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We present a model for dark matter with extra spatial dimensions in which Standard-Model (SM) fermions
have localized wave functions. The underlying gauge group isGSM ⊗ Uð1Þz, and the dark matter particle is a
SM-singlet Dirac fermion, χ, which is charged under the Uð1Þz gauge symmetry. We show that the
conventional wisdom that the mass of a Dirac fermion is naturally at the ultraviolet cutoff scale does not hold
in this model. We further demonstrate that this model yields a dark matter relic abundance in agreement with
observation and discuss constraints from direct and indirect searches for dark matter. The dark matter particle
interacts weakly with matter and has negligibly small self-interactions. Very good fits to data from
cosmological observations and experimental dark matter searches are obtained with mχ in the multi-TeV
range. A discussion is given of observational signatures and experimental tests of the model.
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I. INTRODUCTION

There is strong evidence for dark matter (DM) comprising
approximately 85% of the matter in the universe [1,2]. One
possibility is that the dark matter is a weakly interacting
massive particle (WIMP) [3–11], entailing associated new
physics beyond the Standard Model (BSM) [12]. Here we
discuss a model of this type involving extra spatial dimen-
sions with fermion wave functions that are localized in the
extra dimensions. The underlying gauge group is

G ¼ GSM ⊗ Uð1Þz; ð1:1Þ
where GSM ¼ SUð3Þc ⊗ SUð2ÞL ⊗ Uð1ÞY is the Standard
Model gauge group. We denote the gauge fields for the
hypercharge Uð1ÞY and the new Uð1Þz symmetries as Bμ

and Cμ, respectively, and the corresponding field strength
tensors as Bμν ¼ ∂μBν − ∂νBμ and Cμν ¼ ∂μCν − ∂νCμ.
The gauge couplings of the SUð3Þc, SUð2ÞL, Uð1ÞY , and
Uð1Þz gauge interactions are denoted gs, g, g0, and gz.

We show that this model can produce the relic density
of dark matter and also satisfy other constraints from
particle physics and cosmology.

II. BASIC FRAMEWORK OF THE MODEL

In this section we describe the model. We make use of a
theoretical framework in which spacetime is taken to have
d ¼ 4þ n dimensions, with n extra spatial dimensions.
The usual spacetime coordinates are denoted xν, with
ν ¼ 0, 1, 2, 3, and the n extra spatial coordinates are
denoted yλ, with 0 ≤ yλ ≤ L, where L is the compactifi-
cation scale. Periodic boundary conditions are assumed.
The Standard-Model fermion content is extended to include
three generations of electroweak-singlet neutrinos, νa;R,
where a ¼ 1, 2, 3 is the generational index; we will refer to
this theory as the SM, with this extension of the fermion
sector being implicitly understood. The fermions in the
model are (suppressing color and generational indices [13])

QL ¼
�
u

d

�
L

∶ ð3; 2Þ1=3;zQ ; uR∶ ð3; 1Þ4=3;zu ; dR∶ ð3; 1Þ−2=3;zd

LL ¼
�
νl

l

�
L

∶ ð1; 2Þ−1;zL ; νl;R∶ð1; 1Þ0;zν ; lR∶ð1; 1Þ−2;zl ; ð2:1Þ

together with a Dirac dark matter fermion, χ:

χL;R∶ ð1; 1Þ0;zχ ; ð2:2Þ

where the numbers in parentheses are the dimension-
alities of the fermion representations of the SUð3Þc and
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SUð2ÞL factor groups in G, and the subscripts are the
weak hypercharge Yf and the Uð1Þz charge, zf of the
given fermion, f. The charge of each type of SM fermion,
fa;L and fa;R, is taken to be independent of the generation
index. The SM Higgs field is the complex doublet H ¼
ðhþh0Þ transforming as ð1; 2Þ1;zH , with vacuum expectation
value (VEV) hHi0 ¼ ð 0

v=
ffiffi
2

p Þ. We recall that the assign-

ments of weak hypercharges to the SM fermions and
Higgs fields presume a normalization of the Uð1ÞY gauge
interaction, since only the products of hypercharges
multiplied by the Uð1ÞY gauge coupling g0 appear in
covariant derivatives. Our normalization is indicated by
the usual relation for the electric charge operator,
Qem ¼ T3L þ ðY=2Þ, with the above-listed assignments
of weak hypercharges to SM fields.
Our model also includes a second Higgs field ω trans-

forming as ð1; 1Þ0;zω . The Uð1Þz charges of ω and the
fermion fields are only defined up to an overall rescaling of
the Uð1Þz gauge coupling, gz, since only the products of the
z charges multiplied by gz occur in covariant derivatives. We
fix this scale by setting zω ¼ 1. The potential terms for theω
Higgs field are chosen such that the minimum occurs at
hωi0 ¼ vω=

ffiffiffi
2

p
, spontaneously breaking the Uð1Þz gauge

symmetry. We shall take vω ≫ v; i.e., the spontaneous
breaking of the Uð1Þz symmetry occurs at a mass scale
that is much higher than the electroweak symmetry-breaking
scale of v ≃ 246 GeV. This is necessary in order for the
model to be consistent with precision electroweak data and
with bounds from collider searches for additional (neutral)
vector bosons. The mass generation and mixings for the
neutral gauge bosons are discussed in the Appendix. The
coefficient of the cross term ðH†HÞðω†ωÞ is assumed to be
small enough so that it does not significantly modify this
pattern of electroweak and Uð1Þz gauge symmetry breaking.
We further assume that mω > mχ .
The wave function of each fermion f has the form

[14,15]

Ψfðx; yÞ ¼ ψfðxÞχfðyÞ: ð2:3Þ

[Here, we follow our previous notation in [16–20], denoting
the y-dependent part of Ψfðx; yÞ as χf; the distinction with
the dark matter fermion field χ is clear, since the latter has no
subscript f]. The function χfðyÞ is localized at a point yf in
the extra dimensions, with a Gaussian profile

χfðyÞ ¼ Afe−μ
2ky−yfk2 ¼ Afe−kη−ηfk

2

; ð2:4Þ

where kyfk ¼ ðPn
λ¼1 y

2
f;λÞ1=2 is the usual Euclidean norm

(defined with respect to periodic boundary conditions in the
n compact dimensions); Af is a normalization constant; and
we define the dimensionless variable

ηf ≡ μyf: ð2:5Þ

The fermion localization length σ ≡ 1=μ satisfies σ ≪ L,
indicating the strong localization of the fermion wave
functions in the extra dimensions. In terms of the dimen-
sionless quantity

ξ≡ μL ¼ L
σ
; ð2:6Þ

this localization means ξ ≫ 1.
We use a low-energy effective field theory (EFT)

approach in which the properties in the low-energy,
long-distance 4D theory are calculated by integrating over
the short-distance compactified degrees of freedom. The
effective Lagrangians in d ¼ 4þ n and in d ¼ 4 dimen-
sions are denotedLeff;4þn andLeff , respectively. The energy
scale associated with the compactification is defined as
ΛL ≡ 1=L. The model has an ultraviolet (UV) cutoff,
denoted M�, with M� ≳ μ ≫ ΛL. For canonical normali-
zation of fermion fields, one has

Af ¼
�
2

π

�
n=4

μn=2: ð2:7Þ

It will suffice here to discuss the lowest Kaluza-Klein (KK)
modes; effects of higher KK modes in this type of model are
discussed in [20,21]. The gauge and Higgs fields are taken to
have flat profiles in the extra dimensions. An appeal of this
type of extra-dimensional model is that it can explain the
hierarchy of SM fermion masses by appropriate placement
of left- and right-handed chiral components of SM fermions
in the extra dimensions [14,15]. Owing to the different
locations of these chiral components of SM fermions, the
model is often called a “split-fermion” theory. The choices
Λ ¼ 102 TeV, i.e., L ¼ 2 × 10−19 cm, and ξ ¼ 30, i.e.,
μ ¼ 3 × 103 TeV, yield adequate fermion localization and
enable the model to account for quark and charged lepton
masses and quark mixing, while satisfying phenomenologi-
cal constraints [14–17,20–23]. Bounds on proton decay are
satisfied by sufficiently large separation of quark and lepton
wave function centers in the extra dimensions [14].
Interestingly, n − n̄ oscillations and associated dinucleon
decays are not suppressed and can occur at observable
levels [16].
For the case of n ¼ 2 extra dimensions, Ref. [20]

derived a solution for charged lepton and neutrino wave
function centers (with three electroweak-singlet νa;R
fields, a ¼ 1, 2, 3) that fits data on neutrino masses
and lepton mixing, as well as constraints from flavor-
changing neutral-current (FCNC) processes. We shall
assume n ¼ 2 here and again adopt the solution for
fermion wave function centers from [20]. Reference
[20] considered two gauge groups for SM fermions,
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namely GSM and the left-right symmetric group, GLRS ¼
SUð3Þc ⊗ SUð2ÞL ⊗ SUð2ÞR ⊗ Uð1ÞB−L [24], where B
and L denote baryon and (total) lepton numbers. Viable
dark matter candidates were presented for both of these
gauge groups, each of which involved a chiral dark matter
fermion χ that is a nonsinglet under the electroweak gauge
symmetry.
Here we will present a different approach to dark matter

in this extra-dimensional framework, in which the dark
matter particle is a Dirac fermion transforming as a singlet
under GSM and vectorially under the Uð1Þz gauge inter-
action, as indicated in (2.2).
First, we show an important result, namely that this model

is a counterexample to conventional EFT model-building
rules on Dirac fermion masses. This point is quite general
and is independent of our specific application to dark matter.
According to conventional EFT lore, if a fermion can have a
gauge-invariant Dirac mass term mχ χ̄χ, then the mass mχ

is generically of order the UV cutoff and hence is integrated
out of the low-energy EFT applicable below this cutoff.
However, our theory provides an example of how this
conventional lore can be misleading. We show this for
general n. The key point is that the mass term,

Leff;4þn;χ ¼ mχ;4þnχ̄χ

¼ mχ;4þnðχ̄LχR þ χ̄RχLÞ; ð2:8Þ

involves the product

A2
fe

−ðkη−ηχLk2þkη−ηχRk2Þ: ð2:9Þ

Integrating this over the extra coordinates, we get the 4D
mass term

Leff;mχ
¼ mχψ̄χðxÞψχðxÞ; ð2:10Þ

where

mχ ¼ mχ;4þne
−ð1=2ÞkηχL−ηχRk2 ; ð2:11Þ

or equivalently

kηχL − ηχRk ¼
�
2 ln

�
mχ;4þn

mχ

��
1=2

: ð2:12Þ

Even if one takes mχ;4þn to be the largest mass scale in the
theory, namely the UV cutoff, M�, it is easy to separate
wave function centers of χL and χR in the higher
dimensions sufficiently to get mχ ≪ M�, owing to the
Gaussian suppression factor in Eq. (2.11). Explicitly,
taking mχ;4þn ¼ M�, this distance is

kηχL − ηχRk ¼
�
2 ln

�
M�
mχ

��
1=2

: ð2:13Þ

As we will discuss below, a typical value ofmχ that produces
a dark matter relic density matching the observed value is
mχ ¼ 10 TeV. Substituting this in Eq. (2.11) together with
the value that we take for the UV cutoff, M� ¼
10μ ¼ 3 × 104 TeV, yields the corresponding modest sep-
aration distance kηχL − ηχRk ¼ ½2 lnð3 × 103Þ�1=2 ¼ 4.0.
This is an example of how naive dimensional analysis of

operators in a (4D) low-energy effective field theory may
not capture all of the relevant physics. A well-known
previous example of this is the natural suppression of
flavor-changing neutral-current processes by the Glashow-
Iliopoulos-Maiani (GIM) mechanism [25]. For example,
an operator contributing to K0 − K̄0 mixing is the four-
fermion operator in the (4D) effective Lagrangian

LK−K̄;eff ¼
cðKK̄Þ

Λ2
KK̄

½s̄LγλdL�½s̄LγλdL� þ H:c: ð2:14Þ

If one were to take ΛKK̄ to be a typical electroweak
symmetry-breaking scale, ΛKK̄ ≃ 250 GeV, this would
lead to much too large a K0 − K̄0 mixing and hence much
too large a KL − KS mass difference. The solution to this
problem required the input of additional information about
the theory at a higher energy scale not included in the low-
energy EFT, namely the presence of the charm quark,
filling out an SUð2ÞL doublet, rendering the neutral weak
current diagonal in mass eigenstates at tree level [25] and
also leading to the severe suppression of FCNC processes
such as K0 − K̄0 mixing at the one-loop level [26].
Similarly, an operator contributing to one-loop radiative
charged lepton flavor-violating (CLFV) decays of the form
l → l0γ, such as μ → eγ, is

Ll→l0γ;eff ¼
1

ΛCLFV
ðcðl0LlRÞ½l̄0

LσλρlR�

þ cðl0RlLÞ½l̄0
RσλρlL�ÞFλρ

em þ H:c: ð2:15Þ

Again, if one were to substitute a value ofΛCLFV of order the
electroweak symmetry-breaking scale, ΛCLFV ≃ 250 GeV,
this would lead to an excessively large branching ratio
BRðμ → eγÞ, in disagreement with experimental upper
limits. The actual size of ΛCLFV depends on ultraviolet
physics not specified in the low-energy EFT, in particular, on
whether a theory satisfies the conditions for natural sup-
pression of lepton flavor violation derived in [27]. The
present theory provides a different, but analogous, example
of how information about ultraviolet physics must be added
to the basic operator analysis in the low-energy EFT. In our
case, this information on the UV physics is given by the
distances between wave function centers of the relevant
fermion fields in the extra dimensions. The example here
involves a bilinear operator product that determines the mass
of the χ fermion, and in the discussion below we will see a

EXTRA-DIMENSIONAL MODEL OF DARK MATTER PHYS. REV. D 104, 115021 (2021)

115021-3



similar application to four-fermion operators that determine
properties of the dark matter in this model.

III. ANOMALY CONSTRAINTS

We shall require that the 4D low-energy EFT is free of
gauge anomalies. Because χ is a SM singlet, the anomaly
cancellation conditions (ACCs) involving just the factor
groups of GSM are the same as in the Standard Model itself
and hence are satisfied (independently for each SM fermion
generation). These are the conditions that the ½SUð3Þc�3,
½SUð3Þc�2Uð1ÞY , ½SUð2ÞL�2Uð1ÞY , and ½Uð1ÞY �3 gauge
anomalies, and the mixed gauge-gravitational anomaly,
ðgrÞ2Uð1ÞY (where gr ¼ graviton), all vanish. Since there
are an even number of SUð2ÞL fermion doublets, namely
Nc þ 1 ¼ 4, there is also no global SUð2ÞL anomaly. There
are six new anomaly cancellation conditions. Since χ is a
Dirac fermion, it does not contribute to any gauge anoma-
lies. For simplicity, we shall assume that the Uð1Þz charges
of SM fermions are independent of the generational index.
Then the six new anomaly cancellation conditions are the
following:

½SUð3Þc�2Uð1Þz∶ 2zQ − zu − zd ¼ 0 ð3:1Þ

½SUð2ÞL�2Uð1Þz∶ 3zQ þ zL ¼ 0 ð3:2Þ

½Uð1ÞY �2Uð1Þz∶ zQ þ 3zL − 8zu − 2zd − 6zl ¼ 0 ð3:3Þ

Uð1ÞY ½Uð1Þz�2∶ z2Q − z2L − 2z2u þ z2d þ z2l ¼ 0 ð3:4Þ

½Uð1Þz�3∶ 6z3Q − 3z3u − 3z3d þ 2z3L − z3l − z3ν ¼ 0 ð3:5Þ

and

ðgrÞ2Uð1Þz∶ 6zQ − 3zu − 3zd þ 2zL − zl − zν ¼ 0: ð3:6Þ

A general solution of Eqs. (3.1)–(3.6) was presented in [28]
[for a more general case in which there are an arbitrary
number of right-handed neutrino fields with different Uð1Þz
charges]. We briefly review this here, giving our own
solution. To begin, one observes that four of the six
ACCs, namely Eqs. (3.1), (3.2), (3.3), and (3.6), are linear
in the six variables zQ, zu, zd, zL, zν, and zl. Thus, these four
equations constitute a linear transformation A∶R6 → R4.
Considering the above six z charges as a vector
v ¼ ðzQ; zu; zd; zL; zν; zlÞT ∈ R6, the four linear anomaly
cancellation conditions have the form of a linear mapping
Av ¼ 0, where here, 0≡ ð0; 0; 0; 0ÞT ∈ R4. With the basis
of R6 ordered as indicated above, A has the matrix form

A ¼

0
BBB@

2 −1 −1 0 0 0

3 0 0 1 0 0

1 −8 −2 3 0 −6
6 −3 −3 2 −1 −1

1
CCCA: ð3:7Þ

In general, given a linear mapping A∶V → W, with
dimðVÞ > dimðWÞ, where V and W are two linear vector
spaces, if rankðAÞ is maximal, then the kernel (nullspace) of
A is spanned by vectors in a space of dimension
dimðkerðAÞÞ ¼ dimðVÞ − dimðWÞ. In the present case, A
has maximal rank (equal to 4), so its kernel has dimension 2.
That is, the most general vector v ∈ R6 that is a solution to
Av ¼ 0 is determined by two independent variables. Since
this is a linear map, these can, with no loss of generality, be
restricted to be rational; i.e., kerðAÞ in Q6 is determined by
two independent rational variables. This restriction to rational
values is motivated in order to allow for the embedding of
Uð1Þz [as well as Uð1ÞY and the rest ofGSM] in a single non-
Abelian gauge symmetry group in the UV, since this
embedding would yield rational values of the Uð1Þz charges
(as well as rational values of the weak hypercharges). Such an
embedding would also have the appeal of avoiding possible
Landau singularities in either or both the Uð1ÞY and Uð1Þz
gauge interactions. As in [28], we choose these to be zQ and
zu. In terms of these charges, the Uð1Þz charges of the other
fermions are given by

zd ¼ 2zQ − zu ð3:8Þ

zL ¼ −3zQ ð3:9Þ

zl ¼ −ð2zQ þ zuÞ ð3:10Þ

and

zν ¼ −4zQ þ zu: ð3:11Þ

The first of these relations can also be written in a
form relating the sum of the Uð1Þz charges of the two
SUð2ÞL-singlet quark fields to the Uð1Þz charge of the
SUð2ÞL-doublet quarks, namely

zu þ zd ¼ 2zQ: ð3:12Þ

The lepton Uð1Þz charge assignments imply the analogous
relation,

zν þ zl ¼ 2zL: ð3:13Þ

With the Uð1Þz charge assignments (3.8)–(3.11), both the
quadratic ACC, Eq. (3.4), and the cubic ACC, Eq. (3.5),
are automatically satisfied. Thus, although the six ACCs
involve two nonlinear equations, the solution is com-
pletely determined by the linear subset of four ACCs.
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Thus, the Uð1Þz charge assignments of the SM fermions
that satisfy these six ACCs are determined by any two,
which can be taken as zQ and zu. These will be further
constrained below.
It is also necessary to ensure that the Yukawa terms for

the SM fermions and the Yukawa term that produces Dirac
neutrino masses are invariant under the gauge group G,
and, in particular, the Uð1Þz factor group in G. We list each
of these types of terms [suppressing SUð3Þc, SUð2ÞL, and
generational indices] and the corresponding necessary and
sufficient condition on the z charge of the SM Higgs field,
H, below:

Leff ⊃ Q̄LdRH þ H:c: ⇒ −zQ þ zd þ zH ¼ 0 ð3:14Þ

Leff ⊃ Q̄LuRH† þ H:c: ⇒ −zQ þ zu − zH ¼ 0 ð3:15Þ

Leff ⊃ L̄LlRH þ H:c: ⇒ −zL þ zl þ zH ¼ 0 ð3:16Þ

Leff ⊃ L̄LνRH† þ H:c: ⇒ −zL þ zν − zH ¼ 0: ð3:17Þ

All four of these equations are satisfied with the following
Uð1Þz charge assignment for the SM Higgs field H:

zH ¼ −zQ þ zu: ð3:18Þ

There are several possibilities for neutrino mass terms in
this type of model, depending on Uð1Þz charge assignments.
If zν ¼ 0, then the Lagrangian can contain bare Majorana
mass terms of the form (with the generational indices a, b
indicated)

X3
a;b¼1

MðRÞ
ab ν

T
a;RCνb;R þ H:c: ð3:19Þ

(where here C is the Dirac charge conjugation matrix) that
are invariant under the Uð1Þz gauge symmetry. In turn,
these can form the basis for a seesaw mechanism that
can naturally explain the small masses of the observed
neutrinos. If, on the other hand, zν ≠ 0, then, in order to
obtain the Majorana mass terms in Eq. (3.19), one would
start with terms of the form"X3

a;b¼1

cðRÞab ν
T
a;RCνb;R

#
ωþ H:c: ð3:20Þ

Substituting the ω VEV, hωi0 ¼ vω=
ffiffiffi
2

p
yields the

Majorana mass terms of the form (3.19) with

MðRÞ
ab ¼ cðRÞab

vωffiffiffi
2

p : ð3:21Þ

In order for the terms (3.20) to be invariant under the
Uð1Þz gauge symmetry, the Uð1Þz charges zν and zω must

satisfy the condition 2zν þ zω ¼ 0. With zω taken to be 1,
as above (by the normalization of gz), this is the condition
that zν ¼ −1=2. This leads to two classes,

Class C1∶ zν ¼ 0 ð3:22Þ
and

Class C2∶ zν ¼ −
1

2
: ð3:23Þ

Combining these conditions with Eq. (3.11), these two
classes of models are characterized by the respective
conditions

C1∶ zu ¼ 4zQ ð3:24Þ

and

C2∶ −
1

2
¼ −4zQ þ zu: ð3:25Þ

Thus, in each of these classes of models, the Uð1Þz
charges of the SM fermions depend on one input value,
which could be taken to be zQ.
Aword is in order concerning possible higher-dimensional

operators contributing to neutrino masses. Let us define the
SUð2ÞL tensor

ðIssÞijkm ≡ ðϵikϵjm þ ϵimϵjkÞ: ð3:26Þ

In the 4D Lagrangian Leff , the dimension-5 operator

1

ΛLLHH
ðIsÞijkm

"X3
a;b

cðLÞab L
iT
a;LCL

j
b;L

#
HkHm þ H:c: ð3:27Þ

involves symmetric combinations of the two SUð2ÞL lepton
doublets to form an SUð2ÞL isovector, and, similarly, a
symmetric combination of the two SUð2ÞL Higgs doublets
to form an SUð2ÞL isovector, with the contraction of these
two isovectors to form an SUð2ÞL singlet [which is also
invariant under Uð1ÞY]. In Eq. (3.27), ΛLLHH represents a

relevant mass scale, and the cðLÞab are dimensionless constants.
If this operator occurs, then, via the VEV of the SM Higgs

H, it yields the Majorana mass terms
P

3
a;b¼1ðcðLÞab v

2=2Þ
½νTa;LCνb;L�. This operator (3.27) has Uð1Þz charge
2ðzL þ zHÞ ¼ 2ð−4zQ þ zuÞ. Hence, it is present in Class
C1 but would violate the Uð1Þz gauge symmetry in Class C2.
One could also consider other higher-dimension operators
that could contribute to neutrino mass terms.
Since we shall make use of the solution for fermion wave

function centers in the extra dimensions derived in [20], we
shall focus on the version of the model embodied in Class
C1 here, where bare Majorana mass terms for the νa;R fields
are allowed. For further details concerning the procedure
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for choosing the wave function centers of the SM fermions,
the reader is referred to Refs. [17,20].
As noted, owing to Eqs. (3.22) and (3.24), the Uð1Þz

charges of the fields in this model are completely specified
by the values of zQ and zχ [the latter of which is not
constrained by anomaly cancellation, since χ is a SM singlet
and has a vectorial Uð1Þz gauge coupling]. In Table I we list
the fermion and SM Higgs Uð1Þz charges in this Class 1
version of the theory, in terms of zQ and, alternatively, zL, as
independent variables. We restrict these to values ≲Oð1Þ so
that the Uð1Þz gauge interaction is perturbative. We also
require that gzvω ≫ zHv so that the mixing of the Uð1Þz
gauge field Cμ with the neutral SM gauge fields A3

μ and Bμ is
negligibly small, as discussed in the Appendix.

IV. FURTHER ASPECTS OF THE MODEL

A. Placement of χL and χR wave function centers in the
extra dimensions

To proceed, we specify the wave function centers for the
fermions in the extra dimensions. As mentioned above, we
shall rely on the choice of fermion wave function centers
given in [20] for the fermions in Eq. (2.1). A basic property
of the previous solution was the necessity to separate the
wave function centers of the quarks in the extra dimensions
from those of the leptons, in order to suppress contributions
to proton and baryon-number-violating bound neutron
decays. This is evident in Fig. 1 of Ref. [20]. To complete
the specification of fermion wave function centers, we thus
must make choices for the wave function centers of the χL
and χR fields in the extra dimensions. These choices depend
on (i) the massmχ , which, in turn, is determined, for a given
choice of mχ;4þn, by kηχL − ηχRk; and (ii) the distances
kηχL − ηfa;k0 k and kηχR − ηfa;k0 k, where 1 ≤ a ≤ 3 and
k0 ¼ L, R for SM fermions fa;k0 . We use an iterative
procedure to find acceptable values for these quantities.
There are actually several different types of dark matter

models that we can construct. The two types that we will
focus on here involve dark matter that is initially in thermal

equilibrium with SM fields at high temperature in the early
universe and freezes out as the temperature decreases below
a certain value denoted Tf:o:. These are (i) leptophilic DM, if
the χL and/or χR wave function centers are closer to those of
the leptons; and (ii) hadrophilic DM, if the χL and/or χR
wave function centers are closer to those of the quarks. In a
thermal dark matter framework, the freeze-out temperature is
given in terms of the dark matter particle mass by the
approximate relation kBTf:o:=mχ ≃ 0.05 (e.g., [7] and refer-
ences therein). A third type of dark matter model is obtained
if we choose the χL and χR wave function centers to be far
from the wave function centers of both the quarks and
leptons. In this case, the exponential suppression of the
interactions of the dark matter χ fermions with SM fermions
may be sufficiently severe as to qualitatively change the
properties of the model. (This also depends on the degree of
suppression of the mixing of theCμ gauge fields with A3

μ and
Bμ gauge fields.) Models with dark matter thermal history
different from the freeze-out scenario have been considered
in [29,30]. In the present work we focus on the first two
versions of our model.
In Fig. 1 we show an illustrative choice of χL and χR

wave function centers in the n ¼ 2 extra dimensions for the
leptophilic version of the model. In Fig. 2 we show an
illustrative choice of χL and χR wave function centers for
the hadrophilic version of the model.

FIG. 1. Plot showing locations of fermion wave function
centers in the leptophilic version of the model. As defined in
the text, the numerical subscript on each fermion field is the
generation index. Toroidal compactification is used, so that ηλ is
equivalent to ηλ � μL ¼ ηL � 30. The locations of the lepton
wave functions are indicated with the following colors: leptons in
blue, ηχL;R in red, and quarks in black.

TABLE I. Values of the Uð1Þz charges of fermion and Higgs
fields in the Class C1 version of the model considered here. These
are expressed in terms of zQ as the independent variable and,
equivalently, in terms of zL as the independent variable.

Field z Equivalent z

QL zQ −ð1=3ÞzL
zu 4zQ −ð4=3ÞzL
zd −2zQ ð2=3ÞzL
zL −3zQ zL
zν 0 0
zl −6zQ 2zL
zH 3zQ −zL
zω 1 1
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B. Stability of χ

A necessary condition for a dark matter particle is that it
must live longer than the age of the universe, tU. According
to the consensus cosmological model, tU ¼ 13.8 × 109 ¼
4.35 × 1017 sec [1]. However, this condition is not, in
general, sufficient; the dark matter must also be sufficiently
long-lived to obey constraints from indirect-detection
searches. For example, if tree-level and/or loop-level decays
yield photons, then constraints from indirect-detection
searches, such as those of Fermi-LAT, imply that the lifetime
of a dark matter particle τDM should obey the lower bound
τDM ≳ 1025 sec [31]. In order to satisfy this constraint in the
simplest way, we shall assume that the theory is invariant
under a Z2 symmetry that operates only on χ and with
respect to which χ is odd. This guarantees that χ is stable.

V. CALCULATION OF RELIC ABUNDANCE
OF DARK MATTER

In order to account for the observed relic density of dark
matter with a non-self-conjugate DM particle such as the
Dirac χ fermion that we use, it is necessary that the thermal
average of the χχ̄ annihilation cross section multiplied by
(relative) velocity, vr, should satisfy the following relation
applicable for the time of freeze-out, for the mass range
10 GeV≲mχ ≲ 100 TeV [3–9,32,33],

hσvri ≃ 4 × 10−26
cm3

s
: ð5:1Þ

As will be shown below, this mass range includes the
preferred range of values of mχ in our model. Since our

dark matter particle is non-self-conjugate, there is also the
related question of a possible nonzero net number asym-
metry Nχ − N χ̄, analogous to the baryon asymmetry in the
universe. While asymmetric dark matter models are of
interest [34], we do not assume an Nχ − N χ̄ number
asymmetry here.
Wewill calculate the value of hσvri in our model and set it

equal to the value in Eq. (5.1) to constrain the model. For this
purpose, we first determine the dominant contribution to the
reaction in which χ and χ̄ annihilate, yielding SM particles.
Given the suppression in the mixing of the Uð1Þz gauge field
Cμ with the SUð2ÞL A3

μ and the Uð1ÞY Bμ gauge fields, we
may obtain an approximate estimate of the relic abundance
by calculating the contribution from a process in which the χ
and χ̄ annihilate to produce a virtual Uð1Þz gauge boson C in
the s channel, which then materializes into the final-state SM
fermion-antifermion pair, ff̄. Recall that with the sponta-
neous breaking of the Uð1Þz gauge symmetry, the Uð1Þz
vector boson, C, picks up a mass mC ¼ gzvω=2 (where, as
noted above, the mixing with A3 and B is negligibly small,
so that C is both an interaction eigenstate and, to a very good
approximation, a mass eigenstate). Our solution to fit the
relic abundance of the dark matter will entail the inequality
mC ≫ mχ , so that the momentum dependence in the
Uð1Þz vector propagator is negligible. Hence, denoting s ¼
ðpχ þ pχ̄Þ2 as the center-of-mass (c.m.) energy squared in
the χχ̄ annihilation reaction at relevant times in the early
universe, wherepχ andpχ̄ are the four-vectors of the χ and χ̄,
we have

g2z
m2

C − s
≃

g2z
m2

C
¼ 4

v2ω
: ð5:2Þ

In the d ¼ 4þ n space, the resultant amplitude (suppressing
the generational index a on the SM fermions fa;L and fa;R)
is proportional to

½χ̄γμχ�½f̄γμf� ¼ ð½χ̄LγμχL� þ ð½χ̄RγμχR�Þ
× ð½f̄LγμfL� þ ½f̄RγμfR�Þ: ð5:3Þ

Together with the γ matrix structure and Dirac spinors, these
operator products involve a sum of products of y-dependent
wave functions, namely

A2
f½e−2ðkη−ηχLk

2þkη−ηfLk2Þ þ e−2ðkη−ηχLk
2þkη−ηfRk2Þ

þ e−2ðkη−ηχRk
2þkη−ηfLk2Þ þ e−2ðkη−ηχRk

2þkη−ηfRk2Þ�: ð5:4Þ

Upon integration over the y coordinates, the first of these
yields a term proportional to e−kηχL−ηfLk

2

, and so forth for the
others [see the general integration formula (A2) in [17] ]. It
follows that the dominant contribution to the low-energy
effective Lagrangian from these four-fermion operators in
d ¼ 6 dimensions arises from the term with the smallest

FIG. 2. Plot showing locations of fermion wave function
centers in the hadrophilic version of the model. The notation
is as in the previous figure.
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distance between (chiral components of) χ and f. For the
case where this smallest-distance criterion picks out the
four-fermion product ½χ̄kγμχk�½f̄a;k0γμfa;k0 � with generational
index a for the SM fermion fa;k0 [13] and chiralities
ðk; k0Þ taking value(s) in the set fðL;LÞ; ðL;RÞ; ðR; LÞ;
ðR;RÞg, the dominant term is then proportional to

½χ̄kγμχk�½f̄a;k0γμfa;k0 �: ð5:5Þ

Carrying out the integration over the wave functions in the
extra dimensions, as in [16,17,20], we obtain the following
term in the low-energy 4D effective Lagrangian:

L
ðχkfa;k0 Þ
eff; int: ¼ cðχkfa;k0 Þ

Λ2
eff

½χ̄kγμχk�½f̄a;k0γμfa;k0 � þ H:c: ð5:6Þ

where

cðχkfa;k0 Þ ¼ ξ2

π
e
−kηχk−ηfa;k0 k

2

; ð5:7Þ

where

1

Λ2
eff

¼ g2zzχzfk0
m2

C
¼ 4zχzfk0

v2ω
: ð5:8Þ

Regarding χχ̄ annihilation reactions leading to Higgs final
states, we note that σðχχ̄ → HHÞ ≪ σðχχ̄ → faf̄aÞ for this
dominant χχ̄ → faf̄a channel. Furthermore, the reaction
χχ̄ → ωω is kinematically forbidden in our model.

A. Leptophilic dark matter

We proceed to calculate the relic abundance of the dark
matter in the various versions of the model, beginning with
the leptophilic version. With our illustrative placement of
the χL and χR wave function centers shown in Fig. 1, the
minimal-distance wave function pair links χk ¼ χL with
fa;k0 ¼ l3;R ≡ τR. The resultant cross section is

σ¼ s
48πΛ4

eff

jcðχLτRÞj2
"
1− 4m2

τ
s

1− 4m2
χ

s

#
1=2�

1−
ðm2

χ þm2
τÞ

s
þ4m2

χm2
τ

s2

�
; ð5:9Þ

where

cðχLτRÞ ¼ ξ2

π
e−kηχL−ητRk

2

: ð5:10Þ

In the center-of-mass frame, the magnitudes of the
velocities of the colliding χ and χ̄ are given by

vχ;CM ¼ vχ̄;CM ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ð4m2

χ=sÞ
q

, and their relative veloc-

ity is vr ¼ 2vχ;CM. The quantity that enters into the
determination of the relic density is hσvri in general
and, in particular, at the time of freeze-out. Since this
freeze-out occurs when the temperature satisfies
kBTf:o:=mχ ≃ 0.05 [35,36], it follows that the χ fermions
are moderately nonrelativistic at this time, and s ≃ 4m2

χ .
As the temperature decreases to Tf:o:, just before the dark
matter χ fermions drop out of thermal equilibrium, and
using the nonrelativistic equipartition theorem, we have

mχv2χ;CM
2

¼ 3

2
kBT ∼

3

2

�
mχ

20

�
; ð5:11Þ

so v2χ;CM ≃ 0.08 ≪ 1. For approximate estimates, this mo-
tivates an expansion of hσvri in powers of vχ;CM. Performing
this expansion, using the fact that v2χ;CM ≃ 0.08 ≪ 1, and
anticipating the result that mτ=mχ ≪ 1 from our fit to the
relic density, we thus obtain the approximate analytic

formula

hσvri ¼
jcðχLτRÞj2m2

χ

8πΛ4
eff

½1þOðv2χ;CMÞ�

≃
jcðχLτRÞj2m2

χ

8πΛ4
eff

: ð5:12Þ

Setting this expression for hσvrif:o: equal to the value 4 ×
10−26 cm3=s in Eq. (5.1), inserting Eq. (5.10) for cðχLτRÞ, and
substituting ξ ¼ 30, we obtain

2 ln

�
Λeff

100 TeV

�
− ln

�
mχ

10 TeV

�
þ kηχL − ητRk2 ¼ −0.02:

ð5:13Þ

This, then, is the condition for the parameters Λeff , mχ ,
and kηχL − ητRk2 in order for our model to produce the
observed dark matter relic density. It is easy to choose
parameters that satisfy this condition. For example, we
may take kηχL − ηχRk ¼ 4, which gives mχ ¼ 10 TeV,
and kηχL − ητRk ¼ 1, as shown in Fig. 1. Combined with
Λeff ¼ 60 TeV, this satisfies Eq. (5.13).
To confirm the accuracy of this approximate analytic

approach to the calculation of the relic dark matter density,
we have carried out a full numerical computation of
the relic density and direct-detection cross section using
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MicrOMEGAs [37] (which computes the matrix elements
using CalcHEP [38] with LanHEP [39]). As is evident in
Figs. 3 and 4, we find excellent agreement between our
approximate analytic results and the results of the full
numerical calculation. In general, as shown by Eq. (5.13),
and Figs. 3 and 4, one can easily choose the para-
meters Λeff , mχ [and hence kηχL − ηχRk via Eq. (2.11)],
and kηχL − ηl3;Rk to obtain the observed relic dark matter
density. A word is in order concerning the upper bound
on thermal WIMP dark matter particles from unitarity
[40–43]. After refinements, the current approximate value
of this upper bound is mχ < 100 TeV for non-self-
conjugate dark matter [43], and we have indicated this
in the figures. The range of mχ values for which we find
satisfactory fits to the relic abundance of dark matter is
thus consistent with the unitarity upper bound.
It should be emphasized that there is considerable

freedom in the model concerning the placement of the
wave function centers for χL and χR relative to the SM
leptons in the extra dimensions. For example, we could
have chosen the χ wave function centers to have χL and χR
reversed, so that it is χR that is closer to the wave function
center for l3;R. In this case, the dominant four-fermion
operator relevant for χχ̄ annihilation to SM fermions would
have been given by Eq. (5.5) with fa;k0 ¼ l3;R but with
k ¼ R instead of k ¼ L. However, this would lead to the
same expression (5.9) for hσvri. Moreover, rather than
placing the wave function center for χL or χR closer to l3;R,
we could, instead, have placed it closer to a different lepton
such as l2;R (staying within the leptophilic version of the
model). This would not change our general conclusions
concerning the ability of the model to successfully account
for the relic density of dark matter.

B. Hadrophilic dark matter

As indicated in Fig. 2, one can also choose the χL and χR
wave function centers to lie closer to the quarks. Hence, in
this case the exponential suppression effect in the low-
energy, long-distance effective field theory resulting from the
large separation of the dark matter from the lepton wave
function centers in the extra dimensions means that the
dominant interaction of the dark matter is with quarks. This
version of the model may thus be called hadrophilic (and
also leptophobic).
Direct-detection searches [44–47] have yielded stringent

upper limits on the spin-independent and spin-dependent
cross sections of the dark matter scattering with nucleons. As
the nucleons interacting with the dark matter are primarily
composed of first-generation quarks, u and d, these direct-
detection upper bounds are relevant only if the χL and/or χR
wave function centers are located near a first-generation
quark. As in the case of leptophilic dark matter, one can
achieve the observed relic abundance while simultaneously
satisfying the direct-detection bounds by localizing the dark

FIG. 3. Values of mχ and dχτ ¼ kηχL − ητRk that yield the
observed dark matter relic density in the leptophilic version of the
model, as given by the approximate analytic solution in
Eq. (5.13). Curves are plotted for several values of Λeff . These
curves are (green dotted, red dashed, purple dot-dashed, blue
solid) for Λ ¼ ð30; 50; 70; 100Þ TeV, respectively. The vertical
line in this and subsequent figures is the approximate unitarity
upper bound on mχ from Ref. [43].

FIG. 4. Values of mχ and dχτ ¼ kηχL − ητRk that yield the
observed dark matter relic density in the leptophilic version of
the model, as calculated numerically using MicrOMEGAs.
Curves are plotted for several values of Λeff . These curves
are (green dotted, red dashed, purple dot-dashed, blue solid) for
Λ ¼ ð30; 50; 70; 100Þ TeV, respectively.
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matter near higher-generation quarks in the extra dimen-
sions. Hence, the only nontrivial case to consider is the
case in which the dark matter is localized in the extra
dimensions near a first-generation quark, taken here to be
d1;R for illustrative purposes. Furthermore, for definiteness,
let us assume that χL is located closer to d1;R. The same
analysis would apply if χR were closer to d1;R. The
constraints on the parameters of the model would be similar

for the cases when the dark matter is not localized near a
first-generation quark, the only difference being that the
bounds from direct-detection searches would not yield
significant constraints.
Let us proceed to calculate the condition that yields the

observed relic abundance. The cross section for χ̄χ → d̄1d1
is similar to Eq. (5.9), with the inclusion of an additional
color factor of Nc ¼ 3. Therefore, the cross section is

σ ¼ s
16πΛ4

eff

jcðχLd1;RÞj2
"
1 − 4m2

d
s

1 − 4m2
χ

s

#
1=2�

1 −
ðm2

χ þm2
dÞ

s
þ 4m2

χm2
d

s2

�
; ð5:14Þ

where

cðχLd1;RÞ ¼ ξ2

π
e−kηχL−ηd1;Rk

2

: ð5:15Þ

[In Eq. (5.14) we retain the md terms only for symmetry;
they are negligibly small.] From Eq. (5.8), it is evident that
Λeff depends on zd1;R . To simplify the notation, we absorb

this dependence in the notation and define ΛðχLd1;RÞ
eff ≡ Λeff .

As before, we expand hσvri in powers of vχ;CM and obtain

hσvri ¼
3m2

χ

8πΛ4
eff

jcðχLd1;RÞj2½1þOðv2χ;CMÞ�

≃
3m2

χ

8πΛ4
eff

jcðχLd1;RÞj2

¼ 3m2
χ

8πΛ4
eff

�
ξ2

π

�
2

e−2kηχL−ηd1;Rk
2

: ð5:16Þ

Equating this with hσvri ≃ 4 × 10−26 cm3=s and substitut-
ing ξ ¼ 30, we obtain

2 ln

�
Λeff

100 TeV

�
− ln

�
mχ

10 TeV

�
þ kηχL − ηd1;Rk2 ¼ 0.53:

ð5:17Þ

For example, we can choose kηχL − ηd1;Rk ¼ 1, Λeff ¼
79 TeV, and kηχL − ηχRk ¼ 4 as shown in Fig. 2, which
yields mχ ¼ 10 TeV. This illustrative choice satisfies
Eq. (5.17).
We use the nucleonAmplitudes routine in the

MicrOMEGAs [37] to numerically evaluate the DM-
nucleon elastic scattering amplitude. We then use this
to calculate the spin-independent and spin-dependent
cross sections of the DM-nucleon scattering for the
parameter values satisfying the relic density constraint.
We employ the Xenon1T upper bounds [44] on the DM-
nucleon scattering cross section to constrain our model.

For our case, the spin-dependent cross sections are
well below the current limits [44], whereas the spin-
independent constraints provide nontrivial bounds on
the parameters of the hadrophilic version of the model.
We show these constraints in Fig. 5. The region excluded
by the Xenon1T bound [44] is indicated in gray, while the
other portions of the curves represent parameter values
that are allowed by both the observed dark matter relic
density and the direct-detection bound. The agreement of
the numerical results, as shown in Fig. 5 for the contours
yielding the observed relic density, with the approximate
analytical formula in Eq. (5.17) is excellent. A general
feature is that as Λeff decreases, the DM-nucleon scattering

FIG. 5. Plot of values of mχ and dχd ¼ kηχL − χd1;Rk yielding
dark matter relic density in agreement with observation in the
hadrophilic version of the model, as functions of Λeff . The curves
are (green dotted, red dashed, purple dot-dashed, blue solid) for
Λ ¼ ð30; 50; 70; 100Þ TeV, respectively. The region excluded by
the Xenon1T bound [44] is indicated in gray, while the other
portions of the curves represent parameter values that are allowed
by both the observed dark matter relic density and the direct-
detection bound.
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cross section increases, and this, in turn, requires a larger
DM-quark separation in the extra dimensions in order to
be consistent with the experimental bounds. Analogous
bounds from LUX [45] and PandaX-II [46] are somewhat
less stringent in the χ mass range relevant here. Our general
conclusion for the hadrophilic version of our model is thus
similar to the conclusion that we reached for the leptophilic
version, namely that there is a substantial range of choices
for the parameters Λeff , mχ , and kηχL − ηd1;Rk such that the
model yields a value for the dark matter relic density that
matches observation and is also in accord with bounds from
direct-detection searches for dark matter.

VI. EXPERIMENTAL AND
OBSERVATIONAL TESTS

In this section we discuss experimental tests of the
model. One can distinguish two types of tests: (i) searches
for evidence of extra spatial dimensions per se, independent
of issues of dark matter, and (ii) searches for particle dark
matter of the type considered here.
Concerning tests of type (i), we again note that the type

of extra-dimensional model used here [14,15] is quite
different from the type in which there is a low scale of
quantum gravity [22,23], as is clear from the fact that the
compactification scale here is L ¼ 2 × 10−19 cm, much
smaller than the typical micron-size compactification scale
in models considered in [23]. For some other extra-
dimensional models of dark matter that are different from
the one discussed here, see [48]. As discussed in [20,21],
bounds on flavor-changing neutral-current effects and
precision electroweak data provide significant constraints
on the present type of extra-dimensional model. Owing to
the high energy scale ΛL ¼ 100 TeV corresponding to the
inverse compactification scale, experiments at the Tevatron
and Large Hadron Collider do not yield constraints on the
extra-dimensional aspects of the model.
With regard to searches for dark matter via direct

detection, the two leptophilic and hadrophilic versions of
the model have quite different properties. As noted above,
the leptophilic version of the model easily satisfies bounds
from direct-detection searches. In contrast, in the hadro-
philic version of the model, if one places the wave function
center of χL and/or χR near a first-generation quark in the
extra dimensions, then the bounds from direct-detection
dark matter searches are nontrivial, as shown in Fig. 5.
Future direct-detection searches will improve the bounds
on spin-independent and spin-dependent DM-nucleon
cross sections, which will further constrain the parameters
shown in Fig. 5.
With regard to indirect detection, since we have

constructed the model so that the χ dark matter fermion
is stable, we only discuss constraints due to χχ̄ annihi-
lation. This annihilation yields SM particles in the final
states, and these have been searched for by several
ground-based and space-based instruments. The current

bounds on the thermal-average cross section from
indirect-detection experiments such as Fermi-LAT and
MAGIC exclude thermally produced DM particle masses
of up to 10–100 GeV [49,50]. As is evident from our
results in Figs. 4 and 5, the range of masses mχ for which
we fit the observed cosmological dark matter relic density
is consistent with these bounds from indirect-detection
experiments. Future indirect-detection searches plan to
achieve sensitivity to thermal dark matter cross sections
in the multi-TeV range and should improve bounds to
constrain the parameter spaces of the thermally produced
DM models that we have presented.
As regards collider searches for dark matter particles,

because mχ is typically in the multi-TeV range and interacts
very weakly with SM particles, these searches do not probe
our model very stringently. Clearly, collider searches at
higher energies would improve the reach of these probes.
It is also of interest to investigate the strength of the

self-interactions (SIs) of the DM χ fermions. One moti-
vation for this is that there have been arguments that,
although collisionless cold dark matter, as embodied in
the standard ΛCDM paradigm (with Λ referring to dark
energy), fits cosmological data on large-distance scales of
order 100 Mpc to Gpc [51,52], it may encounter problems
on shorter-distance scales of order 1–20 kpc. These
problems include (i) the core-cusp problem, i.e., the
CDM prediction of too-high mass densities at centers
of galaxies; (ii) the CDM prediction of substantially more
dwarf satellite galaxies than are observed (although,
the number of observed dwarf galaxies associated with
the Milky Way has been substantially increased by recent
observations); and (iii) the so-called “too-big-to-fail”
problem of star formation in satellite galaxies [53–55].
These have led to the consideration of models in which the
dark matter has substantial self-interactions [8,9,54–58].
Inclusion of baryon feedback effects in dark matter
simulations may alleviate or remove these problems
[59–63]. (Other approaches to dark matter that address
these issues have also been studied in, e.g., [64–66].)
Further observational work and improvement of theoreti-
cal modeling of structure formation should elucidate how
serious the possible problems are for the ΛCDM para-
digm. However, at least this motivates an assessment of
the size of the χ self-interactions here.
The self-interactions of the dark matter particle in our

model involve χχ̄ → χχ̄ reactions and χχ → χχ (and
χ̄ χ̄ → χ̄ χ̄) reactions, which are the DM analogues of
Bhabha and Møller scattering in quantum electrodynamics.
The χχ̄ → χχ̄ involves exchange of the Uð1Þz vector boson
C in the s channel and t channel, while the χχ → χχ reaction
involves only the C exchange in the t channel. For our
purposes, a rough estimate of these cross sections will be
sufficient. Since mC ≫ mχ , the propagator is well approxi-
mated by a constant. Thus, the amplitudes for the reactions
have a prefactor z2χg2z=m2

C ¼ 4z2χ=v2ω. The operator product
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in the d ¼ 6 dimensional space is the analogue of Eq. (5.3)
with f ¼ χ, and it involves the products of Gaussian factors
listed in Eq. (5.4) with the substitution f ¼ χ. Of the four
products of Gaussians, the dominant ones are those in which
the χ and χ̄ wave function centers are at the same point in the
extra dimensions, namely A2

fe
−4kη−ηχLk2 and A2

fe
−4kη−ηχRk2 .

After integration of these operator products over the extra
dimensions, we obtain the resultant low-energy 4D effective
operators for the χ SI:

LSI;4D;eff ≃
�
4z2χ
v2ω

��
ξ2

π

�
× ½½χ̄LγμχL�½χ̄LγμχL�

þ ½χ̄RγμχR�½χ̄RγμχR��: ð6:1Þ

The resultant cross sections for the χχ̄ → χχ̄ and χχ → χχ
reactions at a center-of-mass energy s≳ 4m2

χ are

σSI ∼
�
4z2χ
v2ω

�
2
�
ξ2

π

�
2

m2
χR2; ð6:2Þ

where R2 denotes the two-body final-state phase space,
R2 < 1=ð8πÞ. Using the illustrative values gz ∼ 0.5, zχ ∼ 1,
vω ≃ 400 TeV together with a valuemχ ¼ 10 TeV in accord
with our fit to the DM relic density, and again using the
ξ ¼ 30 characterizing our basic extra-dimensional frame-
work, we find that these cross sections are ∼10−35 cm2 and
hence σSI=mχ ∼ 10−39 cm2=GeV ∼ 10−15 cm2=g (where
the conversion 1 cm2=g ¼ 1.8 × 10−24 cm2=GeV is used).
Although these are just rough estimates, they show that the
self-interactions of the χ fermions are much smaller than the
general range 0.1≲ σSI=mDM ≲ 1 cm2=g that is determined
by fits to cosmological observations (e.g., [9]) in the
framework of a self-interacting dark matter particle with
mass mDM. Hence, our dark matter particle is a WIMP with
very small self-interactions.

VII. CONCLUSIONS

In this work we have constructed and studied a model for
dark matter with n ¼ 2 extra spatial dimensions in which
Standard-Model fermions have localized wave functions.
The underlying gauge group is GSM ⊗ Uð1Þz, and the dark
matter particle is a SM-singlet Dirac fermion, χ, charged
under the Uð1Þz gauge symmetry. The communication
between the dark matter sector and the SM fields arises
mainly from the property that the SM fermions are charged
under the Uð1Þz gauge interaction. This communication is
naturally weak, so χ is a weakly interacting massive particle,
which, furthermore, has negligibly small self-interactions.
We have focused on a subclass denoted C1, in which a
seesaw mechanism is operative that naturally explains small
masses for the observed neutrinos. Within this subclass we
have studied two versions of the model, namely leptophilic
and hadrophilic, and have demonstrated that each of these

can account for cosmological observations on the relic
dark matter density. These fits allow a range of dark matter
masses, typically in the multi-TeV range. Constraints from
direct-detection searches for dark matter can be relevant
for the hadrophilic version of the model, and we have
determined the values of the parameters that satisfy these
constraints. We also discuss experimental tests of the model.
Separately from our application to dark matter, we have

shown how the model constitutes a counterexample to
conventional wisdom in effective field theory claiming that
a Dirac fermion naturally has a mass lying at the ultraviolet
cutoff. The reason that this conventional lore does not apply
here is due to the exponentially strong suppression of the
4D Dirac fermion mass arising from the separate location of
the χL and χR wave function centers in the extra dimen-
sions. As a consequence of this suppression, for a moderate
dimensionless distance kηχL − ηχRk in the extra dimensions,
the χ mass parameter in the higher-dimensional space can
be at the UV cutoff while the physically observed mχ is
much smaller than this UV cutoff.
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APPENDIX: NEUTRAL VECTOR BOSON
MASSES AND MIXING

In this appendix we briefly remark on neutral vector
boson masses and mixing in this model. This will be treated
in the context of the low-energy 4D effective field theory.
A covariant derivative acting on the SM Higgs field H is

DμH¼
�
I2×2∂μ− igT⃗ · A⃗μ−

g0YH

2
Bμ−

gzzH
2

Cμ

�
H; ðA1Þ

where A⃗μ, Bμ, and Cμ are the gauge fields for the SUð2ÞL,
Uð1ÞY , and Uð1Þz gauge interactions; g, g0, and gz are the
respective gauge couplings; YH ¼ 1 is the weak hyper-
charge of the SM Higgs H; and zH is the Uð1Þz charge of
theH. A covariant derivative acting on the additional Higgs
field ω is

Dμω ¼
�
∂μ − i

gz
2
Cμ

�
ω; ðA2Þ

with the vacuum expectation values

hHi0 ¼
�

0

vffiffi
2

p

�
ðA3Þ

and
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hωi0 ¼
vωffiffiffi
2

p : ðA4Þ

These yield the following mass-squared terms for the
neutral gauge fields in the 4D Lagrangian:

v2

8
ð−gA3

μ þ g0Bμ þ gzzHCμÞð−gA3μ þ g0Bμ þ gzzHCμÞ

þ g2zv2ω
8

CμCμ: ðA5Þ

The resultant mixing has been analyzed in [28] and has the
property that in the limit gzvω ≫ zHv, the mixing between

Cμ and the SM gauge fields A3
μ and Bμ vanishes.

Specifically, in this limit, the mixing angle vanishes like
zHðg2 þ g02Þ1=2v=ðgzvωÞ. Since we assume the above
inequality gzvω ≫ zHv, we neglect this mixing here.
[Recall that the SM factor ðg2 þ g02Þ1=2 ≃ 0.74 at a reference
scale mZ, where g and g0 are the running SUð2ÞL and Uð1ÞY
gauge couplings; for a general discussion of effects of heavy
neutral vector bosons, see, e.g., [67].] We also make use of
the fact, as discussed in [28,68], that at a given scale one can
perform a rotation in the ðBμ; CμÞ space to eliminate a kinetic
mixing term ∝ BμνCμν in the effective action, so that it is
only generated at loop level.
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