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The radiative energy shift of an electron in a constant magnetic field has been considered in the
framework of the (2 + 1)-dimensional quantum electrodynamics with four-component fermions as well as
in reduced QED5, | in which photons propagate in a (3 4 1)-dimensional bulk and fermions are localized
on a 2-brane. Analytical expressions are obtained for the energy of interaction of the electron spin with an
external field and the radiative shift of the electron mass after averaging over the spin states of the electron.
For ultrarelativistic energies of an electron and relatively weak magnetic fields, the total probability of a
photon emission by a massive electron and the anomalous magnetic moment of an electron in a reduced
QED;., are calculated. The dependence of the obtained values on the invariant dynamic parameter of
synchrotron radiation is investigated. The total probabilities of synchrotron radiation of a charged massless
fermion and the production of a pair of charged massless fermions by a photon in an external magnetic field
are calculated in (2 + 1)-dimensional models of quantum electrodynamics.
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I. INTRODUCTION

The study of radiative and spin effects in low-dimensional
models of quantum field theory, as well as in graphene and
other planar structures, is one of the topical problems in
physics [1-7]. As in the (3 4 1)-dimensional space-time,
the study of quantum processes in various models of
two-dimensional quantum electrodynamics, considering
the influence of external conditions, such as classical fields,
finite temperatures, and the density of the medium,
has attracted considerable interest recently. In (2 + 1)-
dimensional space-time, the algebra of Dirac matrices is
described using Pauli matrices in two nonequivalent ways.
For example, the work [8] uses representations
y? = ioy, (1.1)

0 _ 1_;
r =03, v =10y,

and

0 1

— — 2
Y = —03, vy = —loy,

y* = —io,y, (1.2)

where o (k = 1,2,3) are the Pauli matrices.
As a result, there are two different Dirac equations for

describing spinor fields

]/p+e —m X, X ,X7) =V, H=Y, 1,2, .
H(py+eA,)—mP(.x ) =0, u=0,12 (13
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where ¥ is a two-component spinor, p, and p, are the
projections of the momentum operator, m is the mass of an
electron with a charge —e < 0, and A¥(x)—is the potential
of the gauge field.

Along with the (1.1)—(1.2), other pairs of nonequivalent
representations of Dirac gamma matrices are used also in
two-dimensional quantum field theory [9-11]

s==1;
s==1;

0__ 1_; 2__ s
Yy =o03, Yy =150y, Yy =105,

P =505, yl=ic,, y*=io,, (1.4)
where the values s = £1 correspond to two nonequivalent
representations of gamma matrices. Note also that, in
contrast to the QEDj;, , the massive electron in the two-
dimensional theory has only one spin state, that is, the
electron spin in QED, ;| is not a pseudovector, but a
pseudoscalar with respect to the Lorentz transformations
[12,13].

In addition, the mass term in the Dirac equation (1.3) is
odd under P— and T— transformations [13]. Thus, in
QED,,, we have two different and odd Dirac equations,
each of which can be used to describe the polarization
properties of an electron or positron with one spin degree of
freedom. Reference [14] proposed to combine the solutions
of two different Dirac equations with two-dimensional
gamma matrices into one solution, which is considered as
a solution describing the stationary state of a two-dimensional
electron, wherein the values s = 41 correspond to two
different values “of the projections of the electron spin”
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on the “direction of the magnetic field” (spin “up” and spin
“down” states).

Such solutions of the Dirac equation in a constant
magnetic field in the gauge A, = (0,0, H) were found in
works [5,9] in two different ways. In Ref. [9], the method of
eigenfunctions in an external electromagnetic field is used,
which was developed in Ref. [15].

The electron energy levels in (2 + 1)-dimensional QED
and the Dirac equation normalized positive-frequency
solution are described by formula [9]:

w ) 1 < VE, FsmU,(n) >
X,V,2) =
Y V2E, \ —sign(eB)\/E, + smU,_, ()
X exp[—iE,t + iyp,], (1.5)
E, = \/m? + 2¢Hn, (1.6)

where n = 0, 1, 2, ... is the principle quantum number and
py is the electron momentum projection. The Hermite
function in formula (1.5) is expressed in terms of the
Hermite polynomials by the formula

eH)i 0
Untn) =24, ),
2"n!\/7
ar _,
H,(n) = (=1)"e” — e, 1.7
() = (-1yer e (17)
and the argument of these functions
n=veH x+ 2. (1.8)
eH

P-even Dirac equation for the massive electron in
(2 + 1)-dimensional quantum electrodynamics was pro-
posed in a model with a doubled fermionic representation
[5,8,16—-18]. In this case, there exists a fermion mass term
preserving parity.

This model uses a four-dimensional (reducible) repre-
sentation for Dirac gamma matrices, which contains both
irreducible representations (1.1), being their direct sum:

03 0 l.Gl.z 0
p=(7 0 =y )
0 —03 0 —1612

The Lagrangian of the model is determined by the formula

1 - A
ﬁ:—ZFm,F’“’Jr‘P(ereA—m)‘P, u,v=>0,1,2,

(1.10)

where F,, = 0,A, — 0,A,—is the tensor of the electro-
magnetic field.

For the four-component bispinor

()
‘Ij =

¥,
the Dirac equation in a constant magnetic field in a Landau
gauge

(1.11)

A¥(x) = (0,0, xH), (1.12)

shall be presented in the form

oY .
— = HY,
’az

_ 0,12
Ao =VY7 .

H=a,p, +a(p, + exH) + my,,
(1.13)

In contrast to the two-component model, the transformation
of spatial inversion, in turn, transforms the two-dimensional
spinors in formula (1.11) into each other:

PV, (x% x!, x2) = 0P, (2%, x!, —x?),

W,(x%, x!, x2) = o, (2%, x!, —x?), (1.14)
which leads to the fermionic mass terms in the Lagrangian
(1.10) and in the Dirac equation (1.13) being invariant with
respect to the inversion of space.

As a result, in contrast to the two-component model, in
the four-component model, the electron has two different
states of spin polarization.

Explicit separation of the solutions of the Dirac equa-
tion (1.13) over spin states was carried out in the work [19].
To describe the spin of an electron in the stationary state
with energy E, in a model with the doubled fermion
representation, we require that the solution of the Dirac
equation to be eigenfunction of the Hamiltonian from Dirac
equation, operator p, = —i (% of the projection of the
momentum to the Oy axis and a spin operator [19]

. . E
A=ie—y%'y?,
m

which commutes with the Hamiltonian of the Dirac
equation.

Positive- and negative-frequency solutions of the Dirac
equation (¢ = £1) obey the additional condition

AY = (9,

where the quantum number { = %1 implies the projection
of the electron spin on the direction of the magnetic field.

As a result, in the model with a doubled fermion
representation, the wave function of the stationary state
of a two-dimensional electron in a constant magnetic field
is determined by the formula [19]
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\% En + mUn—l (’7)

H % . . V En - mUn (77)
lPsz#—l = 2E) exp[_lEnt + lypy} Dl 0
0

Here the electrons energy and the argument of the Hermite
functions are determined by the formulas (1.6) and (1.8),
with { = +1 it is necessary to set D; =1, D_; = 0 (the
spin is directed along the field), and with { = —1 vice
versa, D; =0, D_; =1 (the spin is directed opposite the
field).

It was shown [19] that the operator Ais a 2+ 1)-
dimensional analogue of the projection of the operator
three-dimensional spin pseudo-vector on the direction of
the magnetic field in QED;_ ;.

In a topologically massive QED,,; with a doubled
fermion representation, the radiative shift of the electron
energy in an electron-positron plasma was investigated at
finite temperature in charge-symmetric plasma [20] as well
as in a degenerate electron gas [21], wherein the effect of
the generation of fermionic mass at a finite temperature and
a nonzero chemical potential was predicted.

The one-loop energy shift of the ground state of an
electron in a constant magnetic field in QED, ., the
Lagrangian of which includes the Chern-Simons term,
was investigated in the work [22], and in a magnetized
plasma, in the work [19].

The anomalous magnetic moment of an electron in a
topologically massive QED,_ ; at a finite temperature was
first investigated based on the calculation of the vertex
function in Ref. [23].

The results of this work in the region of their appli-
cability coincide with the results of Ref. [19], where the
electron AMM was obtained directly from the amplitude of
the elastic scattering of an electron in a magnetized plasma
in the framework of the four-component QED,_; with the
Chern-Simons term.

The dynamic nature of the AMM of the excited states of
an electron in a constant magnetic field in the QED,,,
without the Chern-Simons term, as well as in topologically
massive two-dimensional electrodynamics, was studied in
the works [24-26]. It was shown that the magnetic field,
and not the Chern-Simons term, as was previously under-
stood [23], regulates infrared divergence in calculating the
AMM of an electron. In the two-component QED,_; the
mass operator and the radiative correction to the fermion
mass, when it lies at the lowest Landau level in a constant
magnetic field, were calculated in Ref. [27].

The one-loop polarization operator and the exact expres-
sion for the amplitude of elastic photon scattering in a
constant magnetic field in (2 4 1)-dimensional QED were
obtained in Refs. [28,29], and the polarization operator in
QED,,; with a nonzero fermion density was studied in

0

0
V En - mUn—l (’7)
VE, +mU,(n)

+D_, (1.15)

|

Refs. [9,10]. In graphene and in other planar nanostructures
electrons, which are localized on a plane, move in (2 + 1)-
dimensional space-time, while interaction between them is
provided by massless gauge fields propagating in (3 + 1)-
dimensional space-time. We will study radiative effects
within the framework of the reduced QED model, in which
photons propagate in a (3 + 1) bulk, and fermions are
localized on a 2-brane. Reduced (3 + 1)-dimensional QED,
also known as the pseudo-QED model [30,31], is widely
used to describe radiative effects in such structures. For
example, the papers [32,33] published the results of
experimental studies of the spin electron g-factor in
graphene in an external magnetic field.

The theoretical analysis of the results of these experi-
ments in the works [34,35] is conducted in the approxi-
mation linear in the external field, and the spin g-factor in
Ref. [35] was determined by calculating the vertex function
of the electron in the framework of the pseudo-QED model.

In the same model, in the one-loop approximation, the
radiative shift of the mass of a planar electron in a constant
magnetic field was calculated in Refs. [27,36] and it was
demonstrated in Ref. [36] that the main term of the
asymptotics of the radiative correction to the electron mass
in a superstrong magnetic field is not dependent on the
electron mass.

Recently, the effects of quantum electrodynamics with
the participation of charged massless particles have
attracted considerable interest. The elastic scattering ampli-
tude for excited states of a charged fermion in an external
constant magnetic field in a two-component pseudo-QED
model was obtained in Ref. [11], where it was shown that
the imaginary part of the amplitude, which determines the
total probability of photon emission by a fermion, is
nonzero also in the case of a massless charged fermion.

The effect of the production of a pair of massless charged
fermions by a photon in a constant crossed field in
the standard QED;,; was investigated in Ref. [37]. The
problem of radiation in massless scalar quantum electro-
dynamics in an external magnetic field was solved
in Ref. [38].

In the present work, the radiative effects, accompanying
the propagation of the fermions and photons in a constant
magnetic field, are studied for the cases of QED, ; with
a doubled fermion representation, as well as in reduced
QEDs,, in which photons propagate in a (3 + 1)-
dimensional bulk and fermions are localized on a 2-brane.

The calculations performed in this work are based on the
results (2.25)—(2.27), which describe the radiative energy
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shift of an electron in the framework of the QED, | with
doubled fermionic representation and were first obtained in
the one-loop approximation in Sec. II.

Section III presents the new results obtained in the study
of the dynamic nature of the AMM of an electron in a
constant magnetic field in the framework of the reduced
QED; . The dependence of the radiative correction to the
energy of the ground state of an electron on the magnetic
field strength are also investigated.

In Sec. IV, we develop the quantum theory of synchro-
tron radiation of a massive two-dimensional electron in
QED, | with a doubled fermionic representation, as well as
in reduced QED;_ ;.

It should be noted that the study of synchrotron radiation
of a massive two-dimensional electron has so far been
carried out only within the framework of the classical
theory (see [39] and the cited literature), and the problems
that arise here, as it seems to us, may be finally solved only
after the creation of the quantum theory of synchrotron
radiation.

In Sec. V, we presented the quantum theory of synchro-
tron radiation of a two-dimensional charged massless
fermion in reduced QED;_ ;. The calculation is carried
out both on the basis of the exact expression (2.25) for the
radiative energy shift of a massless two-dimensional
charged fermion, and as a result of passing to the limit
of zero electron mass in formula (4.4), obtained in Sec. IV
for a massive electron.

The probability of the production of a pair of charged
massless fermions by a photon in an external magnetic field
in QED,,; also were first calculated. In Sec. VI, the main
results of this study are formulated.

II. RADIATIVE ENERGY SHIFT OF A
TWO-DIMENSIONAL ELECTRON IN A
MAGNETIC FIELD

In the one-loop approximation, the electron mass oper-
ator in the QED, _ ; with the doubled fermion representation
is described by the formula [15,40]

2(x,x') = —ie*yS.(H.x,xX')y*D,, (x — X',

(2.1)

where the photon propagator in the Landau gauge

&*p exp[—ip(x —x')]
D — ) = —j 2.2
(¥ =) ’g"”/(zn)3 po>—p>+i0 ’ (22)

and for the causal Green’s function of the electron in a
constant magnetic field, we use the representation [40,41]

1 +o0

S.(Hyx,x') =— dwexplio(t —1')]

270 )
YEHHE) 03
o+ eEg(1 - id)
In expression (2.3), the summation is performed over all
quantum numbers s = {n’, p},{’'} of positive-frequency
(e = +1) and negative-frequency (e = —1) of stationary
electron states, ¥4 (X) is the coordinate part of the Dirac
equation in a constant magnetic field in QED,,; with
doubled fermionic representation, which is defined by the
formula (2.1).

To carry out the summation over the principal quantum
number of the intermediate states of the electron in
the formula (2.3), we use a method proposed in
Ref. [42] for calculation of two-loop contribution to
thermodynamic potential of QEDj , | in a constant magnetic
field. ~

First, we expand the matrix K3, = S (X)P4(x') in (2.3)
with respect to matrices I, 7", y*y*, y'y'y*:

4K =1+ y"F, + iy'V*F i + ir°y'V*Fon. - (2.4)
where
Iy = SpK, F, = Spr'K,
Fi, = Sp(ir'y*K), Foip = Sp(iy°y'r*K).  (2.5)

Next, we perform summation in (2.3) over the principle
quantum number 7’ of electron intermediate states using the
formula

i 0L (x) = (1= 1)~ exp {%] . (26)

n'=0

where L%(x)—is a Laguerre polynomial [42].

As a result, the propagator of a two-dimensional
electron in a constant magnetic field is given by the
formulas:

S(H;x,x'") = exp{—iezH(y—y’)(x+x’)}S(H,x—x’),

Bk
S(H, x —x') = / cexpl—ik(x — X)|S(H.K).  (2.7)
(27)
[ . ) kztgeHs
SC(H,k):—Z/O dSleXp|:lS1(k(2)—m2+l5)—eTSl]:|
k.7)
OkO 1 1,2 H _ (
X[(y +m)(1+y'y*tgeHs;) 70052@1{3,)}
(2.8)
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The radiative shift of the electron energy is determined by
the diagonal matrix element of the mass operator (2.1)

1
AE, = —ie ?/d3xd3x‘1’ ot

X S (H;x,x' )y Dy (x = X)W, 4 (X)), (2.9)
where T is the interaction time.
Calculation (2.9) is carried out using the Schwinger

parameterization in the photon propagator (2.2)

1 0
—————=—i [ dsyexplis,(p3—p>+i0)] (2.10
g | dneslin- 0] (@210)

and the change of variables s; and s, to u and y according
to the formulas

]mn - LT

= aPa(po + ko = £ (37 ) <07 exp 10 m) (5= )| 1)

Here p* = (p°, p)—is 3-momentum of a virtual photon,

¢—polar angle of vector K = k+ D, T—is the interaction
time, L—is the Ilength of periodicity in direction
of axis OY, &-function of Dirac 6&(pg+ ko —E,)
expresses the energy conservation and the argument of
the Laguerre functions 1,,,(zy) [44] is determined by the
formula

|

AE, = (—ie?

S1

u= s =u(s; +s,) =s,
51 + 5, y (51 2) 1
0<u<1,0<y<oo. (2.11)
Using the value of the integral [43]
+o00 3.9
/ e “YH,(a+ cx)H,(b+ cx)dx
2}’1 !bn—m
_ VDT (o), (2.12)
C

where H,,(x) and L (x) Hermite and Laguerre polynomials
and taking into account (2.2), (2.7)-(2.8), (2.10)—(2.12) in
formula (2.9) we carry out the integration over space-time
variables x# and x* (u =0, 1,2):

H
& dwexp[—l%(y V)0 )+ (1 = 1) = igy(y =¥) = i (x = &), | U, () Un(n)

(2.13)

|
2i?

T (2.14)

0 =

The integral over variable k° is eliminated using the Dirac
S-function, and integrals over variable p° are Gaussian.

After these integrations, formula (2.9) for the total shift
of the radiation energy is reduced to the form:

\/:H A / Vydy / dkdp exp[iE3uy — iy(x* + K = 2(k.K) — i0)]

tgeH
xexp{y( )<E2—m +is— ke y)] X <C—"F1+F2>, (2.15)
u eHy m
where
2 —u)et e i 2 —u)e e
Fi = tantan) | P b 2| ety ) |2 2 2.16)
cos z cosz cosz cos z
2—u)et* ez 2—u)e” et pr(u—1 ez e
F2:_In,n(Z0> |:( ) 2u :| +In—1.n—1(Z0) |:( ) :| - L( 2 ) |:In.n(Z0)__In—1,n—1(Z0)
cosz coSz cosz cosz m cosz cosz
(P12 Q) p
+2”gz(ﬁ) (u_1)[In,n<Z0)+In—l,n—l(Z0)]+KC(:OSZ njln n— 1(Z0) Z:eHy' (217)

The quantity AE,, in formula (2.15) is complex, since the
excited states of an electron in a magnetic field are unstable
with respect to the process of photon emission and transition to

states with the principal quantum number ' < n. The real part
of the total radiative correction to the electron energy is related

to the electron mass shift Am by the formula [15,40,44]
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R(AE,) = Eﬂm(Am),

n

(2.18)

and its imaginary part according to the optical theorem is
proportional to the total probability of the electron radiative
transition from the initial quantum state in the given external
field:

1

J(AE,) = ~3 Wy, (2.19)
In contrast to AE, the mass radiative correction
E
Am = —"AE, (2.20)
m

is the Lorentz invariant, and similar to the QED;, it is
necessary to renormalize the fermion mass by subtracting its
value in the vanishing field from the nonrenormalized quantity
(2.15) [15,44]. We can now pass in formulas (2.15)—(2.17)

from the integration over p to integration over K = p + k, i.e.,

dikdp = dkdi = r = kdkxdxdadp — 2rkdkxdrdy, (2.21)

where w = ¢p — a,w € [0,27], @ and ¢ are polar angles of
vectors k and K.

The integrals over variable y give Bessel function J,,(b)
of real argument

b = 2kky

of the zero and first orders, and integration over variable k
is performed using the Weber formula [43]

v 2
e 27 41 _ ¢ ¢
exp|—px°|x* T, (cx)dx = —ex {— },

p >0, c>0, Nv > —1.

Using also the relations [44]

In,n (,0) = e_%Ln (p)’ In,n—] (,0) =

e'?\/fL},_xp), (2.23)

which express the relationship between polynomials and
Laguerre functions, the integral over the variable ¢t = K2 is
calculated by means of the formula [43]

INa+n+1) (p—>b)"
T atntl

/ " 3Pt LE(b) = (2.24)

0 n! V4

where I'(x) is the Euler gamma-function.

As aresult, the radiative correction to the electron energy
in a constant magnetic field in the framework of QED,
with a doubled fermion representation is defined in the one-
loop approximation by formula:

QZ — _(2 —u+ 2M€_2iz) _ (1 _ 50.’1)621‘ arctanﬂ[zu + (2 ) —212} + 2i (pL> (Lt _ 1) sin Ze—iz[] _ e2i aIctzmﬂ]

P\’ —2i 2i arctan A pi\tu-1
1 174 [ arctan
( )(u e+ e |+2 —e

t sl
/lzigz 9 F:]—M‘I’Me_lzilnz,
1+ lzu? <
z=eHy, p? = 2eHn. (2.28)

Note that in formula (2.25), after averaging over the
electron spin, the term proportional to {€2; vanish. This
term is also equal to zero in the case of a massless electron,
which also directly follows from the obtained formu-
las (2.25)—(2.27). The second term in (2.25), which

m?e? . [ldu [«dy1
AE, = ————¢é | — ——
1622E, Jo vulo VF
x exp[—ip y(u — 1) = 2in arctan A — im*uy]
E,
where the following notations are adopted:
Q= (2—u+2ue?s)
— (1= 8p,)e* eani2y + (2 —u)e™2),  (2.26)
m
2i arctan/I—Ziz, (2_27)

proportional to Q,, was first obtained in this work and
does not depend on the electron spin.

In the case of a reduced QED; |, in formula (1.2) for the
photon propagator it is necessary to replace [27,30,34,35]

1 1

—> . -
24/ p% - p* +i0

zvz p() p2+i0)

(2.29)
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This leads to the fact that in formula (2.25) the integrand in
the double integral over the variables (u, y) is multiplied by

the factor
\/7
T 1 —u)

that is, the radiative shift of the total energy of a two-
dimensional electron in the reduced QEDs, | is described
by formula (2.25), where one should replace

IS

.
AN s e

In the next sections, we consider some limiting cases that
follow from formulas (2.25)—(2.28), (2.30) and are of the
greatest physical interest.

(u,y)

(2.30)

III. RADIATIVE CORRECTION TO THE GROUND-
STATE ENERGY AND THE DYNAMIC NATURE
OF THE ELECTRON AMM IN REDUCED QED

In the case of the ground state of an electron, when
n=0, { =-1, we find from the formulas (2.25)—(2.28)
that the renormalized correction to the mass of the ground
state of an electron is determined by the formula

2
Am :me R /1 [ emimuy

873 Vil 3¢
X [2_%2”6—2”—(”2)} (3.1)

This result coincides with the results obtained earlier in
works [19,22,24,25] from the amplitude of elastic scatter-
ing in the magnetic field of an electron in the ground state.

In the case of a reduced QED;,, from formula (3.1),
taking into account (2.30), we find

/ " dte
V1—u

x[ 2—u+2ue_% (u+2)
21(1 — u) 4+ u?(1 — e7%) t ]

(3.2)

In the limiting case of a weak magnetic field, when the
parameter

H
=<1 .
g H<<, (3.3)

0
where the critical field H, = ”7’2 ~ 4,41 x 10'3 G has been
introduced, the main contribution to the radiative mass shift
of an electron (3.2) provides the domain ;’l < 1 and we find

that in an P-even reduced QEDs,,, as in the standard
quantum electrodynamics [44,45], taking into account
radiation effects in a weak magnetic field first leads to a
decrease in the energy of the ground state of an electron
with an increase in the magnetic field strength:

20 H H
m(l——a-—> —<x 1.

, 34
3 HO HO ( )

In a superstrong magnetic field, when H > H,;, the main
contribution to integral (3.2) is from the range of variables
y> 1, u ~ 1 [45], and the correction to the electron mass is
represented in the form

oo ny 1 du
Am ’:—/ d e‘yWO/ .
(Am) 27 Jo Y o V1 —ul2y(1 = u) + u?]

Here, the integral over the variable u is tabular, and the

leading term of its asymptotic expansion is equal to 7 \/%

The remaining integral over the variable y is Gaussian, and
the final expression for the leading term of the asymptotic
expansion (3.2) is described by the formula

am |weH a
Am)" ~ =
(Am) 22V m? 22

An interesting feature of this result, which has no analog in
the standard electrodynamics, is that in QED,,; in a
superstrong magnetic field, the leading term of the asymp-
totic radiative shift of the energy of the ground state of a
two-dimensional electron does not depend on the fermion
mass [36]. Result (3.5) coincides with the results (45) and
(63) in [27,36], respectively.

As it follows from the formulas (3.4)—(3.5), in the
reduced QED;,; the ground-state electron mass shift
changes sign, when passing from a weak to a superstrong
magnetic field.

AMM of an electron in an external magnetic field is
determined by those terms in the radiative energy shift,
which are proportional to the projection of spin on the
magnetic field direction [14,15]. In QED, ., the electron
AMM is determined by the formula [15,44,46,47]

VreH, H>H,. (3.5)

R(AE, (0)) = ~CHA (3.6)
Assuming that in the ground state, when the electron spin
can only be directed opposite to the magnetic field
orientation, the whole amount of the energy shift is equal
to the energy of interaction of the electron anomalous
magnetic moment with the magnetic field, from formu-
las (3.4) and (3.6) we find

H < Hy, (3.7)
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where a is a fine-structure constant, up = 5% is the Bohr

m
magneton.

The result described by formula (3.7) coincides with the
vacuum value of the AMM of the electron, previously
obtained in [35] on the calculation of the vertex function of
the electron in the framework of pseudo-QED.

Here we studied the dynamic nature of the electron
AMM in the reduced QED for ultrarelativistic electron
energies, when the following conditions

H
<1, Py,
m

e (3.8)

are fulfilled and the dynamic parameter of synchrotron

radiation
e / H Pl
= — —_ F V)2 _- -+
X m3 ( ,WP) Hy m

can take any value.
Maintaining the first two expansion terms in for-
mula (2.28) in the significant region ¢ < 1,

(3.9)

t3 1= 2
l:t(l—u)—i—u(fu), t = eHy,
from formulas (2.25)—(2.28) we find the following expres-
sion for the part of the electron energy of a two-dimensional
electron in the reduced QEDj5, |, which explicitly depends

on the spin quantum number:

am [ H ®© (v+2)dv
AE, () =0—|— — = 20/ (20)- 3.10
@=c () [TEAE . o10)

Here the Hardy-Stokes function are introduced
) s
f(Z()) = l/ exXp |:—i<Zol+>:|dt

0 3

= T(z0) + i®(2), (3.11)

where the arguments of the epsilon function Y'(z,) and Airy
function ®(z,) are defined by the formula

2

u 3
=(—-, 3.12
o ((1 - M))r) 12

and introduced the spectral variable
u

= ) 3.13
V=1 (3.13)

Thus, in the pseudo-QED model, the AMM of an electron
in the quasiclassical approximation is determined by the
formula

(3.14)

A o0 2
Ap_ _a / W20y a
0

up 2z (v+1)2

Note that formulas (3.10) and (3.14) determine the exact
values of these quantities in the case of a constant crossed
field (E = H, (E,H) = 0) [15].

To calculate the integrals in formulas (3.10) and (3.14),
we use the Mellin transformation with respect to the
parameter a = )l(

As a result, the energy shift and the AMM of an two
dimensional electron in an external magnetic field are

described by the formulas

<AEA_,;(C)> _ (gim;%g(j;{)

KB

), (3.15)

where the notation is adopted

Gly) = i /so—HOO ds Zs_§3_%+g <‘_1 + s) o525 +3)
4 $—ico 3

TN+ G- 9r6 -y
Q) ’
é<s0<§. (3.16)

Here I'(z) is the Euler gamma-function, which is a
meromorphic function with poles of the first order at the
points z = 0, —1, =2, ... and with a residue equal to <_n1!)" at
z = —n. Further, if y << 1 we close the integration contour
in (3.7) in the right half-plane and obtain an asymptotic
series in powers k. For y > 1 the integration contour we
must close in the left half-plane of the complex variable s
and obtain a convergent series in inverse powers y. Thus,
equation (3.7) allows the following asymptotic expansions
to be derived:

A 4
_'u:__a, < 1, (3.17)
HB T

A 3.32(L

M@ 33TW o1 Gas)

2V

Result (3.17) coincides with formula (3.7) of this work and
with the result (22) in [35].

HB 4r

IV. RADIATIVE ENERGY SHIFT OF EXCITED
STATES AND SYNCHROTRON RADIATION OF A
TWO-DIMENSIONAL ELECTRON

In this section, we study the spin-independent part of the
total radiative energy shift of excited states of a two-
dimensional electron in a constant magnetic field. After
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averaging over the electron spin from formulas (2.25)—
(2.27) in the quasiclassical approximation, we find the
following expression for the radiative correction to the
electron energy in the four-component QED,, :

2
me” i [ /Zodv

AE, = e
]671'%pl 0 U(U+l>
3v+2 J(20) 4y
2- 4.1
X[ b1 D@0+ w B3 (4.1)
where 7y = (}ﬂ()% J(z9) = %jﬂ‘)) and function g(z,) specified
by formula

9(z0) —l/ \/Eexp[—l(zot—k )}dt (4.2)

which is a two-dimensional analog of the Hardy-Stokes
function in two-dimensional quantum electrodynamics of
an intense external field [29] and the function g(zg) is
defined by the formula

91(20) = Aw%e"%’( —i _ 1)

The result corresponding to formula (4.1) in the pseudo-
QED has the form:

S(jrn;i/ w(vivl)%
x[ 3”+2fl( A )<8+3>]. (4.4)

Here f(z) is the derivative of the Hardy-Stokes function,
and

fl(zo)—/)‘”%e—w( —1—-1) /Z:odt{f(t)—ﬂ.

(4.5)

(4.3)

(AE,)"

According to the optical theorem (2.19), the imaginary part
of the elastic scattering amplitude (4.4) determines the total
probability of the photon emission by a two-dimensional
massive electron in a constant magnetic field in a reduced

QED;.:

" am? /00 dv
wi) =— -
2zp1Jo (v+1):
3042 [ ! 2
X[H / <I)(x)dx+]ﬂ<4+—v>], (4.6)
v+1 2 20 3

and the integrand determines the spectral distribution of the
process probability with respect to the physical variable

determined by formula (3.13). Expressing Airy functions in
terms of Macdonald functions [44]

23
o) = /335

20 20
D' (z9) = ——K;<—),
formula (4.6) for the probability of synchrotron radiation of

a two-dimensional electron may be represented in a more
compact form:

o[- KB [
- 3
22v3p, Jo (14 v):

32 2
+—[(1+v)%—1]+?v]dv,

(4.7)

3v+2
(v+1)

9 (4.8)

where v = % XX.

Formulas (4.1), (4.4), and (4.8) are exact in a crossed
field. From formula (4.8) we find the asymptotics for the
probability of the process in the quasiquantum limit
(r < 1) and in the ultraquantum case (y > 1):

5 am?

==K, <1,

W<r> ~ < 2V/3 Pl . >’ (49)
PTG x> 1

where C ~ 12, 24.
We note that at y > 1, the main contribution to the
integral (4.8) comes from the region %—; < 1, in which the

function K ,(y) has the asymptotic representation [44]:

2v
K, (y) 228710 ()y ™, =_—.
() (u)y y=3,
The remaining integral over the variable v we have
calculated numerically

[ dv [ 3042
C‘A %U+wi (04 1)
+ 23” +o [+ V)2 — ]} ~12,24.  (4.10)

V. PHOTON EMISSION BY A CHARGED
MASSLESS FERMION AND THE CREATION OF
CHARGED MASSLESS FERMION PAIR BY A
PHOTON IN AN EXTERNAL MAGNETIC FIELD

Study of radiation effects in an intense external field with
involvement of charged massless two-dimensional fer-
mions, such as the emission of a photon by a massless
charged fermions and the creation of a pair of massless
charged fermions, is of particular interest for the physics of
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graphene and other low-dimensional structures. In the
graphene and a number of other planar structures, the
dynamics of electronic excitations is described by Dirac
effective two-dimensional equation for both massless and
massive charged fermions. The effective electron mass
arises, for example, as a result of dynamic generation due to
electron-electron and other interactions in graphene without
a magnetic field. This is an important stimulus for the
further development of theoretical studies of the dynamic
generation of the electron mass in two-dimensional systems
in a magnetic field [1-4].

Within the framework of classical electrodynamics, the
problem of electromagnetic radiation of a massless charged
particle has been considered by many authors (see, for
example, [48,49] and the cited literature). In [39], the power
of synchrotron radiation of a massive charged particle was
calculated in space-time of any odd dimension, including
the case of (2 + 1)-dimensional classical electrodynamics.

In (3 + 1)-dimensional space-time in the eikonal
approximation, the electromagnetic field created by a
massless charged particle are described in [50], and the
emission of a photon by an electron in a constant electric
field in the Dirac graphene model is considered in [51].

The problem of synchrotron radiation of a massless charged
particle in (3 + 1) -dimensional scalar electrodynamics
received its solution relatively recently within the framework
of the quantum theory of synchrotron radiation in [38].

It will be noted that important electrodynamics effect—
the vacuum instability in the so-called supercritical
Coulomb potential—is supposed to occur in graphene with
charged impurities [52-55]. The electron-hole pair pro-
duction in graphene is the condensed matter analog of
electron-positron pair production due to the polarization
and instability of the quantum electrodynamics vacuum in
the external fields.

In Ref. [38] it is shown that massless scalar quantum
electrodynamics and the zero-mass limit in the initially
massive theory show the same results when calculating the
total probability and spectral distribution of the probability
of the process of photon emission by a massless charged
particle in a constant magnetic field. The rate of decay of a
photon into a pair of charged massless fermions in a
constant crossed field in the framework of standard
QED;,; was obtained in the work [37].

In the framework of reduced QEDj; , | with two-component
fermions, the total probability of photon emission by charged
massless fermion in crossed electromagnetic field is calcu-
lated in [11]. The results of the works [11,37] were obtained
by passing to the limit to zero fermion mass in
the amplitudes of the elastic scattering of a photon in the
QEDs., [56] and elastic scattering of an electron in the two-
component QED,_ ; in external electromagnetic field [27].

First, we consider the process of photon emission by a
two-dimensional charged massless fermion in a four-
component QED,, | in a constant magnetic field.

From the formulas (2.25)—(2.27), in the limiting case of
massless electron, we obtain the following exact expression
for the total radiative energy shift:

AE,,(m_())_ezplei%/ldu(l_u) = dy
0

167 Vi Jo yF
x exp[—ip} y(u—1)—2in arctan ]

X {Zisinze_"z(l _ eQi arctani)

: , 2 o i
_ (e—Zzz el arctan/l) +F621 arctanﬂ—2lzj| . (51)

We will be interested in the case of high-excited Landau
levels of initial and final states (n > 1,n’ > 1), when the
integrals can be evaluated expanding in the exponent all
7 = eHy—dependent quantities in power series of 7z < 1.
After some algebra and taking into account (2.30), we
arrive at the following representation of the radiative shift
of the fermion energy in the reduced QED;  ;:

2 1
AEY (m=0)= ‘fgl’;/ duv'1—u {2(1 —u) +§]
0

T

X </)ootdtexp {_it32nu(13—u)2D’ (5.2)

where p, = +'eHn is the energy of massless charged
fermion.
Using the formula [43]

/ L) sin ax gy — T'(p) Smf ’
0 cos ax a* \ cos%

we perform in (5.2) integration over the variable ¢,
leading to

W

2
() epr _uf3
AEV! :0 = 3 JE—
(m=0)=52¢ 3(2n>

X r@) /01 w31 —u)s

« {2(1 ) +ﬂ du. (5.3)

The integral over the spectral variable u is reduced to the
Euler beta function

Tl (v)
I(p+v)

s

!

B(x,y) = / w1 (1 —u)~ldu =
0

Nu>0, N> 0.

Thus, for the radiative energy shift of a massless charged
2D fermion the following expression was obtained:
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’ Sap, (3\i.[1\ _.
AES (m =0) = <—) r(—) 5 (54
=0 = v \an) ) B

where a is the fine structure constant.

In the considered regime the radiative energy shift of a
massless 2D charged fermion can be obtained also using
formula (4.4) in the limiting case m — O.

The contribution to the energy shift of a massless
charged fermion in formula (4.4) is made only by the
second term in the brackets, in which the passage to the
limit m — O corresponds y ~ % — oo and zg~m? = 0,
i.e., one should put

2 :
£1(0) = i®'(0) + 1(0), ”;_0 _ @

Considering also that [15]

T(0) = %r@) ®/(0) = —%r@)

we find expression for the radiative energy shift of a
massless two-dimensional charged fermion in a constant
magnetic field, coinciding with the result (5.3).

Finally, the real part of the radiative energy shift of a
massless 2D charged fermion in a constant magnetic field
and the total probability of synchrotron radiation per unit
time is given as follows:

(iﬁAEnZVm - 0)) - (%)F(é> % (%) (5.5)

Another interesting effect that we will consider here is
the creation by a photon in a constant magnetic field of a
pair of massless two-dimensional charged fermions. An
analogue of this process can be the creation of an electron-
hole pair in graphene, where the hole plays the role of a
massless charged antiparticle [52-55].

The imaginary and real parts of the elastic scattering
amplitude of a photon determine, respectively, the proba-
bility of photon decay into an electron-positron pair and the
photon mass squared in a constant magnetic field [56]:

w = =237, 5(m?) = 20N T. (5.6)
We consider the case of relatively weak magnetic field and
high photon energies satisfying the conditions

2

H<Hy=""x441x10"G, o> m. (57
e

Using the Mellin transformation with respect to the
parameter

(F k)Y? H
X = +:—-—, (5.8)
X m HO m

in [29] we find that the amplitude of elastic photon
scattering can be represented as

1 sot+ico

T0) =5

2ri So—ico

dsA—T(s),

me? 36I(%
1) = _(47)37(2)

TS s 3s 1

[reyrel

[(s+3) T(s (5.10)
To determine the total probability of charged massless
fermion pair creation in formulas (5.9)—(5.10) we close the
integration contour in the left half-plane of the complex
variable s(y NM%) and in the resulting expansion of the
elastic photon scattering amplitude in a series in inverse
powers of the parameter y > 1, we retain the first term of
the expansion, which does not depend on the electron mass.

As a result, for the amplitude (5.9)—(5.10) in the limiting

case of zero fermionic mass, we obtain the representation

€224 _(1\ _.[eHo\51
T 0)=—-i——TI(=]e" -,
0= ()
and the total probability of charged massless fermion pair
creation in external magnetic field is determined by the

formula
e? 3\/37 1 eHw\ 7 1
w=——T(=)|—=] —,
2r 5 3/)\4/3) o

where ¢? has the dimensions of mass in QED,_;.

(5.11)

(5.12)

VI. CONCLUSION

In the one-loop approximation, an exact expression is
obtained for the total radiative shift of the energy of the
stationary state of an electron in a constant magnetic field
both in two-dimensional electrodynamics with a doubled
fermionic representation and in the model of reduced
QED; . It is shown that the radiative correction to the
energy of the ground state of an electron in a reduced QED
changes sign when passing from a weak to a superstrong
magnetic field, and in a weak field the energy of the ground
state of an electron decreases. In a superstrong magnetic
field, the main term of the asymptotics for the radiative shift
of the energy of the ground state of a two-dimensional
electron does not depend on the electron mass. This result
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has no analog in the standard QED;, | and coincides with
the previously obtained results of works [27,36].

Using the Mellin transformation with respect to the
parameter a = 1 where y = % is the dynamic parameter
of synchrotron radiation, in the quasiclassical approxima-
tion for the anomalous magnetic moment of an electron in a
constant magnetic field an expression is obtained in the
form of a single integral. The AMM of an electron is
investigated as functions of an external magnetic field
strength, as well as of the electron energy. It is shown that in
the limiting case of small values of the quantum parameter,
the leading term in the expansion of the AMM of a two-
dimensional electron coincides with the result (22) in [35],
obtained as a result of calculating the vertex function of an
electron in the framework of pseudo-QED.

The spectral distribution of the probability of synchro-
tron radiation of a two-dimensional electron in a reduced
QED is obtained. The asymptotics of the total probability
of synchrotron radiation of a two-dimensional electron in a
constant magnetic field are found in the quasiquantum limit
(r < 1) and in the ultraquantum case (y > 1).

As expected, result (4.9) obtained by us in the reduced
QED in the quasiquantum approximation coincides with
the analogous result of standard quantum electrodynamics
[15,44] in the absence of longitudinal motion along the
magnetic field, when an electron in a constant magnetic
field moves in a circle. Therefore, the power and spectral
power distribution of synchrotron radiation in the classical
approximation are also described by the same formulas.
The power of synchrotron radiation from the relativistic

electron in the same classical approximation in QED,_
with a doubled fermionic representation also turns out to be
a finite value proportional to the parameter e?my. The same
behavior for the radiation power is predicted in the classical
theory of the synchrotron radiation [39].

The real part of the radiative energy shift and the total
probability of synchrotron radiation of a two-dimensional
charged massless fermion in a constant magnetic field is
calculated. When performing the calculation, to describe
the motion of an electron, the QED,,; model with a
doubled fermionic representation is used, and the emitted
photon propagates, as in the reduced QED;,, in three-
dimensional space. The square of the induced mass,
calculated in the reduced QED;_, as follows from for-
mula (5.5) is equal to

Another interesting effect considered in the work is the
creation by a photon in a constant magnetic field of a pair of
massless two-dimensional charged fermions (a fermion-
antifermion pair), an analog of which may be the creation
of an electron-hole pair in graphene.
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