(1,2.3) - (D -3)G(1,2.3)?
| 2/36(2.3:1.2)(/26(1.3:1.3) - 36(1,3;1.2))
G(1,2,3)? '

+

(A46)

Other expansion coefficients are obtained using permutation symmetry,
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0,123
(().2,0 )(2> =0,
0,123
((),0,2 >(2) =G
0.1.2.3
5,0,1 ' )(2) =c
0,123
o () = e (A47)
3. All reduction coefficients of tensor pentagon with rank m=1, 2
Consider the reduction of a tensor pentagon / gm) ; the MIs are
Tadpoles: [ [O] NN AN ARINALE
Triangles: 3[0,1,2] 13[0,1,3] 13[0,1,4] I’;[O 2, 3] 13[0 2, 4] I’;[O 3, 4] 13[1 2, 3] [1,2,4],13[1,3,4],13[2,3,4],
Box: 1,4]0,1,2,3],14[0,2,3,4],1,4]0,1,2,4], 14[1,2,3, 4],
Pentagon: /5[0, 1,2,3,4]. (A48)
Then the reduction of the tensor pentagon is given by
Z Co (mL [+ > COR(md)blin b+ > CORE (mA) iy by iy
0<i|<i,<4 i <ir<i
+ Y CORRR )Ly by, iy, dy] 4+ CO1234) (m[4)15]0. 1, 2.3, 4], (A49)
0<i| <ip<iz<iy<4
(@ m=1
Reduction coefficients of tadpoles, bubbles, triangles
All reduction coefficients vanish.
Reduction coefficients of boxes
C0123)(1|4) = 501G(2,3,4;1,2,3) —502G(1,3,4;1,2,3) + 503G(1,2,4;1,2,3)
G(1,2,3,4;1,2,3,4)
S04G(1, 2, 3)
. A50
G(1,2,3,4;1,2,3,4) (450)
Choosing jo =4, j; =1, j, =2, j3 =3 in (3.16), we have
cl:234) (1 |4) = C<0'1’2'3)(1 |4> |K1—>K1—K4,K2—>K2—K4,K3—>K3—K4.K4—>—K4.M0<—>M4
_ (=01 +504)G(Ky — K4, K5 — K4 K43 Ky — Ky, K> — Ky, K3 — Ky)
G(K, — K4, Ky — K4, K3 — K4, K45 Ky — Ky, Ky — Ky, K3 — Ky, Ky)
(502 — So4)G(K| — Ky, K3 — Ky, K4; Ky — Ky, Ky — Ky, K3 — Ky)
G(K| - K4, Ky — Ky, K5 — — K4, K3 — Ky, Ky)
_ Sp3 — s4)G(K| = Ky, K5 — - K4, Ky, — K4, K3 — Ky)
G(Kl _K4,K2_K4’K3_ _K47K3 _K47K4)
suG(Ky — Ky, Ky — Ky, K3 — - Ky, Ky — Ky, K3 — Ky) (AS1)
G(K, — K4, Ky — K4, K3 — - K4 K3 — Ky, Ky)
Reduction coefficients of pentagon
01234 01234 01234
CcO1234)(1]4) = Cg,o.o,o )(1)501 + CE)IOO ) “(1)sos + 08001 )(1)S047 (AS52)
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where
0(0,1,2,3,4)(1) _ f1G(2,3,4) - /,G(2,3,4;1.3.4) + /3G(2.3.4;1,2,4)  f,G(2,3,4;1,2,3) (A53)
10,00 G(1,2,3.4,1,2,3,4) G(1,2,3,4,1,2,3,4)°
01234 0.1.2.3.4)
(<)100 )(1) = <1.0,0,0 (1)|1<_>2’
01234 01234
Cé,O.],O )(1) = g,o.o,o )(1)|1<->3’
01234 01234
choni (1) = elogs (Dl s (A54)
(b) m=2
Reduction coefficients of tadpoles, bubbles
All reduction coefficients vanish.
Reduction coefficients of triangles
CO12)(2]4) = — 53,G(1,2;1,2)G(1,2,4;1,2,3) sO3G(1 2:1,2)G(1,2,4;1,2,3)
G(1,2,4,1,2,4)G(1,2,3,4;1,2,3,4) G(1,2,3)G(1,2,3,4,1,2,3,4)
3 501G(2,3,4;1,2,3)(501G(2,3;1,2) — 2500G(1,3;1,2) + 2503G(1,2;1,2))
G(1,2,3)G(1,2,3,4;1,2,3,4)
n 500G (1,3,4;1,2,3)(2503G(1,2;1,2) — 50,G(1,3; 1,2))
G(1,2,3)G(1,2,3,4;1,2,3,4)
53,G(2,4;1,2)G(2,3,4;1,2,4)
G(1,2,4,1,2,4)G(1,2,3,4;1,2,3,4)
500G(1,4;1,2)(502G(1,3,4;1,2,4) — 250;G(2,3,4;1,2,4))
G(1,2,4,1,2,4)G(1,2,3,4;1,2,3,4)
2s04G(1 2:1,2)(501G(2,3,4;1,2,4) — 500G(1,3,4;1,2,4) 4+ 503G(1,2,4;1,2,4)) (A55)
G(1,2,4,1,2,4)G(1,2,3,4;1,2,3,4) '
Choosing j, =3, j; =1, j, =2 in (3.16), we have
CU29(214) = (CO1 (214)) iy s ooy ety (a36)
Reduction coefficients of boxes
L 0123 0,1,2,3 0.1.2. 0123
C0123)(2]4) = w2 [Céooo )(Z)M%SOO + Cg,o,o,o )(2)301 + Cézoo )(2)S02 + C(<)020 )(2)5(2)3
0
(0,1,2.3) 0,123 0,123 0,123
tc 0002 '(2)53, + ¢y, 1100 (2)s01500 + 08,1}1,0 (2) 502503 + 0(1,0%1,0 (2)501505
12,3 12,3 0,123
+ Cg,O,O,l )(2)501504 + Cg),l.o,l )(2)502504 + Cé,o,u )(2)503504]- (AS7)

where
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(0123) ) (D=3)fiM3G(2.3.4:1.2.3)G(2.3.4)  M}G(2.3.4)(f,G(1.3.4:1.2,3) — £3G(1.2.4:1,2,3))
2,0,0,0 (D -4)G(1,2.3.4;1,2,3,4) (D-4)G(1,2,3,4;1,2,3,4)?
fiM3G(1,2.3)G(2.3.4)  f4M3G(2.3.4;1.2.3)
(D-4)G(1,2,3,4;1,2,3,4)>  G(1,2,3,4;1,2,3,4)?
MG(f1G(2,3;2,3) = /,G(2,3;1,3) + 3G(2,3; 1,2))
G(1,2,3)G(1,2,3,4;1,2,3,4)
M3(£,G(2,3,4;1,3,4) — 3G(2,3,4;1,2,4))

+G(2,3,4;1,2,3)

-G(2,3,4;1,2,3 , A58
( ) G(1,2,3,4;1,2,3,4)? ( )
C(0,1,2,3)(2) :fl(G(273’491,273) fZG(la3a4’172’3) f3G(172’4917273) + f4G(1’2’3) (A59)
0,002 (4-D)G(1,2,3,4)  (D-4)G(1,2,3,4)  (4-D)G(1,2,3,4)  (D-4)G(1,2,3,4)’
0(0.1,2,3)(2) _ 2(D — 3)f2M%G(1, 3,4;1,2,3)G(2,3,4;1,3,4)
1.1.0.0 (D —4)G(1,2,3,4,1,2,3,4)?
2M%G(2,3,4; 1,3,4)
G(1,2,3) - 3G(1,2,4;1,2,3
(D —4)G(1,2,3,4;1,2,3,4)? f4G( )= £36( )
2M3G(2,3,4:1,2,3 G(2,3,4;1,3,4
0 ( )2[f4G(1,3,4;1,2,3)—f1 ( )]
G(1,2,3,4;1,2,3.4) (D-4)
2M§G(1,3,4; 1,2,3)
— G(2,3,4) - f3G(2,3,4;1,2,4
G(1,2,3,4;1,2,3,4)2[f1 ( ) f3 ( )]
G(1,2,3)G(1,2,3,4;1,2,3,4) ’
(0.1.2.3) (D -3)M3G(1,2,3)
— G(2,3,4;1,2,3
CO,O.O,Z ( ) (D—4)G(1,2,3,4;1,2,3,4)2 [fl( ( ))
- f2G(1,3,4;1,2,3) + f3G(1,2,4;1,2,3) — £,G(1,2,3)], (A61)
c(0.1,2,3)<2) _ 2f1M3G(2,3,4;1,2,3)?
1,001 (D -4)G(1,2,3,4;1,2,3,4)?
ZM(Z)G(Z, 3,4;1,2,3)
G(1,3,4;1,2,3) - 3,G(1,2,4;1,2,3
(D—4)G(1,2,3,4;1,2,3,4)? [F26( )= £36( )
2M§G(1,2,3) (D —-3)f4G(2,3,4,1,2,3)
G(1,2,3,4;1,2,3,4) (D—-4)
- [1G(2,3,4) + /,G(2,3,4;1,3,4) — £3G(2,3,4;1,2,4)|. (A62)
Other expansion coefficients can be obtained by using the permutation symmetry,
0,123 0,123
C((>,2,0.0 )(2) = Cé,o,o,o )(2)|1<_>27
0,123 0,123
C((),o,z,o )(2> = Cé,o,o,o )(2)|1<_)3,
0,123 0,123
C(l,O,l.O >(2) = 0(1,1,0,0 )(2)|293v
0,123 0,123
((),1,1.0 >(2> = Ci,l,O,O )(2)|1<_)2’
0,123 0,123
E),l,o,l )(2) = C<1,0,0,1 )(2)|1€,25
0,123 0,123
Sort @) = %t @) s (A63)
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Choosing jo =4, j1 =1, j, =2, j3 =3 in (3.16), we have

C(1’2’3’4>(2|4) = 4304(C(0'1’2'3>(1|4))|Ki—>1<,»—1<4,i<4;1<4—>—1<4,M0«>M4

+ (C(O’l'2’3)(2|4))|K,»-»k,--lQ,i<4;K4_>—K4,M0<—>M4' (A64)

The reduction coefficient of pentagon

012,34 01234 01234 01234
C<0'1’2'3’4>(2|4) = [C((),o,o,o )<2)M(2)500 + Cé,o,o.o >(2)S(2)1 + C(<),2.0,0 >(2>S(2)2 + C((),o,z,o )(2>S(2)3

(0.1.2.34) /1y 2 (0.1,2.3.4) (0.1.2.3.4) (0.1,23.4)
+ o002 (2)Soa T Criioo  (2)so1502 +coiio (2)S02503 + Cioio  (2)S01503

0,1,2,3.4 0,1,2,3.4 0,1,2,3.4
+ T2 2)s0r504 + €Y (2)s0250a + et Y (2)503504]- (A65)

where

c01238) 5y _ _ fiG(2,3.4) 2f2f1G(2,3,4:1,3,4)
0000 (D—HM2G(1,2.3.4:1.2.3.4) ' (D —4)M3G(1,2,3,4;1,2.3.4)
2f3f1G(2,3,4;1,2,4) 2f4f1G(2,3,4;1,2,3)
(D —4)M2G(1.2.3.4:1.2,3.4) ' (D —4)M2G(1,2.3.4;1,2.3.4)
f3G6(1,3,4) _ f3G6(1,2,4)
(D—4)M2G(1.2.3.4:1.2,3.4) (D —4)M2G(1,2.3.4:1,2,3,4)
fiG(1,2,3) L 2hf6(0.3.41.2,4)
(D—4)M2G(1.2.3.4:1.2,3.4) ' (D —4)M2G(1,2.3.4;1,2.3.4)
2f2f4G(1,3,4;1,2,3) 2f3f4G(1,2,4;1,2,3)
(D—4)M2G(1,2.3.4:1.2.3.4) ' (D—4)M3G(1.2.3.4,1,2.3.4)
4
D-4
(012095 (D=IACRA4  2AD-3)Af162.3.41.3.4)6(2.3.4
2000 (D -4)G(1,2.3.4;1,2.3,4)° (D -4)G(1,2.3.4:1,2.3.4)
2D =3)f2f1G(2,3,4:1,2,4)G(2,3,4)  2(D —3)fof1G(2.3.4:1,2,3)G(2.3.4)
)

| |

N (A66)

(D -—4)G(1,2.3.4;1,2,3,4)? (D-4)G(1,2.3.4;1,2,3.4
+f2< G(1,3.4)G(2.3,4) G(2.3.4;1,3,4)? )
2\(D=4)G(1,2.3,4;1,2,3.4)% ' G(1,2,3,4;1,2,3,4)>
LD -4G(2.3,41,2.47 +G(1,2,4,1,2,4)G(2.3.4))
(D -—4)G(1,2.3,4;1,2,3,4)?
+f2< G(1,2.3)G(2.3,4) G(2.3.4;1,2,3)? )
‘\(D-4)G(1,2.3.4;1,2,3,4)% ' G(1,2,3,4;1,2.3,4)>
+f2fg(_ 2G(1,3.4;1,2,4)G(2.3.4) _2G(2,3,4;1,2,4)G(2,3,4;1,3,4))
S\ (D-4)G(1,2.3,4;1,2,3,4)? G(1,2.3.4;1,2,3,4)?
+f2f4( 2G(1,3,4;1,2,3)G(2,3,4) 2G(2,3,4;1,2,3)G(2,3,4;1,3,4)>
(D—4)G(1,2,3,4;1,2,3,4)? G(1.2,3,4,1,2,3,4)
+f3f4<_ 2G(1,2,4;1,2,3)G(2,3,4) _2G(2,3,4;1,2,3)G(2,3,4;1,2,4)>
(D—4)G(1,2,3,4;1,2,3,4)? G(1.2,3.4,1,2,3,4)
4AM3G(2.3.4)

- : A67
(D—4)G(1,2,3,4;1,2.3.,4) (A67)
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2(D -3)G(2.3.4:1,3,4)G(2.3.4)f2 8G(2.3.4:1,3,4)M3

(0,1,2,3,4)
2) = -
cuiso () (D—4)G(1 2,3,4;1,2,3,4)? (D-4)G(1,2,3,4:1,2,3,4)

2(D-2)G(2,3,4:1,3,4)>  2G(1,3,4)G(2,3,4) 5
(D-4)G 1 2.3,4:1,2,3,4 ' G(1,2,3.4:1,2,3,4)2)7 !

_|_

2(D=2)G(2,3,4;1,2,4)G(2,3,4;1,3,4)  2G(1,3,4;1,2,4)G(2.3.4)

_|_

D £)G(1,2,3,4;1,2,3,4)?

2(D -2)G(2.3,4;1,2,3)G(2.3,4;1.3,4)  2G(1,3,4:1,2,3)G(2,3.4)

G(1,2,3,4;1,2,3,4)?

_|_

D 4)G(1,2,3,4;1,2,3,4)?

G(1,2,3,4;1,2,3,4)?

_l_

G(1,2,3,4;1,2,3,4)2

(D—4)G(1,2,3,4;1,2,3,4)>
2G(1,3.4;1,2,3)G(2,3.4;1,2.3)  2G(1,2.3)G(2,3.4;1,3,4)

+

G(1,2,3,4;1,2,3,4)?

(D -4)G(1,2,3,4;1,2,3,4)2
2G(1,3,4)G(2,3,4;1,2,4)  2(D-2)G(1,3.4:1,2,4)G(2.3,4;1,3,4)

+

G(1,2,3.4;1,2,3,4) (D—4)G(1,2,3.4;1,2,3,4)?

2G(1,3,4)G(2,3,4;1,2,3) 2(D-2)G(1.3,4:1,2,3)G(2,3,4;1,3.4)

+

G(1,2,3,4;1,2,3,4)?

(D -4)G(1,2,3,4;1,2,3,4)
2G(1,3.4;1,2,4)G(2,3.4;1,2,3)  2G(1,3,4;1,2,3)G(2,3.4;1,2,4)

* G(1,2.3.4;1,2,3,4)

4G(1,2,4:1,2,3)G(2,3.4:1,3,4)

G(1,2,3,4;1,2,3,4)?

(
(%
(=
( 2G(1.3.41.2.4)G(2.3.4:1.2.4)  2G(1.2.4;1.2,4)G(2.3.4;1.3.4)
(-
(*c
(-
(=

2(D -3)G(1,3,4)G(2,3,4;1,3,4)f2

(D—4)G(1,2,3,4;1,2,3,4)? fafa=

Other expansion coefficients can be got by using permutation symmetry,

chane (2 = Koo @, o
cso V@) = oo Y @)
c5o5s (@) = Soie ) @
s @) = eliss V@)
chiin @) = i @ s
i@ = @, e
oot @ =i @, s

<10010213 Y (2)=c g?é%(fi&é‘) )]s

(D-4)G(1,2,3,4;1,2,3,4)?

(A68)

(A69)
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